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Abstract

This study aims to analyze the influence of lead crowning modification of teeth on the vibration behavior of a spur gear
pair. Two dynamic rotational models including an uncrowned and crowned gear are examined. Hertzian mesh stiffness
is computed using tooth contact analysis in quasi-static state along a complete mesh cycle of teeth mesh. The dynamic
orbits of the system are observed using some useful attractors which expand our understanding about the influence
of crown modification on the vibration behavior of the gear pair. Nonlinear impact damper consists of non-integer
compliance exponents identify energy dissipation of the system beneath the surface layer. By augmenting tooth crown
modification, the surface penetration increases and consequently normal pressure of the contact area becomes notice-
able. Finally, the results show modification prevents gear pair to experience period doubling bifurcation as the numeri-
cal results proved. Using this new method in dynamic analysis of contact, broaden the new horizon in analyzing of the

surface of bodies in contact.
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1 Introduction

Gear transmission systems are known as discontinues
dynamical systems that transmit power and motion
between shafts. During the transmission, mating gears
have their own dynamic characteristics with one or more
common points in local contact zones. Impact and fric-
tion complete the power transmission of system [1] which
might be accompanied by repeated impacts called Vibro-
impact process. Excessive noise and large dynamic load
are striking features of Vibro-impact transmission systems
which are in conflict with the demand for acoustic comfort
especially in automotive industries. Tooth contact analysis
(TCA) of gears paves the way of study on the nonlinear
vibration of those systems by means of analytical and com-
putational techniques.

A number of researches have been carried out on the
influence of crown modification in the quasi-static state
of the mesh stiffness, transmission error and deflection
of gears and so on such as Refs. [2, 3]. Similarly, some
papers studied the influence of geometric modification
and fault on the dynamics of gears. An experimental study
is presented by Gelman et al. [4] in order to test the per-
formance of the wavelet spectral kurtosis techniques,
which is a way to diagnose gear tooth fault early. Chen
et al. [5] used experimental data, static transmission error
and backlash, to investigate impact behavior of crowned
gear in terms of the dynamic load factor. Again, impact
damping was the major concern of the study by Li-juan
[6] which considered nonlinear damping coefficient with
integer and non-integer compliance exponents.

The total displacement of gears in mesh is a summation
of some deformations such as deflection due to bending,
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shear and surface indentation. Sanchez et al. [7] studied
the mesh stiffness of spur gear pairs by considering the
Hertzian effect and presented mesh stiffness equations
approximately. To achieve the mesh stiffness, Sdnchez
considered some factors such as bending, shear, com-
pressive and contact deflections. The presented equation
determined the load sharing ratio and calculated the load
at any point of the path of contact for spurs gears. Cheng
et al. [8] determined the time-varying mesh stiffness with
considering the effect of Hertzian deflection and different
loads by means of finite element method. An analytical
model is presented to calculate mesh stiffness by Ma et al.
[9]. This study investigated the mesh stiffness for gear pairs
with tip relief. It led to inhibition about overestimate the
mesh stiffness during double-tooth contact and consid-
eration of the tooth flexibility effects.

What makes this paper utterly different from the others
is directly considering the effect of the Hertzian deflec-
tion on the dynamic gear behavior by entering into the
dynamic equation. In order to use Hertizian contact damp-
ing and Hertzian contact restoring force accurately in
dynamic equation of motion, it is necessary to separate
surface penetration from other deflections of mesh in spite
of making the complex model.

Any change in surface characteristics of mesh arises
some changes in the contact pattern of bodies and con-
sequent change in the vibration behavior of the system.
Distinguishing the deflection of elements paves the way
of study on contact fatigue [10] in dynamic state when
the contacting stresses are repetitive at the surface points.
Based on this issue, in the present study, the influence
of Hertzian contact pattern on the dynamic transmis-
sion error of gear mesh has been located at the center of
attention to show the effects of crown modification on
the nonlinear behavior of the system, comparing crowned
gear with uncrowned one. Thanks to the “HelicalPair” soft-
ware [11, 12] developed in the Center Intermech MO.RE.
(Aster, High Technology Network of the Emilia Romagna
Region) which enabled us to generate deformable models
with different amplitudes of crowning. It should be men-
tioned that“Helicalpair” has been widely used in the recent

Fig. 1 The physical model
including Hertzian mesh stiff-
ness and damping Ref. [14]
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studies and the correctness of the results has been proved
in Refs. [12-15].

Moreover, equivalent stiffness of the present gear pair
consists of two terms. The first term possess the bending
flexibility of the teeth and also flexibility of the gear web
and hub. The second term is the flexibility of the Hertzian
contact deformation. Each of these two terms behaves as
a spring with time dependent stiffness. In this paper the
portion of total stiffness for Hertzian contact deformation
analyzed separately and its effectiveness illustrated clearly.
Finally, the nonlinear dynamics of the gear pair consider-
ing the equivalent stiffness is presented.

2 Physical model

In order to model the dynamic behavior of a spur gear
pair, usually a model is presented, including important ele-
ments on the dynamics of pairs such as mesh stiffness, vis-
cous damping, equivalent mass and backlash [13]. A new
equivalent model, including all typical elements has been
shown in Fig. 1, but it has a subtle difference with ordinary
models. A time varying stiffness shown as k;, has been con-
nected to a time varying stiffness k serially. k, and k are
the coefficients associated with the springs and replaced
as the Hertzian mesh stiffness and remained mesh stiff-
ness respectively. This is a novel model of connection of
two nonlinear springs in gear study. Ref. [16] studied on
this type of serial connection to investigate the natural
frequency and dynamic response of such nonlinear system
thoroughly. The governing equations of motion of the sys-
tem shown in Fig. 1 are given by Eq. 1:

{ X+ k,—’f(f(x) —8,) + k;—fg(a) + %(x —8,) + D,—fshg((S) =T,
k(f(x) = 8,) + c(X — 0y) — kyg(8) — D6,9(8) = 0
(1)

The second part of Eq. 1 obtained from the equilib-
rium point between springs and dampers. 6, corresponds
the net displacements of the spring associated with k,
which shows dynamic penetration of tooth surfaces

//n'.;\]
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in contact and x is the dynamic transmission error of
the system (displacement of equivalent mass) where
x(t) = r,0,(t) — r,0,(t). 0,(t) is the angular position of the
driver wheel (pinion), 6,(t) is the angular position of the
driven wheel (gear); ryand r, are based radii; b, is half of the
backlash due to operating center distance modification
along the line of action, c is constant viscous damping and
¢, denotes Hertzian damping; /; and /, are the rotary iner-
tia of pinion and gear respectively. k(t) and k;(t) are time
varying mesh stiffness and Hertzian stiffness, respectively.
Notice that k(t) does not cover Hertzian mesh stiffness and
T, =T,r,/l; + T,ry/1,.T,and T, are applied torques on pin-
ion and gear, respectively.

The dots (-) over letters denote the derivation with
respect to time. It is important to consider a function for
surface penetration (SP), so g(8) is defined in Eq. 3. The
Backlash function in Eq. 2 [13] confines displacement
in backlash vicinity. Therefore, there are zero values for
g(8) and f(x) when tooth locates between adjacent teeth
—b < x < b, means contact loss. It is obvious that both
functions f(x) and g(8) are in the same phase.

x—b, x>b,
fx)=40, -b. <x < b, 2)
x+b, x<-b,

\

-

6", x=b,
g6)=40, —b.<x<b, (3)
—6", x < —b,

.

In addition, in forward motion when x > b, the surface
penetration grows by exponentn = 3/2for crowned teeth
and n = 1for uncrowned teeth [17].

The term k,g(8) + D6g(8) in Eq. 1 illustrates gear
impact force of the model where D = 5" is the damping
coefficient [17]. Hunt and Crossley introduced u = %ak
[18] where @ = (1 —e)/v; has a value between 0.08 and
0.32 s/m based on experimental data for steel. In this
study, 0.26 s/m has been assumed for a« and the mean
value k., of Hertzian mesh stiffness has been replaced for
k, which will discuss in the next section completely. e is
defined as the ratio of relative speeds after and before an
impact along the common normal of surfaces in contact
of colliding teeth; coefficient of restitution along the line
of action. The term k, is taken into account as time-varying
functions implementing Fourier series by fundamental
meshing frequency w,,, = E—ZM s see Eq. 4. N,is the teeth
number of pinion and y,(rpm) is the input shaft speed.
The approximation of the mesh stiffness is expanded by
a Fourier expansion, which is obtained numerically using

Table 1 Numerical parameters of the gear pairs

Parameters Pinion Gear
Number of teeth 23 34
Module (mm) 3 3
Pressure angle (°) 20 20
Face width (mm) 20 20
Module of elasticity (MPa) 206,000 206,000
Poisson ratio 0.3 0.3
Density (kg/m?) 7850 7850
Contact ratio 1.559

Backlash 0.1172

Viscous damping coefficient 0.015

“HelicalPair” software and MSC Marc simultaneously.
Table 1 consists of the design parameters of the gear pair
thoroughly.

N
Kn(0) = Ky + ki ., COS(jot = @) @)
j=1

In Eq. (4), k), is the average value of torsional Hertzian
stiffness. Amplitudes k; and phases ¢; are obtained from
the discrete Fourier transform for S=9 samples, discrete
rotational position over a mesh cycle. Notice that, in order
to decrease nonlinearity of the Eq. 1, the time varying
pattern of k has been neglected by considering the aver-
age value of corresponding stiffness, using Fourier trans-
form. For unmodified tooth k = 4.17 x 10° N/mm and for
crowned pair k = 2.79 x 10° N/mm. The dynamic model
employs a number of assumptions. First of all, there is no
friction such as sliding friction in the dynamic model as the
study of Refs. [19, 20]. The gears are considered perfectly
rigid with flexibility of mesh and surface and no mounting
errors and misalignment are included. The tooth profile for
both models is perfectly involute. The surfaces are con-
tinuous and non-conforming [21].

3 Computing Hertzian mesh stiffness
of contact

There are some studies investigated mesh stiffness of gear
pairs by means of experimental equipment such as Ref.
[22], or by numerical techniques as Ref. [11] and analytical
approaches like Ref. [23]. Here, the key point of computa-
tion of stiffness is based on the Hertz theory with the local-
ized bearing contact of mating teeth in single contact and
double contact points during a mesh cycle. The surface
assumed frictionless along finite element (FE) analysis and
the contact area is much smaller than the characteristic
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dimensions of the contacting bodies. At unloaded surface
of contact, two principal radii of curvature are assumed
for each pair on the corresponding principal plane of
curvature (X, Tand Y 2). Two of those radii are radius of
curvature of involute profile [24] named R; on )’ Tplane,
where i = 1,2 for pinion and gear respectively and j dem-
onstrates the tooth number in contact. The second cat-
egory of radius of curvature p; is perpendicular to the first
type on Y 2 plane. Note that the corresponding principal
curvatures are perpendicular because no misalignment
is deemed, as in Fig. 2 is shown. This radius of curvature
presents lead to crown modification of the tooth geom-
etry which is calculable by means of simple mathematical
formula [2].

When there is no lead crowning modification on teeth,
ie,p=0and pj = oo the contact area is rectangular, while
two crowned teeth make an elliptical contact area. The-
oretically, the shape of the contact can be defined with
two dimensions, major semi-axis, a, and minor semi-axis,
b, (Ref. [21]) as shown in Fig. 3. Having both semi-axis and
using Hertz solution enabled us to calculate approximately
static compression of contact area. Equation 5 consists of
geometrical values a and b, [21, 25], material property E
and transmitted load between the pair of teeth.

3 F 1
where k(e) = f, (1-1t2)(1 —etz)_o'sdt, the complete
elliptical integral of the first kind that depends on the

eccentricity of the ellipse, e=4/1-b%/a2.

1= -2\ 7", . .
E* = ( E“1 E—”2> is the equivalent elastic modulus
1 2

based on elastic modules E, and E, and the Poisson ratios
v,and v, of pinion and gear, respectively. Transmitted loads
on each tooth are time varying due to changes in contact

Fig.2 Two perpendicular planes of curvatures,f is the amplitude of
crowning
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Fig. 3 Two dimensions of contact area

position between single and double teeth during a mesh
cycle; see Fig. 4. Tooth contact analysis (TCA) is begun
when pitch points of both driver and driven gear are
matched. In this situation, the greatest portion of the load
is shared between teeth and for crowned tooth; it leaves
an elliptical area as Fig. 5. The rotation continues to the
start point of double tooth contact at € (the time of start
of double involvement) Fig. 4, the highest point of single
tooth contact (HPSTC).

Obviously, the contact area A, = wab and compres-
sion 6 during this period have the highest amount as
TCA proved. Then continues through c¢-1 (the duration
of double tooth contact) to reach to the lowest point of
single tooth contact (LPSTC), ¢ is the contact ratio, see
Table 1. A, seems to be lower than the previous segment
because of division of the transmitted load between
two pair of teeth in contact. Consequently, lower com-
pression appears. Finally, the mating teeth experience
the second single tooth contact duration, during the

1.0 T T T
=
\
0.8+
2 p
=
S
E ) -~
3 il
=~
0.4} o
\
\
\
0'0 1 1 I
0.0 0.2 0.4 0.6 0.8 1.0
Mesh cycle

Fig.4 Proportion of applied transmitted load on mating teeth dur-
ing one mesh cycle, - - - the first tooth, —— the following tooth
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Fig. 5 Determination of the first contact position shape, a crowned teeth, b uncrowned teeth

remained time, 2 — (¢ — €). € is calculable if the approach
and recession length of contact line be accessible.

By means of Eq. 5, the maximum surface penetration
would be attainable for each contact position. The rela-
tion between applied normal contact force and relative
displacement of the two surfaces is given by Eq. 6. For
elliptical shape [21], it would be a nonlinear equation
with exponent n = 3/2, whereas for rectangular contact
n=1[26].

F = k6" (6)
kh<N/mm§ ) demonstrates Hertzian mesh stiffness in

contact [17] with a nonlinear relation with maximum
surface penetration and load. Figure 6 depicts the time
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varying Hertzian mesh stiffness from Fourier transform
output for two models through a mesh cycle.

Comparison of Fig. 6a, b reveals that by lead crowning
modification, a small change appears in contact pattern
and remarkable change in stiffness which is the conse-
quence of different approach toward penetration (using
different exponents).

To clarify the magnitude of the Hertzian mesh stiffness
for the considered gear mesh, the equivalent Hertzian
mesh stiffness estimated by means of Eq. 6. Moreover, the
total mesh stiffness is evaluated using “Helicalpair” soft-
ware and MSC Marc commercial finite element code. Fig-
ure 7 shows the comparison of the Hertzian mesh stiffness
and total mesh stiffness for the considered spur gear with
uncrowned teeth.

N w
7)) w 17}

N

Hertzian stiffness [N/mmm]

-
h

04 0.6 08

Mesh period

Fig. 6 Hertzian mesh stiffness of two cases, a crowned teeth, b uncrowned teeth
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Fig. 7 Comparing between Hertzian mesh stiffness and total mesh
stiffness for uncrowned teeth

4 Dynamic analysis of modified
and unmodified gears

The two degree-of-freedom equation of motion illus-
trated in Eq. (1) solved by means of a numerical inte-
gration based on fourth order Runge-Kutta integra-
tion routine by taking into account initial conditions of
x(0) = 1.0001b,, x(0) = 0.001b6,, 6(0) = 9.89 X 10~%b,. In
order to calculate the initial compression of teeth surface,
static force equilibriumzof serial springs is considered
employing f(x) = 6 + n62wheren = k,,,/k. The computa-
tion is started when teeth are in a weakly touch with a very
slight surface compression. Two cases are studied in the
present manuscript, see Table 2, in order to gain deeper
insight into the influence of tooth modification on the
dynamic behavior of the models. The pinion is assumed to
excite system with the low speed of 150 (rpm) and 210,000
(N mm) torque load along 800 mesh periods including 100
sampling points in each period.

In this study, a numerical attempt has been done in
order to investigate the tooth separation and impact
phenomenon. Surprisingly, both models suffer from suc-
cessive separations through simulation. In a complete
contact loss duration, the equation of motion (1) reduced
to X = T,, when all restoring forces and the dissipative

Table 2 Parameters of gear system

Model Crown amplitude f (mm) Compliance
exponentn

Uncrowned 0 1

Crowned 0.08 1.5
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terms become zero. Figure 8a, b show the time history of
dynamic responses of two models over the steady state
mesh periods. Dynamic Transmission Error (DTE) and the
Surface Penetration (SP) for unmodified model and the
modified model are also presented in these figures. In
order to demonstrate quantitatively the results in each
figure, DTE and SP have been figured simultaneously. Note
that the distance between vertical black lines shows a
sample of excitation period (internal excitation period, T,,))
[19]. Vertical black line shows the system fluctuate longer
than internal excitation. Crossing the DTE line through the
backlash line means the onset of losing contact.

Root-mean-squares (the square root of the arithmetic
mean of the squares of a set of responses) of both cases
reveal that the unmodified gear pair with 149 um endures
much more deflection than the modified gear pair with
85.5 um, akin to its static deflection of finite element mod-
eling (FEM). Likewise, the surface penetration of the sec-
ond model is deflected 5.5 times than the first one. Moreo-
ver, while the fluctuation of modified gear pair (match with
an excitation fluctuation period) is rather substantial and
reflects two contact losses, the unmodified gear pair fluc-
tuates in lower amplitude but meets six contact loss along
a period of its fluctuation.

Through an arbitrary period of excitation, the first
separation emerges along double tooth contact (DTC)
for both cases. However, unmodified gear sees two suc-
cessive contact losses along DTC before the second static
tooth contact (STC2) while modifying pair experience
one separation over DTC and one over STC2 (Fig. 9). The

1387 13.88 13.89 13.9

Time [s]

IS4
—
n
T

s S
T

=

DTE and SP [mm]

e
)

Time [s]

Fig.8 Steady state time responses, a crowned teeth, b uncrowned
teeth, - - - DTE, SP, ---- backlash magnitude, ¢ mesh period indi-
cators
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Fig. 9 Time history along a mesh period of SPs in different con-
tact types. DTC double tooth contact, STC single tooth contact,
crowned teeth, - - - uncrowned teeth

duration of contact loss in the unmodified model is much
more than the duration for modified pair. It seems that
the impact’s durations are not instantaneous for the modi-
fied model because 30% of the mesh cycle sees contact
loss with identical time span which is a long duration. The
accurate location of DTC and STCs are predictable because
of the exact knowledge of the total time of the solution,
sampling points during a mesh period and the length of a
period for each simulation.

The system of modified model fluctuates with excitation
period, time frequency T,,, period-1 motion (the motion
repeats itself exactly every period of the external drive)
through a mesh cycle in the steady state condition, see
Fig. 10a. Amazingly, the uncrowned teeth model which has
no modification on its teeth has much more potential to
experience chaos as the Poincaré map observes period-2
motion (motion repeats itself exactly every two periods
of the external drive) during the mentioned period, see
Fig. 10b.

When teeth meet each other after separation, the
amount of contact force rapidly increases and reaches to
the maximum amount; see Fig. 11a, b. Interestingly, the
mean value of dynamic Hertzian forces for both models
are close together with 6.81 and 6.43 kN for uncrowned
and crowned pairs. Evidently, the normal pressure and
maximum shear stress of contact area follow this pattern
consequently. Furthermore, it is reasonable to expect that
due to the crowning and decreasing the area of contact,
the contact normal pressure for the crowned teeth case
must be much more than uncrowned teeth case. In this

Fig. 10 Poincaré map of oscil- a b
lators in 150 rpm, a crowned @) 70 (b) 40
teeth, b uncrowned teeth - .
=
‘i 69 - 20
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g . E)
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Fig. 11 Hertzian dynamic force of the models, a crowned teeth, b uncrowned teeth
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Fig. 12 Force-displacement map for a = 0.26 s/m, a crowned teeth, b uncrowned teeth

simulation, exclusively forward contact and contact loss
are visiting while in some cases, the impact occurs on the
non-active flanks of a mating teeth pair. When a backside
contact occurs at the line of action, it changes the motion
direction instantaneously, see Ref. [14].

In gear rattling simulation, when the impact occurs, dis-
sipated energy plays a significant role in the analysis. Hunt
and Crossley [18] have shown force—displacement of Hert-
zian contacts which was satisfying for general mechani-
cal contacts. Owing to the nonlinear nature of the contact
force with the interaction of displacement, a closed loop is
achieved; see Fig. 12a, b. In these figures the inner areas of
the circuits illustrate energy dissipation due to collisions
along a mesh cycle. There is one loop for each separation;
however, for clear demonstration, the force-displacement
of the first collision of each case has been plotted. It is
noticeable, the nonlinear and linear trend of Fig. 12a, b
respectively; which germane to the nonlinear and linear
nature of the force-displacement equations. Figure 12b
shows the characteristic curve of restoring force versus
displacement as a straight line. However, crowned teeth
model, Fig. 12a do not exhibit such a linear characteristic.
It exhibits a characteristic such that the restoring force
increases more rapidly than the displacement, called hard-
ening nonlinearity.

There are closed loops for each contact loss or impact.
Note that the amounts of dissipated energy are different
as the initial velocity of contact for each meeting might
be different.

5 Conclusion

Understanding the dynamic behavior of surface pen-
etration assists us to be away from tooth health threat-
ening phenomena such as contact resonance and heavy
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dynamic loads which lead detrimental effects on teeth
surfaces. The result of this manuscript would be listed as
follow:

e This paper defines the factors which produce the spur
gear mesh stiffness. The effect of Hertzian mesh stiff-
ness and tooth bending mesh stiffness are presented.

e The Hertzian dynamic force and possible teeth separa-
tion are presented for the spur gears with crowned and
uncrowned teeth.

o Surface penetration for the dynamic loads is illustrated.
Be means of this result, the portion of dynamic trans-
mission error due to Hertzian surface deformation is
specified.
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