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Abstract
Background This paper presents the experimental and numerical studies of last-stage low-pressure (LP) mistuned steam 
turbine bladed discs during run-down.
Methods The natural frequencies and mode shapes of the turbine bladed disc were calculated using an FE model. The 
influence of the shaft on the modal properties, such as natural frequencies and mode shapes, was considered. The tip-timing 
method was used to find the mistuned bladed disc modes and frequencies.
Conclusions The experimental results from the tip-timing analysis show that the mistuning in combination with shaft cou-
pling suppresses pure nodal diameter type blade vibrations associated with the fundamental mode shape of a cantilevered 
blade. Vibration modes emerge when even a single blade is vibrating due to the well-known mode localization caused by 
mistuning. The numerical results confirm this.
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Introduction

In the most commonly used low-pressure steam turbines, 
during certain summer exploitation conditions, a problem 
concerning high-level vibrations in unshrouded last-stage 
low-pressure blades was reported. In Rzadkowski et al. [1], 
different models of bladed discs were assumed. The first 
one was simply a bladed disc without a shaft and the second 
was a bladed disc with part of the shaft. It was found that 
the low-pressure (LP) steam turbine last-stage bladed disc 
is very sensitive to any kind of mistuning. Even the smallest 
changes in the natural frequencies of blades distort nodal 
diameters. A numerical study of a steam turbine bladed 
disc with real, small mistuning showed that nodal diam-
eters do not appear in the first mode family associated with 
the fundamental mode shape of a cantilevered blade and 
only individual blades vibrate. Numerical analyses require 

experimental verification. Przysowa et al. [2, 3] presented a 
tip-timing system and its measurements of last-stage rotor 
blades in a vacuum spin chamber during run-down. A review 
of tip-timing models is presented in Rzadkowski et al. [4]. 
The crack propagation using tip-timing of rotor blades is pre-
sented in Rzadkowski at el. [5]. Experimental and numerical 
results of the last-stage low-pressure rotor blade flutter were 
presented by Sanvito et al. [6]. The 120 blades were grouped 
in packs of eight blades welded together with lashing wires. 
Other studies have shown that high-vibration blade ampli-
tudes generally occur in LP steam turbines when there is low 
output power and high condenser pressure [7–10].

The numerical results for a single mistuned bladed disc 
show that in a LP last stage, small mistuning can cause only 
one blade or a very limited number of blades to vibrate, even 
in first bladed disc vibration series associated with the first 
cantilever blade mode. This work confirms the numerical 
finding experimentally using tip-timing measurements dur-
ing run-down.

A comparison of numerical calculations and experimen-
tal measurements for a single mistuned bladed disc was not 
satisfactory. Therefore, in this paper, a shaft with mistuned 
bladed discs will be considered to analyse numerically 
and experimentally measured multistage coupling and the 
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influence of the shaft on bladed disc modes during run-down 
in a vacuum spin chamber. The numerical results will be 
compared with the tip-timing measurements of mistuned 
bladed disc frequencies and modes.

Bladh et  al. [11], Shahab and Thomas [12], Sharma 
et al. [13], Sinha [14] and Laxalde et al. [15] analysed the 
effects of multistage coupling on mistuned bladed disc 
dynamics. The above studies analysed only a few mistuned 
bladed discs, which is insufficient for multistage coupling 
investigation.

A proper analysis of multistage coupling requires investi-
gating tuned bladed discs on a shaft. The forced vibration of 
eight tuned bladed discs with different numbers of blades on 
a shaft was analysed by Rzadkowski and Drewczynski [16]. 
The analysis showed that a tuned bladed disc on a shaft can 
produce multistage coupling.

Next eight mistuned bladed discs on a shaft were analysed 
by Rzadkowski and Maurin in [17, 18]. The nodal diam-
eters of mode shapes were primarily distorted in mistuned 
unshrouded bladed discs. Moreover, multistage coupling 
occurred between various nodal diameters. Particular bladed 
discs in the mistuned system vibrated with modes of vari-
ous nodal diameters. For instance, one bladed disc vibrated 
with two nodal diameters and other discs vibrated with one 
or zero nodal diameters.

Free and forced vibrations of real geometry aircraft 
engine mistuned bladed discs in a rotor were next analysed 
by Rzadkowski et al. [19]. Here, the effects of multistage 
coupling were considerable.

Simulated combustion chamber excitations were used by 
Rzadkowski and Maurin to study the effect of multistage 
coupling on the compressor stages and turbine stage in [20].

Experimental Results

A LP last stage mistuned bladed disc on a rotor was tested 
in a vacuum spin chamber to measure blade vibration. Four-
teen blade vibration measurement sensors (developed by the 
Air Force Institute of Technology, Przysowa et al. [2, 3]) 
were installed in seven positions (two sensors at different 
axial position by one location) (Fig. 1). An additional sen-
sor, mounted between the rotor’s front support and stage, 
generated a signal every revolution. In vacuum chamber 
experiments, the excitations were caused by air flow from 
a single pipe.

Blade tip deflections were captured by single-coil induc-
tive sensors. Each sensor had a ceramic core containing a 
neodymium magnet and coil. A telescopic air excitation 
pipe with an appropriately shaped nozzle was connected to 
a reinforced rubber hose. The air flow was regulated manu-
ally. The 14 sensors, two at each circumferential location, 
are shown in Fig. 1.

The blade displacements were measured during run-
down. Figures 2 and 3 present the 53 blade tip displacements 
during a run-down from 2016 to 1516 rpm. We are going 
to consider only the first group of frequencies associated 
with the fundamental mode shape of a cantilevered blade. 
To prevent excessive blade stress through self-excitation, 
the geometries of the blades were deliberately mistuned by 
removing a thin layer of material from around the tip of 
every second blade (feathering, see Fig. 4).

Mistuning was measured by tip-timing analysis. Two 
types of mistuning were considered. The first was an 11% 
mistuning as a result of feathering (Fig. 4). The feathering 
involved changing the geometry of every second blade to 
create two groups of blades. In both groups, the mistun-
ing was around 0.5%. Figure 2 shows the blade feathering 
caused a number of frequency groups for EO3 excitations 
connected with the blade’s natural frequency.

On axis x, the number of blades is from 1 to 53. Axis y 
presents the rotation frequency. The reason why in Fig. 2 
blade 2 has a lower resonance frequency at 1720 rpm than 
blade 1 at 1916 rpm is because of feathering (Fig. 4). Blade 
10 has a resonance frequency at 1924 rpm due to the feath-
ering pattern (Fig. 4). Figures 2 and 3 show the vibration 
amplitudes of all the blades. For example, the 4 mm distance 
from the blade 2 line base to its resonance peak corresponds 
to a blade amplitude of 6 mm.

Figure 3 (an enlarged section of Fig. 2) presents 27 blade 
tip displacements during a run-down from 1958 to 1878 rpm 

Fig. 1  Tip-timing probe arrangement
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for 3EO. It shows the modes of the mistuned bladed disc. 
The maximum vibration amplitude of a given blade was 
selected and a line passing horizontally through all the other 

blades gave their vibration amplitudes at this level, provid-
ing the mode shape. This was repeated with all the other 
maximum vibration amplitudes. In such a way, the modes of 
mistuned bladed discs were determined for 3EO.

Numerical Results

To properly verify the experimental results, different mod-
els of bladed discs were assumed in [1]. The first one was 
simply a bladed disc without a shaft, and the second was 
a bladed disc with part of the shaft. The mode shapes of 
the mistuned bladed disc were different for each of the 
models. In this paper, a shaft with mistuned bladed discs 
will be considered (Fig. 5). The mistuned blade pattern 
was based on tip-timing measurements during the rated 
speed in a real turbine (Fig. 4).

A FEM model of bladed discs on the shaft of a last 
stage of a LP part of steam turbine was created (Fig. 5). 

Fig. 2  Tip displacements of 53 
rotor blades during run-down, 
2016–1516 rpm

Fig. 3  Tip displacements of 53 
rotor blades during run-down, 
1958–1878 rpm
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The LP rotor consisted of two symmetrically arranged sets 
of four-bladed discs, numbered 1–4. Discs 1 and 2 with 
short shrouded blades were modelled using discs with no 
blades. An eight-node isoparametric brick element was 
used. A single blade had about 12,300 dofs, and the whole 
model had 6 million dofs. The free vibration analysis was 
done using the ANSYS code. Model was set up in the 
rotating frame of reference in ANSYS. The centrifugal 
effects as well as spin softening were included. The stiff-
ness and damping of journal bearing were not included. 

On one rotor end, deflections in three main directions were 
neglected; on second end, deflection in radial directions 
is neglected. A mistuning in blades was introduced via 
various Young modulus values according to feathering 
procedure.

To properly assume the response of the mistuned bladed 
disc, the transient forced vibration analysis [21] had to 
be carried out using single air pipe excitation. Such an 
analysis would require small speed windows, which will 
be done in future.

Mistuning ‘destroys’ cyclic symmetry properties—one 
can only identify the nodal diameter content by means of 
a Fourier analysis around the blade row circumference. 
Three groups of frequencies were assumed (Fig. 4): with-
out feathering (2.93 to 2.89—non-dimensional frequency, 
26 blades), with feathering (2.62–2.57, 26 blades) and 
blade 4 (2.77). There was less than 10 Hz mistuning dif-
ference between the group with feathering and the one 
without feathering. The tip-timing measurements show 
that in the first group (2.93–2.89, 26 blades) without feath-
ering and also in the group with feathering (2.62–2.57, 
26 blades) another mistuning appeared as the result of a 
manufacturing error (Fig. 4).

Figure 6 shows the first, fourth, fifth, seventh, eleventh 
and fourteenth modes corresponding to the first bladed 
disc frequency series of two geometrically and identically 
mistuned bladed disc number 4) on the shaft at 1850 rpm. 
Figure 7 shows the first, fourth, fifth, seventh, eleventh 

3 4

Fig. 5  LP stage rotor

Fig. 6  The first (a), fourth (b), 
fifth (c), seventh (d), eleventh 
(e), fourteenth (f)—modes first 
group for the mistuned last-
stage LP turbine bladed disc, 
mistuned bladed disc on shaft
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and fourteenth modes corresponding to the first frequency 
series of mistuned single-bladed disc at 1850 rpm.

Figure 6 shows that the mode shapes of the mistuned 
bladed disc in the first series do not have a nodal diameter. 
The modes of the mistuned bladed discs without a shaft 
and with part of the shaft are slightly different from each 
other [1] and also different from the mistuned bladed disc 
on the shaft.

The above results show that modes of a single mistuned 
bladed disc are different than those of mistuned bladed 
discs on a shaft.

Comparison of Numerical and Experimental 
Results

The tip-timing measurements give the frequencies and 
amplitudes of the mistuned bladed disc modes on shaft. 
Figure 8 compares several experimentally measured (blue) 
and numerically calculated mistuned bladed disc modes 
on shaft (green) and single mistuned bladed disc (red). 
In some modes, the comparison is satisfactory only for 
mistuned bladed disc on shaft. Discrepancies result from 
many factors, including the way the mistuning was mod-
elled, friction in the blade root area, multistage coupling, 
a rigid support of the full shaft in bearings instead of the 
stiffness and bearing damping coefficients. The results 

show that nodal diameters do not appear in the first mode 
family associated with the fundamental mode shape of a 
cantilevered blade and only individual blades vibrate.

The numerical mode shapes were scaled down to unity, 
and next they were scaled up to the maximal mode shape 
values from the experimental measurements.

Conclusions

This paper has shown the vibration modes of a LP mistuned 
last-stage bladed disc. For the first time, a shaft with four 
bladed discs was created to analyse multistage coupling and 
the influence of the whole shaft on mistuned bladed disc 
modes. The blade mistuning pattern was measured by tip-
timing in a vacuum spin chamber. The experimental results 
from the tip-timing analysis show that nodal diameters do 
not appear in the first mode family associated with the nat-
ural frequencies of a cantilever blade and only individual 
blades vibrate. The numerical results confirm this. In gen-
eral, mistuning destroys nodal diameters, but some blades 
vibrate in a pattern that can be characterized by the Fourier 
analysis. In this paper, a small mistuning of 0.5% influenced 
the mode in such a way that only a single blade vibrated. But 
this conclusion only applies to long (in this case 1 m) blades.

Normally, in the calculation of flutter, the interblade 
phase angle can be assumed in advance [22]. Interblade 
phase angle is connected with nodal diameters. In the last 

Fig. 7  The first (a), fourth (b), 
fifth (c), seventh (d), elev-
enth (e), fourteenth (f) mode 
shapes—first group, for the 
mistuned last stage LP turbine 
bladed disc, single mistuned 
bladed disc
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stage, however, modes with nodal diameters do not exist 
in the first series family. Therefore, flutter has to be calcu-
lated in each particular mode.

This research has been financed by Polish Ministry of Sci-
ence (NCBiR) funds as development project POIR.04.01.04-
00-0116/17. All the numerical calculations were carried out 
at the Academic Computer Centre TASK (Gdansk, Poland).
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