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Abstract

We prove asymptotically efficient inference results concerning an Ornstein—Uhlenbeck
regression model driven by a non-Gaussian stable Lévy process, where the output
process is observed at high frequency over a fixed period. The local asymptotics
of non-ergodic type for the likelihood function is presented, followed by a way to
construct an asymptotically efficient estimator through a suboptimal, yet very simple
preliminary estimator.

Keywords Asymptotic mixed normality - Optimal regression - Stable
Ornstein-Uhlenbeck process

1 Introduction
1.1 Objective and background

Given an underlying filtered probability space (€2, F, (F;):e[0,7], P), we consider the
following Ornstein—Uhlenbeck (OU) regression model

t
Yt=Y0+/ (n-Xg—AY5)ds+oJ;, t€][0,T], (1.1)
0
where J is the symmetric §-stable (cadlag) Lévy process characterized by
E[e"] = exp(—t|ulf), >0, uceR,

and is independent of the initial variable Yy, and where X = (X;);c[0,7] is an R?-
valued non-random cadlag function such that
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T
Amin ( f X,®2dt> >0, (1.2)
0

with Amin(A) denoting the minimum eigenvalue of a square matrix A. Throughout,
the terminal sampling time 7' > 0 is a fixed constant. Let

0: =0, u,pB,o0)e0O,

where ® C R? (p := ¢ + 3) is a bounded convex domain such that its closure
® c RxR?x(0,2)x (0, 00). The primary objective of this paper is the asymptotically
efficient estimation of 6 when available data is (X;);¢[0,7] and (Y,_,.)’}:1 , where t; =
t;’ := jh with h = h, := T /n; later on, we will consider cases where we observe
(X ,j);le instead of the full continuous-time record. We will denote the true value of
6 by 6o = (Ao, o, Bo, 00) € ©.

Analysis of the (time-homogeneous) OU process driven by a stable Lévy process
goes back to Doob (1942), where Doob treated the model in a genuinely analytic
manner without Itd’s formula, which has not been published as yet at that time. Nowa-
days, the OU models have been used in a wide variety of applications, such as electric
consumption modeling (Perninge et al. 2011; Borovkova and Schmeck 2017; Verdejo
et al. 2019), ecology (Jhwueng and Maroulas 2014), and protein dynamics modeling
(Challis and Schmidler 2012), to mention a few.

The model (1.1) may be seen as a continuous-time counterpart of the simple first-
order ARX (autoregressive exogenous) model. Nevertheless, any proper form of the
efficient estimation result has been missing in the literature, probably due to the lack of
background theory to estimate all the parameters involved under the bounded-domain
infill asymptotics. Let us note that, when J is a Wiener process (8 = 2), the drift
parameters are consistently estimable only when the terminal sampling time tends to
infinity, and the associated statistical experiments are known to possess essentially
different properties according to the sign of A. That is to say, the model is: locally
asymptotically normal for A > 0 (ergodic case); locally asymptotically Brownian
functional for A = 0 (unit-root case); locally asymptotically mixed normal (LAMN)
for A < 0 (non-ergodic (explosive) case). Turning back to the stable driven case, we
should note that the least-squares type estimator would not work unless 7,, — oo,
as is expected from Hu and Long (2009) and Zhang and Zhang (2013); there, the
authors proved that (when B is known) the rate of convergence when A > 0 equals
(T,;/ logn)'/# and the asymptotic distribution is given by a ratio of two independent
stable distributions.

1.2 Contributions in brief

First, in Sect. 2, we will show that the model is locally asymptotically mixed normal
(LAMN) at 6p € O, and also that the likelihood equation has a root that is asymp-
totically efficient in the classical sense of Hajék-Le Cam-Jeganathan. The asymptotic
results presented here are uniformly valid in a single manner over any compact subset
of the parameter space ©. In particular, the sign of the autoregressive parameter Ag
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does not matter, revealing that (i) the results can be described in a unified manner
regardless of whether the model is ergodic or not, and also that (ii) the conventional
unit-root problem (see Samarakoon and Knight (2009) and the references therein) is
not relevant here at all; this is in sharp contrast to the case of ARX time-series models
and the Gaussian OU models. Besides, in Sect. 3, we will provide a way to provide an
asymptotically efficient estimator through a suboptimal, yet very simple preliminary
estimator, which enables us to bypass not only computationally demanding numerical
optimization of the likelihood function involving the 8-stable density, but also possible
multiple-root problem (Lehmann 1999, Section 7.3).

2 Local likelihood asymptotic
2.1 Preliminaries and result

Let Py denote the image measure of (J, Y) associated with the value 9 € ©. We show
the non-trivial stochastic expansion of the log-likelihood ratio of P, 0 S on (@) von with

respect to ngn for appropriate norming matrix ¢, (0) introduced later and bounded

sequence (v,) C R”, where PY stands for the restriction of Py to o' (Yy; : j < n).
The distribution E(Yo) may vary accordmg to 6; we will assume that for any € > 0,
there exists an M > 0 such that sup, g Psl[|Yo| > M] < €.

Let ¢4 denote the B-stable density of Ji: Py[J1 € dy] = ¢pg(y)dy. Itis known that
¢p(y) > Oforeach y € R, that ¢pg is smooth in (y, 8) € R x (0, 2), and that for each
k, l e Z_;,_,

B+1+k
lim |yl

AN ’ 2.1
Iy|—>o§) log! (1 + |y]) /3‘15/3(}’)‘ <00 @1

See DuMouchel (1973) for details. Here, we write 9¥ a/gqb,g (y) == (8¥/ayk)(a' /08"
¢(y); analogous notation for the partial derivatives will be used in the sequel.

To proceed, we need to introduce further notation. Any asymptotics will be taken
for n — oo unless otherwise mentioned. We denote by —, the uniform convergence
of non-random quantities concerning 6 over ®. We write C for positive universal
constant which may vary at each appearance, and a, < b, when a,, < Cb,, for every
n large enough. Given positive functions a, (6) and b, (6), we write b, (6) = o, (ay)
and b,(0) = Oy(ay,) if a;lbn (#) = 0 and supy |an’1bn(9)| = O(1), respectively.
The symbol a, (6) <y b, (0) means that supy |a, (0)/b, ()] S 1. We write fj instead

‘i
of ff_jj—l

By integrating by parts applied to the process ¢ > e*'Y;, we obtain the explicit
cadlag solution process: under Py,

t t
Y, =e My 4 - / e MTOX du + 0/ e Mg, t>s. (22)

S N
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For x, A € R, we write
1 —X 1 —A(tj—s)
nx)=-0-e), {R)=—[e """ Xyds.
X h j

The basic property of the Lévy integral and the fact that log Eg[e™/1] = —|u|P give

log Ey |:exp (iua / e_}‘(’f_s)djs)i| = /log Ep [exp (iue_’\(’f_s)ajl)] ds
; .

j
= —|au|ﬁ/ef)"3(’/ﬂ)ds
J

= —|ohEnopm) Pul’.

Hence,

Y;,

_ih
e MY, gDk p
€j(0) == — o — ML 9

o h\/By(ABh) /B ~ iid. L(J7). (2.3)

Now, the exact log-likelihood function £, () = ¢, (0; (Xt)re0.711 (Y,j)?zo) is given
by

‘ 1
£,(0) = leog (W% (EJ(G)))
j:

- 1 1
= Z (— logo + 5 log(l/h)—E log n(ABh) + log ¢ (q(@))) .24

j=1

We introduce the non-random p X p-matrix

_ o 1 L (011,0(0) ¢12,,(0)
#n = ¢n(6) = diag <ﬁh1—1/ﬂ e 2 <<p21,n<9) m,n(e))) S

where the real entries ¢k, = @k, (0) are assumed to be continuously differentiable
in 6 € © and to satisfy the following conditions for some finite values @; = @y, (0):

©11,0(0) =4 ©11(0),

©12,2(0) =4 ©12(0),

521,0(0) 1= B2 10g(1/hn)@11,0(0) + 0~ 9214 (0) =4 2 (6),

522, (0) := B2 10g(1/hn) @12, () + 0 922,0(0) =4 P22 (6), (2.6)
ifglf [©11(0)@22(0) —912(6)921(0)] > 0,

max 3 it.n (0)] S log?(1/h).

The matrix ¢,(f) will turn out to be the right norming with which u
£, (0 + ¢, (0)u) — £, (0) under Py has an asymptotically quadratic structure in R?;
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see Brouste and Masuda (2018) and Clément and Gloter (2020) for the related previ-
ous studies. Note that /ihh ™ /? —, 00 and [@21.0(O)] V |92, ()| < log(1/h).
By the same reasoning as in Brouste and Masuda (2018, page 292), we have

infg |@11,,(0)922,0(0) — 12,0 (0)921,,(0)] Z 1 and |, (0)| —, O under (2.6).
Let

9 3
fp(y) = L‘pﬂ(y), gp(y) == ﬁ(y),
bp op
and define the block-diagonal random matrix
Z(0) = diag(Z;...(0). I+ (), (2.7)

P
where, for a random variable € ~ ¢ (y)dy and by denoting by AT the transpose of
matrix A,

1 1 (T y? —yx'
Ly, (0) := ;EG [gﬁ(e)z] ?/(; (—Y;X, Xt;g)zt >dl, 2.8)

Tso(0) = ( P11 P2 )T< Eo[fs(e)?] Eg [E.fﬁ(f)gﬂ(f)z] )( P11 P12 )
Fo0 =\ =01 —00) \Eo [ef()g5(©)] Eo [(1 +egp@)?] )\~ —7m2)

2.9)

Note that Z(0) does depend on the choice of ¢(0) = {@,;(0)}; if (0) is free from
(A, i), then so is Z(6).

Also, we note that Z(#) > 0 (Py-a.s., 0 € ®) under (1.2). Indeed, it was verified
in Brouste and Masuda (2018, Theorem 1) that Zg ,(#) > 0 a.s. To deduce that

7)., (6) > 0 a.s., we note that fOT Ytzdt > 0 a.s. and that, by Schwarz’s inequality,

T T T T T
u’ { / X®2dr — < / YtXtdt) ( f det) ( / Y,X,dt) }u
0 0 0 0
T T -1 2
= / (u-X,)2dt — ( / Y,zdt)
0 0

-1

T
0

for every nonzero u € R, since for any constant real £ we have Y # (u - X)& a.s. as

T
functions on [0, T']. Apply the identity det (A B\ det(A)det(C — BA™'BT) to

B C

conclude the Py-a.s. positive definiteness of Z(6).

The normalized score function A, (6y) and the normalized observed information
matrix Z, (6p) are given by

An(0) = 0, (0) T 39£,(0),
Z,(0) := —pn(0) T 82£,(0)pn (),

respectively. Let M N, (0, T (6)~1) denote the covariance mixture of p-dimensional
normal distribution, corresponding to the characteristic function u — Ejy [ exp(—u "
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I(Q)’lu/2)]. Finally, we write M[u] = Zi M;u; for a linear form M = {M;} and
similarly Q[u, u] = Q[u®?] = Zi’j Q;ju;u; for a quadratic form Q = {Q;;}. Now,
we are ready to state the main claim of this section.

Theorem 2.1 The following statements hold for any 0 € ©.
(1) For any bounded sequence (v,) C RP, it holds that

1
£y (0 + @0n(@)vy) — £, (0) = Ay(0)[vn] — EIn(Q)[Uns vyl + OPg(l)s

where we have the convergence in distribution under Py: L (A, (0), Z,,(0)|Py) =
L (I(G)l/zZ, I(G)), where Z ~ N,(0, I) is independent of Z(0), defined on an
extended probability space.

(2) There exists a local maximum point 6, of £,,(0) with Py-probability tending to 1
for which

@n(0) ™ 62— 0) = T,(0) "' 8,(0) + 01, (1) = MN,o (0. T0)7").

Itis worth mentioning that the particular non-diagonal form of ¢,, (¢) is, as in Brouste
and Masuda (2018), inevitable to deduce the asymptotically non-degenerate joint dis-
tribution of the maximum-likelihood estimator (MLE), the good local maximum point
én in Theorem 2.1(2).

Remark 2.2 Here are some comments on the model timescale.

(1) We fix the terminal sampling time 7, so that the rate of convergence /nh!~1/# =
nl/B=1271=1/B — O (nV/B=1/2) for (A, ). If B > 1 (resp. B < 1), then a longer
period would lead to a better (resp. worse) performance of estimating (X, ). The
Cauchy case 8 = 1, where the two rates of convergence coincide, is exceptional.

(2) We can explicitly associate a change of the terminal sampling time 7" with those
of the components of 8. Specifically, changing the model timescale from 7 to tT
in (1.1), we see that the process

YT = (¥ iero.1) = Virdieon)

satisfies exactly the same integral equation as in (1.1), exceptthatd = (A, u, B, o)
is replaced by

0r = (Ar,ur. Br.or) == (TA, T, B, TP o)

(B is unchanged), X, by X[ := X,7, and J; by JT := T~V J1:
t
vyl = Y()T—i—/ (ur - X' —ar¥Dyds + o7, t€]0,1].
0

Note that (JZT),E[(), 17 defines the standard §-stable Lévy process. This indeed shows
that we may set 7 = 1 in the virtual (model) world without loss of generality. This
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is impossible for diffusion-type models, where we cannot consistently estimate
the drift coefficient unless we let the terminal sampling time 7 tend to infinity.

Remark 2.3 The present framework allows us to do unit period-wise, for example, day-
by-day inference for both trend and scale structures, providing a sequence of period-
wise estimates with theoretically valid approximate confidence sets. This, though
informally, suggests an aspect of change-point analysis in high-frequency data: if we
have high-frequency sample over [k — 1, k] fork = 1, ..., [T], then we can construct
a sequence of estimators {6, (k)},[(T:J1 ; then it would be possible in some way to reject
the constancy of 6 over [0, [T]] if k — én (k) (k =1,...,[T] is not likely to stay
unchanged.

Remark 2.4 1t is formally straightforward to extend the model (1.1) to the following
form:

t t
Yt = YO +/ {a(Xm )M)Ys +b(Xs» ,bL)}dS +[ C(Xs—a U)th te [Oa T]~
0 0

Under mild regularity conditions on the function (a, b, ¢) as well as on the non-
random process X, a solution process Y is explicitly given by (see Cheridito et al.
2003, Appendix)

t
Y, =V My 4 / VN (p(Xy, Wdu + ¢(Xy—, 0)d ), 0<s <t,

N

where ¥ (s, t; L) = f ; a(Xy, A)dv. However, the corresponding likelihood asymp-
totics becomes much messier. It is worth mentioning that the optimal rate matrix can
be diagonal if, for example, 9;9g logc(t, 0) % 0 with X; = ¢: for details, see the
previous study Clément and Gloter (2020) that treated the general time-homogeneous
Markovian case.

2.2 Proof of Theorem 2.1

In this proof, we make use of the general result Sweeting (1980) about the exact-
likelihood asymptotics in a more or less analogous way to that of Brouste and Masuda
(2018, Theorem 1): under the uniform nature of the exact-likelihood asymptotics,
we will deduce the joint convergence in distribution of the normalized score A, (6p)
and the normalized observed information Z, (6p) from the uniform convergence in
probability of Z,(-) in an appropriate sense. Consequently, we will not need to derive
the stable convergence in law of A, (6y), which is often crucial when concerned with
high-frequency sampling for a process with dependent increments.

We have SUP;¢(0.7] |X;| < oo, since X : [0, T] — R? is assumed to be cadlag.
Through the localization procedure, we may and do suppose that the driving stable
Lévy process does not have jumps of size greater than some fixed threshold (see
Masuda 2019, Section 6.1 for a concise account). In that case, the Lévy measure of J
is compactly supported; hence in particular,
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sup Eg [|J1|K] < 00 (2.10)
Hc®

for any K > 0. Further, since the Lévy measure of J is symmetric, the removal of
large-size jumps does not change the parametric form of the drift coefficient. We also
localize the initial variable Y so that |Y| is essentially bounded uniformly in 6. It
follows from (2.2) and (2.10) that sup, g supy<; <1 Eo [|Yt |K] < oofort € [0,T]as
well.

To proceed, we introduce some further notation. Given continuous random functions
£(0) and &,(0), n > 1, we write &,(0) ﬁ),, &o(0) if the joint distribution of &, and
& are well defined under Py and if Py[|&,(0) — &y (0)| > €] —, O for every € > 0
as n — oo. Additionally, for a sequence a, > 0, we write &,(0) = o0, p(a,) if

an_lén D) Lu 0, and also &,(9) = Oy, p(ay) if for every € > O there exists a constant
K > 0 for which supy Pylla, '£,(9)] > K] < e. Similarly, for any random functions
Xnj(6) doubly indexed by n and j < n, we write §,;(0) = 0;“,(51,,) if

sup max sup Ey [Ian_l)(nj(eﬂl{] <0

n J=n g
for any K > 0. Finally, let
Ma(c:60) = (0" € O : |pn(®)~' @' —0)] <.

We will complete the proof of Theorem 2.1 by verifying the three statements corre-
sponding to the conditions (12), (13), and (14) in Brouste and Masuda (2018), which
here read

7,0) %, 7(0), 2.11)
sup 19 (0)) ' @n(0) — I,| =, 0, (2.12)
0'eN,(c;0)
Tq2 1 p 2 P
sup 00 () T{020,0",....07) — 326,O)}en(0)| 2,0,  (2.13)

01,...,0P €N, (c;0)

respectively, where (2.12) and (2.13) should hold for all ¢ > 0 and where
32,(0",...,0P), 0% € ®, denotes the p x p Hessian matrix of £,(9), whose (k, [)th
elementis given by g, dg, €5, (6%), in which 6 =: (6’1)1’7:1 .Having obtained (2.11), (2.12)
and (2.13), Sweeting (1980, Theorem 1 and 2) immediately concludes Theorem 2.1.
We can verify (2.12) exactly as in Brouste and Masuda (2018), so we will look at
(2.11) and (2.13).

Proof of (2.11). Recall the expression (2.4). To look at the entries of 8(3&, 0), we
introduce several shorthands for notational convenience; they may look somewhat
daring, but would not bring confusion. Let us omit the subscript f and the argument
€; of the aforementioned notation, such as ¢ := ¢g(€;), g := gg(€;) and so on. For
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brevity, we also write
' =log(1/h), c¢=n(Bh) P € =¢;(),

so that (2.4) becomes

n

2,(0) = Z (—logo + %l’+logc+log¢).

j=1

Further, the partial differentiation with respect to a variable will be denoted by the
braced subscript such as €(,) := 9,€;(0) and €, p) := 9,0p€(6). Then, direct com-
putations give the first-order partial derivatives:

n

0.Ln(0) =D ((logc)y + €6 8) -
j=1

n
0uln(0) =) € 8,
j=1

n

%@ = Y (=671 + Gogorp) +ep g+ 1)
=1

n

dota®) =Y (—07 +e0)8).

j=1

followed by the second-order ones:

n
37¢,(0) = Z {(6(;\))2(38) + €@ g + (log C)(x,x)} ,
=1
n

07 n(0) =Y (€)@,
j=1

050 (0) =Y {2871 + (logc)pp) + €(p.p) & + €(p) &p)
j=1

+ (€@ @) + fip) + w 0N},
020,0) =Y {072 + (€02 08) + €. 8
j=1
0,00 (0) =Y {€) €4u)(08) + €(un 8} -

Jj=1
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n
90pa(0) =Y {og ) p) + €0 &(p) + €y €y (08) + €p) &) »
j=1
n
0).05£,(0) = Z {6(0) E()»)(88) + €x,0) g} s
=1
n
0, 0pn(0) =Y {equ 8p) + €y €4 (98) + €py 8} »
j=1
n
0050 (0) = > {eu) €(0) (08) + €(uo) 8} -
=1
n
0pdota(©) =D {€0) 8p) + €(8) €101 (38) + €(p.0) 8} -
j=1

It is straightforward to see which term is the leading one in each expression above.
We do not list all the details here, but for later reference mention a few of the points:

ak logn(y) = O0,(1) for |y| — O whatever k € Z is;

(l0g )G,y = Ou(h") (k-times, k € Z1), (logc)g.p) = Ou(h?), (loge)p) =
0. (h?), (logc),p) = Ou (h*), and so forth;

max <, 052, (L) = O(h*) for k € Z;

recalling the definition (2.3) and because of the consequence (2.10) of the local-
ization, concerning the partial derivatives of €;(6) we obtain the asymptotic rep-
resentations: €0y = (1 + ou(1)o 21 =1/B, €y =1+ ou(1))o = h2=VE )2,
€ = (I+o, ({2 "VPy, | + 05 (hvh> V) e 5 = 05>/,
€p.p) = Op(h* (1)) + € 05N, €0.py = O3(U'h'~1/P), and s0 on; the terms
“0,(1)” therein are all valid uniformly in j < n.

Now, we write
Zi1,n(0) T12,,(0)
-’Z' 9 — k) k)
n(6) <Ilz,n(9)T Izz,n(9)>

with Z11,,(0) € R!7 @ R119, T, ,(#) € R> ® R? and Z12.,(9) € Rt ® R2.
We can deduce 757 ,,(0) LS u Ip,o(0) in exactly the same way as in the proof of

Eq.(12) in Brouste and Masuda (2018). Below, we will show Z1; ,(0) ﬁ),, Ly, . (0)

and Z12,,(0) 2, 0.
The Burkholder inequality ensures that

1 n
S22 Yoy O O)) = Oup(1) (2.14)
j=1

for any continuous 7 (x, y; 6) and for any U(€;(6)) such that E@_[U(ej @)] =0
(@ € ®) and that the left-hand side of (2.14) is continuous over § € ®. Also, note that
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the right continuity of # > X, implies that (X® L=X)

lim max max =0.

n—00]=12 j<n

1
A /, (X2 — X' s

These basic facts will be repeatedly used below without mentioning them.
For convenience, we will write

rn = ra(B) = /nh'~VE (2.15)

and denote by 1, , any random array &,;(6) such that max <, |£,;(6) — 1| iu 0.
Direct computations give the following expressions for the components of Z1; ,, () =

—r;Zaa,men ):

1 2 1 . -2 ®2
—gaﬂen(e)?;;a (08) £j(W®* + 04, p(1)
j:

1 &
=D 02 G + 0w p(D),
j=1

1 2
— 5 024u(0)

n

I
—= 2 00 Y Tup +0up(D) + 0up (0P
j=1

l — _
’—120 2g2yti1 + 04, p(1),
j=1

1 1 ¢ _ .
——0.0,0(0) = = 3" 09) (Lupo ™Yy, 4500 + 05 1H))
(=07 1up) + 05 nP)]
l n
=Lup | == >0 208) Yy, GO +oup() | +0up(1)
j=1

_ Iy, .
= ZO’ 8 Y, &) + ou,p(1).
j=1

We can deduce that 71 ,(6) £>u Ty, ;.(0) as follows.

e First, noting that €; = €;(0) & ii.d. £(J1), we make the compensation g? =
Eolg*] + (g% — Eg[g?]) in the summands in the rightmost sides of the last three
displays and then pick up the leading part involving Eg[g>]; the other one becomes
negligible by the Burkholder inequality.
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e Then, the a.s. Riemann integrability of  — (X;(w), Y;(w)) allows us to conclude
that, for k, [ € {0, 1, 2} and under Py for each 6,

D, (k. 1) := Z Loxe! 1__/ vk x84y

1 1 c
< ;;Zﬁ <|Yt ERCELCREG RO

1 ®I
®I
<E/Xtdt+0(h)) _ XS )dt
J

11 »
S - Z E/j <IY1 — Yo L+ Y+ 1Y, DE + |Yt|k0(1)>dt — 0,
j=1

+|Yt|k

where the order symbols in the estimates are valid uniformly in j < n. By
(2.2), under the localization, we have max;<, supy E9[|YI|M] = O(1) and
max j<, supg Egl|Y; — Yy M1 = 0,(1) for any M > 0, from which it follows
that D, (k,[) = oy, p(1).

Specifically, for the case of —r, 233@,, (0), we have

1, I 2 ®2
_Eaugn(g) = ;Z:la Eg[g71¢; (M) + oy, p(1)
j:

1 T
= o Eqlgp(e1 0] f X221 + 04 p(1) Doy Ty 2 (0)
0

with 7 ,,.22(6) denoting the lower left g x ¢ component of 7, (6). The others can
be handled analogously.
Next, we turn to looking at Z12,,(0) = {Z}3 ,, (0)}x.i:

T15 ,(0) = 9110 (0)0,0p€,(0) + ¢21.2(6)3,.95 £, (6),
12n(9) @11, (0)0,.05 £, (0) 4 921,0(0) 0,95 €4 (6),
12 1) = 912.0(0)9,.050,(0) + ¢22,1(0)0,,0p£, (0),
I3 ,(0) = 912.0(0)0,05(0) + 9222 (0)8,,95 £, (6).

We can deduce that 713 ,(0) £>u 0 just by inspecting the four components separately

in a similar way that we managed 7 ,(6). Let us only mention the lower-left g x 1
component: recalling the properties (2.1) and @22 | <, I/, we see that

11 ,(0) = —

1=1/8y—1 7
(h )
EEr— E @120 108 )., p) + 12,1 €00) 8(B) T+ 12,1 €0 €(B) (08)

j=1
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+ 0120 €0..8) 8 T 9220 €(u) &) T P22.n €(B) €() (08) + P22, €(B.10) g)
= 0"y + 04,2V Py + 04, (072 Vv RV D)
+ 0u (™) 4 04, (072AN2) + Oup (V20N By 0.

Thus, the claim (2.11) follows.
Proof of (2.13). Note that

sup |€j(9/)| Su l€; (0)] + 5,;(0; ©),
0'eNy(c:0)

where |5, (0; ¢)| < 0, (1)(1 4+ [Y:; ). Also, for each k, I, m € Z., we have Pp-a.s.
the (rough) estimate: '
Ly okal am < /k(lfl/ﬁ)mln m 2\ 1k
;{aﬂaaa(k,mzn(en <. ("H*h ;Z(l+|Y,_,.71|) {1+1og (1+1e;))} .
j=1

Then, as in the proof of Eq.(14) in Brouste and Masuda (2018), for each ¢ > 0, we
can find a constant R = R(c) > 0 such that (still rough, but sufficient)

swp [ ®T (030,01, .. 07) = B30, (0))0a 0)]
0L,....0PeM, (c;0)
S e (e enie —61] .0
07.01,....0PeMN, (c;0)
° 1 3
<u sup  AUPEVEDY qup =Ny )" {1+ log (14 e 0)])}
Vn B/.B"€B(B:R/I') €My (e:0) M 5T
1 3 N »
Su ﬁ;;(Hm,_m)m{1+log(1+|e_/<9)|)} S Oup (7 ) Sul

where B(8; R /U7 denotes the closed ball with center 8 and radius R/I’. This shows
(2.13). The proof of Theorem 2.1 is complete.

3 Asymptotically efficient estimator

From now on, we fix a true value 6y € ®, and the stochastic symbols and convergences
will be taken under P := Py,; accordingly, we write E := Eg,. Having Theorem 2.1

in hand, we can proceed with the construction of an asymptotically efficient estimator.
It is known that any asymptotically centering estimator 6,

@n(00)"1OF — 60) = T,(60) "' An(B0) + 0, (1) (3.1

is regular; by Theorem 2.1, the right-hand side converges in distribution to
MN, g, (0, 7 (00)_1). This, together with the convolution theorem in turn, gives the
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asymptotic minimax theorem: for any measurable (loss) function £ : R” — R such
that £(u) = t(Ju|) for some non-decreasing t : Ry — R with t(0) = 0, we have

lim inf £ [s ((pn 0)~1 (07 - 90))] > E[£(Z00)Z)]. (3.2)

Recalling that £ (A,(8), Z,(0)|Py) = L (Z(0)V/?Z, I(p)), where Z ~ N,(0, 1)
(Theorem 2.1) and in view of the lower bound in (3.2), we may call that any estimator
é,f satisfying (3.1) asymptotically efficient. Again by Theorem 2.1, the good local
maximum point 6, of £,,(0) is asymptotically efficient. We refer to Jeganathan (1982,
Theorems 2 and 3, and Proposition 2) and also Jeganathan (1995, Theorem 8) for more
information and details of the above arguments.

Theorem 2.1 is based on the classical Cramér-type argument. The well-known
shortcoming is its local character: the result just tells us the existence of an asymptoti-
cally well behaving root of the likelihood equation, but does not give information about
which local maxima is the one when there are multiple local maxima, and equivalently
multiple roots for the likelihood equations Lehmann (1999, Section 7.3). Indeed, the
log-likelihood function £,, of (2.4) is highly nonlinear and non-concave. In this section,
we try to get rid of the locality by a Newton—Raphson type of improvement, which
in our case will not only remedy the aforementioned inconvenience of the multiple-
root problem, but also enable us to bypass the numerical optimization involving the
stable density ¢g. In Brouste and Masuda (2018, Section 3), for the B-stable Lévy
process (the special case of (1.1) with A = 0 and X = 1), we provided an initial
estimator based on the sample median and the method of moments associated with
logarithm and/or lower-order fractional moments. However, it was essential in Brouste
and Masuda (2018) that the model is a Lévy process, for which we could apply the
median-adjusted central limit theorem for an i.i.d. sequence of random variables. In
the present case, we need a different sort of argument.

In Theorem 2.1, the process X = (X;)se[0,77 Was assumed to be observed con-
tinuously in [0, T']. In this section, we will instead deal with a discrete-time sample
(X t /.)’}:0 under the additional condition:

I e (1/2,1], max < h*. (3.3)

1
/(Xz th,l)df

We will explicitly construct an estimator é:: which is asymptotically equivalent to

the MLE 6, by verifying the asymptotically centering property (3.1); for this much-
thinned sample, we may and do keep calling such a 6, asymptotically efficient.

3.1 Newton-Raphson procedure

To proceed with a discrete-time sample {(X ts Ytj )}”_0, we introduce the approximate-
likelihood function H,, (¢) by replacing ¢;(A) by X to in the definition (2.4) of the
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genuine log-likelihood function £, (0) (recall the notation I’ := log(1/h)):

" 1, 1
Ho0) =Y <_ logo + El/_ﬁ log n(ABh) + log ¢ (e.; (9))) , (3.4)
j=1
where

Y;,

—\h
pon . Yy —e Y - Xy b
€i(0) =

ohl/By(ABh)/B

Of course, this approximation is not for free: to manage the resulting discretization
error specified later on, we additionally impose that

(3.5)

Bo > (3.6)

142«
Then we have at least By > 2/3, so that small values of By are excluded; this is the
price we have to pay for dealing with a discrete-time sample from X in an efficient
way. Accordingly, in the sequel, we will reset the parameter space of § to be a domain
©p such that ©g C (2/3,2).

Toward construction of an asymptotically efficient estimator é: satisfying (3.1),
we will prove a basic result about a Newton—Raphson type of procedure. As in
(2.15), we write r, = r,(Bo) = ﬁhl_l/ﬂo. Write n~'/2¢,(0) for the lower-right
2 x 2-part of ¢,(0), so that the definition (2.5) with & = 6y becomes ¢,(6)) =
diag(r, 1 Iyq1, n=1/ 2@,1 (6p)). We then introduce the diagonal matrix

®o.n = ®0,n(Bo) == diag < T'n q+ls /2 <(1) 2)) 3.7

for a constant
0<r<l. (3.8)

The difference between (p,, and ¢g , is only in the lower-right component for (8, o),
and note that the matrix ¢, (po » may dlverge in norm. Then, suppose that we are given
an initial estimator 90 n= (Ao ns X010 s ﬂo n» 00.n) such that cp (90 n—00) = 0,(1),
namely,

- . n'/2
(rnao,n = 20): Fa(fo.n — 120). 0> (Bon — Bo). —— (B0 — 00)) = 0,(1).
Let us write a = (A, 1) and b = (B, o). Based on the apprqximate—likelihood
function (3.4) and 6y ,, we recursively define the k-step estimator 6% , (k > 1) by

Okn =10+ {diag <_8§Hiz(ék—l,n)a —3§Hn(ék—1,n))} dH, (Gk—1.0) (3.9)

on the event Fy_1 , := {| det(92H,, (Gx—1,,))| A | det(@7H, (Bx—1,,))| > 0} and assign

an arbitrary value to ék,,, on the complement set F; ,f_ ; below, it will be seen (as in

1,n°
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the proof of Theorem 2.1) that P[Fy_1,] — 1. Hence, the arbitrary property does
not matter asymptotically and we may and do suppose that P[Fy_; ,] = 1 fork > 1.
In our subsequent arguments, the inverse-matrix part in (3.9) must be block diagonal:
see Remark 3.3 below.

In what follows, én denotes the good local maxima of the likelihood function £, (9),
when (X;);<r is observable; by Theorem 2.1, we have P[B@En(é,,) = 0] — 1 and
91(60) " By — 60) = T, (60) " An(60) + 0,(1) = MN,p 4, (0. Z(60)~"). Define the
number

K :=min{k e N : 2kl S 1/2} = min{k e N: k > log,(1/r)}. (3.10)
We deduce the asymptotic equivalence of 6, and GAK, nt
00 (00) ™ Ok — 6n) = 0, (D), (3.11)
starting from the initial estimator éO,n; (3.11) concludes (3.1) (hence, (3.2) as well)
with 0% = O .
We assume that <p0_)rll(éo,,, —6p) = Op(1) (hence also (po_’:l(éo,n — én) = 0,(1)).

Then, to establish (3.11), we first look at the amount of improvement through (3.9)
with k = 1. Write ¢, = ¢,,(6p) and ¢, = ¢,,(6p), and introduce

Zo.n 1=~ diag (02, Go.0), 0FH, o)) s

. _ A 1_ ~ 5 ~ “
= diag (—rn 292H,, (o), —;go,? OFH, <eo,n)¢n) = (Zo,ams Zo,pn)-

We apply Taylor’s expansion around 6, to (3.9) with k = 1: for some random point
9(’)’,1 on the segment joining 6 , and 6,,

é\l,n - én = é\O,n - é\n + ‘Pnj-()i,i(p;;r aGHn(éO,n)

= ouZor{or d6HL 60
+ ¢ (diag (~02H, @), —03HL Gon)) = (= 9FHa(6;,)) o — 61
= 0uZy 0 (Rh., + RE)- (3.12)

In what follows, we will derive the rate of convergence of GA],,, — én in several steps.
Here again, we may and do work under the localization (See Sect. 2.2).
Step 1. First, we show that I& ,11 = Op(1). We have

Zosan = =1y 203 Ha60) = 1 (92 HBo.n) — 02H, 00) ) (3.13)

A 1. - 1. A -
Topn = =~ @) 000G — ~6) (0 HaGo.) = 9H,00) G0 (B.14)
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The first terms on the right-hand sides above tend to 7 _,,(6p) and Zg »(69) in prob-
ability, respectively. The second terms equal 0, (1), by similar considerations to the

verification of (2.13) in the proof of Theorem 2.1. Hence, f(), n 57 (6p) and in par-
ticular I 71 = 0,(1) since Z(6p) is a.s. positive definite.
Step 2 Next we show that R0 =% To9H, (9 )) is 0,,(1). Observe that

0 06H,0) = @ 900 O + 9] (06H62) — 00 (6))

For the first term, we have <pnT39€n(9An) = 0,(1), since P[|snagz,,(é,,)| > €] <
P[Iaeﬁn(énﬂ # 0] — O for every € > O and s, 1 oo. To manage the second term, we
need to estimate the gap between H,, (8) and ¢,,(6) by taking the different convergence
rates of their components into account. By the definitions (2.4) and (3.4),

n

HL(0) = 4(0) = ) (102 ¢ (€} (6)) — log d e (0)) )
j=I
n 1
_ (/0 gp (e,-(e) +5(€(0) - e,-(e))) ds) (€;(6) — € (0).)
j=1
(3.15)

From the expressions (2.3) and (3.5) and since x < 1, a series of straightforward
computations shows that the partial derivatives of

de j(0) = e} (0) —€;(0)

1 < / —A(tj—s)
= (- [« —DXyds + - | (Xy— X, )ds
oh /By (i) /B i j !

satisfy the following bounds: [3,dc ;(0) < h'T=VE |8,dc ;j(0) < h*~VA,
13pde, j(0)] < R VAL and |9yde ;j(0)] < h'H<~1/B. Obviously, h!/Ai=1/k0 =
1+ 0p(1) for any Bn such that n”(ﬁn — Bo) = Op(1) for some v > 0; below, we will
repeatedly make use of this fact without mention. Further, under (3.6), it holds that

38, >0, Jnh't<Vbo = ou=1/2=<+1/Py = o). (3.16)

By piecing together these observations, the basic property (2.1), and the expression
(3.15), under (3.3) we can obtain

or (308,60 = 006,

rn_laan(én) _lakH

+| Sz,

‘f
S 0, (Va1 y ﬁhk) +0, (ﬁh1+K‘l/ﬂ0 v ﬁh")
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0, (ﬁh1+x—1/ﬁ0(1/)c> +0, (\/ﬁhlﬂc—l/ﬁo(l/)C)

< 0, (1= v al/2) B o,

This concludes that R(/) . =0p().

Step 3. Let R0 = (R0 an’ Rg,b’n) € R9T! x R2. The goal of this step is to show
R(/)/a , = o0p(1)and RO’ b = OI,(nl/z_r (1")©); at this stage, the latter component may
not be stochastically bounded if r < 1/2 (recall (3.8)). We have R(/)”n = AonHon,
where

T (92H 8;,,) — 97 Hy (Bo.n) osym )
" 8,00 HnGy,) 05 Ha(y,) — 7 HaBo))
Hy, = wn_l(é(),n - én)

Under the assumption go(; ’11 (éo, n — 00) = Op(1), recalling the block-diagonal forms
(2.5) and (3.7), we see that

- ~1,2 1,4 0,(1
Hon = 07 oo i =0 = 0 O =0 = (o, %80y ) )
p

where the components O,(1) € R9+! and 0O, (n'="/2]"y e RZ; here and in what
follows, we use the stochastic-order symbols for random variables of different dimen-
sions, which will not cause any confusion.

We will show that all the components of Ay, are at most O, (n~"/2(1')€):

Ao = 0, (n~"2(1)C). (3.18)

For the diagonal parts of A ,, from the same arguments as in proving (3.13) and
(3.14) with the assumption 900—, rll (Bo,n — 6o) = Op(1), it holds that

. . ; L : R
2 (028, @), — 828, Go) )| + ‘;go;r (931, @,.) — 92 M Bo.0)) B

— 0p(n_r/2(l/)c).

Write § = (91)11]:1 and so on, and also let 9,0, H,, (OA(’)’") € R2 x R91t! for the size of
the matrix. Then, for the non-diagonal part of Ag_,, we expand it as follows:

G a0, H, @) ) =t —= 0435 H ()

1
rnﬁ

9, aaaan(éa’,n)) @.ns — 00.0)-

I‘l\/_
(h1=1/B0)=1
e

=1
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As in the previous diagonal case, the second term on the right-hand side equals
0, (n~"/2(1")©). As for the first term, we write

1 1 1
———0,0pH,,(60) = ——=0,0p%,, (6 ——0,0p (H,,(60) — £,,(6p)) .
rnﬁah n(O) rnﬁabn(0)+rnﬁah( n(O) n(O))

We have seen the explicit expressions of the components of 836,1 (0) in Sect. 2.2. Based
on them, it can be seen that all the components of r,” Tn=1/25,0,¢, (6p) take the form:

1 n
=D 7100 (e (00) + O ()

J=1

for some J;;  -measurable random variable 7 (6p) such that |7;_;(6p) <1+
|Y,j71|)(l’)c and for some odd function ¥ (hence, E[Y(€;(6p))] = 0); the last
term “O(h?)” only appears in 0,08, (0). Burkholder’s inequality for the martin-
gale difference arrays gives n~! Z;zl 7i—1(00)¥ (€;(00)) = 0,(n~2(1)C). We
conclude that r, 'n=129,9,0,(00) = O0,(n~/2(1")C). Next, we write H,(0) —
0,(0) = Z?:l Bj(09)de, j(0) for the expression (3.15). The following estimates hold:
|de,j O)] < h'H< 1P 18,0pde j(O)] S BTV 1), 1Bj(O)] S 1, 184B;(0)] <
(I41Y;,_ DR YP 0, Bj(0)] < 141, and 8,05 B;(0)] S (141 (141Yy,_ DA,
Therefore, by (3.16),

1 -
7 dah (Hn(em—en(eo))‘ - ﬁ;aaab (B (©)de, j0)) |5y,

RPN R
< (14 1)hH l/ﬁo;2(l+|Y,j_||)
]:

ne¢ "¢
-on () m e (5F)

Since r < 1, we have concluded (3.18).
The desired stochastic orders now follows from (3.17) and (3.18):

” —r/20 0,(1) (H
RO,n = AO,nHO,n = 0[?(” /2(l )C) (Op(n(lf_’)/zl’)> = (0[7 (n?/g—r(l/)c))) .
(3.19)

Step 4. We are now able to derive the convergence rate of 671,,, — 6,. Recall the
definition (3.10) of K € N and the initial rate of convergence (3.7).

e First, we consider r > 1/2. Then, Rg’n = 0p(1) from (3.19), so that we can take

@10 = @n: by Steps 1 to 3 and (3.12), (pn’l (él,n — én) = 0,(1). This means that a
single iteration is enough if we can take r > 1/2 from the beginning.
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e Turning to r € (0, 1/2], we pick a constant €’ € (0, r/2) (hence r — ¢’ > r/2),
which is to be taken sufficiently small later. Define

—r—eh (10
‘P]n—wln(e) —dlag<n q+l, ¢ 6)<Ol/>>-

Again by Steps 1-3 and (3.12), ¢ r¢nZ;, = diag(0p(1), 0,(1)HCn" =< ~1/2))
and

1,4 Ay (Op(D) 0 0,(1)
it =00 = (75" o (emrem) {0+ (o, (00|
_ op(D) _
=o0,(1) + <Op(n_€/(l’)c)) =op(D).

It follows that the rate of convergence for estimating (8, o) gets improved from
diag(n"/?,n"/?/l') of éO,n to diag(n’_g/, n’_é//l/) of él,n; this can be seen as a
matrix-norming counterpart of the (near-)doubling phenomenon in the one-step
estimation (see for example Zacks 1971, Section 5.5). To improve the rate further,
we apply (3.9) to obtain éz, , from _n»so that the rate of convergence for estimating
(B, o) gets improved from diag(n’_f/, n’_e//l’) to diag(n2’_36/, n2’_35//l/); here
again, we can control the constant €’ > 0 to be sufficiently small. This procedure
is iterated K — 1 times, resulting in the rate diag(nzK 2872 = /1") with €,
being small enough to ensure that 2(2X —2r — €) > 1/2. Then, the last (K th-step)
application of (3.9) is the same as in the case of r > 1/2 mentioned above.

-2 /
r—e€
o, n

These observations conclude (3.11).
Thus, we have arrived at the following claim.

Theorem 3.1 Suppose that éO,n satisfies that ga(;,ll (éO,n —6p) = O,(1) with (3.7) and

(3.8), and define K as in (3.10). Then, the K-step estimator OAK’n, defined through
(3.9) satisfies (3.11), and hence is asymptotically efficient (by Theorem 2.1):

0060 Ok 0 = 00) = T, 00) ™ Au @) +0,(1) S MN,, (0, Z600) ") . (320)

Because of the diagonality of ¢ ,, Theorem 3.1 makes it possible to construct an
initial estimator 6 , = (A0.n, £0.n, Bo.n» 60.n) individually for each component.
Having (3.20) in hand, we can construct consistent estimators j)», won KR Ty, (60)

and jﬂ,”, n LA 1g,5(6p), and then prove the Studentization:

Skn — A .
(xl/i Vnh'” 1/‘3"”< £ 0) Z4/2 1 B n)™ 1<ﬁ" ﬁo)) 5 Ny (0. 1,).
MK.n — MO OK.n — 00
(3.21)

Indeed, this follows by noting the following facts.

e For construction of 7;, ;, , and Zg 5 p:
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— In the expressions (2.8) and (2.9), we can replace the (Riemann) dz-integrals
by the corresponding sample quantities:

L g (2 L
;;(Ym, Y Xi,) > ?/0 (Y2 Y, X,)dt.

— The elements of the form Eq,[H (¢; Bo)] = f H (e; Bo)pp,(€)de with H (€; B)
smooth in B can be evaluated through a numerical integration involving the
density ¢g(€) and its partial derivatives with respect to (8, €), with plugging
in the estimate ,3 k .n for the value of § (the initial estimator 50,;1 is enough).

— Again, note that n”(,@Kﬂ — Bo, 6k.n — 00) = 0, (1) for any sufficiently small
v € (0, 1/2), so that k! =1/Bka yp1=1/B0 = (1/m)1/Bxn=1/B0 % | The values
@1 (0p) contained in Zg » (6p) are estimated by plugging in éK,n in (2.6):

B2 011 Ox.) + 65 0210 Brc.n) > T (B0,
B2 0120 O ) + 650220 Ok ) B §2a(0),
011020k ) 5 @11(60),
012,00k 1) 5 12(60).

We can replace (BK,m 6k.n) by (,éo,n, 60.,) all through the above.
e Since (pn_l(éK,n —6p) = Op(1), it follows that

Vi (20 7P = i (o + 0p(@0en) (5 T )

OK.n — 00 GKk.n— 00

= VG (60) ™! <’?K*" ! “) + 0p() ™)

OK.n — 00

= VG0 <’?K’” B ﬂO) +0p(1).
OK.n — 00

K.,n

The property (3.21) entails

N 2
)\K,n _)L0>
ITLK,n_MO

21/2 1-1/Bk n
I)».,M,n‘/ﬁh JPK. (
2

5 s Bk —Bo\| £
2450/ 60 Ok ) 1<&“ £ ) = X2 +3).

K,n — 00

which can be used for constructing an approximate confidence ellipsoid and for
goodness-of-fit testing, in particular variable selection among the components of X.
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Remark 3.2 From the proof of Theorem 3.1, we see that it is possible to weaken (3.6) as
Bo > 2/3 if the integrated-process sequence ( fj Xsds)’j’.: | is observable. Moreover, It

is possible to remove (3.6) if the model is the Markovian Y; = Yo+fé (u—AYg)ds+ao J;
with constant © € R with modifying the definition (3.5) as in the estimating function
of Clément and Gloter (2020). However, we worked under (3.3) and (3.5) to deal with
a possibly time-varying X.

Remark 3.3 The standard form of the one-step estimator is not (3.9), but

A A A -1 A
Bin = O+ (~08 L Gimrn)) 06 H Bimr.n).

By inspecting the proof of Theorem 3.1, we found that the off-block-diagonal part
—0,40pH,, (ék_l,n) made the claim therein invalid. This has happened since the rate
of convergence for estimating the component b = (8, o) could be too slow. Still,
because of the block-diagonality of the original form (2.7), it seems to be a natural
and reasonable strategy to use the block-diagonal form from the beginning of defining
(3.9).

Remark 3.4 The necessity of more than one iteration (K > 2) would be a technical one.
If we could verify the tail-probability estimate sup,, P[|r, ():0,,, — A0, flo.n — Ho)| >
51 < s™M for a sufficiently large M > 0, then it is possible to deduce the optimality
of the one-step Newton—Raphson procedure even when a strategy of construction
(,80 n, 60,n) is not smooth in (Ao ns 0.n) as in the function M (a’) in Section 3.2.2.
However, the model under consideration is heavy tailed and it seems impossible to
deduce such a bound since we cannot make use of the localization for that purpose.

3.2 Specific preliminary estimators

In this section, we consider a specific construction of éO,n = ()A\o,n, 0. /§0,n, 60.n)
satisfying goof,ll (é(),n —6p) = Op(1) with ¢ ,, given by (3.7). We keep assuming that
the available sample is {(X;;, Ytj)};fzo and the conditions (3.3) and (3.6) are in force.
We will proceed in two steps.

(1) First, we will estimate the trend parameter (A, 1) by the least absolute deviation
(LAD) estimator, which will turn out to be rate optimal, and asymptotically mixed-
normally distributed; although the identification of the asymptotic distribution is
not necessary here, it would be of independent interest (see Section 3.2.3).

(2) Next, by plugging in the LAD estimator we construct a sequence of residuals for
the noise term, based on which we will consider the lower-order fractional moment
matching.

Recall that we are working under the localization (2.10) by removing large jumps of
J.
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3.2.1 LAD estimator

Let us recall the autoregressive structure together (2.2) with the approximation of the
(non-random) integral:

Yy, = e+ o £iGuo)h + 0o / e M=,
J

=Y,,_, — hohYy,_, + po - Xi,_ b + 00 / e MGTId T + s (3.22)
j

where
81 = 8160) = h ™ (Yo 7 = 14 Aoh) + o - (660 = Xiy ) )
is an ]:tH -measurable random variable such that
18711 S (L4 [y, DRI ho, (3.23)

We define the LAD estimator ():0,,,, fo.n) € RIT! by any element ()A\o,,,, fo.n) €
argmin()\‘ M)M,, (X, ), leaving (B, o) unknown, where

n

MO ) =Y Yy, = Yo — (=2Y, + - X, ) B (3.24)
j=1

This is a slight modification of the previously studied approximate LAD estimator in
Masuda (2010) concerning the ergodic locally stable OU process.

We introduce the following convex random function on R x R? (recall the notation
(2.15)):

1 " !
Anu, v) = My (2o + —. —v ) = M, (%o, ,
=, ¥) aon(hoBoh)1/Bo hl/Po { "( 0+ Y Mo + " ) n(2o MO)}
The minimizer of A, is thy = (in. Dn). Where i, := ry(Ron — Ao) and B, =

rn(fo.n — to)- Further, letting z;—1 := (=Y, ,, Xy, ), w := (u, v), and

%

1 P
€ /e—M(ff—s)dJS ~ iid. L),
j

"7 3 (oBol) VB0 7P

we also introduce the quadratic random function

1
AL (w) == AL[w] + 5 Tolw, wl,
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where

n
1
Al = — E sgn (e/» + 8/4,1) Zj-1
7 J J=b
Jj=1 S0/

o BROL [T (XN,
0

of T -Y.X, X%

where s, 1= oon(roBoh)' /P = (1 + 0(1))op. The a.s. positive definiteness of I'g
(see Sect. 2) implies that argminAg a.s. consists of the single point 121,3 =Ty ! AL
Then, our objective is to prove that

Wy = Wi+ 0,(1). (3.25)

The proof is analogous to Mas10ejs (2010, Proof of Theorem 2.1); hence, we will
appropriately omit the full technical details, referring to the corresponding parts

therein.

By (3.22) and (3.24), we have
As in Masuda (2010, Eq.(4.6)), we can write A, (w) = A}, [w] + Q,(w), where

n w'Zj—]/(SOJM/E) 8/._ (S/._
Qn(w):zzz/ {1<e;+ flgs)—1<e;+ ]150)}ds.
: 0 S0,n S0,n

j=1

/

€+ S 1
/ S0,n SO,n\/ﬁ

j—1
S0,n

/
€+

w2z

mm=2<

j=1

Let us suppose that

AL = 0,(1), (3.26)
1 14+4
On(w) = EFO[W, w] +o0,(1), weR ™. (3.27)

Then, we can make use of the argument of Hjgrt and Pollard (2011) to conclude (3.25).
To see this, we note the inequality due to Hjgrt and Pollard (2011, Lemma 2): for any
€ >0,

1

Py =il =] <P | sup Iuw)lz 5 [ inf A AR | |
w: lw—17|<e (W,Z)Af\z\:l,

w=wp+e€z
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where 8, (w) 1= A,(w) — Ak(w). Obviously, A (}) = —(1/2)A, - Ty Al. By
straightforward computations, we obtain

ey i AL (w) — AL@]) = € Amin(Do).
w:l’t\)s-‘rGZ

Also, because of the convexity, we have the uniform convergence sup,,c 4 16, (w)] o
for each compact A C RI*9 (see Hjgrt and Pollard (2011, Lemma 1)). Note that
W, = 0, (1) by (3.26) and the a.s. positive definiteness of I'g. Given any ¢, e >0,
we can find sufficiently large K > 0 and N € N for which the following three
estimates hold simultaneously:

sup P[0} > K] < €'/3,
n

sup P sup |8, (v)| > € | <€/3,
n>N w: |w|<K-+e€

2
P |:€/ > 6?}\min(r‘()):| < E//3-

Piecing together the above arguments concludes that, for any €, €’ > 0, there exists
an N € N such that sup,. 5 P [|ﬁ)n — 12)5| > e] < €. This establishes (3.25), and it

follows that
Wy = —T5 Al +0,(1) = 0,(1). (3.28)

It remains to prove (3.26) and (3.27). Below, we will write P/~! and E/~! for the

conditional probability and expectation given F;; ,, respectively.
Proof of (3.26) follows on showing A, (1) = 01,(1) and Ry , = op(1), where

[nt] 1 8/- | ) 8/ .
Ap(t) = sgn | €+ L— — E!7" | sen 6 + Zj—1,
" ;00\/5 [ & ( T son 0 £ 50,n !

1 €[0,1],
n 1 1 5/' I
Ry, = E7 |sen|e +-L—)z:1]. (3.29)

The (matrix-valued) predictable quadratic variation process of {A,,(-)}s¢[0,1] i given
by
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We apply the Lenglart inequality Jacod and Shiryaev (2003, 1.3.31) for the submartin-
gale |A,(1)|%: forany K, L > 0,

> |~

supP[ sup A, (1) = K} S

+ sup P —le, 1|2>C0O
n tel0,1] n

1 & )
+sup P ;2(1+|Y,j,1|) > CL
/:

N
X~

We have n~! Z’J’.:l(l + |Yrj_| |)2 = 0, (1). To conclude that A, := A, (1) = O,(1),
let L and K sufficiently large in this order. To see Ry , = 0, (1), we proceed in exactly
the same way as in Masuda (2010, pp. 544-545): by partly using (3.6) and (3.23),

1 n ‘S},]/So.n
IRy, = —2:2ﬁzj_1/ B0 () dy
e 0

1 n 1 n B
S = 2 Vg ll8 1S S ) (U Yy DA e
j=1 j=1

0, (ﬁhl+K—1/ﬁo) =0, (h1/2+x—1/ﬁ0> = 0,(1).

Thus, we have obtained (3.26), and now we can replace A, by A, in (3.28):
=Ty Ay +0,(1) = 0,(). (3.30)

Proof of (3.27). We decompose Q,(w) =: Z?:l Cj(w) as Op(w) = Q1 p(w) +
02,n(w), where Q1 ,(w) := 377, E77N¢j(w)] and Qa5 (w) = i (¢j(w) —
Ej_l[;,'(w)]). Then, for each w € R4, we can readily mimic the flow of Masuda
(2010, pp.545-546) (for handling the term Q, (u) therein). The sketches are given
below.

e We have
O1n(w) = —F [w, w] + Ap(w),
where
_ 250 1 - ( Y’i—l —¥, IX’ )— Co+o0p,(1)
ni= ®2 = pL),
s(%,n nj=1 _Ytj*IX’jfl X’/l
and where
5
|An(w)| < fZ<w 21> { g — 5, (0)
Jj=1 O
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w-Zj— l/(TOnf)
[ (1 = y)adg, dyds

<! 4 s 1200k1/py) , L BB
N;_Zl<1+|¥z,,l|> (1 + [w)* (7 VoV )=
P

e We have Q5 ,(w) = 0,(1): by the Burkholder-Davis—Gundy inequality,

E || @) — E/7 g w)l)

j=1

n lw-zj—1/(s0,n8/1)] 5 ?
S) E / 1|e+ 2L <5 )ds
gl ( 0 < J S0,n
[w-zj—1/(s0.n+/M) i !
w J i
<3 e

j—1
6/_ + J

/ S0,n
lw| /w~2j1/(So,n«/7l)| 6;.71
< —FE ||z s +
N]Zl Tl |l )

S0,n

31 : 31( L pire—1/8
S U+ = ST E[(+1¥,,D ]<ﬁvh 0

j=1

)

=0 (\/—ﬁ v it 1/ﬁ0> =o(1).

Summarizing the above yields (3.27).

The tightness (3.30) is sufficient for our purpose. As a matter of fact, the LAD esti-
mator ()A»o,n, fl0.n) is asymptotically mixed-normally distributed. We give the details
in Sect. 3.2.3.

3.2.2 Rates of convergence at the moment matching for (8, 0)
The remaining task is to construct a specific estimator (,BAo, > 00.n) such that

r/2

—(Gon — 00)) = 0p(D). (3.31)

<nf/2(;§o,n — Bo),

This can be achieved simply by fitting some appropriate moments; for this purpose, the
localization does not make sense, since precise expressions of truly existing moments
without the localization come into play. Here we consider, as in Brouste and Masuda
(2018), the pair of the absolute moments of order r and 2r.
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Leta’ € (0, Bp/2) and define

/
a

N - . .
Mn(a ) = ; Zl ‘Yl‘j - Yl‘j,1 +)‘-0,nYlj,1h — MO, * leflh
j=

Let
1 l

o —ho(tj—s) _ /
€; = T1B /je 0= d Jg = (1 +o(1)€;,

which are approximately i.i.d. with common distribution £(J1), and also let
L 19

My(a') = o 1P 3 7 |e]
=1

We can apply the central limit theorem to ensure that /n (h_“// Fooy® My(a'y — m
(a'; ﬂ0)> = 0,(1) assoonasa’ < fo/2, where
_ 29 T(@ + 1)/2T (1 —d'/o)

m(a'; fo) = E[|h1"] = VT rd—ad/2) |

Moreover, it follows from the discussions in Sect. 3.2.1 that

, o 1 & 1 «
h*a /ﬂoo.o—a Mn(a/) — ; Z 6}/ + ﬁ (\/E(S;_] — ﬁ)n 'Z]—l)

j=1

’

which in turn gives

/

, e on 1 & . a
/2 ‘hfa //3050 a (M,,(a’) _ Mn(a/))‘ < - Z (ﬁ|6}_1| + |wn||Zj—1|>
=1
S 0, (VAR 1 0,(1) = 0,1,

It follows that
n?'/? (h—a’/ﬂOoo‘”’Mn(a’) —m(d; ﬂo)) = 0,(1vn =D = 0,().

Now we want to take a’ = r, 2r, which necessitates that » € (0, Bp/4) in the current
argument. Then, we conclude that

w2 (0 P00 My (r) = m(rs o), P00 N, 2r; Bo) = m(2r: o)) = O, (1),
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so that

SN2 PRV
a2 Ai[n(r) B m(r,-ﬂo) —0,().
M,Q2r) mQr; Bo)

There exists a bijection f; such that f,.(m(r; ﬂ)2 /m2r; B)) = B; see Brouste and
Masuda (2018, Section 3.2) and the references therein for the related details. Therefore,
taking ,éo,n = f (M,, (r)z/M,, (2r)) results in nr/2(f§0,,, — Bo) = Op(1), as was to be
shown. The bisection method is sufficient for numerically finding ,BAo, n-

Turning to 6y ,, we note that

nor/Bo g
o2 (B0 Ma () ab | = 0,(D). (3.32)
m(r; Bo)
N h*"/lg() nM ( ) 1/r . r/2 A .
Let 6y, = (+——22 : we claim that ”l—,(o*o,, —00) = Op(1). Since
’ m(r;lg(),n) !
m(rion) _
rn(r:/go) - OP(I)’
hr(l/ﬁo.n—l/ﬁo)w —1l < hr(l/ﬁo,n—l/ﬁo) _ 1’ 0,(1) + M —1!.
m(r; Bo) - m(r; Bo)

Recall that n’/? (,BA(), n—Bo) = O, (1), hence the second term in the upper bound equals
0,(n~"/?). As for the first term, using that (1/fo., — 1/Bo)l' = O, /n"/?) = 0,(1),
we observe

A R l/
prPon=l/B) — 1 = exp (r(l/ﬂo,n - l/ﬂo)l’) —1=0, <ﬁ) =0,(D).
n

These estimates combined with (3.32) conclude the claim: we have (3.31) for the
above constructed (/éo.n, 60.n)- Given an r € (0, Bo/4), by Theorem 3.1, the K-
step estimator for K > log,(1/r) is asymptotically efficient; if Sy > 1 is supposed
beforehand, then we can take an r > 1/4 small enough to ensure that K = 2 is
enough.

3.2.3 Asymptotic mixed normality of the LAD estimator

Recall (3.30): w,, = Iy ! Ap +0p(1). To deduce the asymptotic mixed normality, it
suffices to identify the appropriate asymptotic distribution of (A,, I'g), equivalently
of (A, T'p).

First, we clarify the leading term of A,, in a simpler form. We have E [sgn(e})] =0
and E[sgn(e})z] = 1, Observe that A, = Ao, + R1, + Ra.n, where R}, is given in
(3.29) and

n
1
Aop =y  —=sgn(€))zj1,
i1 oo
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n

1
Ry, = Z (sgn (e/l + 8;_1) - sgn(e&)) Zj—1.
j=1 o0/n ’

We have already seen that Ry , = o, (1). We claim that R; , = op(1). Write Ry , =
Z?:l &;. The claim follows on showing that both Z?zl E/—l[gj] = 0,(1) and

| 21}:1 Ej_l[é‘}g’z]l = 0,(1), but the first one obviously follows from Ry, = 0,(1).
The second one can be shown as follows: first, we have

n n
DB = 3 E s (4 0) )
j=1 =

n

1 .
= 200_2; Z (1 —E/! [sgn (e; + 8},1) sgn(e})]) z?_l

j=1

Moreover,
E/! [sgn (6’, + 5/-_1) sgn(e’-)]

o0 Ov(=8,_)) -
:(/ +/ f / >¢ﬁo(y)dy—1+Djl
Ov(=8;_))

forsome F;; | -measurable term D satisfying the estimate [D ;i | < |5.’,._1 | <+
1Y, [Yh!+%=1/Po_These observations conclude that | Z;;] EJ-1 [5}82]| =o0p(1).

It remains to look at A ,. The mere convergence in distribution is unsuitable since
the matrix ['g is random. We will apply the weak limit theorem for stochastic integrals:
we refer the reader to Jacod and Shiryaev (2003, VI.6) for a detailed account of the
limit theorems as well as the standard notation used below.

We introduce the partial sum process

[n1]
Z sgn(e t €10, 1].

We apply Jacod (2007, Lemma 4.3) to derive S” &) w’ in D(R) (the Skorokhod
space of R-valued functions, equipped with the Skorokhod topology), where w’ =
(w")seq0,17 denotes a standard Wiener process defined on an extended probability space

. Ly .
and independent of F. Here, the symbol — denotes the (F-)stable convergence in
law, which is strictly stronger than the mere weak convergence and in particular implies
the joint weak convergence in D(R712):

(5", H") 5 (w', H) (3.33)
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for any R?*!-valued F-measurable cadlag processes H" and H* such that H" L
H® in DRI,
We note the following two points.

e We have §" £> w’ in D(R), and for each n € N the process (S/')e0,1] is an
(Finr1/n)-martingale such that sup, , [AS}'| < 1. These facts combined with Jacod
and Shiryaev (2003, V1.6.29) imply that the sequence (S") is predictably uniformly
tight.

e Given any continuous function f : R9*+! — RY / (for some ¢’ € N), we consider
the function H" = (H'", H>") with

1
Ht n = (—Y[nt]/n, X[nt]/n) s
1 [nt]
2,
Ht " = ;Zf(ytj—ﬂxtjfl)'

j=1
Then, we have H'» & H1® .= (Y, X) in D(RI*+!) and H>" & H2 .=
f6 (Y, Xs)ds in D(R?), with which (3.33) concludes the joint weak convergence
in D(R2Ha+4");
(Sn Hl,n H2,n) £) (w/ H],OO H2,00)

With these observations, we can apply Jacod and Shiryaev (2003, VI1.6.22) to derive
the weak convergence of stochastic integrals:

(HY L sm 2 S (HLYR Ly B,

which entails that, for any continuous function f,

1 o c (og" [T S
Ao, ;;f(Yz,,l,Xz,,,) = T/o (—Y;, Xs)dw, ;/0 f (Y, Xy)ds
_ 1/2
L o - (T( v} -vx] al 7
- T Jo \-v.x, x®2 ’

1 T
?/0 f(Y;Y? Xs)ds> s

where Z ~ N (0, 1) is independent of F. Now, by taking

2ba (0 > T
f(x,y>=¢”—°2()<_yxy xx®2y),

99

we arrive at
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2¢,30(0)1[T< Y? —Y,Xj)dt
o2 TJo \-ViX; X2

In sum, applying Slutsky’s theorem concludes that

2 T 2 T -1
- - L lof 1 Y X
o= o b op ) 7 M (0’ o7y (i, e )} )
0
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