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Abstract
Let M be a real hypersurface of a complex projective space. For any operator B on
M and any nonnull real number k, we can define two tensor fields of type (1,2) on

M, Bl(pk) and B(Tk). We will classify real hypersurfaces in complex projective space

for which Bf,k) and B;k) either take values in the maximal holomorphic distribution D
or are parallel to the structure vector field &, in the particular case of B = A, where
A denotes the shape operator of M. We also introduce the concept of A%‘) and Ag‘)

being D-recurrent and classify real hypersurfaces such that either A%k) or Ago are
D-recurrent.

Keywords kth Generalized Tanaka—Webster connection - Complex projective space -
Real hypersurface - Shape operator - Lie derivative

Mathematics Subject Classification 53C15 - 53B25

1 Introduction

Consider the complex projective space CP™, m > 2, endowed with the Kaehlerian
structure (J, g), where J denotes the complex structure and g the Fubini-Study metric
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of constant holomorphic sectional curvature 4 on CP™. Let M be a connected real
hypersurface in CP™ without boundary. Denote also by g the induced metric on M
and by N a local unit normal vector field on M. The Reeb (or structure) vector field
on M is defined by £ = —JN. Let V be the Levi-Civita connection on M and A
the shape operator associated to N. For any vector field X tangent to M write J X =
¢X + n(X)N, where ¢ X is the tangential component of JX and n(X) = g(X, &).
Then (¢, &, n, g) defines an almost contact metric structure on M [1].

The existence of such a structure allows us to define, for any nonnull real number
k, the so-called kth Generalized Tanaka—Webster connection on M, v® [2, 3], given
by

VY = VY +g@AX, Y)E — n()PAX — kn(X)§Y

for any X, Y tangent to M.

This connection on M is a metric one and any element of the almost contact metric
structure is parallel for such a connection. If A satisfies A + A¢p = 2k¢, M becomes
a contact manifold and this connection coincides with the Tanaka—Webster connection
on M, [14-16].

The tensor field of type (1, 2) obtained as the difference of both connections is called
the kth Cho tensor on M (see [6, Proposition 7.10]) and it is given by F ®(x,v7) =
g@PAX,Y)e —n(Y)PpAX — kn(X)¢Y, for any X, Y tangent to M. From this, for
any X tangent to M and any nonnull real number k, we define the kth Cho operator
corresponding to X, as F)((k)Y = F® (X, Y) for any Y tangent to M.

The torsion of the connection V® is given by T® (X, Y) = F'y — FIVX for
any X, Y tangent to M, [2]. Thus we define the kth torsion operator associated to X,
for any nonnull real number k and any X tangent to M, by T,((k) Y = T®(X,Y), for
any Y tangent to M.

If £ denotes the Lie derivative on M, we now that it is given by LxY = VxY —
VyX, for any X, Y tangent to M. If we consider the kth Generalized Tanaka—Webster
connection we can also define on M a differential operator of first order, that we call
the derivative of Lie type associated to such a connection, £L®), given by

Oy _ oWy _ g0y _ *)
LYy =VPy - VEX = Lxy + 7Y

for any X, Y tangent to M.

Best known real hypersurfaces in CP™ are called Hopf and satisfy that the Reeb
vector field £ is an eigenvector of the shape operator, that is, A§ = «&, for a certain
function @ on M, called the Reeb curvature of M. The distribution on M given by
D = Ker(n) is ¢-invariant and called the maximal holomorphic distribution on M.

Takagi classified homogeneous real hypersurfaces in complex projective space (see
[11-13]). Kimura [4], proved that Takagi’s real hypersurfaces are the unique ones that
are Hopf and have constant principal curvatures for A in CP™. Takagi’s list contains
the following 6 types of real hypersurfaces
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e Type (A1), geodesic hyperspheres of radius r,0 < r < 7, with 2 distinct constant

principal curvatures, 2 cot(2r) with eigenspace R[£] and cot(r) with eigenspace
D.

e Type (Az), tubes of radius 7,0 < r < 7, over totally geodesic complex projective
spaces CP",0 < n < m—1, with 3 distinct constant principal curvatures, 2 cot(2r)
with eigenspace R[£], cot(r) and —tan(r). The corresponding eigenspaces of
cot(r) and — tan(r) are complementary and ¢-invariant distributions in .

e Type (B), tubes of radius r, 0 < r < %, over the complex quadric Q’"‘l, with 3
distinct constant principal curvatures, 2 cot(2r) with eigenspace R[], cot(r — %)
and — tan(r — 7) whose corresponding eigenspaces are complementary and equal
dimensional distributions in ID such that ¢ Veotr—2) = V_tan(r—2).-

e Type (C), tubes of radius 7,0 < r < %, over the Segre embedding of CP xCP",
where 2n + 1 = m and m > 5, with 5 distinct constant principal curvatures,
2 cot(2r) with eigenspace R[£], cot(r — ) with multiplicity 2, cot(r — 5) =
— tan(r) with multiplicity m — 3, cot(r — 37”), with multiplicity 2 and cot(r —m) =
cot(r) with multiplicity m — 3. Moreover qchot(,_%) = Vcot(rf%’ ) and V_ an(r)
and Veoy(r) are ¢-invariant.

e Type (D), tubesof radius 7,0 < r < 7, over the Plucker embedding of the complex
Grassmannian manifold G (2, 5) in C P?, with the same principal curvatures as type
(C), 2 cot(2r) with eigenspace R[£], and the other 4 principal curvatures have the
same multiplicity 4 and their eigenspaces have the same behaviour with respect to
¢ as in type (C).

e Type (E), tubes of radius r,0 < r < %, over the canonical embedding of the Her-
mitian symmetric space SO (10)/U (5) in CP'3. They also have the same principal
curvatures as type (C), 2 cot(2r) with eigenspace R[£], cot(r — %) and cot(r — 3%)
have multiplicities equal to 6 and — tan(r) and cot(r) have multiplicities equal to
8. Their corresponding eigenspaces have the same behaviour with respect to ¢ as

in type (C).

We will call type (A) real hypersurfaces to both types (A1) or (Az).

Ruled real hypersurfaces in CP™ were introduced by Kimura [5]. The maximal
holomorphic distribution ID of such real hypersurfaces is integrable with integral man-
ifolds CP"~!. Equivalently, g(AD, D) = 0. Kimura gave some minimal examples of
this kind of real hypersurfaces.

Let B be a symmetric operator on M. Then we can define on M a couple of tensor

fields of type (1,2), for any nonnull real number &, Bgf) and B;k), given, respectively,
by

BYX,v)= (VY —vo)B)Y = FPBY — BFPY = [F¥, BlY  (1.1)
and

BRX, vy =LY —cx)Byy =1 BY — BTy = 1", BlY  (1.2)

for any X, Y tangent to M.

@ Springer



55 Page4of17 Bulletin of the Iranian Mathematical Society (2023) 49:55

In [10] we considered the case A = B in (1.1), and proved non-existence of real
hypersurfaces in CP™, m > 3, such that Agc) = 0, for any nonnull real number
k. A similar result for A = B in (1.2) was obtained in [9]. Such conditions imply

commutativity of A and either F }((k) or T}((k), for any X tangent to M, respectively.
In this paper we want to generalize such results. Then, we will consider the condi-

tions g(A%‘) (X,7),&) =0, (respectively, g(Agf)(X, Y), Z) = 0)forany X, Y tangent
to M (respectively, for any X, Y tangent to M, Z € D), obtaining the following

Theorem 1.1 Let M be a real hypersurface in CP™, m > 3, and k a nonnull real

number. Then g(Agf)(X, Y),&) = 0 for any X, Y tangent to M if and only if M is
locally congruent to a ruled real hypersurface such that g(A&, &) = —k.

And

Theorem 1.2 Let M be a real hypersurface in CP™, m > 3, and k a nonnull constant.
Then g(Ag()(X, Y),Z) =0 forany X,Y tangent to M, Z € D, if and only if M is
locally congruent to a real hypersurface of type (A)

Similar conditions for A(Tk) give us the following results

Theorem 1.3 There does not exist any real hypersurface M in CP™, m > 3, such that
g(Agc) (X,Y), &) =0, forany X, Y tangent to M and any nonnull real number k.

And

Theorem 1.4 Let M be a real hypersurface in CP™, m > 3 and k a nonnull real
number. Then g(A(Tk) (X,Y),Z) =0, forany X, Y tangent to M, Z € D, if and only
if M is locally congruent to a real hypersurface of type (A).

On the other hand, we will say that A is (@(k), V)-recurrent if ((%{k) —Vx)A)Y =
w(X)AY, for any X, Y tangent to M, where w is a nonnull 1-form on M. This is
equivalent to have Agf)(X, Y) =w(X)AY.

Similarly, we will say that A is (L®), £)-recurrentif (LS — Lx)A)Y = §(X)AY,
for any X, Y tangent to M and a nonnull 1-form § on M. This is equivalent to have
AP (X, Y) = 8(X)AY.

If we consider D — (@(k), V)-recurrency or D — (L®, L)-recurrency (the same
conditions as above for X, Y € D) we obtain

Theorem 1.5 Let M be a real hypersurface in CP™, m > 3, and k a nonnull real
number. Then Ag()(X, Y) = w(X)AY, forany X,Y € D and a nonnull 1-form w on
M if and only if M is locally congruent either to a real hypersurface of type (A) or to
a ruled real hypersurface.

and

Theorem 1.6 There does not exist any real hypersurface M in CP™, m > 3, such that
Agc)(X, Y) = 8(X)AY, for any X,Y € D, and a nonnull 1-form § on M, k being a
nonnull real number.
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2 Preliminaries

Any mathematical object in the sequel will be considered of class C* unless otherwise
stated. Let M be a connected real hypersurface without boundary in CP™, m > 2, and
N alocally defined normal unit vector field on M. LetV be the Levi-Civita connection
on M and (J, g) the Kaehlerian structure of CP™.

For any vector field X tangent to M, we write JX = ¢X + n(X)N, where ¢ X
denotes the tangential component of J X,and —J N = &.Then (¢, &, 1, g) is an almost
contact metric structure on M (see [1]). Therefore,

$*X = X +n(X)E, nE) =1, g@X.$Y)=g(X.¥)—n(X)n¥) Q2.1)

for any tangent vectors X, Y to M. From (2.1) we get
s =0, n(X) =g(X,$).
From the parallelism of J we obtain
(Vx@)Y =n(Y)AX — g(AX,Y)§ and Vx& =¢AX

for any X, Y tangent to M, where A denotes the shape operator of the immersion. As
CP™ has holomorphic sectional curvature 4, the equations of Gauss and Codazzi are
given, respectively, by

R(X,Y)Z =g(Y,Z)X — g(X, 2)Y +g(¢Y, 2)pX — g(¢ X, Z)pY
—28(¢X, Y)PZ + g(AY, Z)AX — g(AX, Z)AY,

and
(VxA)YY — (VY A)X = n(X)oY —n(Y)pX — 2g(¢p X, Y)§

for any tangent vectors X, Y, Z to M, where R is the curvature tensor of M.
In the sequel the following result owed to Maeda [7], is needed.

Theorem 2.1 Let M be a Hopf real hypersurface in CP™, m > 2. Then o = g(A§, &)
is constant and if W is a vector field which belongs to D such that AW = AW, then

- _ a2
20 —a # 0and ApW = ppW, where p = 3+,

We will also need the following theorem proved by Okumura [8]

Theorem 2.2 Let M be a real hypersurface in CP™, m > 2. Then A = A¢ if and
only if M is locally congruent to a real hypersurface of type (A).
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3 Proofs of Theorems 1.1 and 1.2

Let us suppose that g(Ag‘) (X,Y),&) = 0 for any X, Y tangent to M. This yields
8Q@PAX, AY)E — n(AY)PAX — kn(X)pAY — g(AX,Y)AE + n(Y)ApAX +
kn(X)A¢Y, &) =0, for any X, Y tangent to M. Therefore

8(APAX,Y) — g(AE,§)g(pAX, Y) +n(Y)g(APAX, &) + kn(X)g(ApY, &) =0
3.1)

for any X, Y tangent to M.

Let us suppose that M is Hopf, that is, A& = «&. Then (3.1) gives g(ApAX,Y) —
ag(@AX,Y) = 0, for any X, Y tangent to M. Thus ApAX = apAX, for any X
tangent to M. If we choose X € D such that AX = A X, from Theorem 2.1 we should
have ApX = uoX, u = gﬁfj Then Ay = Ao and either A = 0 or & = «.

If we suppose that in D there exists a principal curvature A # 0, u = « yields
ol +2 = 2ah — . That is, oA = o« + 2. This implies that & # 0 and then
A= % As u = o, we also have A # p and all the principal curvatures are
constant. Therefore A¢ # ¢ A and M cannot be of type (A). If there is not a vector
field Y € D such that AY = 0, the unique principal curvatures on I are o and #
Looking at Takagi’s list, this is impossible.

Therefore, the unique principal curvature in D is A = 0. But then, u = —% must
be equal to 0 too, which is also impossible.

Then we must suppose that M is non Hopf. So we can write A = a& + BU, where
U is a unit vector field in D and g is a function on M that does not vanish at least
on a neighborhood of a point p € M. We will make all the calculations on such a
neighborhood.

If wetake Y = £ in (3.1) we get 2g(A¢p A&, X) = 0 for any X tangent to M. That
is, Bg(A@U, X) = 0 for any X tangent to M, which yields

ApU = 0. (3.2)
Taking X = £ in (3.1) we obtain g(ApAE, Y) —ag(pAE,Y) + kg(ApY, &) =0,
for any Y tangent to M. Then, from (3.2), —aBg(@U,Y) — kBg(¢U,Y) = 0. As
B # 0, if we take Y = ¢U we have
o = —k. (3.3)
If now we take ¥ = ¢U in (3.1) it follows —ag(AX, U) — kn(X)g(AU,&) =0,
for any X tangent to M. That is, —ag(AU, X) — kBn(X) = 0. From (3.3) we get
kg(AU, X) — kBn(X) = 0, for any X tangent to M. Thus
AU = BE&. (3.4
From (3.2) and (3.4) we have that Dy = {X € D|g(X,U) = g(X, ¢U) = 0} is

A-invariant. Take X, Y € Dy in (3.1). Then g(A¢AX,Y) —ag(9pAX,Y) = 0. From
(3.3) this yields
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APAX + kpAX =0 (3.5)

for any X € Dy. We can also write the equation above (3.5) as —g(A¢pAY, X) +
ag(A¢Y, X) =0, forany X, Y € Dy. From (3.3) we obtain

— APAX —kApX =0 (3.6)

for any X € Dy. Adding (3.5) and (3.6) we have k(pA — Ap)X = O forany X € Dy
and, as k # 0, we get

PAX = ApX

for any X € Dy. Therefore, if X € Dy satisfies AX = AX, we obtain ApX = Ao X.
Moreover, from (3.5) it follows A2 + kA = 0 and either A = 0 or A = —k.

Let us suppose that there exists ¥ € Dy such that AY = —kY and A¢Y = —k¢Y.
The Codazzi equation yields (Vy A)¢Y — (Vypy A)Y = —2&. Therefore, —kVypY —
AVy@Y +kVyyY 4+ AVyyY = —2& . Tts scalar product with & gives kg(¢Y, pAY) —
g(VyoY, —ké& + BU) — kg(Y,pAdY) + g(VyyY, —k& + BU) = —2. This yields
Bg([pY, Y1, U)—k> —kg(pY,pAY) +kg(ApY, pY)+kg(Y,pApY) = —2. Thus

2

Its scalar product with U implies —kg(Vy¢Y,U) — g(Vyo¢Y, BE) +
kg(VeyY,U) + g(VgyY, B§) = 0. That is, kg([¢Y, Y], U) + Bg(¢Y,pAY) —
Bg(Y,pApY) = 0. Then

g(loY, Y], U) =28. (3-8)

From (3.7) and (3.8) 8 = —% would give B% = —1, which is impossible.

We conclude that the unique principal curvature in Dy is 0 and M is ruled. The
converse is straightforward and we finish the proof of Theorem 1.1.

In order to prove Theorem 1.2 let us suppose that g(Agf) (X,Y),Z) = 0 for any
X, Y tangent to M, Z € D. This implies

—n(AY)g(@AX, Z) — kn(X)g(PAY, Z) — g(pAX, Y)n(AZ) + n(Y)g(ApAX, Z)
+hn(X)g(ApY,Z) =0 (3.9)

for any X, Y tangentto M, Z € D.

Let us suppose that M is Hopf and A§ = «&. Taking X = £ in (3.9) we get
—kg (@AY, Z) + kg(A¢pY,Z) = O for any Y tangent to M, Z € D. As k # 0, this
means that (A¢ — ¢A)X = 0 for any X € . From Theorem 2.2, M must be locally
congruent to a real hypersurface of type (A).

If M is non Hopf we will write A& = & + BU with the same conditions as in
the proof of Theorem 1.1. Taking X = Y = £ in (3.9) we have —aBg(¢U, Z) —
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kBg(@U, Z) + Bg(ApU, Z) = 0 for any Z € D. This gives, bearing in mind that
B #0,

ApU = (a + k)¢U. (3.10)

If in (39) we put ¥ = & we get —ag(pAX,Z) — kpn(X)g(@U, Z) +
g(ApAX,Z) = 0, for any X tangent to M, Z € D. If Z = ¢U, we obtain
—ag(AU, X) — kfn(X) + (@ + k)g(AU, X) = 0, for any X tangent to M. This
implies kAU = kBE&. As k # 0 we obtain

AU = BE. (3.11)

IfwetakeY = &, X = ¢U in(3.9) wehavea(a+k)g(U, Z)— (¢ +k)g(AU, Z) =
0, for any Z € . From (3.11) we get a(a + k)g(U, Z) = 0 for any Z € D. Taking
Z = U we obtain a(« + k) = 0.

Let us suppose thatee = —k. Then (3.10) and (3.11) imply A§ = —k&E+BU, AU =
B&,ApU = 0. If we introduce X, Y € Dy in (3.9) we have —g(pAX, Y)g (A&, Z) =
O,forany Z e D.If Z = U we get g(¢AX,Y) =0 forany X, Y € Dy. Now, if we
take ¢Y instead of Y it follows g(AX,Y) = 0 forany X, Y € Dy and

AX =0 (3.12)

for any X € Dy. From (3.10), (3.11), (3.12) and the fact that « = —k, M should be
ruled. But taking X = £, Y = U in (3.10) we have kg(¢U, Z) = 0 for any Z € D,
which is impossible.

Suppose then that @ = 0. Therefore, A§ = U, AU = B¢ and ApU = k¢ U. Take
X =£&,Y € Dy in (3.9). Then —kg(¢pAY, Z) + kg(ApY, Z) =0, forany Y € Dy,
Z € D. This yields ApY = ¢pAY forany Y € Dy. As Dy is A-invariant, if ¥ € Dy
satisfies AY = LAY, A¢Y = r¢pY.If wetake Y = &, X € Dy in (3.9) we obtain
g(ApAX,Z) =0forany X € Dy, Z € D. Therefore, ApAX = 0 for any X € Dy.
That is, if Y € Dy satisfies AY = LY we obtain A = 0. Therefore AZ = 0 for any
Z € Dy. For such a Z Codazzi equation gives (VzA)§ — (V:A)Z = —¢Z. Then
Vz(BU)—AQAZ +AVeZ = —¢Z. Thisimplies Z(B)U + BVzU + AV Z = —¢pZ
and its scalar product with U implies Z(8) — Bg(Z, ¢ A§) = 0. We have proved that

Z(B)=0 (3.13)

forany Z € Dy.

On the otherhand, (Vy A)§ — (Ve A)U = —¢U implies U(B)U+-BVy U —£(B)E —
BPAE + AV:U = —¢U. lIts scalar product with & gives —Bg(U, pAU) — &(B) +
Bg(VelU, U) = 0. That is,

£(B)=0 (3.14)
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and its scalar product with U yields U () — B%g(U, ¢U) = 0. Thus
U@p) =0. (3.15)

Also (Vg A)s — (Ve A)pU = U yields (¢U)(B)U + BVyy U +kAU —kVepU +
AVepU = U. Its scalar product with & implies 3k8 + Bg(V:¢U, U) = 0. Then

g(VegU,U) = =3k (3.16)

and its scalar product with U gives (¢pU)(B) — kg(VeopU,U) — Bg(A§,U) = 1.
Therefore, from (3.16),

(PU)(B) = —=3k> + B> + 1. (3.17)

From (3.13), (3.14), (3.15) and (3.17) we obtain grad(f) = y¢U, where y =
—3k% + B2+ 1. As g(Vxgrad(B),Y) = g(Vygrad(B), X), for any X, Y tangent to
M, we get X(y)g(@U,Y) +yg(VxoU,Y) = Y(y)g@U, X) + yg(VyoU, X). If
X =& we obtain yg(VepU,Y) = yg(VyoU,&) = —yg(U, AY) for any Y tangent
to M. If now Y = U it follows y g(Ve¢pU, U) = 0. From (3.16) we get —3ky = 0.
Thus y = 0 and B is constant.

Then (VyouA)U — (VyA)pU = 2§ yields BpApU — AVyyU — kVyoU +
AVyeU = 2¢. Its scalar product with & gives kg(U, AU) + Bg(VyoU,U) = 2.
Therefore,

Bg(VyopU,U) =2 (3.18)

and its scalar product with U implies —gk + Bg(U, pApU) — kg(VyoU, U) = 0.
That is, —28k = kg(Vy¢U, U). Then

gVuoU,U) = -28. (3.19)

From (3.18) and (3.19) we have —% = 1, which is impossible and this finishes the
proof of Theorem 1.2.

4 Proofs of Theorems 1.3 and 1.4

If we suppose that g(Agc) (X,Y),&) =0forany X, Y tangent to M we obtain

2(PAX, AY) — g($A’Y, X) — g(AE, £)g(pAX, Y) + n(Y)g($AX, A%)
+ikn(X)g(@Y, Af) + g(A§, §)g(PAY, X) — n(X)g(pAY, AE)
—kn(Y)g(pX, A§) =0 (4.1)

for any X, Y tangent to M.
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Let us suppose that M is Hopf, A§ = «f, and take X,Y € D in (4.1). Then
g(PAX, AY)—g(pA%Y, X)—ag(pAX,Y)+ag(¢pAY, X) = 0. Therefore, we obtain
APAX + A’pX —apAX —aApX = Oforany X € D.If X € D satisfies AX = A X,
from Theorem 2.1 we know that ApX = u¢X. Thus A + u? — ak — o = 0. That
is,A+wpu—Ar+pwa=0,or A+u)(np—o) =0.IfA+pu=0,as u = g))\‘fozl,we
obtain 21% + 2 = 0, which is impossible. Therefore &+ = o and then, as in the proof
of Theorem 1.1, this case is not possible.

Therefore M must be non Hopf. We continue writing A§ = a§ + U as in Sect. 3.

Taking X = £ in (4.1) we obtain Sg(¢U, AY) — aBg(@U,Y) + kg(pY, AE) —
g(@AY, AE) = 0, for any Y tangent to M. This gives BAQU — afopU — kBopU +
BAPU = 0. Then 2A¢pU — (@ + k)¢pU = 0 and

ApU = (“ ;Lk) oU. 4.2)

If now we take ¥ = & in (4.1) it follows 2 g(pAX, AE) — g(pA%E, X) +
ag(pAE, X) — kg(pX, AE) = 0, for any X tangent to M. Then —28g(A¢U, X) —
g(pA(xé + BU), X) + aBg(oU, X) + kBg(pU, X) = 0, for any X tangent to M.
From (4.2) we get —ag(pA&, X) — Bg(¢AU, X) = 0, for any X tangent to M.
Therefore, —af¢pU — AU = 0, or pAU = —a¢pU. Applying ¢ we obtain

AU = Bt —aU. 4.3)

Take X = ¢U in (4.1). Then g(pApU, AY) — g(A%Y,U) — ag(pApU,Y) +
n(Y)g(pAPU, AE) +ag(AY,U) + kn(Y)g(U, A§) = 0, for any Y tangent to M.
From (4.2) we get —(%4%) ¢ (AU, ¥) —g(A?U, Y)+a(442)g(U, ¥) = B(5E)n(Y)+
ag(AU,Y) 4+ kBn(Y) = 0, for any Y tangent to M. Therefore, (o — ("‘TH‘))AU —
AU + a(%)U + Bk — (#))E = 0. This and (4.3) yield

ak —a* — p* =0. (4.4)

If now we take Y = ¢U in (4.1) we have g(pAX, ApU) — g(¢pA%pU, X) —
ag(AX, U)—kn(X)g(U, A§)+ag(@ApU, X)—Bg(9ApU, U)n(X) = 0, forany X
tangent to M. This yields ((%4%) —a) AU + (945) (%) —a) U 4+ B((4F5) —a)g = 0,
thatis, (55%) AU + (52 (52U — B(552)é = 0.1f o = k, from (4.4), B = 0, which
is impossible. Therefore, k # o and we get

AU:ﬁé—(a:k> U. 4.5)

From (4.3)and (4.5),a = “‘zik and then, @ = k, that we have seen that is impossible,
finishing the proof of Theorem 1.3.
Suppose now that g(Ago(X, Y), Z) = 0 for any X, Y tangent to M, Z € . This

implies
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—n(AY)g($AX, Z) — kn(X)g($AY, Z) + n(X)g($A’Y, Z) + kn(AY)g(¢ X, Z)
—8(pAX,Y)g(AE, Z) + n(Y)g(pAX, AZ) + kn(X)g(dY, AZ) + g(PAY ., X)g(AE, Z)
—n(X)g(@AY, AZ) —kn(Y)g(¢pX,AZ) =0 (4.6)

for any X, Y tangentto M, Z € D.

Let us suppose that M is Hopf with A& = w&. Take X = &,Y € D in (4.6). Then
we get —kg(PAY, Z) + g(pA>Y, Z) — kg(pY, AZ) — g(pAY, AZ) = 0, for any
Y, Z € D. Therefore,

— kpAY + ¢A2Y + kApY — ApAY =0 4.7
for any ¥ € ID. If we interchange Y and Z we also obtain

kAQpY — A2¢Y — kpAY + ApAY =0 4.8)
forany Y € D. If such a Y satisfies AY = AY, from (4.7) and Theorem 2.1 we obtain

A=A -k =0 (4.9)

where p = 2+2

= 57==. From (4.8) we also get

(k=) (n—2)=0. (4.10)

From (4.9) and (4.10) either A = p for any principal curvature in D, and in this
case, from Theorem 2.2, M is locally congruent to a real hypersurface of type (A) or
there exists A such that % A. Then A = u = k, which is impossible.

Suppose now that M is non Hopf and write A£ as before. Take X = Y = £ in (4.6).
Then —ag($AE, Z)—kg($AE, Z)+g(PA%E, Z)+g(PAE, AZ) —g($pAE, AZ) = 0.
Therefore, —(o + k)Bg (U, Z) + g(¢A(xé + BU), Z) = 0, for any Z € D. This
yields —kBg(¢U, Z) + Bg(¢p AU, Z) = 0, for any Z € D. Then pAU = k¢U, and
applying ¢ we get

AU = B& +kU. A.11)

Take now X = £, Y = ¢U in (4.6). We obtain —kg(pApU, Z) + g(pA%pU, Z) —
g(AE, U)g(AE, Z) — kg(AU, Z) — g(¢pApU, AZ) = 0, for any Z € D. If we take
Z = U we get kg(ApU, pU) — g(A2pU, pU) — B> — k% + g(ApU, pAU) = 0.
That is,

2kg(ApU, pU) = g(ApU, ApU) + B> + k°. (4.12)

If we take X = U, Y = ¢U in (4.6) we have —g(pAU, ¢U)g(AE, Z) +
g(@APU,U)g(AE, Z) = 0, for any Z € D. From (4.11) it follows —kg (A&, Z) —
g(ApU,pU)g(AE,Z) = 0,forany Z e D. If Z = U we get g(ApU, ¢pU) = —k,
and from (4.12) g(A¢pU, ApU) + B% + 3k> = 0, which is impossible, finishing the
proof of Theorem 1.4.
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5 Proofs of Theorems 1.5 and 1.6
If we suppose that A%‘)(X, Y) =w(X)AY forany X, Y € D we get
8(QAX, AY)§ — n(AY)PAX — g(9AX, Y)A§ = w(X)AY (5.1)

forany X, Y € D.
Let us suppose that M is Hopf and that A§ = «£. Then (5.1) becomes

g(PAX, AY)E — ag(dpAX, Y)E = w(X)AY (5.2)

for any X,Y € D. The scalar product of (5.2) and & gives g(¢pAX, AY) —
ag(pAX,Y) =0, forany X, Y € D. Therefore, we have

APAX —apAX =0 (5.3)
for any X € DD, and interchanging X and Y we also get
— APpAX +aApX =0 54

for any X € . From (5.3) and (5.4) it follows a(¢pA — A¢)X = 0 for any X € D.
Let us suppose that « = 0. Then, from (5.3) we obtain ApAX = 0 forany X € D and
if we suppose that AX = AX, from Theorem 2.1, A(%) = 0, which is impossible.
Therefore, A — A¢ = 0, and from Theorem 2.2, M must be locally congruent to a
real hypersurface of type (A). In this case (5.3) gives A2¢X — € ApX = O for any
X € Dandalso pA2X —apAX = 0. Thus u(u — ) = A(A — ) = 0. We have now
that either & = 0 or © = « and, at the same time, either A = 0 or A = «. These four
possibilities give contradictions and M must be non Hopf.
As in previous sections we write A§ = a& 4+ BU. Then (5.1) looks like

8(PAX, AY)s — Bg(U,Y)PpAX — g(pAX,Y)AS = w(X)AY (5.5)
for any X,Y € D. Taking ¥ = U in (5.5) we get g(¢AX, AU)E — BpAX —
g(@pAX,U)AE = w(X)AU. Its scalar product with U yields —28g(¢pAX,U) =
w(X)g(AU, U) for any X € D. If, in particular, X = U we obtain

w(U)g(AU,U) —2Bg(AU, ¢U) = 0. (5.6)

Taking the scalar product of (5.5) and ¢U we have —Bg(U,Y)g(AX,U) =
w(X)g(AY,¢pU),forany X,Y e D.If X =Y = U it follows

Bg(AU,U) + w(U)g(AU, $U) = 0. (5.7)

The linear system given by (5.6) and (5.7) satisfies (w(U))? + 2,82 # 0, and
therefore

g(AU,U) = g(AU, ¢U) = 0. (5.8)
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Taking X € Dy in (5.5) and its scalar product with ¢U we obtain
—Bg(U,Y)g(AU, X) = w(X)g(AY, ¢U) for any X € Dy, Y € D. Bearing in
mind (5.8),if Y = U and X € Dy we get —8g(AU, X) = 0, for any X € Dy. As
B # 0, it follows

g(AU,X)=0 (5.9)

for any X € Dy. Now (5.8) and (5.9) yield
AU = B&. (5.10)
The scalar product of (5.5) and U gives Bg(U, Y)g(A¢pU, X) — Bg(pAX,Y) =
w(X)g(AY,U) =0, forany X, Y € D. Taking Y = U we have 28g(A¢U, X) =0,

for any X € D. Thus

A¢pU = 0. (5.11)
Take now X, Y € Dy in(5.5). Then, g(pAX, AY)E —g(pAX,Y)AE = w(X)AY,
and its scalar product with U yields fg(AX, ¢Y) = 0, forany X, Y € Dy . Therefore,
AX =0, for any X € Dy. This, (5.10) and (5.11) imply that M is locally congruent

to a ruled real hypersurface, finishing the proof of Theorem 1.5.
Ifnow A% (X, Y) = §(X)AY, forany X, Y € D, we obtain

g(BPAX, AY)E — n(AY)pAX — g(¢pA*Y, X)E + kn(AY)pX
—g(pAX, AY)AE + g(pAY, AX)AE = §(X)AY (5.12)

forany X, Y € D.
If we suppose that M is Hopf, A§ = &, and take the scalar product of (5.12) and
&, we get
2(PAX, AY) — g(A’Y, X) — ag(pAX,Y) + ag(pAY,X) =0 (5.13)
forany X, Y € D. Then (5.13) yields
APAX 4+ A2pX — apAX — aApX =0 (5.14)
for any X € D and, interchanging X and Y,

— APAX — pA’X + 0APX +apAX =0 (5.15)
forany X € ID. From (5.14) and (5.15) we have A?¢pX —¢pA%X = 0, forany X € D.If
we suppose that AX = A X, from Theorem 2.1, ApX = u¢pX and pu> = A2 If -1 =
w= gﬁfé it yields oA — 242 = @A + 2. Therefore, A2 +1 = 0, which is impossible.

Therefore A = 1 and pA = A¢. In this case (5.14) becomes 2A2¢pX — 20 ApX = 0
and then (i — «) = 0. In the same way, (5.15) implies —2¢A%X + 2apAX = 0

@ Springer



55 Page140f17 Bulletin of the Iranian Mathematical Society (2023) 49:55

and A(o — A) = 0. The four possibilities that we obtain imply contradictions and M
must be non Hopf. Write as usual A§ = o& + BU.
The scalar product of (5.12) and ¢ U gives

—n(AY)g(AX,U) + kn(AY)g(X,U) =§(X)g(AY, ¢U) (5.16)

for any X, Y € D. Taking X = ¢U in (5.16) and Y = U we get —Bg(A¢U,U) =
3(pU)g (AU, ¢U). Thus

b(@U) + B)g(AU, ¢U) = 0. (5.17)
If we put Y = ¢U in (5.16) we obtain
3(X)g(ApU, pU) =0 (5.18)

for any X € D.
Take the scalar product of (5.12) and U. Then it follows

—n(AY)g(@AX,U) +kn(AY)g(¢X,U) — Bg(pAX,Y) + Bg(pAY, X)
= 8(X)g(AY, U) (5.19)

for any X,Y € D. Taking ¥ = ¢U in (5.19) we obtain —Bg(AX,U) +
Bg(@ApU,X) = §(X)g(ApU,U). If X = ¢U it follows —Bg(AoU,U) +
Bg(ApU,U) = 8(¢pU)g(ApU, U). That is,

3(pU)g (AU, U) = 0. (5.20)

Suppose that §(¢U) = —B. Then, from (5.18), g(ApU, ¢pU) = 0 and from (5.20),
g(ApU,U) = 0. If §(¢pU) # —B, from (5.17), g(AU, ¢U) = 0. Thus we have
proved that always

g(AU,¢U) =0. (5.21)
If we take X = Y = U in (5.19), bearing in mind (5.21), we obtain
s(U)g(AU,U) =0. (5.22)

If now we take ¥ = U in (5.16) we get —Bg(AU, X) + kpg(U, X) =
3(X)g(AU, ¢U) = 0, for any X € D. This yields

AU = B¢ + kU, (5.23)
and from (5.22) we also have §(U) = 0.
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If we take X = U in (5.19) we obtain —8g(¢p AU, Y) + Bg(¢pAY, U) = 0 for any
Y € D. This yields ApU = —¢p AU, and bearing in mind (5.23), we arrive at

ApU = —koU. (5.24)

From (5.23) and (5.24) we know that Dy is A-invariant. Taking ¥ = U, X € Dy
in (5.12) we have —BpAX + kBpX = 6(X)AU, for any X € Dy. If we take its
scalar product with & we get 86(X) = 0, for any X € Dy. Thus §(X) = 0 for
such an X, and the above equation implies pAX = k¢X for any X € Dy. If we
apply ¢ we obtain AX = kX for any X € Dy. For such a vector field AX = kX,
ApX = k¢ X. Codazzi equation implies (Vx A)pX — (Vyx A)X = —2&. Therefore,
kVxpX — AVxpX — kVypx X + AVyx X = —2&. Its scalar product with U gives
—kg([¢X, X1, U) — g(VxpX, BE + kU) + g(Vyx X, B + kU) = 0. This yields
Bg(dX, pAX)—Bg(X,pApX) = 0. Thus 2k8 = 0, which is impossible and finishes
the proof of Theorem 1.6.

Suppose finally that M satisfies Ag{)(X, Y) = w(X)AY for any X, Y tangent to
M, From Theorem 1.5 M must be locally congruent to either a real hypersurface of
type (A) or to a ruled real hypersurface. Moreover, M must satisfy

g(PAX, AY)s —n(AY)PAX — kn(X)PAY — g(pAX, Y)AE +n(Y)ApAX
+kn(X)ApY = w(X)AY (5.25)

for any X, Y tangent to M. Suppose that M is a real hypersurface of type (A) and take
X =& in (5.25). We get

— kpAY +kAPY = w(E)AY (5.26)

for any Y tangent to M. As our real hypersurface satisfies A¢p = ¢ A, from (5.26) we
have w(§)AY = O for any Y tangent to M. If w(£¢) # 0 we should have AY = 0O for
any Y tangent to M. That is, M is totally geodesic, which is impossible. Therefore
w(§) =0.

Take then Y = & in (5.25). We obtain

—apAX + APAX = aw(X)E (5.27)

for any X tangent to M. Consider X € ID and take the scalar product of (5.27) and
Z € D. This gives —ag(¢AX, Z) + g(ApAX, Z) = 0, for any X, Z € D. Therefore
—apAX + APAX = 0. As Ap = pA we have —apAX + ¢pA2X = 0 for any X € D
Suppose that AX = AX. Then —aA + A% = 0, and the unique principal curvatures
in D are @ and 0. Thus M has, exactly, two distinct constant principal curvatures and
looking at Takagi’s list M must be locally congruent to a geodesic hypersphere. But
a geodesic hypersphere has not such principal curvatures.

If M is ruled and we take ¥ = ¢U in (5.25) it follows —g(¢pAX, pU)AE —
kn(X)AU = o(X)A¢pU = 0. Then —g(AX,U)AE — kn(X)AU = 0, for any X
tangent to M. Its scalar product with U implies —8g(AX, U) = 0 for any X tangent
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to M. If X = & we get B2 = 0, which is impossible. Thus we have obtained the
following

Corollary 5.1 There does not exist any real hypersurface M in CP™, m > 3, such that
A;k)(X, Y) = w(X)AY, for a certain nonnull 1-form w on M, any X, Y tangent to
M and a nonnull real number k.

Similarly, we have

Corollary 5.2 There does not exist any real hypersurface M in CP™, m > 3, such that
Agc)(X, Y) = 8(X)AY, for a certain nonnull I-form § on M, any X, Y tangent to M
and a nonnull real number k.

Acknowledgements First author is partially supported by project PID 2020-116126GB-I00 from MICINN.
The authors want to thank the referees for valuable comments that have improved the paper.

Funding Funding for open access publishing: Universidad de Granada/CBUA Funding for open access
charge: Universidad de Granada/CBUA.

Data availability There are no data obtained for this report.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Blair, D.E.: Riemannian Geometry of Contact and Symplectic Manifolds, Progress in Mathematics,
vol. 203. Birkhauser Boston Inc., Boston (2002)
2. Cho, J.T.: CR-structures on real hypersurfaces of a complex space form. Publ. Math. Debrecen 54,
473-487 (1999)
3. Cho, J.T.: Pseudo-Einstein CR-structures on real hypersurfaces in a complex space form. Hokkaido
Math. J. 37, 1-17 (2008)
4. Kimura, M.: Real hypersurfaces and complex submanifolds in complex projective space. Trans Am.
Math. Soc. 296, 137-149 (1986)
5. Kimura, M.: Sectional curvatures of holomorphic planes of a real hypersurface in P (C). Math. Ann.
276, 487-497 (1987)
6. Kobayashi, S., Nomizu, K.: Foundations on Differential Geometry, vol. 1. Interscience, New York
(1963)
7. Maeda, Y.: On real hypersurfaces of a complex projective space. J. Math. Soc. Jpn. 28, 529-540 (1976)
8. Okumura, O.: On some real hypersurfaces of a complex projective space. Trans. Am. Math. Soc. 212,
355-364 (1975)
9. Pérez, J.D.: Comparing Lie derivatives on real hypersurfaces in complex projective spaces. Mediterr.
J. Math. 13, 2161-2169 (2016)
10. Pérez, J.D., Suh, Y.J.: Generalized Tanaka—Webster and covariant derivatives on a real hypersurface
in a complex projective space. Monatsh. Math. 177, 637-647 (2015)
11. Takagi, R.: On homogeneous real hypersurfaces in a complex projective space. Osaka J. Math. 10,
495-506 (1973)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Bulletin of the Iranian Mathematical Society (2023) 49:55 Page 17 of 17 55

12.

15.

16.

Takagi, R.: Real hypersurfaces in complex projective space with constant principal curvatures. J. Math.
Soc. Jpn. 27, 43-53 (1975)

. Takagi, R.: Real hypersurfaces in complex projective space with constant principal curvatures II. J.

Math. Soc. Jpn. 27, 507-516 (1975)

. Tanaka, N.: On non-degenerate real hypersurfaces, graded Lie algebras and Cartan connections. Jpn.

J. Math. 2, 131-190 (1976)

Tanno, S.: Variational problems on contact Riemennian manifolds. Trans. Am. Math. Soc. 314, 349-379
(1989)

Webster, S.M.: Pseudo-Hermitian structures on a real hypersurface. J. Differ. Geom. 13, 25-41 (1978)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Some Conditions Concerning the Shape Operator of a Real Hypersurface in Complex Projective Space
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proofs of Theorems 1.1 and 1.2
	4 Proofs of Theorems 1.3 and 1.4
	5 Proofs of Theorems 1.5 and 1.6
	Acknowledgements
	References




