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Abstract
It is known that polarizationless P systems with active membranes can solve PSPACE-complete problems in polynomial time 
without using in-communication rules but using the classical (also called strong) non-elementary membrane division rules. 
In this paper, we show that this holds also when in-communication rules are allowed but strong non-elementary division 
rules are replaced with weak non-elementary division rules, a type of rule which is an extension of elementary membrane 
divisions to non-elementary membranes. Since it is known that without in-communication rules, these P systems can solve in 
polynomial time only problems in PNP , our result proves that these rules serve as a borderline between PNP and PSPACE 
concerning the computational power of these P systems.

Keywords Membrane computing · P systems with active membranes · Non-elementary membrane division · PSPACE-
completeness

1 Introduction

The investigation of the computational power of variants of 
P systems with active membranes [26] is a widely studied 
research area in membrane computing. It is well known that 
these P systems can solve PSPACE-complete problems in 
polynomial time if they can use non-elementary membrane 
division rules of the form [[ ]+

h1
[ ]−

h2
]0
h0
→ [[ ]+

h1
]0
h0
[[ ]−

h2
]0
h0

 , 
where h0 , h1 , and h2 are labels of the membranes [3, 31]. 
Following the literature, we call these rules strong non-ele-
mentary membrane division rules in this paper. It is also 
known that P systems with active membranes can solve NP
-complete problems in polynomial time without employing 
any non-elementary membrane division rules [12, 26, 35]. 
Solving NP-complete problems by P systems with active 
membranes has a huge literature in membrane computing 

(from now on, by a solution we mean a polynomial-time 
solution). The NP-complete SAT problem, i.e., the satisfia-
bility problem of Boolean formulas was solved, for example, 
without polarizations but using membrane label changing 
[4] or using separation rules instead of division rules [23, 
24]. In [7], the authors solved SAT using a method different 
from the one commonly used in the literature (see also [5, 
6]). In fact, it is known that P systems with active membrane 
employing no non-elementary membrane division rules 
characterise the complexity class P#P , that is, the class of all 
problems solved by polynomial-time deterministic Turing 
machines with polynomial-time counting oracles [13]. We 
note here that in [17], the authors presented a characteriza-
tion of PSPACE by P systems employing no non-elementary 
membrane division rules, but the P systems used there were 
non-confluent (i.e., strongly nondeterministic). In this paper, 
we consider only confluent P systems.

It is also known that without any membrane division 
rules, P systems with active membranes can solve only prob-
lems in P [35]. It is natural to ask what components other 
than membrane division rules are necessary for these P sys-
tems to solve computationally hard problems. Păun conjec-
tured already in 2005 that P systems without non-elementary 
membrane division rules can solve only problems in P if 
we remove the polarizations of the membranes [25]. So far, 
this conjecture was confirmed only in some special cases, 
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for example, when dissolution rules are not used [11], when 
the division rules are symmetric [18], or when dissolution 
and elementary membrane division rules are allowed but 
both the use of other types of rules and the initial membrane 
structure are restricted [9, 15, 34]. The aim to prove Păun’s 
conjecture initiated a research line in membrane comput-
ing where the computational power of restricted variants of 
polarizationless P systems is investigated (see, e.g., [19–21], 
where these P systems with no dissolution rules were studied 
and [8], where it is shown that these systems can simulate 
Turing machines efficiently using only evolution and disso-
lution rules). For a recent survey on exploring the boundary 
between P and NP in terms of membrane computing, see, 
e.g., [22].

Polarization, on the other hand, is known to be not neces-
sary to solve computationally hard problems when the use 
of non-elementary membrane division rules is allowed. For 
example, the PSPACE-complete QSAT problem (QSAT is 
the problem of deciding if a fully quantified Boolean for-
mula is true or not) was solved in [1] without using polari-
zations. In fact, the construction presented in [1] does not 
employ in-communication rules either, and out-communi-
cation rules are used only in the last step of the computation 
to send the answer of the system out to the environment. 
Moreover, the employed strong non-elementary membrane 
division rules are also restricted as they have the form 
[[ ]h1 [ ]h1 ]h0 → [[ ]h1]h0 [[ ]h1]h0 , that is, the inner membranes 
in the left-hand side of these rules have the same labels.

It is known [11] that dissolution rules are necessary to 
solve QSAT in the P systems considered in [1]. To the best 
of our knowledge, it is still open whether evolution rules 
are necessary, too. Notice that in [1], the evolution rules 
had an essential role in selecting those clauses of the input 
formula that are satisfied by a truth assignment of the vari-
ables. Although dissolution and elementary membrane divi-
sion rules can evolve objects, it is not clear how they could 
be used to take over the roles of evolution rules in [1].

In [16], the Q3SAT problem, a PSPACE-complete restric-
tion of QSAT was solved with polarizationless P systems 
using no evolution and communication rules. The presented 
P systems used however not only strong non-elementary 
membrane division rules, but so-called weak division rules 
for non-elementary membranes. These rules are in fact gen-
eralisations of the well-known elementary membrane divi-
sion rules to non-elementary membranes and thus have the 
form [a]e0

h
→ [b]

e1
h
[c]

e2
h

 , where e
0
, e

1
, e

2
 are polarizations 

(see also [2, 36], where the space complexity of P sys-
tems employing weak non-elementary membrane division 
rules is discussed). Let us note here that, to the best of our 
knowledge, it is not known whether weak non-elementary 
membrane division rules are indeed weaker than strong non-
elementary membrane division rules. More precisely, it is 
not known whether we can find a set C of types of active 

membrane rules containing weak non-elementary membrane 
divisions but excluding strong divisions such that polyno-
mial-time P systems using rules of types in C can decide 
presumably less problems than those P systems that can use 
strong division rules in addition to rules of types in C.

Recently, monodirectional P systems were introduced 
and investigated [14]. These are P systems with active 
membranes that have no in-communication rules and have 
weak non-elementary membrane division rules instead of 
the strong ones. It is easy to see that in these P systems the 
information can flow only towards the skin membrane. It 
turned out in [14] that this syntactical restriction is enough 
to restrict the computational power of these P systems. 
More precisely, it was shown in [14] that monodirectional P 
systems working in polynomial time characterize the class 
PNP , that is, the class of problems solved by polynomial-time 
Turing machines with NP oracles. Interestingly, it turned out 
also that removing weak non-elementary membrane division 
rules or dissolution rules does not affect the computational 
power of these P systems. On the other hand, if both of these 
rules are removed, then the P systems characterise only PNP

∥
 . 

For a recent survey on the relation of classical complexity 
classes beyond NP and classes of problems solvable by vari-
ous families of P systems with active membranes, see [32].

In this paper, we show that weak non-elementary mem-
brane division is enough to solve PSPACE-complete prob-
lems in polarizationless P systems if dissolution and in-
communication rules are allowed. More precisely, we show 
that the QSAT problem can be solved with polarizationless 
P systems with active membranes where the applicable types 
of rules are weak non-elementary membrane division, dis-
solution, and in-communication. As we will not use out-
communication rules, the answer of the system will appear 
in the skin membrane in the last step of the computation. 
All types of rules used in our P systems are presumably 
necessary to solve the QSAT problem. Indeed, as we have 
already discussed, without in-communication, dissolution, 
or weak non-elementary division these systems can solve 
presumably less problems due to [11], [14], and [35], respec-
tively (notice that although in [11] the P systems employ 
strong non-elementary membrane divisions, their result can 
easily be adopted to those P systems which have weak non-
elementary divisions instead of the strong ones).

Our proof resembles the one given in [1]. That solution 
of QSAT first builds a binary tree of membranes starting 
from a linearly nested membrane structure. Each elementary 
membrane in this tree corresponds to a truth assignment of 
the variables of the input. Our solution builds a similar tree 
of membranes, but a truth assignment is associated with a set 
of elementary membranes instead of one. However, in [1], 
this binary tree is built in a bottom–up manner, that is, the 
strong non-elementary division rules divide the innermost 
membrane first and the division is propagated towards the 
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skin membrane. Meanwhile, the mentioned truth assign-
ments are created using elementary membrane division 
rules, that is, they appear at the leaves of the created binary 
tree. On the other hand, the weak non-elementary division 
rules used in our paper create a binary tree of the membranes 
in a top–down manner: first, one of the upper membranes 
of the tree is divided and the division continues towards the 
elementary membranes. The weak non-elementary divisions 
are used to create the objects representing the truth assign-
ments as well. These objects then are sent to the elementary 
membranes using in-communication rules. This means that 
in-communication rules play an important role in our result. 
In fact, as we have discussed above, QSAT cannot be solved 
without in-communication rules with our P systems unless 
PSPACE = PNP.

The rest of the paper is organised as follows. In the next 
section, we present the necessary notions and notations. 
Then, in Sect. 3, we give the main result of the paper. In 
Sect. 4, we give some concluding remarks.

2  Preliminaries

Here, we recall the necessary notions used in the paper. 
However, we assume that the reader is familiar with the basic 
concepts of formal language theory, propositional logic, and 
membrane computing techniques (for a comprehensive guide 
to these topics, see e.g. [10, 27, 30], respectively). We denote 
by ℕ the set of natural numbers including zero. For n, i ∈ ℕ 
with 0 ≤ i ≤ n , [i, n] denotes the set {i, i + 1,… , n} , and we 
use the notation [n] for the set [1, n].

P systems and membrane configurations. In this paper, we 
examine polarizationless P systems with active membranes, 
that is, such P systems where no electrical charge is associ-
ated with any membrane. Before giving a formal definition 
of these P systems, we define first membrane configurations 
based on the notion of membrane structures. Intuitively, a 
membrane structure consists of membranes hierarchically 
embedded in the outermost membrane, called the skin mem-
brane, and membranes delimit regions. Let O be an alphabet 
of objects and H be a finite set of membrane labels. We 
assume that H always contains the special label ���� . For-
mally, a membrane structure is a triple (V, E, L) where (V, E) 
is a nonempty, finite, rooted, directed tree (with its edges 
directed towards the root) and L ∶ V → H assigns labels to 
each node, such that only the root is labeled by the symbol 
���� , and it has to be labeled by ���� . Nodes are called mem-
branes of the structure. A membrane x ∈ V  with label � is 
called an �-membrane. We can assume that initially, each 
membrane has its unique label. A membrane that has only 
an outgoing edge is called an elementary membrane.

A membrane configuration is a tuple (V ,E, L,�) , where 
(V, E, L) is a membrane structure and � ∶ V → O∗ is a 

function which assigns a finite word of objects to each mem-
brane. We view these words as multisets of O. The empty 
word is denoted by � . If x is a membrane and a ∈ �(x) , then 
we say that the region of x contains a , or just that x contains 
a. Let C = (V ,E, L,�) be a membrane configuration. The 
membrane configuration C� = (V �,E�, L�,��) is a subconfigu-
ration of C if (V �,E�) is a subtree of (V ,E) , and L′ and �′ are 
restrictions of L and � to V ′ , respectively.

A polarizationless P system with active membranes is 
a construct of the form � = (O,H,�,R) , where O is the 
alphabet of objects, H is a finite set of membrane labels, 
� = (V ,E, L,�) is the initial membrane configuration with 
L and � mapping nodes of � to H and O∗ , respectively, and R 
is a finite set of rules. We allow the following types of rules: 

(a) [a → v]h , for some h ∈ H, a ∈ O, v ∈ O∗ (object evolu-
tion rules);

(b) a[ ]h → [b]h , for some h ∈ H , a, b ∈ O (in-communi-
cation rules);

(c) [a]h → [ ]hb , for some h ∈ H , a, b ∈ O (out-communi-
cation rules);

(d) [a]h → b , for some h ∈ H , a, b ∈ O (membrane dissolv-
ing rules);

(e) [a]h → [b]h[c]h , for some h ∈ H  , a, b, c ∈ O (weak 
division rules for elementary or non-elementary mem-
branes).

Rules of type (e) are generalisations of the classical elemen-
tary membrane division rules to non-elementary membranes 
with the following semantics. Consider a membrane con-
figuration C = (V ,E, L,�) , a rule r of type (e), and an edge 
(x, y) ∈ E such that x is a subject of r (that is, L(x) = h ) and 
a ∈ �(x) . Let (V �,E�) be that subtree of (V, E) which has x 
as the root. The application of r to x duplicates the subtree 
(V �,E�) into two disjoint trees (V �

1
,E�

1
) and (V �

2
,E�

2
) with roots 

x1 and x2 , respectively, and replaces the edge (x, y) with 
edges (x1, y) and (x2, y) . Each node n of V ′

1
 (resp. of V ′

2
 ) is 

associated with the same label as that of the correspond-
ing node in V ′ . Moreover, x1 (resp. x2 ) is associated with 
(�(x) − {a}) ∪ {b} (resp. with (�(x) − {a}) ∪ {c} ), and the 
rest of the nodes in V ′

1
 (resp. in V ′

2
 ) are associated with the 

same object multiset as that of the corresponding node in V ′.
As it is usual in membrane computing, P systems with 

active membranes work in a maximally parallel manner: 
at each step, the system first non-deterministically assigns 
appropriate rules to the occurrences of objects of the current 
membrane configuration such that the assigned multiset S 
of rules satisfies the following properties: (i) at most one 
rule from S is assigned to any occurrence of an object in 
the membrane configuration, (ii) a membrane can be the 
subject of at most one rule of types (b)–(e) in S, and (iii) S 
is maximal among the multisets of rules satisfying (i) and 
(ii). Then, the rules in S are applied in the usual bottom–up 
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manner during the computation step: when a weak division 
rule is applied to a membrane x, then all the rules assigned 
to the objects in the subtree with root x are assumed to be 
applied already.

Uniform families of recognizer P systems. Recognizer P 
systems [28, 29] were introduced to provide a framework 
to be able to consider P systems as deciders of decision 
problems.

Definition 1 A P system � is a recognizer P system if it 
satisfies the following properties: 

1. � has a designated input membrane,
2. the alphabet of objects has two designated elements yes 

and no,
3. all computations of � halt, and
4. each computation of � must send out to the environment 

the output of the system which is either yes or no (but 
not both), and these objects are produced exactly in the 
last step of the computation.

Recognizer P systems, being non-deterministic computa-
tion models, can have different computations with different 
output on the same input. However, to use them as deciders, 
confluent recognizer P systems are usually considered. In 
these P systems all halting computations on the same input 
must produce the same output.

Decision problems in membrane computing are usually 
solved by polynomially uniform families of recognizer P sys-
tems. A family � = {�(n) ∣ n ∈ ℕ} of P systems is poly-
nomially uniform if there is a polynomial-time deterministic 
Turing machine that computes �(n) whenever it is started 
with 1n , that is, with the unary representation of n ∈ ℕ on 
its input tape.

Let L be a decision problem and � = {�(n) ∣ n ∈ ℕ} 
be a polynomially uniform family of recognizer P sys-
tems. We say that � solves L in polynomial time if there 
is a polynomial-time computable encoding cod that trans-
forms instances of L into multisets of objects and there exists 
an integer k ∈ ℕ such that the following holds. For every 
instance x of L with size n, each computation of �(n) start-
ing with cod(x) in its input membrane halts in at most nk 
steps and sends out yes to the environment if and only if x is 
a positive instance of L.

In this paper, we will consider P systems with no out-
communication rules. Therefore, we alter Condition 4 in 
Definition 1 as follows:

4 each computation of � must produce in the ����-mem-
brane the output of the system which is either yes or no (but 
not both), and these objects are produced exactly in the last 
step of the computation.

The QSAT problem. In this paper, we are going to con-
struct P systems that can decide if a Quantified Boolean 
formula (QBF) is true or not. QBFs extend propositional 
logic by allowing universal and existential quantifiers over 
propositional variables. It is assumed that each variable 
is under the bound of at most one quantifier. We consider 
fully quantified QBFs in prenex normal form, that is, in 
the form F = Q1x1 …Qnxn�(x1,… , xn) , where n ≥ 1 , Qi 
( i ∈ [n] ) is either ∃ or ∀ , and �(x1,… , xn) is the quantifier-
free part of F indicating that the variables of � are in 
{x1,… , xn}.

Let �(x1,… , xn) be a quantif ier-free formula, 
i ∈ [n] , and, for every j ∈ [i] , vj ∈ {true, false} . Then 
�(v1,… , vi, xi+1,… , xn) is that formula ��(xi+1,… , xn) 
which we get from � by replacing, for every j ∈ [i] , the 
variable xj by vj . Clearly, the truth values true and false 
serve in �′ as logical constants with the corresponding 
truth values.

In this paper, we consider the following PSPACE-com-
plete variant of the QSAT problem: the input is a fully 
quantified QBF

in prenex normal form, where n ≥ 2 and � is in conjunctive 
normal form. The task is to decide whether F is true or false. 
Clearly, F is true if and only if the following holds:

We will show that QSAT can be solved by polarizationless 
P systems with active membranes using only weak non-ele-
mentary division, in-communication and dissolution rules. 
Roughly, our P systems will implement a function EVAL 
given in Algorithm 1 which is in fact a variant of the well-
known basic method of recursively evaluating Expression 
(1).

F = ∃x1∀x2 …∃xn−1∀xn�(x1,… , xn),

(1)

(exists v
1
∈ {true, false})(for all v

2
∈ {true, false})…

(exists vn−1 ∈ {true, false})(for all vn ∈ {true, false})

(�(v
1
,… , vn) ≡ true).
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3  Results

This section is devoted to the proof of the main result of the 
paper which can be stated as follows:

Theorem  1 The QSAT problem can be solved in 
polynomial time by a polynomially uniform family 
� = {�(n,m) ∣ n ≥ 2,m ≥ 1} of polarizationless recognizer 
P systems with active membranes such that the members of 
� employ only rules of type (b), (d), and (e).

For n ≥ 2 and m ≥ 1 , QSAT(n,m) denotes the set of those 
instances of QSAT which have m clauses and variables in 
{x1, x2,… , xn} . We will use �(n,m) to decide whether the 
instances of QSAT(n,m) are true or not.

For the rest of this section, we fix an instance

of QSAT(n,m) . Denote Cj (j ∈ [m]) the jth clause of � . First, 
we define the encoding of F, denoted by cod(F), as a subset 
of Σ(n,m) = {vi,j, v

�
i,j
∣ i ∈ [n], j ∈ [m]} in the following way:

F = ∃x1∀x2 …∃xn−1∀xn�(x1,… , xn),

Fig. 1  The initial membrane 
configuration (a), the working 
subtree (b) and the countdown 
subtree (c)

skin

halt

Countdown
subtree

Working
subtree

(a)

Quantification
part

Clause eval.
part

Assignment
part

(b)

l

...

l

sh

7n+ 2m+ 5

(c)

We now construct the P system �(n,m) = (O,H,�,R) as 
follows:

– O = {ti, fi, t
�
i
, f �
i
, t̂i, f̂i, ∣ i ∈ [n]} ∪ Σ(n,m) ∪ {a, T , s, yes, no},

– H = {xi, x
�
i
, �i, �i ∣ i ∈ [n]} ∪ {Cj ∣ j ∈ [m]} ∪ {p, l, h,

x
n+1, ����, ����, 0} , and

– the initial membrane configuration ( � ) and the set of 
rules (R) are defined below.

The initial membrane configuration � = (V ,E, L,� ) can 
be seen in Fig. 1. The labels of the membranes are placed 
beside the nodes, and the multisets associated with the nodes 
are written in the nodes. Notice that some nodes denote sub-
configurations that are explained separately. The root of the 
membrane structure is the ���� which has an only child with 
label ���� . Below ���� there are two subconfigurations called 
the working subtree and the countdown subtree, respectively 
(see Fig. 1a). The working subtree (Fig. 1b) will be used to 
decide if the input formula F is true. More precisely, this 

cod(F) = {vi,j ∣ xi occurs in Cj} ∪ {v�
i,j
∣ ¬xi occurs in Cj}.
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part will produce at least one object T in the ����-membrane 
if and only if F is true. Then T triggers the dissolution of 
the ����-membrane resulting yes in the ���� . The countdown 
subtree (Fig. 1c) will be used to produce an object s in the 
����-membrane if and only if F is false, that is, no object T 
was produced in the ����-membrane by the working subtree. 
Then, s triggers the dissolution of the ����-membrane result-
ing no in the ���� . The countdown subtree has 7n + 2m + 5 
linearly nested l-membranes and an elementary h-membrane 
in the innermost l-membrane. Initially, all the l-membranes 
are empty, and for the only h-membrane x, �(x) = s.

The working subtree is divided into three parts: the quan-
tification, the clause evaluation, and the assignment parts. 
We now describe the structure of these parts and give a brief, 
general description of their role in the whole computation. 

A more detailed explanation about their operation will be 
given later.

The quantification part will be used to create exponen-
tially many subtrees of the membrane structure, each of 
them containing objects that encode a possible valuation 
of the variables of F. In this part, we have membranes with 
unique labels in {xi, x�i ∣ i ∈ [n]} ∪ {xn+1} and several fur-
ther membranes with label p. The membrane structure of 
the quantification part can be seen in Fig. 2a. It is a sin-
gle path with a root that is labeled by x1 , and a leaf that 
is the innermost p-membrane. Figure 2a shows the labels 
of the other nodes in this part. Notice that there is a regu-
larity in the labelling below the x2-membrane: for nodes 
x, y, z with (z, y), (y, x) ∈ E and i ∈ [3, n] , if L(x) = xi , then 
L(y) = p and L(z) = x�

i
 . Labels in {xi, x�i ∣ i ∈ [n]} refer to 

Fig. 2  The quantification (a), 
the clause evaluation (b), and 
the assignment part (c) of the 
working subtree of the initial 
membrane configuration

x1

x′
1

a x2

x′
2

x3

a p

x′
3

...

xn

a p

x′
n

xn+1

a p

(a)

Cm

Cm−1

...

C2

C1

(b)

T
0

α1 β1 . . . αnβn

(c)



264 Z. Gazdag et al.

1 3

the corresponding variables of F, while the label p refers 
to the word “prison”, because the object a which is initially 
placed in the p-membranes cannot trigger any rule — so it 
is imprisoned — until another object sets it free by using a 
dissolution rule. The membranes of the quantification part 
are associated with initial multisets of objects as follows. 
Let x be a node of this part. If x is the x2-membrane or it is a 
p-membrane, then �(x) = a , and �(x) = � otherwise.

The clause evaluation part will be used to check if a valu-
ation of the variables satisfies all the clauses. In this part, we 
have membranes with unique labels in {C1,… ,Cm} . These 
labels refer to the corresponding clauses of F. The mem-
brane structure of this part can be seen in (Fig. 2b). It is 
a single path with a root labeled by C1 and descendants of 
this root labeled by C2,… ,Cm , respectively. Initially, these 
membranes are all empty, that is, for each node x in this part 
�(x) = �.

The assignment part (Fig. 2c) will be used to select those 
objects from the input which represent literals that can make 
a clause true according to the corresponding valuation. This 
part of the working subtree is a tree with height one. Its root 
is labeled by 0, and below the root there are 2n membranes 
labelled by �1,… , �n and �1,… , �n , respectively. Notice 
that these membranes are the only elementary membranes 
of the working subtree. Initially, these elementary mem-
branes are empty, while for the root x of the assignment 
part, �(x) = {T}.

With this, we have finished the description of the initial 
membrane configuration of �(n,m) . Now, we set the root 
of the assignment part, that is the node x with L(x) = 0 , to 
be the input membrane of �(n,m).

Next, we present the rules of R. We group them so that 
we can explain how the whole computation of �(n,m) goes. 
In particular, the correctness of �(n,m) will also be justi-
fied. Therefore, we assume that the input membrane contains 
not only its initial multiset, but also cod(F), the encoding 
of the input formula F. We distinguish the following two 
main stages of the computation, the generation stage and 
the verification stage.

First, we give the rules applied in the generation stage. 
Here, the P system generates all the possible valuations of 
the variables of F and sends the objects encoding them down 
in the membrane structure. This is carried out in the work-
ing subtree of the initial membrane structure using several 
groups of rules presented below.

The following rules divide the xi+1-membranes ( i ∈ [n] ), 
that is, duplicate those subtrees of the quantification part 
which have an xi+1-membrane as the root.

After the division, the root of the first new subtree contains 
either t̂i with i ∈ [n − 1] or t′

n
 , while the root of the other one 

contains either f̂i with i ∈ [n − 1] or f ′
n
 , representing that xi is 

set to true and to false, respectively. In fact, the duplication 
of these subtrees corresponds to the recursive calls in lines 4 
and 6 in Algorithm 1 where the first and second calls use � 
with xi set to true and to false, respectively. The reason why 
we handle the case i = n differently by introducing t′

n
 and f ′

n
 

instead of t̂n and f̂n will be discussed later.
Initially, only the x2-membrane can be divided, since 

the objects that could divide the xk-membranes with 
k ∈ [3, n + 1] are imprisoned in the p-membranes. The 
P system uses the following rules triggered by t̂i and f̂i , 
respectively, to dissolve the p-membranes and, in turn, to 
set objects a free:

Notice that an xi+2-membrane can be divided only after that 
its ancestor xi+1-membrane is already divided. Indeed, as we 
have discussed above, to divide an xi+2-membrane, an object 
t̂i or f̂i is necessary and these objects are introduced during 
the division of an xi+1-membrane.

The evolution of t̂i to t′
i
 and f̂i to f ′

i
 in the dissolution 

rules above is necessary since we want to send the objects 
encoding the valuations down to the leaves. Without evolv-
ing these objects there would occur undesired nondetermin-
ism: we would have in-communication and dissolution rules 
triggered by the same objects. Notice moreover that the rule 
[a]xn+1 → [t�

n
]xn+1 [f

�
n
]xn+1 given in rules (†) needs to introduce 

no objects marked with ̂ since when it is applied there are 
no membranes left to divide. This is why it introduces t′

n
 and 

f ′
n
 directly.
The following rules are used to send the objects that rep-

resent the valuations towards the leaves.

−[a]xi+1 → [t̂i]xi+1[f̂i]xi+1 , (i ∈ [n − 1])

−[a]xn+1 → [t�
n
]xn+1 [f

�
n
]xn+1 .

(†)

−t̂i[ ]x�
i+1

→ [t̂i]x�
i+1
,

−t̂i[ ]xi+2 → [t̂i]xi+2 ,

−t̂i[ ]p → [t̂i]p,

−[t̂i]p → t�
i
,

⎫
⎪⎪⎬⎪⎪⎭

i ∈ [n − 1]

−f̂i[ ]x�
i+1

→ [f̂i]x�
i+1
,

−f̂i[ ]xi+2 → [f̂i]xi+2 ,

−f̂i[ ]p → [f̂i]p,

−[f̂i]p → f �
i
,

⎫⎪⎪⎬⎪⎪⎭

i ∈ [n − 1]
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By the application of these rules, objects t′
i
 and f ′

i
 will reach 

the innermost p-membranes which are in fact the innermost 
membranes of the quantification part of the working subtree 
(see Fig. 2a). The system is set up so that when the xi+1
-membranes are divided, the objects t′

j
 and f ′

j
 with j < i have 

been already passed through the xi+1-membranes. Therefore, 
these objects are duplicated with the division of the xi+1
-membranes. This means that after that the xn+1-membranes 
are divided, the working subtree of the P system has 2n sub-
trees with xn+1-membranes at the roots (see Fig. 3). Moreo-
ver, each of these subtrees contains a set of objects encoding 
a possible valuation of the variables. Furthermore, all of the 
possible valuations are represented in these subtrees.

In parallel to the computation carried out in the quantifica-
tion part, objects in cod(F) are sent from the input membrane 
to the �i - and �i-membranes, respectively, using the following 
rules.

−t�
i
[ ]x�

k
→ [t�i]x�

k
, (k ∈ [i + 2, n])

−t�
i
[ ]xk → [t�i]xk , (k ∈ [i + 3, n + 1])

−t�
i
[ ]p → [t�i]p,

−f �
i
[ ]x�

k
→ [f �i]x�

k
, (k ∈ [i + 2, n])

−f �
i
[ ]xk → [f �i]xk , (k ∈ [i + 3, n + 1])

−f �
i
[ ]p → [f �i]p,

⎫
⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

i ∈ [n − 2]

−vi,j[ ]�i → [vi,j]�i ,

−v�
i,j
[ ]�i → [v�

i,j
]�i ,

}
i ∈ [n], j ∈ [m].

Recall that object vi,j (resp. v′
i,j

 ) encode that xi (resp. ¬xi ) 
occurs in Cj . Therefore, there are at most m objects repre-
senting that the ith variable occurs in a clause (with or with-
out negation). This means that in at most m steps, all the 
input objects get into the corresponding �i - or �i-membranes. 
The role of sending these objects into these membranes will 
be discussed later.

The following rules send the objects representing the valua-
tions through the clause evaluation part of the working subtree. 
Notice that the actual evaluation of the clauses does not happen 
in this part of the computation but in a later stage of it.

When objects t′
i
 and f ′

i
 reach the input membrane, they go 

inside the �i - and �i-membranes, respectively. Note that 
reaching the leaves for t′

1
 and f ′

1
 takes more than m steps 

(hence for any of the t′
i
, f ′
i
 objects), thus by the time they do 

so, all the input objects in cod(F) are already separated into 
the �i - and �i-membranes, respectively. The next rules are 
used to dissolve certain �i - and �i-membranes.

−t�
i
[ ]Cj

→ [t�
i
]Cj

,

−t�
i
[ ]0 → [t�

i
]0,

−t�
i
[ ]�i → [t�

i
]�i ,

−f �
i
[ ]Cj

→ [f �
i
]Cj

,

−f �
i
[ ]0 → [f �

i
]0,

−f �
i
[ ]�i → [f �

i
]�i ,

⎫
⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

i ∈ [n], j ∈ [m].

Fig. 3  The shape of the working 
subtree after that all the divi-
sions are done
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After an object t′
i
 (resp. an f ′

i
 ) gets into an �i-membrane 

(resp. a �i-membrane), the P system dissolves such mem-
brane using the above rules. Notice that, for each i ∈ [n] 
and x, y ∈ V  with L(x) = �i and L(y) = �i , if x and y are sib-
lings, then either x or y is dissolved but not both. Moreover, 
since t′

n
 and f ′

n
 are the last objects that reach the leaves, the 

last membrane that is dissolved in this part of the computa-
tion is either an �n - or a �n-membrane. After the dissolution, 
0-membranes contain exactly those objects from cod(F) that 
correspond to literals that are true under the corresponding 
evaluation of the variables. Clearly, these literals satisfy the 
clauses they occur in under this evaluation. During the disso-
lution of the �i - and �i-membranes, objects t′

i
 and f ′

i
 evolve to 

ti and fi , respectively, which is necessary to avoid undesired 
nondeterminism in the remaining part of the computation. 
After dissolving all of the �i - and �i-membranes, tn or fn 
dissolves the 0-membrane and all objects contained in this 
membrane, including an object T initially placed in it, get to 
the C1-membrane.

We now give the rules that are used in the verification stage 
of the computation. Here, the P system checks first whether a 
valuation satisfies all the clauses then it combines the informa-
tion about the different valuations appropriately. To evaluate 
the clauses, it uses the following rules.

With these rules, �(n,m) in fact implements lines 9–14 of 
Algorithm 1 by searching, for each clause C of � , a literal 
that occurs in C and is true under the corresponding valua-
tion. Let x ∈ V  be an xn+1-membrane and A denote a valua-
tion represented by objects ti and fi occurring in the subtree 
with root x. The sub-computation here starts with an attempt 
to apply a rule of the form [vi,1]C1

→ vi,1 or [v�
i,1
]C1

→ v�
i,1

 . If 
no object can trigger any of these rules, then the computa-
tion halts in this subtree. Assume now that vi,1 occurs in a 
C1-membrane y. Then ti occurs in y, too, and thus A assigns 
true to xi . Moreover, by the definition of cod(F), xi occurs 
in the clause C1 of F which yields that A satisfies C1 . If, on 
the other hand, v′

i,1
 occurs in y, then fi should occur here, 

too. This means that A assigns false to xi and thus, since in 
this case ¬xi should occur in C1 , A satisfies C1 in this case, 
too. That is, the C1-membrane y is dissolved if and only if 
A satisfies C1 . Generalising this argumentation to the rest of 

−[t�i]�i
→ ti,

−[tn]0 → tn,

−[f �i]�i
→ fi,

−[fn]0 → fn,

⎫
⎪⎪⎬⎪⎪⎭

i ∈ [n].

−[vi,j]Cj

→ vi,j,

−[v�
i,j
]
Cj

→ v�
i,j
,

}
i ∈ [n], j ∈ [m].

the Cj-membranes one can see that �(n,m) dissolves all the 
Cj-membranes (j ∈ [m]) if and only if A satisfies � . Thus, 
at the end of this part of the verification stage (correspond-
ing to the clause evaluation part, see Fig. 3), the following 
statement holds.

(1) An xn+1-membrane either contains no objects, or 
contains objects ti and fi (for each i ∈ [n] , exactly one 
of ti or fi ) encoding a satisfying valuation of � (with ti 
and fi encoding xi = true and xi = false , respectively) 
along with an object T.

In the next part of the verification stage, the P system evalu-
ates F using the following rules.

and

We now describe the computation of �(n,m) using these 
rules and at the same time show that �(n,m) evaluates F 
correctly. First, all the xn+1-membranes which contain an 
object T are dissolved. Let i ∈ [n] and � ∈ {ti, fi} , and let us 
denote by v(�) the truth value represented by � . To see that 
�(n,m) evaluates F correctly, we first show the following 
statement.

(‡) If an xi-membrane (i ∈ [n + 1]) x is dissolved by 
�(n,m) , then

where Qi,Qi+1,… ,Qn are the corresponding quanti-
fiers of F and, for every j ∈ [i − 1] , �j is either tj or fj 
according to the objects occurring in x.

Due to the following observation, �j in (‡) is well defined.

(2) For any xi-membrane (i ∈ [n + 1]) x  and 
j ∈ [i − 1] , x cannot contain both tj and fj during the 
whole computation of �(n,m).

We now show (‡) by induction on i. If i = n + 1 , then (‡) 
follows from Statement (1). Assume now that (‡) holds for 
1 < i ≤ n + 1 . We show it for i − 1 . Consider an xi−1-mem-
brane x. We distinguish the following two cases. 

−[T]xn+1 → T ,

−[ti]xi → ti,

−[fi]x�
i

→ fi,

⎫
⎪⎬⎪⎭
i ∈ [n] and i is even,

−[ti]xi → ti,

−[ti]x�
i
→ ti,

−[fi]xi → fi,

−[fi]x�
i
→ fi,

⎫
⎪⎪⎬⎪⎪⎭

i ∈ [n] and i is odd.

QixiQi+1xi+1 …Qnxn�(v(�1),… , v(�i−1), xi, xi+1,… , xn) = true,
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1. i − 1 is even. By looking at the rules above, one can 
see that to dissolve x, this membrane has to contain ti−1 . 
This object can occur in x only if the x�

i−1
-membrane 

y below x contains both ti−1 and fi−1 . The only way to 
introduce these objects in y is to dissolve some of the xi
-membranes below y. Since by Statement (2) xi-mem-
branes cannot contain both ti−1 and fi−1 , to introduce 
these objects in y, both of the xi-membranes below y 
have to be dissolved. Then, by the induction hypothesis, 

 is true, for every truth value � ∈ {true, false} . Therefore, 

 is true as well.
2. i − 1 is odd. In this case, both ti−1 and fi−1 can dissolve 

the xi−1-membranes as well as the x�
i−1

-membranes. 
Using this and following the argumentation given in 
the previous case, we can conclude that in this case at 
least one of the xi-membranes below x has to be dis-
solved. Then, by the induction hypothesis, there is � in 
{true, false} such that 

 is true. Therefore, 

 is true as well.
This concludes the proof of (‡) . Reversing the argumenta-
tion used in this proof, it can be seen that if an xi-mem-
brane is not dissolved during the computation of �(n,m) , 
then Qixi …Qnxn�(v(�1),… , v(�i−1), xi, xi+1,… , xn) must be 
false. Consequently,

(⋆) an  xi-membrane (i ∈ [n + 1]) x  i s  d is-
s o l v e d  b y  �(n,m)  i f  a n d  o n l y  i f 
QixiQi+1xi+1 …Qnxn�(v(�1),… , v(�i−1), xi, xi+1,… , xn) 
is true.

Using (⋆) , it can be seen that, for every i ∈ [n] , if i is even 
(resp. odd), then the return value in Line 4 (resp. in Line 
6) of Algorithm 1 is true if and only if the corresponding 
xi-membrane is dissolved. Consequently, F is true if and 
only if the x1-membrane is dissolved. Therefore, an object 
T can reach the ����-membrane if and only is F is true.

Using the following, final set of rules, �(n,m) intro-
duces the answer of the system in the ����-membrane.

QixiQi+1xi+1 …Qnxn�(v(�1),… , v(�i−2), �, xi,… , xn),

∀xi−1Qixi …Qnxn�(v(�1),… , v(�i−2), xi−1, xi,… , xn),

Qixi …Qnxn�(v(�1),… , v(�i−2), �, xi,… , xn),

∃xi−1Qixi …Qnxn�(v(�1),… , v(�i−2), xi−1, xi,… , xn),

−[s]h → s,

−[s]l → s,

−[T]
𝗁𝖺𝗅𝗍

→ yes,

−[s]
𝗁𝖺𝗅𝗍

→ no.

.

The first two rules are used in the countdown subtree 
(Fig. 1c). From the very beginning of the computation, an 
l-membrane containing an object s gets dissolved in each 
computational step. Since the countdown subtree contains 
7n + 2m + 5 l-membranes, it takes 7n + 2m + 6 steps for s 
to dissolve the h-membrane and all the l-membranes. On 
the other hand, it can be seen that if F is true, then exactly 
7n + 2m + 5 steps are necessary for an object T to reach the 
����-membrane.

If F is true and thus an object T reaches the ����-mem-
brane, then the system uses [T]

𝗁𝖺𝗅𝗍
→ yes to introduce yes in 

the ����-membrane. In this case, s arrives from the count-
down subtree into the ����-membrane and the computation 
halts.

If F is false and thus none of the objects T reaches the 
����-membrane, then s arrives from the countdown sub-
tree to the ����-membrane. Then s dissolves this membrane 
introducing no in the ����-membrane as the last step of the 
computation. With this, we have finished the description of 
�(n,m) , and the correctness of the family � has also been 
justified. To conclude the proof of Theorem 1, observe that

– the P systems in � can be constructed by a logarithmic 
space Turing machine,

– the input encoding cod can be constructed by a loga-
rithmic space Turing machine, and

– for each input formula F with n variables and m clauses, 
�(n,m) halts in linear time O(n + m).

Hence, as logarithmic space Turing machines are guaranteed 
to halt within a polynomial number of steps, our construc-
tion is indeed a polynomially uniform, polynomial-time fam-
ily of polarizationless recognizer P systems, employing only 
in-communication, membrane dissolving and weak division 
rules, solving the PSPACE-complete QSAT problem.

4  Conclusion

In this paper, we have investigated the computation power of 
polarizationless P systems with active membranes employ-
ing only in-communication, dissolution, and weak non-
elementary membrane division rules. We have shown that 
these P systems can solve PSPACE-complete problems in 
polynomial time. It is well known that P systems with active 
membranes defined in [26] can solve exactly the problems 
in PSPACE in polynomial time [33]. Using our result and 
generalising the proof of the PSPACE upper bound given in 
[33], we get that the computational power of polynomial-
time P systems investigated in this paper characterises 
PSPACE, too.
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The term “weak non-elementary membrane division” 
suggests that this kind of membrane division is weaker than 
the classical strong non-elementary division introduced in 
[26]. According to our knowledge, it is open whether weak 
non-elementary division is indeed weaker than the strong 
one. In fact, we suspect that this is not the case and prob-
ably the computational power of P systems employing either 
weak or strong non-elementary membrane division is incom-
parable. The comparison of these non-elementary membrane 
division rules in terms of computational power is a topic 
of our further research plans. For more open problems in 
the vast landscape of membrane computing, the interested 
reader is referred to [32].
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