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Abstract

The Fisher metric on a manifold of probability distributions is usually treated as a
metric on the tangent bundle. In this paper, we focus on the metric on the cotangent
bundle induced from the Fisher metric with calling it the Fisher co-metric. We show
that the Fisher co-metric can be defined directly without going through the Fisher
metric by establishing a natural correspondence between cotangent vectors and random
variables. This definition clarifies a close relation between the Fisher co-metric and
the variance/covariance of random variables, whereby the Cramér-Rao inequality is
trivialized. We also discuss the monotonicity and the invariance of the Fisher co-metric
with respect to Markov maps, and present a theorem characterizing the co-metric by the
invariance, which can be regarded as a cotangent version of Cencov’s characterization
theorem for the Fisher metric. The obtained theorem can also be viewed as giving a
characterization of the variance/covariance.

Keywords Information geometry - Fisher metric - Cotangent space - Cencov’s
(Chentsov’s) theorem

1 Introduction

The Fisher metric on a statistical manifold (a manifold consisting of probability distri-
butions) is one of the most important notions in information geometry [1]. It is usually
treated as a Riemannian metric which is a metric on the tangent bundle. The subject
of the present paper is the metric on the cotangent bundle corresponding to the Fisher
metric, which we call the Fisher co-metric. The Fisher metric and the Fisher co-metric
are essentially a single geometric object so that one is induced from another. Never-
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theless, studying the Fisher co-metric has several implications as mentioned below,
which are what the present paper intends to show.

Firstly, as will be seen in Sect.2, the Fisher co-metric is defined via the vari-
ance/covariance of random variables based on a natural correspondence between
cotangent vectors and random variables. This definition is very natural and does not
seem arbitrary. There is no room for questions such as why log p appears in the defi-
nition of the Fisher metric.

Secondly, the above relationship between cotangent vectors and random variables
directly links the variance/covariance of an unbiased estimator and the Fisher co-
metric, which trivializes the Cramér-Rao inequality. Recognizing this fact, the Fisher
metric appears to be a detour for the Cramér-Rao inequality, at least conceptually.

Thirdly, once we focus on the Fisher co-metric, we are motivated to reconsider a
known result for the Fisher metric as a source of similar problems for the Fisher co-
metic and the variance/covariance, which may lead to a new insight. As an example,
co-metric and variance/covariance versions of Cencov’s theorem on characterization
of the Fisher metric are investigated in this paper.

The paper is organized as follows. In Sect. 2, we introduce the Fisher co-metric on
the manifold P (£2), which is the totality of positive probability distributions on a finite
set €2, via the variance/covariance of random variables on 2. In Sect. 3, the Fisher co-
metric is shown to be equivalent to the Fisher metric by a natural correspondence. In
Sect. 4, the Fisher metric and co-metric on an arbitrary submanifold of P are discussed,
where we see that the Cramér-Rao inequality is trivialized by considering the co-
metric. Section5 treats the e- and m-connections on P (£2), where it is clarified that,
in application to estimation theory, the role of the m-connection as a connection on
the cotangent bundle and its relation to the Fisher co-metric are crucial. Sections 2—5
can be considered to constitute a first half of the paper, which is aimed at showing the
naturalness and the usefulness of considering the Fisher co-metric.

The second half of the paper focuses on the monotonicity and the invariance of the
Fisher metric and co-metric with respect to Markov maps. In Sect. 6, we investigate
the monotonicity. We show there that the monotonicity of the Fisher metric, which is
well known as a characteristic property of the metric, is equivalently translated into the
monotonicity of the Fisher co-metric and that of the variance. In Sect. 7, after reviewing
the invariance of the Fisher metric and Cencov’s theorem, we consider their co-metric
versions. It is shown that, being different from the monotonicity, the invariance of the
metric and that of the co-metric are not logically equivalent. We present a theorem on
characterization of the Fisher co-metric in terms of the invariance, which corresponds
to Cencov’s theorem but does not follow from it. The obtained theorem can also
be expressed as a theorem on characterization of the variance/covariance. In Sect. 8,
we investigate a stronger version of the invariance, which can be regarded as the
joint condition that combines the invariance of the metric and that of the co-metric.
The formulation used for expressing this condition is applied to affine connections
in Sect.9, whereby a kind of invariance condition for affine connection is obtained.
The condition is shown to be equivalent to a known version of invariance condition
which is seemingly weaker than the original condition used by Cencov to characterize
the a-connections, but actually characterizes the «-connection as well. Section 10 is
devoted to concluding remarks.
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Remark 1.1 Throughout this paper, we denote the tangent space and the cotangent
space of a manifold M at a point p € M by T,(M) and T;(M ), respectively. We also
denote the totality of smooth vector fields and that of smooth differential 1-forms on
M by X(M) and ® (M), respectively. We generally use capital letters X, Y, ... for
vector fields in X (M), which are maps assigning tangent vectors X p,, ¥, ...in T, (M)
to each point p € M. To save the symbols, we also denote general tangent vectors in
T,(M)by X,, Y, ...,notonly when they are the values of vector fields. Similarly, We
use Greek letters «, 8, ... for 1-forms in © (M), which are maps assigning cotangent
vectors oy, Bp, ... In T; (M) to each point p € M, and also denote general cotangent
vectors by ap, Bp, ..., not only when they are the values of 1-forms. The pairing of
X, € T,(M) and o), € T;‘(M) is expressed as « (X ), considering a cotangent
vector as a function on the tangent space. We keep the first capital letters A, B, ... for
random variables (R-valued functions on sample spaces).

2 The Fisher co-metric

We introduce the Fisher co-metric in this section, while its equivalence to the Fisher
metric will be shown in the next section.

Let Q2 be a finite set with cardinality 2| > 2, and let P(£2) be the totality of strictly
positive probability distributions on €2:

P=P@:={p|p:2—> 01 ) p@=1], 2.1)

weR

which is regarded as a manifold with dim P(€2) = |Q2| — 1. Let the totality of R-valued
functions on  be denoted by R, and define (RQ)C = {A e R9| Y owea Al@) =}
for a constant ¢ € R. Since P is an open subset of the affine space (RQ) |» its tangent
space can be identified with the linear space (R®?),,. Following the terminology of [1],
we denote this identification T),(P) — (RQ)O by X, — Xg,m), and call X;,m) the
m-representation of X p.

For an arbitrary submanifold M of P (including the case when M = P) we define
T,§m> M) = {Xg,m) | X, € Tp(M)}, which is a linear subspace of T,gm) P) = (RQ)O.
When the elements of M are parametrized as ps by a coordinate system & = )

of M, the m-representation of (3;), € T,(M), where 0; := aigi’ with p = pg is
represented as
@)™ = 0 p. (22)

and {(a,»)ﬁ,m)};?zl (n = dim M) constitute a basis of T,gm)(M).
We denote the expectation of a random variable A € R® w.r.t. a distribution p € P
by
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(A)p =Y p(@A), (2.3)
weR
and define the function
(A) : P =R, pr> (A)p. 2.4

Since (A) is a smooth function on the manifold P, its differential (d(A)), € T[;" (P)
at each point p € P is defined. We introduce the following map:

Sp: R — T;‘(P), A 5,(A) = (d(A)p, 2.5)
for which we have

VA € R®, VX, € T,(P), 8,(A)(X,) = X,(A)= Z XM (@)A). (2.6)

we

Proposition 2.1 For every p € P, the linear map § : RS — T;‘(P) is surjective

with Ker 6, = R, where R is regarded as a subspace of RS by identifying a constant
¢ € R with the constant function w + c. Hence, §) induces a linear isomorphism
R%/R — Ty (P).

Proof Every cotangent vector «,, € T; (P) is a linear functional on T}, (P), which is

represented as o) @ X, > Zw X ;,m)(a))A(a)) by some A € R, This means that
ap = 8,(A) due to (2.6). Hence, §, is surjective. For any A € R, we have

AeKerd, & VX, € T,(P), 8§,(A)(X,) = Zx},m)(w)A(w) =0

w

& VB e (R?),, Y A@Bw) =0
& AeR,

which proves Ker §, = R. O

Foreach p € P, denote the L? inner product and the covariance of random variables
A, B € R® by

(A, B), := (AB), and 2.7)
Cov,(A, B) := (A — (A),, B — (B),). 2.8)

Then Cov,, : (A, B) = Cov,(A, B) is a degenerate nonnegative bilinear form on
R with kernel R, and defines an inner product on R®/R. Therefore, Proposition 2.1
implies that an inner product on 7, (P), which we denote by g, can be defined by

g,(8,(A), 8,(B)) = Cov,(A, B). (2.9)
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Denoting the norm for g, by || - || ,, we have
18, (A2 = V,(A), (2.10)

where the RHS is the variance V,(A) := ((A — (A)p)z)p.

We have thus defined the map g which maps each point p € P to the inner product
gp on T[j‘ (P). We generally call such a map (a metric on the cotangent bundle) a co-
metric. Although a co-metric is essentially equivalent to a usual (Riemannian) metric
(a metric on the tangent bundle) by the correspondence explained in the next section,
it is often useful to distinguish them conceptually. The co-metric defined by (2.9) is
called the Fisher co-metric, since it corresponds to the Fisher metric as will be shown
later.

Remark 2.2 Eq. (2.10) is found in Theorem 2.7 of the book [1], where the norm and the
inner product on the cotangent space were considered to be induced from the Fisher
metric.

3 The correspondence between a metric and a co-metric

By a standard argument of linear algebra, an inner product (-, -) on an R-linear space
V establishes a natural linear isomorphism between V and its dual space V*, which

we denote by <u> This gives a one-to-one correspondence between a metric on a
manifold M and a co-metric on M as follows. Given a metric g on M, a tangent vector
X, € Tp(M) and a cotangent vector ), € T;‘ (M) at a point p € M correspond each
other by

8
X, < a, & VY, e Ty(M), ap(Yy) = gp(Xp, ¥p). (3.1)

The correspondence is extended to the correspondence between a vector field X €
X(M) and a 1-form o € D (M) by

8
X <Esa o VpeM, X, <5 a, (3.2)
(Note: some literature refers to this correspondence as the musical isomorphism with
notation & = X” and X = &, while we will use the symbol # for a different meaning

later.) This correspondence determines a co-metric on M, which is denoted by the
same symbol g, such that for every p € M

g g
X, <> a, and Y, <> B, = g,(ap, By) = gp(Xp, ¥p). (3.3)
Conversely, given a co-metric g on M, the correspondence &7, s defined by

Xy <5 a, & VB, € THM), Bp(X,) = gp(ap. Bp). (3.4)
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and a metric on M is defined by the same relation as (3.3). It should be noted that
when a metric and a co-metric correspond in this way, the relations (3.1) and (3.4) are
equivalent, so that there arises no confusion even if we use the same symbol g for the

corresponding metric and co-metric in &7 and <i_>.

Note that for an arbitrary coordinate system (§') of M, g;; = g(a%., %) and
g' = g(d&', d&7) form the inverse matrices of each other at every point of M. Note
also that the norms for (7),(M), g,) and (T[;“ (M), gp) are linked by

oy (X )]

IXplp= m —Lr (3.5)
apeTy(MNO)  lapllp
loep (X )|

and  la,ll, = —Lrrs (3.6)

m b
XpET]?(M)\{O} ”Xp”p

where the max’s in these equations are achieved by those X ;, and &, which correspond

g
to each other by <L up to a constant factor.
For a tangent vector X, € T,(P), define

Lx, =X\"/p e {AeR%|(A), =0}, (3.7

which is the derivative of the map P — R®, p > log p w.rt. X p-(In[1], Lx, iscalled

the e-representation of X, and is denoted by X ;,e).) Note that L, is characterized by
(cf. (2.6))

VA € R?, §,(A)(X,) = Xp(A) = (Lx,. A). (3.8)

The following proposition shows that the metric induced from the Fisher co-metric

g by the correspondence <% is the Fisher metric.
Proposition 3.1 For each point p € P, we have:

1. VA €R2, VX, € Ty(P), X, <2 8,(A) & Lx, = A— (A)).
2. ¥X,, Y, € Ty(P), gp(Xp,Y,) = (Lx,, Ly},

Proof 1: According to (3.4), the condition X, <g—p> 3, (A) is equivalent to

VB € RY, 8p(8,(A),6,(B)) =8,(B)(X)p). (3.9)
Here the LHS is equal to

(A= (A)p. B—=(B)p)p =(A—(A)p. B)p,
while the RHS is equal to (pr, B), by (3.8). Hence, (3.9) is equivalent to Ly, =

A — (A)p.
2: Obvious from item 1 and (3.3). O
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4 The Fisher co-metric on a submanifold and the Cramér-Rao
inequality

Let M be an arbitrary submanifold of P. Then a metric on M is induced as the
restriction of the Fisher metric g, which we denote by gy : p = gm.p = g p|T1,( M)2-

When a coordinate system & = (& ) is given on M, corresponding to (2.2) it holds
that

L), = dilogps at p = pg. 4.1
We have
gm.ij(p) == gm,p((3:i)p, (3j)p) = (0; log pe, 9 log pg) p, (4.2)

which defines the Fisher information matrix Gy (p) = [gm,ij(p)]. The metric gy
induces a co-metric on M, which is denoted by the same symbol gj,. Letting

gl (p) == gm.p(dED) . (dET) ), (4.3)

we have Gy (p)~! = g} (p)].
Suppose that a cotangent vector o), € Tlf (M) on M is the restriction of a cotangent
vector &, € T; (P)onP;ie.,ap = 55p|T,,(M)- Then, it follows from (3.6) that

loep (X p)l
leplip=_ max P2
XpeTy(M\O} | X pling, p
a,(X
L ey
XpeT, N0} [| X pllp
lap(Xp)l -
< m — P =@yl (4.4)
XpeTp (PO} [ Xpllp
(Note that | X, |, = | Xpllm,p since the metric on M is the restriction of the metric
on P.) Furthermore, for an arbitrary o), € T;,* (M), there always exists &, € T;," (P)
satisfying o), = a&pl7,(m) and [leeplim,p = llopllp. Indeed, letting X, € T),(M) be

defined by X, <22 @, such an @, is obtained by X, <-2> @,.
The above observations lead to the following proposition.

Proposition4.1 . Foranya, € T[f (M), we have

”ap”M,p = min{”dp”p | &p € T;(P) and ap = &p|T,,(M)}

= l@p)*llp, 4.5)
where (ap)" := argming, {[|@pll, | ---}.
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2. Forany o, Bp € T;,“(M), we have

em.p(@p, Bp) = g, ((@p)*, (Bp)P). (4.6)

The above proposition shows that the Fisher co-metric on M can be defined from
the Fisher co-metric on P directly by (4.5) and (4.6), not by way of the Fisher metric.

Corollaj‘y 4.2 (The Cramér-Rao inequality) Suppose that an n-tuple of random vari-
ables A = (A", ..., A") € (R®))" satisfies

Vie{l,...,n}, (d€), =38,(A)|r,m) .7
Jor a coordinate system § = (§ D) of an n-dimensional submanifold M of ‘P and for a
point p € M. Letting V,(A) = [v/] € R"*" be the variance-covariance matrix of A
defined by
v = Cov,(A', AY) (4.8)
and letting G p1(p) be the Fisher information matrix, we have

Vo(A) = Gu(p) ™. 4.9)
Proof For an arbitrary column vector ¢ = (¢;) € R”, let
&p =Y _cip(A)) € T} (P),
i
ap =Y ci(dE'), € Ty (M).
i
Since (4.7) implies that &, |7, (m) = ap, {tfollows from Proposition 4.1 that ||, || , >
lleep Il s, p- Noting that [|@, |3, = ‘¢ V,(A) ¢ and lley 3, , = ‘¢ Gu(p)~'c, where !
denotes the transpose, we obtain (4.9). O
5 On the e, m-connections

An affine connection is usually treated as a connection on the tangent bundle, while it
corresponds to a connection on the cotangent bundle by the relation

VX,Y €e X(M), Ya e D(M), Xa(Y)=a(VxY)+ (Vxa)(Y). 5.1
This correspondence is one-to-one, so that we can define an affine connection by speci-
fying a connection on the cotangent bundle. Therefore, the a-connection in information

geometry can also be introduced in this way. Although affine connections are out of
the main subject of this paper, we will briefly discuss the significance of defining the
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The Fisher metric as a metric on the cotangent bundle 5659

m-connection (i.e. (@ = —1)-connection) in this way, since it is closely related to the
role of the Fisher co-metric in the Cramér-Rao inequality.

We start by introducing the m-connection V™ on P = P () as a flat connection
on the cotangent bundle for which the 1-form d(A) is parallel for any A € R%; i.e.,

VX € X(P),VA e R?, V{Vd(A) = 0. (5.2)
Since dim{d(A)|A € R¥®} = |Q| — 1 = dim P, (5.2) implies that every parallel
1-from is represented as d(A) by some A € R$. Then the correspondence (5.1)
determines a connection on the tangent bundle, which is denoted by the same symbol
V™ Letting @ = d(A) in (5.1) and applying (5.2), we have
VX,Y € X(P),VA € R®, XY(A) = (V{VY)(A). (5.3)
This implies that, for any Y € X(P),

Y is m-parallel
& VA eR% VX € X(P), XY(A) =0
& VA e RY, Y,(A) = Z Y},m) (w)A(w) does not depend on p € P
w

& Ylgm) does not depend on p € P, (5.4)

where “m-parallel” means “parallel w.r.t. V(™”, Since this property characterizes the
m-connection on P (e.g. Equation (2.39) of [1]), our definition of the m-connection
is equivalent to the usual definition in information geometry.

Next, we define the e-connection V(® as the dual connection of V™ w.r.t. the
Fisher metric g ([1], [2]), which means that

VX,Y,Z € X(P), Zg(X,Y) = g(VS' X, Y) + g(X, VoVv). (5.5)
Using (5.1), we can rewrite (5.5) into

VX,Y,Z €X(P), Ya € D(P),
X <o = (Vo) = gvOX, 1) (5.6)

This implies that, for any X € X(P) and « € D(P),

X <s o = [X is e-parallel < o is m-parallel]. 5.7

Now, let us recall the situation of Corollary 4.2. An estimator A= (Al, LAY
is said to be efficient for the statistical model (M, &) when it is unbiased (i.e. Vi,
&' = (A")|y) and achieves the equality in the Cramér-Rao inequality (4.9) for every
p € M. Noting that the achievability at each p € M is represented by the condition
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Vi, §p (AH= (d(Ai))p = ((dé")l,,)tt and recalling (5.2), we can see that the condition
for (M, &) to have an efficient estimator is expressed as

Vi, 3¢ € D(P), & is m-parallel and Vp € M, &, = ((d&),)".  (5.8)

On the other hand, it is well known that the existence of an efficient estimator is
equivalent to the condition that M is an exponential family and that £ is an expectation
coordinate system, which can be rephrased as (see Theorem 3.12 of [1])

M is an e-autoparallel submanifold of P,

and & is an m-affine coordinate system. 5.9)

Therefore, the two conditions (5.8) and (5.9) are necessarily equivalent. These
are both purely geometrical conditions for a submanifold of the dually flat space
(P, g, V©®, v™) and we can prove their equivalence within this geometrical frame-
work, forgetting its statistical background. Indeed, the equivalence can be proved for
a more general situation where M is a submanifold of a manifold S equipped with
a Riemannian metric g and a pair of dual affine connections V, V* on the assump-
tion that V* is flat. Note that this assumption is weaker than the dually-flatness of
(S, g, V, V*)inthat V is allowed to have non-vanishing torsion, which is essential in
application to quantum estimation theory. See section 7 of [4] for details.

6 Monotonicity

The monotonicity with respect to a Markov map is known to be an important and
characteristic property of the Fisher metric. In this section we discuss the monotonicity
of the Fisher co-metric and its relation to the variance of random variables.

Let €21 and 2 be arbitrary finite sets, and let P; := P(;) fori = 1,2. A map
® : P; — P, is called a Markov map when it is affine in the sense that Vp, g € P,
0<Va<l1, ®ap+ (1 —a)g) =ad(p)+ (1 —a)P(g). Every Markov map & is
represented as

VpePi, @(p)= Y W(Inpw), 6.1)

xEQl

where W is a surjective channel from 2 to 25; i.e.,

V(r,y) € Qi xQ, W(ylx)=0, VxeQ, Y WEln=1 (62
YEQ
and Vy e Q,, Ix € Q, W(y|x) > 0. (6.3)

When @ is represented as (6.1), we write ® = Oy .
More generally, for a submanifold M of P; and a submanifold N of P,, a map
¢ : M — N is called a Markov map when there exists a Markov map @ : P; — P,
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such that ¢ = ®|j,. Since a Markov map ¢ is smooth, it induces at each p € M the
differential

Px = Px,p = (d(p)p :Ty(M) — T(p(p)(N) (6.4)

and its dual
9" =gy ="(de)p : Ty, (N) = T, (M), (6.5)

where ' denotes the transpose of a linear map. See Remark 6.2 below for the notation
* ok
v = : - . .
As is well known, the Fisher metric satisfies the following monotonicity property
for its norm:

Vpe M,VX, € Ty(M), llo«(Xp)llppp) < IXpllp- (6.6)

The cotangent version of the monotonicity is given below.

Proposition 6.1 We have

VpeM, V“(p(p) € TJ([,)(N), ”(p*((x(p(p))”M,p = ||0(<p(p) ”N,rp(p)a (6.7)

where || - ||pm,p and || - || N,o(p) denote the norms w.r.t. the Fisher co-metrics gy and
&N, respectively.

Proof Since the inequality is trivial when [¢*(au(p))llm,, = 0, we assume
lo* (cty(py)llm,p > 0. Then, invoking (3.6), we have

[@™ (ot () (X )]
lo* @p) iy = . max L SHPITTPT
XpeTpyMNOY 1 Xplla,p
_ |05<p(p)((p*(xp))|
XpeT,(M)\{0} 1Xpllp
o X
_ ma | (p(p)((p*( p))|
XpeTp(M):9:(Xp)#0 ||X17”[?
- |a<p(p)((P*(Xp))|
T X, eT, (M) (X )#£0 195X p)lp(p)
- ot (p) Yo(p))]

< m = llap(p) IN.o(p)s
Yo(p) €Tp(p) (N\{0} ||Y<p([7) "</>([7) v vr

where the third equality follows since X, achieving maxx ,er,(m)\(0; should satisfy
¢+(X p) # 0 due to the assumption [|¢* (cty(p))llm,p > 0, and the first < follows from
(6.6). O

Remark 6.2 We have written ¢*(cty(p)) for ‘/’;(O‘w(p)) above (and will use similar
notations throughout the paper), considering that omitting p from go;; is harmless in
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the context and is better for the readability of expressions. Note that the notation
@*(@y(p)), if it appears alone, is mathematically ambiguous unless o (@(p)) is the
singleton {p} in that (p;, (@p(p)) € T;f, (M) depends on a choice of p’ € ¢~ (p(p)).
On the other hand, the notation ¢, (X ) has no such ambiguity, since we know that
the argument X, belongs to T, (M) and hence ¢, must be ¢y .

Let us consider the case when M = Py and N = Py, andlet ® = &y : Py — P,

be an arbitrary Markov map represented by a surjective channel W. Recalling (6.1)
and the definition of m-representation of tangent vectors, we have

Yo = ®u(X,) & Yoo, = > WX (x) (6.8)

xeR

for X, € T,(P1) and Yo () € To(p)(P2). We claim that
VA € R, ®*(8q(p)(A)) = 8,(Ew(Al-), (6.9)

where ®* = CD’;, and Ew(A|-) € R® denotes the conditional expectation of A
defined by

Vi e Qi Ew(Alx)= ) W(HIxA®). (6.10)

YEQ

Eq. (6.9) is verified as follows; for every 8, = 6,(B) € T;‘ (P1), where B € R we
have

Bp = ®*(Bo(p)(A))
N VXp € Tp(Pl)» ,Bp(Xp) = 8d>(p)(A)(q>*(Xp))

& VX, eT,(P), Y XW@Bx =Y = WHI0XM@AQ)
X€Q (x,y)€Q1 x Q)

& B—Ew(Al)eR

& Bp=3p(Ew(AlY)), (6.11)

where the second < follows from (2.6) and (6.8), the third < follows from T,gm) P) =
(RQ)O, and R is identified with the set of constant functions on 1.

Invoking (2.10) and (6.9), we see that the monotonicity (6.7) is equivalent to the
following well-known inequality for the variance:

VA € R, V,(Ew(A]2) < Vop)(A), (6.12)
which we refer to as the monotonicity of the variance.

@ Springer



The Fisher metric as a metric on the cotangent bundle 5663

In the above proof of Proposition 6.1, we derived (6.7) from (6.6). Conversely, we
can derive (6.6) from (6.7) by the use of (3.5) as follows; for any X, € T, (M),

o X
e Xl = m l2p(p) (@ (Xp))]
(€T, N0} [letg(p) IV (p)
_ 19" (@) ()|
(€T, N0} 1) IV, (p)
* (o X
_ max 197 @) Xp)|
o(p) €T ) (N):* (0t (p)) 70 lepp) IN.o(p)
* o X
g sup w
aw(p)eTJ(p)(N)I(ﬂ*(“w(p))#o le (th(p))”M,p
1Bp(Xp)l
Fppll X pll s (6.13)

<
T BpeTr(MNO) 1By, p

where we have assumed [|@« (X ) lo(p) > 0 with no loss of generality, which yields
the third equality (cf. the proof of Proposition 6.1), and the first < follows from
(6.7). Thus, (6.6) and (6.7) are equivalent. Note that this equivalence is derived solely
from a general argument on metrics and co-metrics, and does not rely on the special
characteristics of the Fisher metric/co-metric. In this sense, we say that (6.6) and (6.7)
are logically equivalent.

Recalling that the Fisher metric is characterized as the unique monotone metric up
to a constant factor, we obtain the following propositions from the logical equivalence
mentioned above.

Proposition 6.3 The monotonicity (6.7) characterizes the Fisher co-metric up to a
constant factor.

Proposition 6.4 The variance is characterized up to a constant factor as the positive
quadratic form for random variables satisfying the monotonicity (6.12).

Remark 6.5 We have described the above propositions in a rough form for the sake of
readability. For the exact statement, we need a formulation similar to Theorems 7.1,
7.2 and 7.3 in the next section. See also Remark 8.4.

Remark 6.6 Since the monotonicity of the Fisher metric (6.6), that of the Fisher co-
metric (6.7), and that of the variance (6.12) are all logically equivalent, we can derive
(6.6) from the more popular (6.12).

7 Invariance

Cencov showed in [3] that the Fisher metric is characterized up to a constant factor as
a covariant tensor field of degree 2 satisfying the invariance for Markov embeddings.
Note that the invariance is weaker than the monotonicity and that the tensor field is
not assumed to be positive nor symmetric. In this section we review Cencov’s theorem
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and then investigate its co-metric version, which will be shown to be equivalent to a
theorem characterizing the variance/covariance of random variables.

We begin by reviewing the invariance property of the Fisher metric. Suppose that
M and N are arbitrary submanifolds of P; = P(21) and P, = P(£2,), respectively,
and that a pair of Markov maps

¢o:M—>N and v : N —> M (7.1)
satisfis

Yog=idy, (7.2)

where o denotes the composition of maps. Note that ¢ is injective while  is surjective.
Given a pair of points (p, g) € M x N satisfying

g=¢(p) and p=1vY(q), (7.3)
we have
1//*,q O Px,p = idTp(M)~ (7.4)
It then follows from the monotonicity (6.6) that
1Xpllar,p = lox(Xp)lIn.g = 1V (@ (XpDlm,p = 1 X pling, ps (7.5)
so that we have the invariance of the Fisher metric
VXp € Tp(M), I Xpllm,p = llex(Xp)lin,g, (7.6)
which is equivalent to
VXp, VY, € Tp(M), gmp(Xp,Yp) = 8gN.q(@0x(X)p), 0 (Yp)). (7.7)
This means that ¢, ,, : T,(M) — T,(N) is isometry, which is represented as
(@s.p)" 0 Qs p = id1, (1), (7.8)
where (¢, 1,)Jr : Ty(N) — T,(M) denotes the adjoint (Hermitian conjugate) of ¢y ,
w.r.t. the inner products gy , and gy 4.

A Markov map ® : P; — P, is called an Markov embedding when there exists a
Markov map W : P, — P; such that

Wod=idp,. (7.9)
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Note that |21] < |22 necessarily holds in this case. As a special case of the invariance
(7.7), we have

Vp e P, VX, VYp € Tp(P1), gp(Xp.Yp) = go(p)(Px(X)p), Pi(Y))).(7.10)

According to Cencov, this property characterizes the Fisher metric up to a constant
factor. The exact statement is presented below.

Theorem 7.1 (Cencov [3]) For n = 2,3, ..., let Q, = {1,2,...,n} and P, :=
P(2,), and let g, be the Fisher metric on P,. Suppose that we are given a sequence
{hn}o2,, where hy, is a covariant tensor field of degree 2 on P, which continuously
maps each point p € Py, to a bilinear form h, p : T) (P,)? — R. Then the following
two conditions are equivalent.

(i) dc e R, Vn, h, = cgy.
(ii) For any m < n and any Markov embedding ® : P,, — Py, it holds that

Vp € P, ¥X,. ¥Y, € Tp(Pa).
i, p(Xp, Yp) = hyo(p) (P (Xp), Pi(Y)p)). (7.11)

We now proceed to the invariance property of co-metrics. Let us consider the same
situation as (7.1)-(7.3), which implies that

@p 0 Vg = idrsm). (7.12)
Then it follows from the monotonicity (6.7) that, for any «, € T;(M ),
leeplimg,p = 1™ (@p)lin.g = llo* W™ @p)lim,p = leplm.p, (7.13)
so that we have the invariance of the Fisher co-metric

Vo, € T (M), lapllyp = 1" (@p)lln.g: (7.14)

which is equivalent to

Ya,, Bp € Ty(M), gm,plep, Bp) = gn.g(W™(ap), ¥ (Bp)) (7.15)

This means that 1/}%* : T,;‘ (M) — Tq* (N) is isometry, which is represented as
W) oy = idrsm, (7.16)
where (w;‘)Jf : Tq* (N) — Tlf (M) denotes the adjoint (Hermitian conjugate) of 1/;5

w.r.t. the inner products gy, and gy 4 on the cotangent spaces. Due to w; = t(w*,q),
(7.16) can be rewritten as

Vg © W) = idr, ). (7.17)
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We observed in Sect. 6 that the monotonicity of metrics (6.6) and that of co-metrics
(6.7) are logically equivalent. On the other hand, such an equivalence does not hold
for the invariance properties (7.6) and (7.14). Indeed, a linear-algebraic consideration
shows that the implications (7.4) A (7.8) = (7.17) and (7.4) A (7.17) = (7.8) do not
hold unlvess @4, p 1s a linear isomorphism (cf. Lemma 8.2). This means that we cannot
expect Cencov’s theorem to yield a corollary which states that the Fisher co-metric
is characterized by the invariance (7.14). Nevertheless, the statement itself is true as
explained below.

Let us return to the situation of (7.9). We call a Markov map ¥ : P, — P aMarkov
co-embedding when there exists a Markov embedding ® : P; — P, satisfying (7.9).
As an example of (7.14), (7.9) implies the invariance

Vp e Pi,Ya, € T,(P1), llepllp = 1" (@p)llop). (7.18)
which can be rewritten as

Vg € @(P1), Yaw(g) € Ty,y (P, llawglleg = W (@w@g)llg.  (7.19)

Actually, the range Vg € ®(P;) in the above equation can be extended to Vg € P»
for the reason described below.

It is known (e.g. Lemma 9.5 of [3]) that every pair (¥, W) of Markov embedding
and co-embedding satisfying (7.9) is represented in the following form:

Vg € Py, W(g)=q" with ¢"(x):= Y g, (7.20)
yeF~1(x)
and
VpePi, ®(p)= ) p)r, (7.21)
xe

where F is a surjection 2y — €1 which yields the partition 2, = |_|er1 F! (%),
and {ry}req, is a family of probability distributions on €2, such that the support of ry
is F~!(x) for every x € Q1. We note that a Markov co-embedding W is determined
by F alone, while a Markov embedding @ is determined by F and {r},cq, together.
Consequently, W is uniquely determined from &, while ® for a given W has the
degree of freedom corresponding to {ry}rcq,. According to this fact, when a Markov
co-embedding W and a distribution g € P, are arbitrarily given, we can always choose
a Markov embedding & satisfying (7.9) and g € ®(P;); indeed, defining r, by

_ a0/t if F(y) =x
re(y) = {0 otherwise, (7.22)
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the resulting ® satisfies ¢ = ®(¢) € ®(P)). This is the reason why Vg € ®(P)) in
(7.19) can be replaced with Vg € P,. We thus have

Vg € P2, Yaw(g) € Ty, (P llawg)llwg) = W (@wg)llg, (7.23)

or equivalently,

Vg € Py, Vay(y), YBu(g) € T\;(q)(Pl),
gw(g)(@w(g), Bu(g) = 8¢V (@w(g)), ¥ (Bu)))  (7.24)

for every Markov co-embedding W.
The invariance (7.23) characterizes the Fisher co-metric up to a constant factor.
Namely, we have the following theorem.

Theorem7.2 Forn = 2,3,..., let Q, = {1,2,...,n} and P, := P(RQ,), and let
gn be the Fisher co-metric on Py,. Suppose that we are given a sequence {h,};",,
where h,, is a contravariant tensor field of degree 2 on ‘P, which continuously maps
each point p € Py, to a bilinear form hy, p : T; (P)?* — R. Then the following two
conditions are equivalent.

(i) 3c e R, Vn, h, = cgy.
(ii) For any m < n and any Markov co-embedding V : P, — P, it holds that

Vg € Pu, Yow(q),YBu(g) € Ty(g)(Pm)s
B, w(g) (@w(q) Bw(g) = hnq(¥* (@w(g)), ¥* (Bu(g)))-
(7.25)

The proof will be given by rewriting the statement in terms of variance/covariance
for random variables. Suppose that a Markov co-embedding W : P; — P; is repre-
sented as (7.20) by a surjection F' : Q2> — 2. Then W is represented as W = Py by
the channel W from €2, to 21 defined by

1 if x = F(y),

0 otherwise. (7.26)

Wx|y) = {
For an arbitrary A € R its conditional expectation w.r.t. W is represented as

Ew(Aly) = Z Wx [ y)Ax) = A(F(y)), (7.27)

XEQ]

so that it follows from (6.9) that
\IJ*(SqF(A)) =04(Ao F), (7.28)
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where we have invoked W (¢) = ¢* from (7.20). Hence, (7.23) and (7.24) are rewritten
as

qu(A) =V,(Ao F) (7.29)
and
Covqp(A, B) =Covy(Ao F,BoF). (7.30)

These identities themselves are obvious, but what is important is that they character-
ize the variance/covariance up to a constant factor. Namely, we have the following
theorem.

Theorem 7.3 In the same situation as Theorem 7.2, suppose that we are given a
sequence {y,},°,, where yy is a map which continuously maps each point p € Py to
a bilinear form y,, , on RS, Then the following conditions (i) and (ii) are equivalent.

(i) 3c € R, Vn,Vp € Py, yu,p = cCovp.
(ii) : (ii-1) A (ii-2)

(ii-1) Yn,¥p € Py, YA € R®%, y, ,(A, 1) =0.
(ii-2) For any m < n and any surjection F : Q, — 2, it holds that

VpeP,, VA B € RS, Y, pF (As B) = yn,p(Ao F,Bo F). (7.31)

Note that, if we assume that {y,}, are all symmetric tensors, then (7.31) can be
replaced with

Vp € Pu.YAER™, y, r(A,A)=yup(AoF, AoF), (7.32)

which corresponds to (7.29).

See Al in Appendix for the proof, where we use an argument similar to Cencov’s
proof of Theorem 7.1. It is obvious that Theorem 7.2 immediately follows from this
theorem.

Remark 7.4 1If we delete (ii-1) from (ii) in Theorem 7.3, then we have (i)’ < (ii-2) by
replacing (i) with

(1) dcy,3cr € R, Vn,Vp € Py,
VA, B € R%, y, ,(A, B) =c| (A, B)p + c2 (A)p(B),.

We give a proof for (i)’ < (ii-2) in A1, from which Theorem 7.3 is straightforwad.

8 Strong invariance

In the preceding two sections, we have observed the following facts.

e The monotonicity of metrics and that of co-metrics are logically equivalent.
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e The monotonicity logically implies the invariance of metrics and that of co-metrics.
e The invariance of metrics and that of co-metrics are not logically equivalent.

In this section we introduce a new notion of invariance called the strong invariance,
and show that:

e The strong invariance of metrics and that of co-metrics are logically equivalent.

e The monotonicity of metrics/co-metrics logically implies the strong invariance of
metrics/co-metrics.

e The strong invariance of metrics/co-metrics logically implies the invariance of
metrics and that of co-metrics.

Recall the situation of (7.1), (7.2) and (7.3), where we are given submanifolds
M C Py and N C P,, Markov mappings ¢ : M — N and  : N — M satisfying
Yo =idy,and points p € M and g € N satisfying ¢ = ¢(p) and p = ¥ (q). Then
we have the following proposition.

Proposition 8.1 The Fisher metrics gy and gn on M and N satisfy

VX, € Tp(M), VY, € T;(N), gm,p(Xp, ¥(Yy)) = gn,q(0:(Xp), Yy), (8.1)

or equivalently,

Yig = (px )7 (8.2)

In addition, (w*,q)Jr 0Vi,qg = Px,p © W q is the orthogonal projector from Ty (N) onto
@x,p(Tp(M)) = Ty (p(M)).

The property (8.1) is called the strong invariance of the Fisher metric. The propo-
sition will be proved by using the following lemma.

Lemma 8.2 Let U and V be finite-dimensional metric linear spaces, and let A : U —
Vand B : V — U be linear maps satisfying BA = 1. Then the following two
conditions are equivalent.

(i) ATA=BBT =1.

(ii) B = AT

When these conditions hold, B' B = AB is the orthogonal projector from V onto the
image Im A of A.

Proof 1t is obvious that (ii) = (i) under the assumption BA = I. Conversely, if we
assume (i) with BA = I, then we have

(B—ANYB - AN =BB"—BA—ATBT+ ATA
from which (ii) follows.

Assume (i) and (ii). Then (BTB)2 = BB due to BB' = I, which implies that
B B is the orthogonal projector onto Im BT = Im A. O
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Proof of Prop 8.1.

Letting U := T,(M), V := T;(N), A := ¢4, and B := v 4 in the previous
lemma, we see from (7.4), (7.8) and (7.17) that the assumption BA = [ and the
condition (i) are satisfied, so that we have (ii), which means (8.2). O

As can be seen from Lemma 8.2, the strong invariance (8.1) is equivalent to the
condition that both the invariance for the metric (7.6)—(7.8) and the invariance for the
co-metric (7.14)—(7.16) hold. Taking the transpose of both sides of (8.2), the strong
invariance is also expressed

Vi = ()", (8.3)

which means that the Fisher co-metric satisfies

Vo, € T (M), Vg € T;(N), gm.plap, 9" (By) = gn.g(¥™*(@p), Bg). (8.4)

Since the strong invariance (8.4) logically implies the invariance (7.7) for the Fisher
metric via (8.1), we see that the following proposition, which is stated in a rough form
similar to Proposition 6.3, is obtained as a corollary of Cencov’s theorem (Theo-
rem 7.1).

Proposition 8.3 The strong invariance (8.4) characterizes the Fisher co-metric up to
a constant factor.

An exact formulation of this proposition will be given in A2 of Appendix with a
proof based on Cencov’s theorem.

Remark 8.4 The above proposition is stronger than Proposition 6.3 and weaker than
Theorem 7.2. To formulate Proposition 6.3 and Proposition 8.3 in exact forms similar
to Theorem 7.2, it matters what assumptions should be imposed on bilinear forms
{hn,p} on the cotangent spaces prior to the monotonicity or the strong invariance.
Here we should keep in mind that the significance of these propositions, which are
weaker than Theorem 7.2, lies in the fact that they follow from Cencov’s theorem
while Theorem 7.2 does not. For Proposition 6.3, we need to assume that {4, ,} are
inner products (positive symmetric forms) to ensure that the monotonicity of them is
translated into the monotonicity of the corresponding inner products on the tangent
spaces. For Proposition 8.3, on the other hand, we only need to assume {%,,,} to be
non-degenerate (nonsingular) and symmetric. See A2 for details.

Let us consider the strong invariance (8.4) for the case when (¢, V) is a Markov
embedding/co-embedding pair (®, W) and rewrite it into an identity for the covariance
of random variables. Let €21 and 2, be arbitrary finite sets satisfying |21 < |€2;]
and let P; := P(L2;), i = 1, 2. Given a surjection F : Qp — € and a distribution
g € P2, let (&, W) be defined by (7.20) and (7.21) with (7.22). For arbitrary A € R
and B € R®2, Jet a,r =8,r(A) € Tq*F (P1) and B, := 8,(B) € Tq*(Pz), for which
the strong invariance (8.4) is represented as

27 (@gr, D (Bg)) = 84 (W* (o). By)- (8.5)
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Recalling (7.28), we have
\p*(aqp) =8,(Ao F). (8.6)

On the other hand, @ is represented as ® = ®y by the channel V defined by

Vsl — {rx(y) = 5 it x=FO) )
0 otherwise,
so that (6.9) yields
D (Bg) = 8,r (Ev(B| ). (8.8)
Hence, the strong invariance (8.5) is rewritten as
Cov,r (A, Ev(B|-) = Covg(Ao F, B). (8.9)

This identity can be verified directly as follows. Letting a := (A) gF = (Ao F)4 and
b:=(B); = (Ev(B]| ))gF, We have

RHS = ) " q()(A(F()) — a)(B(y) — b)
y

=Y > gOAF () —a)(B() - b)

X yeF1(x)

=Y (AW -a) Y qO»BG) ~b)

yeF~1(x)

=>4 (AG) — a)(Ey(B|x) —b)
— LHS, (8.10)

where the fourth equality follows from

1
Ev(B|x) =) VOyINBy) =—— Y q(»BO). 8.11)
S q" (x) e

Note that (7.30) is obtained from (8.9) by substituting B o F for B.

9 Weak invariance for affine connections
In addition to characterizing the Fisher metric by the invariance with respect to Markov

embeddings, Cencov also gave a characterization of the o-connections by the invari-
ance condition. In this section we show that a similar notion to the strong invariance
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of metrics, which is described in terms of Markov embedding/co-embedding pairs,
can be considered for affine connections.

Let 21, €2 be arbitrary finite sets satisfying 2 < |Q21]| < ||, and let ® : P; —
P> be a Markov embedding, where P; := P(2;), i = 1,2. Suppose that affine
connections V and V' are given on P and P,, respectively. When these connections
are the a-connection on P and that on P, for some common « € R, they satisfy

VX, Y € X(P), ®u(VxY) = Vj 3, ®u(Y). ©.1)

Some remarks on the meaning of the above equation are in order. First, we define
@, (X) for an arbitrary vector field X on S; as a vector field on K := @ (P) that maps
each point g = ®(p) € K, where p € Py, to

(P4(X))g = Dy, p(Xp) € Ty(K). 9.2)

Since K is a submanifold of S, on which the connection V' is given, V&)* ) P« (¥) in
(9.1) is defined as a map which maps each point ¢ € K to a tangent vector in 7, (P2),
although Véb* x) ®,.(Y) does not belong to X (K ) in general. The condition (9.1) means
that K is autoparallel in P, with respect to V' and that the restricted connection of
V'’ induced on the autoparallel K is obtained from V by the diffeomorphism & :
P — K. Cencov [3] showed that the invariance condition characterizes the family
{a-connection}ycr by a formulation similar to Theorem 7.1.

Remark 9.1 As is mentioned above, the fact that {z-connection}, R satisfy the invari-
ance (9.1) implies that K = ®(P}) is autoparallel in P, w.r.t. the @-connection for
every o € R. A kind of converse result is found in [5], which states that if a subman-
ifold K of P, = P(2») is autoparallel w.r.t. the a-connection for every « € R (or,
for some two different values of «), then K is represented as ®(S1) by some Markov
embedding ® from some S} = S(21) into S».

Let g and g’ be the Fisher metrics on P; and P, respectively. Noting that @, is an
isometry with respect to these metrics due to the invariance of the Fisher metric, (9.1)
implies that

VX.Y,Z € X(S1), g(VxY,2) = g/(VéD*(X)(D*(Y), D, (Z)) o D, 9.3)
where the RHS denotes the function on P; such that

P g;(p)((vgp*(x)q>*(1/))¢(p), D p(Zp)). 9.4)

Since (9.3) is apparently weaker than (9.1), we call this property the weak invariance
of the connections V, V’. In an actual fact, however, as is mentioned in [6] and is
proved in [7], the weak invariance (9.3) characterizes the family {«-connection}qcr
as well as the stronger condition (9.1).
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Now, recalling the strong invariance (8.1) of the Fisher metric, we see that the weak
invariance (9.3) is equivalent to

VX,Y € X(S1), VxY = Wi(Vg, (x)P:(Y)), 9.5)
where the RHS denotes the map
Piapr— \Il*@([,)((Véb*(x)db*(Y))q)(p)). (9.6)

The fact that the weak invariance is a condition on connections is more clearly
expressed in (9.5) than (9.3) in that (9.5) does not include the Fisher metric.

10 Concluding remarks

In this paper we have focused on the face of the Fisher metric as a metric on the
cotangent bundle, calling it the Fisher co-metric to distinguish it from the original
Fisher metric on the tangent bundle. What we have shown are listed below.

1. Based on a correspondence between cotangent vectors and random variables, the
Fisher co-metric is defined via the variance/covariance in a natural way (Sect. 2).

2. The Cramér-Rao inequality is trivialized by considering the Fisher co-metric
(Sect.4).

3. The role of the m-connection as a connection on the cotangent bundle is important
in considering the achievability condition for the Cramér-Rao inequality (Sect.5).

4. The monotonicity of the Fisher metric is equivalently translated into the mono-
tonicity of the Fisher co-metric and that of the variance (Sect. 6).

5. Theinvariance of the Fisher metric and that of the Fisher co-metric are not logically
equivalent, and a new Cencov-type theorem for characterizing the Fisher co-metric
by the invariance is established, which can also be regarded as a theorem for
characterizing the variance/covariance (Sect. 7).

6. The notion of strong invariance is introduced, which combines the invariance of
the Fisher metric and that of the Fisher co-metric (Sect. 8).

7. The weak invariance of the a-connections is expressed in a formulation similar to
the strong invariance of the Fisher metric/co-metric (Sect.9).

It should be noted that, although this paper emphasizes the importance of the Fisher
co-metric, this does not diminish the importance of the Fisher metric at all. Apart from
the importance as a metric on the tangent bundle itself, which is essential for geometry
of statistical manifolds, we should not forget that the Fisher information matrix (i.e.
the components of the Fisher metric) is of primary importance as a practical tool to
compute the Fisher co-metric. Even if we know that g3, (p) = gum, p (d€") ., (dE7) )

in (4.3) can be defined by (4.5) and (4.6) and that understanding gjd, (p) in this way
is important for conceptual understanding of the Cramér-Rao inequality, this does
not tell us a method to compute g;if[ (p) for a given statistical model (M, &) better
than computing the inverse of the Fisher information matrix Gy (p) := [gm,ij(p)] in
general.
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Finally, we note that some of the results obtained here can be extended to the
quantum case in several directions, which will be discussed in a forthcoming paper.
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Appendix
A1 Proof of Theorem 7.3

As mentioned in Remark 7.4, we show the equivalence (i)’ < (ii-2), with expressing
(1) as

(@) Jc1,3c2 € R, Vi, ¥p € Py, Yap =C1 (> )ptca{)pl)p.

The implication (i)’ = (ii-2) is obvious. To show the converse, we assume (ii-2) and
will derive (i)’ by several steps. The uniform distribution on €2, is denoted by u,, in
the sequel.

(a) Vn, 3Cl,n, 3C2,n e R, Yn,u, = Cl,n (-, ‘)un +con (')un<'>un-

Proof Fix n > 2 arbitrarily, and let m = n, and F be a permutation on £2,,. Define
eni € R fori € Q, by e, ;(j) =8, ;. Then u,” = u,, and condition (ii-2) claims
that

Vi,Vj e Q,, Yn,u, (en,i» en,j) = VYn,u, (en,i oF, €n,j © F)

= VYn,uy (en,F*I(i)’ en,F*I(j))'
Since this holds for any permutation F, there exist a,, b, € R such that
Vi,Vj € Qu, VYau,(eni, en,j) = anSi,j + by.

Comparing this with

1 1
(en,i»en,j>un = ;ai,j and (en,i>un <en,j>u,, = ﬁ,
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we have the assertion of (a) with letting ¢y , := na, and ¢z , 1= n2b,,. O
(b) Jc1, 32 € R, Vn, VYnu, = Cl1 (-, ‘)un + 2 <'>u,l('>un-

Proof It suffices to show that the constants {c1 ,} and {c2 ,} in (a) satisty ¢1 , = c1.;m
and ¢z, = ¢, foreveryn,m > 2. Let F : Q,,,, — 2, be defined by

Fi)y=k if k—1)m+1<i<km, keN.
Then we have u,fm = Uy, and (ii-2) yields
VA,¥B € R®, v, .4 (A, B) = Yinuy, (Ao F, BoF).
Due to (a), the LHS of the above equation is represented as
Ynu, (A, B) = c1n(A, B)u, + c2,n(A)u, (B)u,,
while the RHS is represented as

J/mn,u,,,,,(A oF,BoF) = Cl,mn(A oF,Bo F)um,, + C2,mn<A o F)um,l(B oF)
= Cl,mn (A, B>u,l + C2,mn<A)u,, (B)un-

Umn

Thus we have ¢y, = ¢1,mn and c2 , = €2 . Similarly, we can show thatcy ,, = ¢1 un
and ¢2 ,, = ¢2,mn. Hence we obtain ¢1 , = c1,» and c2.p = €2, O

(c) For any n > 2 and any p € P, whose components {p(i)};cq, are all rational
numbers, we have v, , = ¢1 (-, -)p +c2(-) p(-) p, where ¢ and ¢, are the constants
in (b).

Proof Suppose that the components of p are represented as p(i) = k; /m by natural
numbers m, ki, ..., k, satisfying Y/, ki = m. Let 2,, = |_|'_, K; be a partition of
Q,, such that |K;| = k;, and define F : 2,, — 2, by

F(j)=i if jeK;.

Then we have u,ﬁ = p. Letting y,;,p :=c1 (- ")p + c2(-)p{-)p and noting that both
{¥n,p} and {y,:, p} satisfy condition (ii-2), we obtain

VA,B e R%, y, ,(A, B) = Vi, (Ao F,BoF)
= VYmu, (Ao F,BoF)

= Yy p(A, B),
where the second equality follows from (b). O
(d) (i) is derived from (c) and the continuity of p — . p-

O
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A2 An exact form of Proposition 8.3

We present a proposition of Cencov-type that can be regarded as an exact version of
Proposition 8.3, and show that the proposition follows from Theorem 7.1 (Cencov’s
theorem).

Proposition A.1 Forn =2,3,..., let Q, :={1,2,...,n}and P, := P(R,), and let
gn be the Fisher co-metric on P,. Suppose that we are given a sequence {hy, }7° ,, where
h, is a contravariant tensor field of degree 2 on P, which continuously maps each
point p € Py to a non-degenerate and symmetric bilinear form hy, p T; (P> = R
Then the following two conditions are equivalent.

(i) 3c e R\ {0}, Vn, h, = cgy.
(ii) For any m < n and any pair (®, V) of Markov embedding ® : P, — P, and
Markov co-embedding W : P, — Py, satisfying W o ® = idp, , it holds that

Vp e vavap € T;(Pm)a V,B<b(p) € TZE(,,)(Pn),
B, p(ap, P*(Bop)) = hn,a(p) (W ()), Ba(p))- (A.1)

Proof Since the Fisher co-metric satisfies (8.4), we have (i) = (ii). To prove the
converse, assume that {A,},° , satisfies (ii). Due to the assumption that %, , is non-

hn. p
degenerate for every n and p € P, hy,, induces the correspondence <% between
T,(Py) and T;‘ (Pyn) together with the bilinear form h, , : T, (7),1)2 — R as in the
case of inner products by

hn,
Xp <5 ap, & VB, € TH(Pu). Bp(Xp) = hup(etp, By)
and
hn,p /’ln,p
Xp«<—ap and Y, < By = hy p(Xp, Yp) = hy plap, Bp).

Then, similar to the equivalence between (8.1) and (8.4), we see that (A.1) is equivalent
to

Vp € Pu, VXp € Tp(Pm)a VY(D(p) € Td)(p)(Pn)»

Bon,p (X ps W (Yo () = hn,o(p) (Px(X ), Yo (p)- (&.2)
Indeed, if

Xp m ap and Y, <hn—q> Bq. Wwhere g := (p),
then

hm,p(ap, qD*(ﬂq)) = q)*(ﬂq)(xp) = lgq(q)*(Xp)) = hn,q(cp*(xp)a Yq)
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and

hn,q(\y*(ap), ﬂq) = \Ij*(ap)(yq) = Olp("y*(Yq)) = hm,p(Xpa \I"*(Yq))a

which shows the equivalence of (A.1) and (A.2). Due to W, o ®, = id 7,(Pa)> EQ. (A.2)
implies (7.11) in (ii) of Theorem 7.1. Thus we have the following train of implications:

(ii)) = (ii) of Theorem 7.1 = (i) of Theorem 7.1 = (i).
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