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Abstract
A 3D nano-displacement measurement method, where the difference in phase between the beams in a four-beam laser inter-
ference is changed, is proposed. Simulation results demonstrate that the variation of phase difference causes the deviation of 
the interference pattern in the laser interference system. Based on this theory, we design and build a four-beam laser interfer-
ence system. The corner cube prism in the optical path is shifted, and the phase of the beam is changed by applying different 
voltages to a piezoelectric stage. The phase difference is obtained by analyzing the lattice pattern with subpixel precision, 
and then the displacement is determined by correlation operation. The experimental measurement results are consistent with 
the theoretical analysis, thereby verifying the feasibility of this measurement method.

Highlights

1. The four-beam laser interference lattice pattern can 
achieve higher precision displacement measurement.

2. The 3D displacement measurement system of the four-
beam laser interference can realize single-dimensional 
or multi-dimensional displacement measurement. At the 

same time, it provides a basis for micro-displacement 
measurement in various applications.

3. The specific pixels of the interference pattern are accu-
rately located using the correlation operation to achieve 
precise measurement results and minimize errors.

Keywords Four-beam laser interferometry · Phase difference · 3D displacement · Correlation operation

1 Introduction

As one of the most basic geometric parameters, the accu-
rate measurement of displacement is greatly important for 
researchers in various fields, promoting scientific develop-
ments [1, 2]. In recent years, with the rapid development 
of precision manufacturing and processing, particularly 
microelectronics [3], semiconductors [4], and other indus-
tries, enhanced precision displacement measurement tech-
nology has been highly required [5, 6]. Among them, laser 
interferometry has become an important technology in the 
field of ultra-precision measurement, given its advantages 
of large range, high resolution, noncontact and traceability, 
and applicability [7–9].

At present, the precision displacement measurement 
methods are mainly divided into three types: electrical, 
mechanical, and optical methods. Among them, the electri-
cal measurement method is the most sensitive. However, 
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its insulation treatment is remarkably complex, and it is 
greatly disturbed by electromagnetic fields. The mechani-
cal measurement method has strong anti-interference ability, 
with limited measurement dynamic range, frequency range, 
and linear and low measurement accuracy [10]. The opti-
cal measurement method has the advantages of low time 
consumption and high precision; it is also widely used in 
close-range engineering measurements [11–13]. Laser inter-
ference displacement measurement technology (DMLI) uses 
laser wavelengths as a benchmark to sense the displacement 
information through the frequency and phase changes of the 
interference spot [14, 15]. At present, DMLI is widely used 
in precision displacement measurements [16], but most of 
them are only suitable for 1D and 2D displacement meas-
urements without changing the structure of the optical path 
configuration. However, the actual displacement measure-
ment extends beyond 1D and 2D limitations. Research on 
3D displacement measurement promotes the development 
of high-precision manufacturing [17, 18].

In the last decades, various 3D displacement measure-
ment systems have been developed. Ri et al. [19] developed a 
precise 3D displacement measurement system using a single 
Charge Couple Device (CCD) attached to a precision three-
axis mobile stage. Broetto et al. [20] developed a compact 
electronic speckle interference system for measuring 3D 
displacement. The system uses a laser diode as the light 
source and two orthogonally arranged diffraction gratings 
to enable the measurement area to obtain a uniform optical 
path length. Hsieh et al. [21] proposed a composite speckle 
interferometry interferometer that can achieve remote meas-
urements of the smallest three dimensions. Shen et al. [22] 
proposed an inventive laser self-mixing interferometer, 
which has a reflective 2D grating for 3D dynamic displace-
ment sensing. Lu et al. [23] proposed a 3D displacement 
measurement system using a single illumination detection 
path. The compact optical system generated three different 
sensitivity vectors used for the online measurement of 3D 
displacement. To achieve 3D or multi-degree-of-freedom 
measurements, a relatively simple optical path system is 
designed by changing the existing optical path configuration 
[24, 25], and a noncontact measurement laser interference 
system is developed to achieve 3D and even multi-degree-
of-freedom displacement measurements.

In this study, we propose a laser interferometry system for 
measuring 3D displacement. The proposed scheme uses a four-
beam laser interference system to design the specific optical 
path configuration for 3D displacement measurement. Only 
one laser is required to achieve 3D displacement measure-
ment independently and simultaneously. The effectiveness of 
the system for measuring 3D displacement was tested using a 
piezoelectric stage. The experimental results confirm that the 
system has the advantages of high measurement resolution, 

high precision, and multi-dimension. The system design can 
realize 3D displacement measurement. At the same time, the 
configuration is simple and can be assembled and adjusted 
intrinsically, exhibiting great practicability.

2  Theory

To compute the intensity distribution of a four-beam interfer-
ence, the beam can be approximated as a plane wave with the 
same wavelength and intensity. The time factor is neglected 
in the experiment, i.e., without regard to the variation of the 
beam with time. The plane wave equation along the arbitrary 
direction in space can be expressed as follows:

where An is the amplitude, �
�
 and �

�
 are the Hongjie polari-

zation vector and the wave vector, respectively, � is the unit 
vector of the plane wave in the propagation direction in 
space, and �n is the initial phase.

In Eq. (1), �
�
 , �

�
 , and � can  be expressed as

where k = 2π∕� , � is the laser wavelength, �n is the incident 
angle of the laser beam, �n is the azimuth angle of the beam, 
and �n is the polarization angle of the beam.

The laser intensity distribution of multi-beam interference 
can be expressed as:

where eij = ei ⋅ ej.
Under the condition of interference, the difference of phase 

and optical distance difference of coherent beam satisfy the 
following relationship.

where li and lj are the optical path of the ith and jth beams, � 
is the optical path difference between any two beams, and n0 
is the refractive index of light in air, n0 = 1.00029.
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As shown in Fig. 1, the laser wavelength is 632.8 nm, 
and the intensity of the four beams is the same. The four 
beams of monochromatic coherent laser beams are incident 
from two orthogonal planes at �1 , �2 , �3 , and �4 to form an 
interference. At the same time, it follows the spatial sym-
metrical configuration, and the azimuth angles are �1 = 0◦ , 
�2 = 90◦ , �3 = 180◦ , and �4 = 270◦ . Equations (6) and (7) 
show that the initial phase difference Δ� is the key factor in 
this experiment. The same polarization angles are selected 
to ensure that the amplitude of the interference field does 
not change with the difference in phase. Under this condi-
tion, the effect of the optical path on the four-beam interfer-
ence pattern is observed by changing the phase difference 
between the beams.

According to these conditions, when �1 = �2 = �3 = �4 = � , 
the four-beam interference in the x and y directions can be 
expressed as follows:

Figure 2 shows the simulation results. Beam 1 is con-
sidered the reference beam. The results shown in Fig. 2a–g 
illustrate that when the optical path of Beam 2 or Beam 4 
changes, the variation of phase difference causes the vertical 
shift of the interference design. Figure 2a–e show that when 
the Beam 3 optical path changes, the change in the phase dif-
ference causes the interference pattern to shift horizontally.

Figure 2 shows the phase modulation lattice diagram and 
intensity curve. The figure indicates that the optical path 
changes in Beam 2 and Beam 4 affect the vertical shift of the 
interference pattern, and the optical path change in Beam 3 
affects the horizontal shift of the interference pattern. The 
spatial symmetrical distribution of the four beams suggests 
that the two beams located in the same plane have the same 
moving direction of the pattern. Thus, the optical distance 

(7)dx = dy =
�

2 sin �

difference of the two beams in the same plane cannot be 
obtained from a single lattice pattern. Consequently, the 3D 
phase information in the lattice pattern cannot be obtained. 
Figure 1 shows that beam 2 and beam 4 are in the yoz plane, 
and the optical path changes of these beams cannot be 
obtained from a lattice pattern. To solve this problem, two 
lattice patterns carrying 1D and 2D phase information can 
be selected for analysis. Therefore, the 2D phase information 
of the lattice pattern can be observed by changing the optical 
paths of Beam 2 and Beam 3 or Beam 3 and Beam 4 at the 
same time. Figure 3 shows the simulation results.

For the four-beam interference, the completely symmetri-
cal interference results shown in Fig. 2a should be obtained. 
On this basis, a reference beam is established, and the inter-
ference results after shift are obtained by changing the opti-
cal path of the other beams. The amplitude and incident 
angle of the four beams in Figs. 2 and 3 are equal, and the 

Fig. 1  Four-beam interference diagram

Fig. 2  Simulation of spatially symmetric four-beam interference 
( � = 632.8 nm ) on the Z = 0 plane. The parameters of the four beams 
are A

1
:A

2
:A

3
:A

4
 = 1 ∶ 1 ∶ 1 ∶ 1 , � = 1◦ , a shows the original four-beam 

interference pattern. b illustrates the intensity curve along the double 
arrow lines in a. H and V are the intensity curves in the horizontal 
and vertical directions, respectively. c, e, and g are the interferograms 
of Beam 2, Beam 3, and Beam 4, respectively, after the optical path is 
increased by 200 nm. d, f, and h represent the intensity curves along 
the double arrow lines in c, e, and g, respectively
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azimuth angle follows the symmetrical configuration shown 
in Fig. 1. Here, their periods and intensity distributions are 
the same. The coherent beams interfere at the encounter 
point in a spatially symmetrical manner to avoid the modu-
lation of the pattern, which is important for studying the 
change between the optical path of the beams and the shift 
of the interference pattern.

The relationship between the beam optical path and the 
interference pattern shift is verified in this four-beam inter-
ference system. The optical path of the coherent beam is 
changed using a piezoelectric ceramic actuator and a corner 
cube, as shown in Fig. 4.

In Fig. 4, the corner cube prism moves from position 1 
to position 2 under the action of the piezoelectric ceramic 
actuator. Moreover, the moving distance is d, and then 
the optical path change under the corner cube prism is 
2d. When the beam is incident on the corner cube prism, 
the beam can return accurately at the same angle as the 
incident angle. The reflected light is always parallel to the 
incident light. When the light enters and leaves from the 
middle line of the corner cube prism, the optical path is 

the largest at this time. Moving in the vertical direction 
of the light propagation, whether downward or upward, 
the optical path length of the light inside the corner cube 
prism decreases. It still causes the interference pattern to 
shift horizontally or vertically. According to Eq. (6), the 
relationship between the displacement and the phase dif-
ference (Δφ) can be obtained as follows:

In this system, the calculation of the phase difference 
directly affects the measurement accuracy. Correlation is 
a very important measurement method, and its research is 
constantly improved in scientific development. The cor-
relation coefficient �xy represents an important numerical 
characteristic of the similarity between two variables (x, y) . 
The absolute value of �xy represents the degree of correla-
tion, and its sign indicates the direction of correlation; it 
is expressed as follows:

where cov(x, y) is the covariance of variables x and y, �(x) 
and �(y) are the mean square deviations of variables x and y, 
respectively. When �xy = 0 , the two variables do not exhibit 
a linear relationship. When |||�xy

||| = 1 , a linear relationship 
exists between the variables (x, y).

The correlation operation uses the correlation coeffi-
cient to determine the similarity of the two images; thus, 
the phase difference between the two images can be cal-
culated by the correlation coefficient curves. The process 
of correlation operation is similar to that of convolution 
operation. It is equivalent to scanning another function f 
from the beginning to the end after translating one func-
tion g in the process. It reflects the similarity degree of 
function g and function f under different shifts. This simi-
larity degree depends on their cross-correlation function 
values. The correlation operation reflects the degree of 
similarity between images and not the coordinates. There-
fore, when the scan is completely coincident, the degree 
of similarity reaches the maximum, resulting in a correla-
tion peak. In addition, the correlation operation presents 
a smoothing effect, which is equivalent to a low-pass filter 
and has good anti-noise performance. Generally, the fluc-
tuation of the function itself will be smoothed after the 
correlation operation.

The phase difference between the lattice patterns of the 
1D phase change can be calculated. Assuming that the refer-
ence image is I0(x, y) and the moving image is Ik

(
x ± t0, y

)
 , 

then the correlation coefficient formula for solving autocor-
relation and cross-correlation operations can be written as 
follows:

(8)Δ� =
4π

�
⋅ n0 ⋅ d

(9)�xy =
cov(x,y)

�(x)⋅�(y)

Fig. 3  Beam 2 and Beam 3 optical path increase of 200 nm interfer-
ence pattern at the same time

Fig. 4  Change in beam position caused by a piezoelectric stage, 
where M indicates mirror and CM is corner cube prism
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where I0 and Ik represent the light intensity distribution of 
the two image modules, cov

[(
I0(x, y), Ik

(
x ± t0, y

))]
 repre-

sents the covariance, and t0 indicates the number of pixels 
that the image module moves. The symbol before t0 depends 
on the directions of the moving image module, and �I0 and 
�Ik

 represent the standard variances.
Then, the 2D correlation coefficient equation of the lattice 

pattern can be written as follows:

where th and tv represent the number of pixels, where 
the image module moves horizontally and vertically, 
respectively.

The correlation coefficient curve of phase change is drawn 
by Matlab, and the position where the correlation coefficient 
is zero is selected as the linear interpolation point. The dif-
ference Δx between the two curves at the zero-crossing point 
is the phase difference between the two dot matrix patterns 
calculated by interpolation operation. At this time, the phase 
difference is calculated in pixels. Equation (12) converts Δx 
into the phase difference in the unit of degree and then com-
bines Eq. (6) to solve the optical path variation of the beam, 
that is, the displacement variation. The phase difference can 
be calculated by the following:

where T is the period of the correlation coefficient curve.

3  Experiment

The simulation results suggest that in the four-beam interfer-
ence, as long as the azimuth angles are set to be �1 = 0◦ , 
�

2
= 90

◦ , �
3
= 180

◦ , and �
4
= 270

◦ , the phase change only 
exhibits the horizontal or vertical shift of the interference 
pattern and does not change the period and strength distribu-
tion of the interference field. As shown in Fig. 5, we build 
the 3D measurement system of a four-beam interference and 
observe the interference pattern changes to obtain the phase 
change information. The light source of the system is a lin-
early polarized He–Ne laser with a wavelength of 632.8 nm 
and a power of 1 mW. The beam is divided into four equal-
intensity beams through a half-wave plate, a polarizer, and 
four-beam splitters. One beam is used as a reference beam, 
and the three other beams are reflected by an adjustable 
plane mirror to a 3D structure constructed with a corner 
cube prism. The last four beams are reflected to the CCD 
(SHL-500 W, resolution of 2048 × 1536 and effective pixel 

(10)�k
(
t0
)
=

cov[(I0(x,y),Ik(x±t0,y))]
�I0

⋅�Ik

(11)�k
(
t1, t2

)
=

cov[(I0(x,y),Ik(x±th,y±tv))]
�I0

⋅�Ik

(12)Δ� =
Δx

T
⋅ 2π

size of 2.2 µm) through a plane mirror to obtain an interfer-
ence pattern. CCD can capture the changing interference 
lattice pattern for our application and restore the details and 
color of the laser light accurately. The design of the optical 
path determines the spatial angle and the incident angle of 
laser interference. This optical path can also be used to study 
the interference of two beams and three beams.

According to Fig. 5, the setting parameters required for 
the four-beam interference are selected. In the experiment, 
a 3D measurement system is constructed using three cor-
ner cube prisms of CM1, CM2, and CM3. The corner cube 
prism has a small displacement introduced with a piezo-
electric stage. Using the characteristics of the reflected light 
from the corner cube prism parallel to the incident light, 
the beam is still collimated after entering and leaving the 
corner cube prism. By adjusting the plane mirror, the inci-
dent angles of the four beams are equal and set to 1°, and 
the azimuth space is symmetrical. Beam 1 and Beam 3 are 
in the vertical plane, Beam 2 and Beam 4 are in the hori-
zontal plane, Beam 1 is used as the reference beam, and 
Beam 2, Beam 3, and Beam 4 constitute the 3D measure-
ment beams. Finally, the four beams interfere on the CCD 
and are recorded.

Figure 6 shows the experimental results of the four-beam 
interference obtained by CCD in the experiment. Figure 6a 
illustrates the original interference result without any change 
in the optical path of the beam. The period in the horizon-
tal direction is dx = 40 μm, and that in the vertical direc-
tion is dy = 44 μm. Figure 6b shows the experimental result 
after changing the optical path of Beam 2 in the x direction. 
Figure 6c illustrates the interference pattern after chang-
ing the optical paths of two beams in the y and z directions 
simultaneously. The comparison of the interference results 
in Fig. 6a, b indicate that after the optical path of Beam 4 
increases, the interference pattern shifts upward in the ver-
tical direction. The comparison between Fig. 6a, c shows 
that when the optical paths of Beam 4 and Beam 3 in the 
y and z directions increase, the interference pattern shifts 
downward in the vertical direction and then to the left in 

Fig. 5  Four-beam interferometry schematic, where H indicates the 
half-wave plate, P is polarizer, S is beam splitter, M is mirror, and 
CM is corner cube prism
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the horizontal direction. The four-beam interference pattern 
obtained by the experiment is consistent with the theoreti-
cal simulation results. Although the light intensity is not 
uniform due to the influence of stray light, we found that 
the shift of the interference pattern induced by the optical 
path change of the beam is consistent with the theoretical 
simulation results, thereby confirming the feasibility of the 
experimental scheme.

Figure 7 shows the correlation coefficient curves before 
and after the change in the experimental pattern. Figure 7a 
illustrates the phase curve shift in the vertical direction of 

Fig. 6b and 7b, c are the phase curve shifts in the horizontal 
and vertical directions of Fig. 6c, respectively. The phase dif-
ference between any two lattice patterns is obtained by linear 
interpolation using the zero-crossing point of the correlation 
coefficient curve. According to Eq. (7), the 3D displacement 
variation can be calculated. The displacements in the x, y, 
and z directions are measured at 99, 86, and 108 nm, respec-
tively. It can realize a large range displacement measurement 
of 40–44 μm. A small deflection of the corner cube during 
the movement can induce a change in the incident angle and 
azimuth angle of the measured beam. After the change, the 
shape and period of the interference pattern will change, and 
the two lattice patterns with different shapes and periods 
cannot be processed by correlation operations.

4  Conclusion

The laser interference displacement measurement system has 
been developed to achieve 3D and high-precision measure-
ments. Therefore, 3D nano-displacement measurements in 
the four-beam interference are studied. Through theoretical 
analysis, the phase change affects the shift of the interference 
pattern in the horizontal and vertical directions. According 
to this characteristic, the displacement measurement is intro-
duced into the phase change to design a 3D displacement 
measurement system. Based on the principle of four-beam 
interference, the scheme is discussed from the theoretical 
and experimental aspects. To study the influence of phase 
change on the interference pattern, the displacement varia-
tion can be determined by the shift of the interference pat-
tern. In summary, a 3D nano-displacement measurement 
system based on laser interference is proposed to realize 3D 
displacement measurements independently and simultane-
ously. The lattice pattern formed by this method can be offset 
from the horizontal and vertical directions, and multiple sets 
of displacement information can be obtained from a pair of 
lattice patterns to reduce the system error introduced in the 
acquisition process. The experimental results are consistent 
with the simulation results. The experimental results con-
firm the effectiveness of the method in measuring x-axis, 
y-axis, and z-axis displacements. The proposed method can 
be applied to high-precision 3D measurement systems in the 
fields of microelectronics and semiconductors.
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