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Abstract
In this paper, finite element method is used to calculate the static performance of gas journal bearing, in which rotation speed 
term is introduced into the stiffness matrix of linear triangular element to realize the performance calculation of the bearing 
with rotation speed. The results indicate that the average gas film thicknesses corresponding to the maximum load capac-
ity and stiffness, and the minimum attitude angle increase with the growth of orifice diameter. Load capacity and stiffness 
significantly improved with the increase of rotation speed, eccentricity ratio and supply pressure when the bearing has thin 
average gas film thickness. Attitude angle increases with the growth of rotation speed, while the growth rate slows down 
or even decreases at high speed. The most effective way of reducing attitude angle is to increase supply pressure. It can be 
found that rotation speed affects attitude angle through changing gas pressure difference between two orifices, while other 
parameters have the same effect by changing gas pressure at orifice outlet.

Article Highlights

1.	 Analyzing performances of gas journal bearings by solv-
ing Reynolds equation with FEM.

2.	 Solving Reynolds equation with speed term using FEM.

3.	 Investigating the effect of bearing parameters on attitude 
angle, stiffness, and load capacity.
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Abbreviations
a	� Relaxation factor
A	� Stiffness matrix
B	� Stiffness matrix associated with rotation 

speed term
c	� Eccentricity
D	� Bearing diameter
e	� The element of linear triangular
f	� Square of gas pressure
f  	� Square of dimensionless gas pressure
fa 	� Square of atmospheric pressure

f a 	� Square of dimensionless atmospheric 
pressure

fd 	� Square of gas pressure at orifice outlet
f d 	� Square of dimensionless gas pressure of 

orifice outlet
fdr 	� Square of dimensionless gas pressure of 

the rth orifice outlet
f�qk , f�qk , f�qk 	� Square of dimensionless gas pressure at 

nodes of the kth element related to the qth 
node

F	� Dimensionless gas pressure square matrix
g	� Convergence condition of square of 

dimensionless gas pressure
g� 	� Convergence condition of attitude angle
G	� Proportional factor
h	� Gas film thickness
h 	� Dimensionless gas film thickness
hm 	� Dimensionless average gas film thickness
hm 	� Average gas film thickness
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h�qk , h�qk , h�qk 	� Dimensionless gas film thickness at nodes 
of the kth element related to the qth node

k	� Numbers of the elements related to the 
qth node

Kw 	� Stiffness
L	� Bearings length
N�qk

,N�qk
,N�qk

 	� Shape functions at the nodes of the kth 
element related to the qth node

ṁr 	� Mass flow rate of the rth orifice
p	� Gas pressure
p 	� Dimensionless gas pressure
p0 	� Supply pressure
pa 	� Atmospheric pressure
pa 	� Dimensionless atmospheric pressure
pd 	� Dimensionless gas pressure at orifice 

outlet
pd 	� Gas pressure at orifice outlet
q	� Node number
T	� Constant matrix
Q 	� Flow factor
R	� Number of orifice
u, w	� Gas velocities in the x and z directions
ṽ 	� Gas velocity at the orifice outlet
V	� Reference speed
W	� Load capacity
We 	� Dimensionless load capacity of linear 

triangular element
Wz 	� Dimensionless load capacity in the z 

direction
Wy 	� Dimensionless load capacity in the y 

direction
x, y, z	� Coordinates in axial, radial, and circum-

ferential directions
x�qk , x�qk , x�qk 	� Dimensionless coordinates in the x 

direction of the nodes of the kth element 
related to the qth node

Δx,Δz 	� Grid length in the x and z directions, 
respectively

z�qk , z�qk , z�qk 	� Dimensionless coordinates in the z 
direction of the nodes of the kth element 
related to the qth node

�i 	� Kronecker delta
Δa 	� Cross-sectional area of orifices
Δe 	� Dimensionless area of linear triangular 

elements
θ	� Angular coordinate in the circumferential 

direction
ε	� Eccentricity ratio
� 	� Air specific heat ratio
η	� Air dynamic viscosity
λ	� Bearing number

�k 	� Ratio of the orifice area located in the kth 
element to the orifice area

Λx,Λz 	� Dimensionless bearing number in the x 
and z directions, respectively

�0 	� Supply gas density
�a 	� Atmospheric density
�qk, �qk, �qk 	� Nodes of the kth element related to the 

qth node
� 	� Discharge coefficient
� 	� Attitude angle
Ω 	� Computational domain

1  Introduction

Gas journal bearings are extensively utilized in high-preci-
sion and high-speed machine tools owing to their low heat 
generation, high precision, and approximate zero friction. 
Bearing performance (the key component of equipment) 
is directly related to machining accuracy. Over the years, 
various experts have worked on parameter optimization 
and structural design to enhance the performance of gas 
journal bearings. Xiao et al. [1] concluded that the aero-
dynamic effect improves static performance of aerostatic 
journal micro-bearings at high speeds with large eccen-
tricities. Yang et al. [2] conducted an investigation on how 
static and dynamic performance of the gas journal bearing is 
influenced by numbers and locations of orifice-type restric-
tors. Otsu et al. [3] conducted numerical and experimental 
verifications, which demonstrated that gas journal bearings 
equipped with circumferential shallow grooves between ori-
fices had large stiffness and high threshold speeds. Chen 
et al. [4] discussed the length and depth effects of axial and 
circumferential grooves, orifice diameter, and misalignment 
angle on static performance of aerostatic journal bearings. 
Moreover, suggested values to achieve superior static per-
formance were provided on the basis of simulations. Zhang 
et al. [5, 6] concluded that the horizontal deviation had a 
significant impact on static and dynamic performance of 
gas journal bearings. Load capacity and stiffness decreased 
as the degree of journal misalignment at stationary state 
increased, while they increased as misalignment at high 
speeds increased. Furthermore, the stability threshold of 
the inertial force increases with the growth of misalignment 
degree, whereas the stability threshold of the vortex ratio 
decreases with the increase of misalignment. Lu et al. [7] 
studied how structural deformation affects performance of 
aerostatic bearings based on a multi-physics coupling model.

Computational fluid dynamics (CFD) is frequently uti-
lized in structural design and performance calculation of gas 
journal bearing to obtain detailed flow field in bearing clear-
ances. Eleshaky [8] employed CFD to discuss phenomena 
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of pressure depression in aerostatic bearings. The research 
showed that this phenomenon resulted from the transition of 
supersonic flow into subsonic flow through a pseudo-shock 
region. The CFD simulation was accompanied by numerous 
calculations. Therefore, finite difference method (FDM) and 
finite element method (FEM) were extensively utilized in 
performance analysis of gas journal bearings due to their 
high calculation efficiency. Lo et al. [9] adopted FDM for 
obtaining the gas pressure distributions in gas films, in 
which the rate cutting method was used to guarantee calcu-
lation convergence at a gas film thickness thinner than 8 μm. 
Furthermore, their discussion covered load capacities, mass 
flow rates, and stiffnesses, which were conducted using vary-
ing orifice diameters and supply pressures. Liu et al. [10] uti-
lized FDM to calculate nonlinear Reynolds equation, taking 
into account shaft-rotating effects of the external pressure 
air journal bearing. Moreover, gas pressure distributions in 
bearing clearance at varied rotation speeds and eccentricity 
ratios were illustrated. Li et al. [11] utilized flow difference 
as the feedback in Gauss–Seidel iteration when calculating 
Reynolds equation through FDM and analyzed influences 
of bearing parameters on load capacity and stiffness. Their 
results verified that this method was insensitive to initial 
conditions and was helpful for reducing iteration times.

Compared with FDM, FEM was used to analyze the per-
formance of gas journal bearings with complicated struc-
tures because of the flexibility of meshing grids and high 
precision. Gao et al. [12] employed FEM to research gas 
pressure distributions, mass flow rates, load capacities, atti-
tude angles, and stiffnesses of gas journal bearings at rota-
tion speeds higher than 100 krpm and varied eccentricity 
ratios. Du et al. [13] established the mathematical model for 
gas journal bearings with externally pressurized featuring 
circumferential or axial pressure-equalizing grooves (PEGs) 
and researched static performance by using FEM. They con-
cluded that bearings with one or two axial PEGs situated 
close to the thinnest gas film thickness were advantageous 
in enhancing load capacities and stiffnesses. Cui et al. [14] 
researched effects of manufacturing error (surface waviness 
and non-flatness), bearing parameters, and journal misalign-
ment on angular stiffness of aerostatic bearings by using 
FEM. Their results indicated that angular stiffness was sig-
nificantly influenced by gas film thicknesses, orifice diam-
eters, and eccentricity. Furthermore, misalignment angle 
and manufacturing errors exerted an enormous influence on 
distribution of gas pressure. Average gas film thicknesses 
according with the minimum angular stiffness increased as 
the orifice diameter enlarged.

The discharge coefficient is the correction factor between 
mass flow rate of the orifice and that of the ideal nozzle. This 
coefficient markedly influenced the calculation accuracy of 

FDM or FEM. Numerous scholars consider the discharge coef-
ficient to be a constant of 0.8. Renn and Hsiao [15] compared 
the mass flow rate of aerostatic bearings obtained through CFD 
simulations with the results of experiments and verified that 
differences existed between orifice-type restrictors and ideal 
nozzles. Moreover, the discharge coefficient and the critical 
pressure ratio (the intersection of choked and subsonic flows) 
were recommended to be 0.8–0.85 and 0.35–0.4, respectively. 
Belforte et al. [16] experimentally given an empirical equation 
for calculating discharge coefficient of the bearing with the 
orifice-type restrictor. Furthermore, Song et al. [17] proposed a 
modified formula for discharge coefficient of gas journal bear-
ing considering rotation speed and gas film thickness based on 
CFD results. Neves et al. [18] defined discharge coefficient as 
a function of pressure ratio ( pd/p0 , pd is gas pressure at orifice 
outlet, and p0 is supply pressure) at subsonic flow region and 
as a constant of 0.88 at the sonic flow region.

Attitude angle characterizes the relative positions of the 
rotor and sleeve centroids of gas journal bearings, which 
results from the aerodynamic effect and directly relates to the 
machining precision of high-speed and high-precision machine 
tools. However, introducing the rotation speed term into the 
stiffness matrix is difficult, and the impact of the speed term 
on the calculation results is rarely considered when FEM is 
employed to calculate Reynolds equation in existing literature. 
Some studies discussed performance of gas journal bearings 
with rotation speed using FEM, but the derivation process was 
incomplete. FEM is used in this paper to calculate Reynolds 
equation with speed terms and analyze performance of the gas 
journal bearing, in which the proportional division method is 
employed to enhance calculation accuracy and efficiency. The 
stiffness matrix calculation formula suitable for linear trian-
gular element bodies with the rotation velocity term is also 
provided. The impact of speed changes on static performance 
of bearings is comprehensively analyzed, and the theoretical 
derivation process is complete. Furthermore, the influences 
of restriction parameters (average gas film thicknesses and 
orifice diameters) and operation parameters (supply pressure, 
rotation speed, and eccentricity ratio) on load capacity, stiff-
ness, and attitude angle are discussed. The following sections 
in the article include as follows. Section 2 studies FEM for 
solving Reynolds equation with the rotation speed term. Sec-
tion 3 analyzes influence of bearing parameters on the attitude 
angle, load capacity, and stiffness. This section also discusses 
the circumferential pressure distributions with varied restric-
tions and operation parameters. Finally, Sect. 4 summarizes 
the conclusions. The stiffness matrices in FEM are provided 
in Appendix A. Meanwhile, the derivation of the modified 
proportional factor in the proportional division method is pre-
sented in Appendix B.
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2 � Mathematical model

2.1 � Structure of Gas Journal Bearings

Figure 1 shows the typical structure of the gas journal bear-
ing, in which two rows of orifice-type restrictors are evenly 
distributed inside the sleeve in the circumference located at 
the L/4 bearing edges. The x, y, and z are the axial, radial, 
and circumferential coordinates of the gas journal bearings 
rotor, respectively. Pressurized gas flows into bearing clear-
ances through orifices and discharges to the atmosphere at 
bearing edges. The rotor centroid is located at O′

r
 in static 

conditions due to rotor gravity and external loads. However, 
pressurized gas is driven into the wedge-shaped film when 
the rotor rotates due to gas viscosity, which generates aero-
dynamic pressure and deviates the rotor centroid from O′

r
 to 

Or . This attitude angle � is a angle between OsOr and OsO
′
r
 . 

This angle changes the bearing clearance between the sleeve 
and rotor and markedly influences performance of the bear-
ing. The gas film thickness in this bearing clearance is

where eccentricity ratio � = c∕hm . The pressure difference in 
this bearing clearance caused by eccentricity ratio provides 
load capacity of this bearing.

2.2 � Governing Equation

The flow field is assumed to be isothermal and laminar for 
performance analysis of bearings. Moreover, the lubricant 
is regarded as an ideal gas, and its viscosity is constant. 

(1)h = hm[1 − � cos (� − �)]

Therefore, the dimensionless steady-state Reynolds equation 
is

where �i is the Kronecker delta, �i = 1 at locations where an 
orifice exists, and �i = 0 at other locations.

The dimensionless parameters x , z , h , p , and Q are 
defined as follows (ρ is the air density)

Λx and Λz are dimensionless bearing numbers in the x and 
z directions, respectively.

where u and w are gas velocities in the x and z directions, 
separately. The square of dimensionless gas pressure is

Substituting Eq. (3) into Eq. (2), the dimensionless Reyn-
olds equation can be written as

(2)
�

�x

(
h
3 �p

2

�x

)
+

�

�z

(
h
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�z

)
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�hp

�x
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�hp

�z

x =
x
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z

L
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p
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24𝜂L2pa

h3
m
p2
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12�uL

h2
m
p0
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m
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(3)f =

(
p
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= p
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Fig. 1   Typical structure of gas journal bearing
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where

Boundary conditions are as follows:

(1)	 Atmospheric boundary: f = p2
a

p2
0

= f a.

(2)	 Symmetric boundary: �f
�ns

= 0 or �p
�ns

= 0.

(3)	 Orifice boundary: f = p2
d

p2
0

= f d.

where ns is the dimensionless normal direction of the sym-
metric boundary. The weak solution of Eq. (4) is obtained 
through Galerkin weighted residual technique.

where δf is the square variation of dimensionless gas pres-
sure, ss is the symmetric boundary, and Ω is the computa-
tional domain.

The following equation can be obtained by integrating 
Eq. (5).

u =
u

V
,w =

w

V
, �=

12�VL

h2
m
p0

(5)

∫Ω

[
�

�x

(
h
3 �f

�x

)
+

�

�z

(
h
3 �f

�z

)
+ Q�i

−�

(
u
�f 1∕ 2h

�x
+ w

�f 1∕ 2h

�z

)]
�fdxdz

− ∫ss

h
3 �f

�ns
�fds = 0

FEM is used to numerically solve Eq. (6). The rotor cur-
vature is neglected because thicknesses of the gas film are 
significantly thinner than diameters of the bearing. There-
fore, the gas film can be expanded to a plane, as illustrated 
in Fig. 2a. (n + 1) and (m + 1) nodes are distributed in the x 
and z directions, separately. The computational domain is 
divided into 2mn linear triangular elements, and Eq. (6) can 
be written as

where e and Δe denote linear triangular element and 
dimensionless area of the element, respectively. Thus, 
Δe =

(
ΔxΔz

)/
2.

Figure 2b shows six linear triangular elements related to 
node (i, j), ( 2 ≤ i ≤ n , 1 ≤ j ≤ m ). Supposed node (i, j) as �q 
(q = 1, 2, …, m(n − 1)). The elements related to node �q are Eqk 
(k = 1, 2, …, 6). The nodes of Eqk are denoted as �qk , �qk , and 
�qk in the counterclockwise direction.

(6)
∫Ω

[
h
3
(
�f

�x

��f

�x
+

�f

�z

��f

�z

)
− Q�i�f

−�f 1∕ 2h

(
u
��f

�x
+ w

��f

�z

)]
dxdz = 0

(7)

2mn∑
e=1

∫Δe

[
h
3
(
�f

�x

��f
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+

�f

�z
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− Q�i�f
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(
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��f
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Fig. 2   Computational domain: a meshing grids; b elements related to nodes (i, j)
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The interpolation functions are presented as follows:

where

f = NeTf e, �f = NeT
�f e = �f eNe

,

f 1∕ 2 = NeT
(
f 1∕ 2

)e
, h = NeThe

Ne =
[
N�qk

N�qk
N�qk

]T
, f e =

[
f�qk f�qk f�qk

]T

(
f 1∕ 2

)e
=
[
f
1∕ 2
�qk

f
1∕ 2
�qk

f
1∕ 2
�qk

]T
, he =

[
h�qk h�qk h�qk

]T
.

Meanwhile, the shape functions are

where

Substituting the interpolation functions into Eq. (7):

ce =
[
c�qk c�qk c�qk

]T
 , be =

[
b�qk b�qk b�qk

]T
 and 

ka=24�pa
/
(h3

m
p2
0
�0).

where e ∈ Δi,j are the elements including node (i, j). r is the 
orifice number in each row (r = 1, 2, …, R), and the mass 
flow rate of the rth orifice is represented as ṁr . �k denotes 
the ratio of orifice area located in the kth element to the 
orifice area.

N�qk
=

1

2Δe

(
a�qk + b�qk z + c�qk x

)
,N�qk

=
1

2Δe

(
a�qk + b�qk z + c�qk x

)

N�qk
=

1

2Δe

(
a�qk + b�qk z + c�qk x

)
,

a�qk = z�qk x�qk − z�qk z�qk , b�qk = x�qk − x�qk , c�qk = z�qk − z�qk ,

a�qk = z�qk x�qk − z�qk z�qk , b�qk = x�qk − x�qk , c�qk = z�qk − z�qk ,

a�qk = z�qk x�qk − z�qk z�qk , b�qk = x�qk − x�qk , c�qk = z�qk − z�qk .

(8)

∑
e∈Δi,j

∫
Δe

�
NeThe

�3
dx dz

�
c𝜎qkc

eT + b𝜎qkb
eT
�
f eT

1

(2Δe)
2 − ka𝜇kṁr𝛿i

−
∑

e∈Δi,j

𝜆

�
c𝜎qku + b𝜎qkw

�
heT ∫

Δe

NeNeT
dx dz

1

2Δe

�
f 1∕ 2

�e
= 0

The integral terms in Eq. (8) are calculated as follows:

According to Eqs. (8)–(10), the functional of dimension-
less Reynolds equation is expressed as follows:

Applying Eq. (11) to elements Eqk (k = 1, 2, …, 6), the 
square of dimensionless gas pressure of nodes (i, j) ( 2 ≤ i ≤ n , 
1 ≤ j ≤ m ) can be expressed as

For the nodes (i, j) ( 3 ≤ i ≤ n − 1 and 2 ≤ j ≤ m − 1),

(9)

∫Δe

(
N

eT
h
e
)3
dx dz =

Δe

10

[(
h�qk + h�qk + h�qk

)

(
h
2

�qk
+ h

2

�qk
+ h

2

�qk

)

+h�qkh�qkh�qk

]

(10)∫Δe

NeNeT
dx dz =

Δe

12

⎡
⎢⎢⎣

2 1 1

1 2 1

1 1 2

⎤
⎥⎥⎦

(11)

∑
e∈Δi,j

1

40Δe

��
h𝜎qk + h𝜍qk + h𝜏qk

��
h
2

𝜎qk
+ h

2

𝜍qk
+ h

2

𝜏qk

�
+ h𝜎qkh𝜍qkh𝜏qk

��
c𝜎qkc

eT + b𝜎qkb
eT
�
f eT

−ka𝜇kṁr𝛿i −
∑

e∈Δi,j

𝜆

24

�
c𝜎qku + b𝜎qkw

�
heT

⎡⎢⎢⎣

2 1 1

1 2 1

1 1 2

⎤⎥⎥⎦
�
f 1∕ 2

�e
= 0

(12)�f − �f 1∕ 2 − kaṁr𝛿i = 0

(13)� =
[
�i,j−1 �i+1,j−1 �i−1,j �i,j �i+1,j �i−1,j+1 �i,j+1

]

Table 1   Vector at nodes adjacent to atmospheric and symmetric 
boundaries

Node (i, j) f

i = 2 , j = 1
[
fi,m fi+1,m f a fi,j fi+1,j f a fi,j+1

]T

i = 2 , 2 ≤ j ≤ m − 1
[
fi,j−1 fi+1,j−1 f a fi,j fi+1,j f a fi,j+1

]T

i = 2 , j = m
[
fi,j−1 fi+1,j−1 f a fi,j fi+1,j f a fi,1

]T

3 ≤ i ≤ n − 1 , j = 1
[
fi,m fi+1,m fi−1,j fi,j fi+1,j fi−1,j+1 fi,j+1

]T
3 ≤ i ≤ n − 1 , j = m

[
fi,j−1 fi+1,j−1 fi−1,j fi,j fi+1,j fi−1,1 fi,1

]T
i = n , j = 1

[
fi,m f a fi−1,j fi,j f a fi−1,j+1 fi,j+1

]T

i = n , 2 ≤ j ≤ m − 1
[
fi,j−1 f a fi−1,j fi,j f a fi−1,j+1 fi,j+1

]T

i = n , j = m
[
fi,j−1 f a fi−1,j fi,j f a fi−1,1 fi,1

]T
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Vector f at the nodes adjacent to atmospheric boundaries 
(i = 2 and i = n, 1 ≤ j ≤ m ), symmetric boundaries ( 2 ≤ i ≤ n , 

(14)f =
[
fi,j−1 fi+1,j−1 fi−1,j fi,j fi+1,j fi−1,j+1 fi,j+1

]T

(15)� =
[
�i,j−1 �i+1,j−1 �i−1,j �i,j �i+1,j �i−1,j+1 �i,j+1

]

j = m), and symmetric boundaries ( 2 ≤ i ≤ n , j = 1) are listed 
in Table 1.

The elements in � and � are calculated as follows

where e ∈ Δi,j ∧ ΔI,J is the element including nodes (i, j) and 
(I, J). (I, J) denotes (i, j − 1), (i + 1, j − 1), (i − 1, j), (i + 1, j), 
(i − 1, j + 1), or (i, j + 1).

The computation domain has (m + 1)(n + 1) nodes. The 
square of dimensionless gas pressure at the node (i, j) of 
atmospheric boundaries (i = 1 and i = n + 1, 1 ≤ j ≤ m + 1 ) 
is f a , while that at the node (i, j) of symmetric boundaries 
( 1 ≤ i ≤ n + 1 , j = m + 1) is ignored. Therefore, m(n − 1) 
equations exist in accordance with Eq. (12) and can be writ-
ten in matrix form.

where F=
[
f1 f2 ⋯ fm(n−1)

]T is a vector of the square 
of dimensionless gas pressure, T=

[
t1 t2 ⋯ tm(n−1)

]T . 
A and B are stiffness matrices with m(n − 1) × m(n − 1) 
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∑
e∈Δi,j

1

40Δe
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h
2
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+ h
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�qk

)
+ h�qkh�qkh�qk
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)

(17)�I,J =
∑
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)(
h
2

�qk
+ h

2

�qk
+ h

2

�qk

)
+ h�qkh�qkh�qk

](
ci,jcI,J + bi,jbI,J

)

(18)�i,j =
∑
e∈Δi,j

�

24

(
ci,ju + bi,jw

)(
2h�qk + h�qk + h�qk

)

(19)

�I,J =
∑

e∈Δi,j∧ΔI,J

�

24

(
ci,ju + bi,jw

)(
h�qk + 2hI,J + h�qk∕ �qk

)

(20)AF − BF1∕ 2 − T = 0

dimensions. The elements of A and B can be calculated 
by Eqs. (16)–(19), and their detailed forms are provided in 
Appendix A. The difficulty in solving the Reynolds equation 
with the rotation speed term using FEM lies in the construc-
tion of the stiffness matrices. Equations (12)–(20) describe 
the theoretical derivation of solving the functional of Reyn-
olds equation with rotation speed term.

The dimensionless load capacity of the linear triangular 
element is

(21)We =
8Δe

15

⎡
⎢⎢⎢⎣

f
5∕ 2
�qk�

f�qk − f�qk

��
f�qk − f�qk

� +
f
5∕ 2
�qk�

f�qk − f�qk

��
f�qk − f�qk

� +
f
5∕ 2
�qk�

f�qk − f�qk

��
f�qk − f�qk

�
⎤
⎥⎥⎥⎦

For the elements related to atmospheric boundaries, 
nodes with the same gas pressures such as f�qk = f�qk = f a 
exist. Therefore, the dimensionless load capacity is

The dimensionless load capacities of the z and y direc-
tions are respectively presented as follows:

where j = 1, 2, …, m. The dimensionless load capacity of 
bearings can be concluded.

(22)We =
8Δe

15

3

2
f
5∕ 2

a
−

5

2
f�qk f

3∕ 2

a
+ f

5∕ 2
�qk(

f a − f�qk

)2

(23)Wz =

2mn∑
e=1

sin

((
j −

1

2

)
2π

m

)
We

(24)Wy =

2mn∑
e=1

cos

((
j −

1

2

)
2π

m

)
We

(25)W =

√
W

2

z
+W

2

y
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The load capacity, attitude angle, and stiffness of the 
bearings are as follows:

where Δc is the variation of eccentricity. The flow field in 
the calculations is adiabatic. Therefore, the mass flow rate is

where � is a discharge coefficient, and Δa is a sectional area 
of the orifice.

(26)W = p0L
2W

(27)� = arctan
(
Wz

/
Wy

)

(28)Kw =
W(c + Δc) −W(c)

Δc

(29)ṁr = Δap0𝜙

√
2𝜌0

p0
𝜓

(30)

𝜓 =

⎧
⎪⎪⎨⎪⎪⎩

�
𝜅

2

�
2

𝜅+1

�(𝜅+1)∕ (𝜅−1)
�1∕ 2

pd

p0
≤ �

2

𝜅+1

�𝜅∕ (𝜅−1)

�
𝜅

𝜅−1

��
p

p0

�2∕ 𝜅

−
�

p

p0

�(𝜅+1)∕ 𝜅
��1∕ 2

pd

p0
>

�
2

𝜅+1

�𝜅∕ (𝜅−1)

� is an air specific heat ratio. Several researchers [15–18] 
verified that the discharge coefficient � is a function of a 
ratio of gas pressure of orifice outlet to supply pressure. 
Equation (31) presented in the research of Neves [18] is 
used in this paper.

2.3 � Calculation Procedure

In Fig.  3, the calculation procedure is shown. Succes-
sive Over-Relaxation method (SOR) is employed to solve 
Eq. (20), in which the proportional division method is intro-
duced into the iteration to improve calculation efficiency. 
First, the attitude angle is set to zero, and the initial values 
of the square of dimensionless gas pressure F(1) are arbitrar-
ily selected in the range of [0, 1]. The mass flow rate ṁr is 
calculated by solving Eqs. (29)–(31). The elements in matrix 
T associated with the gas pressure of orifice outlet are cal-
culated according to the initial values f (1)

dr
 ( fdr is a square of 

dimensionless gas pressure of the rth orifice outlet). The ele-
ments in T related to atmospheric boundaries are constant, 

(31)𝜙 =

⎧
⎪⎨⎪⎩

0.88
pd

p0
≤ �

2

𝜅+1

�𝜅∕ 𝜅−1

0.9093 − 0.0751
pd

p0

pd

p0
>

�
2

𝜅+1

�𝜅∕ 𝜅−1

Fig. 3   Calculation procedure by 
using FEM
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and other elements are zeros. Second, Eq. (20) is solved by 
using SOR for obtaining F(1)∗ and f (1)∗

dr
 . The next square of 

dimensionless gas pressure f (2)
dr

 is calculated by using the 
proportional division method.

where a is the relaxation factor (a = 1.3 in this paper). G 
is the modified proportional factor, which is related to the 
calculation speed. The rotation speed term is introduced into 
the proportional factor (derivation in Appendix B). Tdr , Adr , 
and Bdr are the elements related to the rth orifice in matrices 
T, A, and B, respectively.

The calculation will be completed only if the following 
condition is satisfied.

(32)f
(2)

dr
=

1

aG

(
f
(1)∗

dr
− f

(1)

dr

)
+ f

(1)

dr

(33)G = 1 +
Tdr

�

(
2Adrfdr + Bdrf

1∕ 2

dr

)
||||||
1 −

(� − 1)∕2(
fdr
)−1∕ 7

− 1

||||||

(34)
||||||
f
(i)∗

dr
− f

(i)

dr

f
(i)

dr

||||||
≤ g

Finally, the attitude angle must satisfy the condition 
||||Wz

/
Wy

|||| ≤ g� . Otherwise,

The gas film thickness is modified in accordance with 
Eq. (1), and the calculation is repeated.

3 � Results and Discussions

The gas journal bearing with the same geometric structure 
as in the research of Neves [18] is calculated. The geometric 
parameters and gas properties are listed as follows (Table 2):

The calculations have 21 and 65 evenly distributed nodes 
in x and z directions, separately. u is set to zero due to the 
negligible axial motion of the rotor. The convergence condi-
tions of the square of dimensionless gas pressure and that 
of attitude angle are 1 × 10−6 and 1 × 10−4, respectively. 
Additional meshing nodes and high convergence conditions 
lead to a considerable amount of calculation time, while 
the improvement in calculation accuracy is negligible. 

(35)�(i+1) = �(i) − arctan
(
Wz

/
Wy

)

Table 2   Gas journal bearing parameters and gas properties [18]

hm = 15, 17.5, 20, 22.5, 25, 27.5, 30, 32.5, 35, 37.5, and 40 μm

Bearing length, L (mm) 50.8
Bearing diameter, D (mm) 50.8
Orifices in each row, R 8
Orifice diameter, d (mm) 0.1, 0.2, and 0.3
Eccentricity ratio, ε 0.05, 0.15, and 0.25
Atmospheric pressure,pa (MPa) 0.101325
Air specific heat ratio,� 1.4
Air dynamic viscosity,� ( Pas) 1.8365 × 10−5

Atmospheric density,�a (kg/m3) 1.225
Gas film thickness,hm (μm) 15–40
Rotation speed, w (krpm) 0, 20, and 40
Supply pressure,p0 (atm) 4, 5, and 6

Table 3   Calculation results 
compared with those of Neves 
[18]

Orifices in row1 Neves’ research [18] This paper Relative error (%)

ṁ(g/s) ϕ W (N) ṁ(g/s) ϕ W (N) ṁ ϕ W

Orifice 1 0.017845 0.880 0.018750 0.880 5.07 0
Orifices 2 and 8 0.017715 0.880 0.018750 0.880 5.80 0
Orifices 3 and 7 0.016838 0.866 0.018190 0.864 8.00 0.23
Orifices 4 and 6 0.011964 0.848 0.012534 0.842 4.80 0.71
Orifice 5 0.0071494 0.839 0.0069565 0.837 2.70 0.24
Total bearing 0.23606 312.56 0.24931 312.66 5.31 0.03
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Table 4   Calculation results 
of load capacity and attitude 
angle with different discharge 
coefficients

Rotation speed (krpm) ϕ = 0.8 ϕ is Eq. (31) Relative error (%)

W (N) φ (°) W (N) φ (°) W φ

0 146.57 0 143.10 0 2.36 0
5 147.08 1.89 143.65 2.09 2.33 9.83
10 148.56 3.66 145.23 4.06 2.24 9.90
15 150.86 5.23 147.70 5.81 2.10 10.01
20 153.79 6.53 150.84 7.27 1.92 10.16
25 157.11 7.55 154.43 8.42 1.71 10.33
30 160.64 8.31 158.27 9.29 1.48 10.51
35 164.21 8.83 162.17 9.89 1.24 10.71
40 167.70 9.16 166.00 10.28 1.01 10.90
45 171.09 9.33 169.68 10.49 0.82 11.09
50 174.14 9.34 173.15 10.15 0.57 11.55

Fig. 4   Pressure distributions with different rotation speeds or eccentricity ratios (hm = 20 μm, d = 0.2 mm, p0 = 5 atm): a w = 0 krpm, ε = 0.05; b 
w = 0 krpm, ε = 0.2; c w = 20 krpm, ε = 0.05; d w = 20 krpm, ε = 0.2
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Computed results are contrasted with those of Neves [18], as 
listed in Table 3 ( hm = 19.05 μm, w = 0 krpm, d = 0.15 mm, 
ε = 0.5, and p0 = 5 atm). The relative errors of mass flow rate 
and load capacity are 5.31% and 0.03%, respectively, and 
those on discharge coefficient are less than 1%.

In Table 4, the comparison results for load capacity and 
attitude angle when the discharge coefficient is Eq. (31) 
and 0.8, respectively ( hm = 20 μm, d = 0.2 mm, ε = 0.2, 
and p0 = 5 atm), are listed. Those relative errors of load 
capacity are less than 3% and decrease with the growth of 
rotation speed. By contrast, the relative errors of attitude 
angle are larger than 9%. Therefore, the accuracy of the 
discharge coefficient makes a great difference to Computed 
results of the attitude angle.

Figure 4 illustrates the pressure distributions with dif-
ferent rotation speeds or eccentricity ratios. Figure 4a, b 
demonstrates that the pressure is symmetrically distributed 
around the circumference and along the axis at a rotation 
speed of 0 krpm. The smallest and largest gas film thick-
nesses are located at orifices 1 and 5, respectively. Moreo-
ver, when this eccentricity ratio changes from 0.05 to 0.2, 
load capacity raises from 36.82 to 143.11 N.

This rotor centroid deviates from its original position 
due to aerodynamic pressure during rotor rotation, resulting 
in a lesser gas film thickness in Zone 1 than that in Zone 
2, exhibited in Fig. 4c, d. Therefore, this gas pressure is 
asymmetrically distributed in a circumferential direction. 
Furthermore, the gas pressure in Zone 1 increases, while 
that in Zone 2 decreases. Load capacity increases from 
38.46 to 150.84 N, and attitude angle changes from 6.42 to 
7.27° when the eccentricity ratio grows from 0.05 to 0.2 at 
a rotation speed of 20 krpm. Compared with the bearing in 
static conditions, the load capacity increases to 1.64 and 
7.73 N when eccentricity is 0.05 and 0.2, respectively.

The performance of bearings with various bearing param-
eters listed in Table 5 is calculated to research the effect 
of these parameters on attitude angle, load capacity, and 
stiffness. Cases 1, 2, and 3 analyze the influence of orifice 
diameter, eccentricity ratio, and supply pressure on the per-
formance of bearings, respectively.

Figure 5a, b demonstrates the calculation results of case 1. 
Overall, a small orifice diameter leads to a small thickness of 
average gas film, which corresponds to both maximum load 
capacity and maximum stiffness. Furthermore, the maximum 
stiffness exhibits an upward trend as the orifice diameter 
decreases. When this orifice diameter is 0.1 mm, load capaci-
ties and stiffnesses continuously decrease as average gas film 
thickness. Calculation results of case 2 indicate that increas-
ing the eccentricity ratio is advantageous in enhancing load 
capacity, as demonstrated in Fig. 5c and d. The influence of 
an increased eccentricity ratio on stiffness becomes apparent 
when considering a small average gas film thickness. But the 
negligible effect occurs when the average gas film thickness 

exceeds 25 μm. Figure 5e and f shows the calculation results 
of case 3. This finding indicates that a large supply pressure 
leads to a large load capacity and stiffness.

Moreover, Fig. 5 shows that load capacities and stiff-
nesses exhibit a positive correlation with the enhancement 
in rotational speed. A small average gas film thickness leads 
to substantial influences of rotation speed on load capac-
ity and stiffness. The average film thickness is 15 μm, the 
supply pressure is 4 atm, the orifice diameter is 0.2 mm, 
and the eccentricity ratio is 0.05. Therefore, the load capac-
ity increases by 40.8% with the increase in rotation speed. 
Overall, gas journal bearings with small average gas film 
thicknesses and small orifice diameters have a large load 
capacity and high stiffness, and load capacities and stiff-
nesses of bearings are significantly enhanced at large opera-
tion parameters.

Figure 6 shows influence of bearing parameters on atti-
tude angle of bearings. These rotation speeds are 0, 5, 10, 
15, 20, 25, 30, 35, 40, 45, and 50 krpm.

The calculation results for case 1 indicate that a small 
orifice diameter leads to a small average gas film thickness, 
which corresponds to the minimum attitude angle, as men-
tioned in Fig. 6. When orifice diameter is 0.1 mm, attitude 
angle exhibits a consistent upward trend as average gas film 
thickness increases. Computed results of case 2 express that 
changing eccentricity ratios is slightly helpful for reducing 
attitude angle, as can be seen from Fig. 6. Attitude angles 
exhibit a slight increase as eccentricity ratios increase, pro-
vided that average gas film thicknesses fall within the range of 
15–30 μm. However, if film thickness is greater than 30 μm, 
this angle decreases as eccentricity ratio increases. The results 
of case 3 are shown in Fig. 6e and f. The attitude angle exhib-
its a notable reduction as supply pressure increases within the 
investigated range of average gas film thicknesses and rotation 
speeds of bearings. The average film thickness is 20 μm, the 
rotation speed is 20 krpm, the orifice diameter is 0.2 mm, and 
the eccentricity ratio is 0.05. The attitude angle decreases by 
40.8% as the supply pressure increases.

Furthermore, the attitude angle exhibits a positive cor-
relation with the increase in rotation speed, while its growth 

Table 5   Performance of bearings with different bearing parameters

hm = 15, 17.5, 20, 22.5, 25, 27.5, 30, 32.5, 35, 37.5, and 40 μm.

Case hm(μm) w (krpm) d (mm) ε p0(atm)

1 15–40 0, 20, and 40 0.1, 0.2, and 
0.3

0.05 5

2 15–40 0, 20, and 40 0.2 0.05, 
0.15, 
and 
0.25

5

3 15–40 0, 20, and 40 0.2 0.05 4, 5, and 6
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Fig. 5   Influence of bearing parameters on load capacities and stiffnesses: a and b influence of orifices; c and d influence of eccentricity ratios; e 
and f influence of supply pressure
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Fig. 6   Influence of bearing parameters on attitude angles: a and b influence of orifice diameters; c and d influence of eccentricity ratios; e and f 
influence of supply pressure
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rate slows down or even decreases at high rotation speeds. 
Therefore, gas journal bearings with a small average gas film 
thickness and a small orifice diameter are helpful for reduc-
ing attitude angle. Moreover, reducing the attitude angle by 
increasing the supply pressure is beneficial.

Figure 7 demonstrates the circumferential pressure dis-
tribution with rotation speeds of 0 and 40 krpm. The gas 
pressure is symmetrical about the central line between two 
orifices if the rotor is stationary (e.g., the pressure distri-
bution between orifices 2 and 3). The gas velocity flowing 
from orifice 2 ( v2 ) is enlarged due to its similar direction to 

the rotor surface velocity ( v0 ) during rotor rotation. How-
ever, the gas velocity flowing from orifice 3 ( v3 ) is attenu-
ated because of its contrary direction to v0 . Therefore, rotor 
rotation influences the performance of gas journal bearings 
by changing the gas pressure distribution between orifices 
because of gas viscosity.

To analyze load capacity characteristics of bearings, the 
circumferential domain in Fig. 7 is partitioned into four equi-
distant parts. The dimensionless radial and circumferential 
load capacities ( Wy and Wz ) between orifices at rotation 
speeds of 0 and 40 krpm are showed in Table 6. The dif-
ference in dimensionless radial load capacity between parts 
I + IV and II + III increases during rotor rotation. The uneven 
distribution of gas pressure between orifices improves load 
capacity.

Moreover, the radial load capacity of this bearing is pri-
marily attributed to radial load capacity difference between 
regions (1, 2), (8, 1) and regions (4, 5), (5, 6). The circum-
ferential load capacity of this bearing is primarily because 
of circumferential load capacity difference between regions 
(2, 3), (3, 4) and regions (6, 7), (7, 8). Furthermore, the 
circumferential load capacity in part I is smaller than that in 
part IV, and that in part II is larger than that in part III. The 
difference in circumferential load capacity between parts I 
and IV is equal to that between parts II and III.

This variation of load capacity with different rotation 
speeds is in good agreement with that of the difference in 

Fig. 7   Circumferential 
pressure distribution of gas 
journal (hm = 15 μm, ε = 0.05, 
d = 0.2 mm, p0 = 5 atm)

Table 6   Dimensionless radial and circumferential load capacity 
between orifices with different rotation speeds

Region (X, Y) denotes the region between orifice X and orifice Y. X, 
Y = 1, 2, …, R

Region Wy(N) Wz(N)

0 (krpm) 40 (krpm) 0 (krpm) 40 (krpm)

I (1, 2) 0.23015 0.23410 0.09524 0.09632
(2, 3) 0.09461 0.09595 0.22786 0.22951

II (3, 4) − 0.09293 − 0.09223 0.22492 0.22473
(4, 5) − 0.22259 − 0.22060 0.09230 0.09198

III (5, 6) − 0.22259 − 0.22091 − 0.09230 − 0.09121
(6, 7) − 0.09293 − 0.09300 − 0.22492 − 0.22439

IV (7, 8) 0.09461 0.09515 − 0.22786 − 0.22982
(8,1) 0.23015 0.23375 − 0.09524 − 0.09712
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dimensionless radial load capacity between regions (1, 2), 
(8, 1) and regions (4, 5), (5, 6), as can be seen from Fig. 8a. 
Figure 8b demonstrates that attitude angle synchronously 
changes with the difference in dimensionless circumferential 
load capacity between regions (2, 3), (3, 4) and regions (6, 
7), (7, 8). Therefore, load capacity is substantially related to 
the difference in radial load capacity between regions (1, 2), 
(8, 1) and regions (4, 5), (5, 6). However, attitude angle is 
mainly influenced by the difference in circumferential load 
capacity between regions (2, 3), (3, 4) and regions (6, 7), 
(7, 8).

Figure 9 illustrates the circumferential pressure dis-
tribution at a rotation speed of 40  krpm. Compared 
with the condition of d = 0.2 mm, hm = 15 μm, ε = 0.05, 
p0 = 5 atm, and w = 40 krpm, gas pressure at orifice out-
let decreases significantly if orifice diameters or sup-
ply pressure decreases or average gas film thickness 
increases. If this eccentricity ratio increases, gas pressure 
at orifice 1 increases while that at orifice 5 decreases. 
However, gas pressure near orifices 3 and 7 remains 
constant. Therefore, this influence of eccentricity ratio 
on load capacities and stiffnesses is evident, while that 

Fig. 8   Relationship between load capacity, attitude angle, and differ-
ences in radial, circumferential load capacity (hm = 15  μm, ε = 0.05, 
d = 0.2 mm, p0 = 5 atm): a load capacity and difference in dimension-

less radial load capacity; b attitude angle and difference in dimen-
sionless circumferential load capacity

Fig. 9   Circumferential pressure 
distributions (w = 40 krpm)
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on attitude angle is ignorable. Overall, orifice diameter, 
eccentricity ratio, supply pressure, and average gas film 
thickness influence attitude angle by changing gas pres-
sure at orifice outlets.

4 � Conclusions

FEM is employed to solve Reynolds equation for inten-
sive analyzing the performance of gas journal bearings, in 
which the rotation speed term is introduced into the stiffness 
matrix. The effects of restrictions and operation parameters 
on load capacity, stiffness, and attitude angle are discussed. 
Furthermore, circumferential pressure distribution charac-
teristics are analyzed. The conclusions are summarized as 
follows.

(1)	 A small orifice diameter leads to small average gas film 
thicknesses, which corresponds to the maximum values 
of attitude angle, stiffness, and load capacity. Moreover, 
increasing the eccentricity ratio, supply pressure, and 
rotation speed at a small average gas film thickness can 
help improve load capacity and stiffness. In addition, 
a small average gas film thickness leads to consider-
able influences in rotation speed on load capacities and 
stiffnesses. The average film thickness is 15 μm, and 
the load capacity grows by 46.5% with the increase of 
rotation speed.

(2)	 The most effective way of reducing the attitude angle is 
to increase supply pressure. The average film thickness 
is 20 μm, and the attitude angle reduces by 40.8% as the 
supply pressure increases. The attitude angle rises with 
the growth of rotation speed, and the growth rate slows 
down or even decreases at high speed. A gas journal 
bearing with small orifice diameters and small aver-
age gas film thicknesses has good static performance 
at high eccentricity ratios, large supply pressures, and 
high rotation speeds.

(3)	 Eccentricity ratio, supply pressure, average gas film 
thickness, and orifice diameter influence attitude angle 
by changing gas pressure at the orifice outlet, while 
rotation speed influences attitude angle by changing 
gas pressure between orifices.

Appendix A

Stiffness matrices A and B.
Applying Eq. (12) to m(n − 1) nodes and m(n − 1) equa-

tions are obtained, which can be written in matrix form: 
AF−BF1∕ 2−T = � . Stiffness matrices A and B are

Appendix B

Derivation of proportional factor G.
The ith row (i = 1, 2, …, m(n − 1)) of Eq. (20) can be 

written as

(A1)

A =

⎡
⎢⎢⎢⎢⎢⎣

A1,1 A1,2 A1,m

A2,1 A2,2 A2,3

⋱ ⋱ ⋱

A(m−1),(m−2) A(m−1),(m−1) A(m−1),m

Am,1 Am,(m−1) Am,m

⎤
⎥⎥⎥⎥⎥⎦

(A2)

Ai,j =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�1,1 �1,2

�2,1 �2,2 �2,3

⋱ ⋱ ⋱

�(n−2),(n−3) �(n−2),(n−2) �(n−2),(n−1)

�(n−1),(n−2) �(n−1),(n−1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, i = j

(A3)

Ai,j = Aj,i=

⎡
⎢⎢⎢⎢⎢⎣

�1,1
�2,2

⋱

�(n−2),(n−2)
�(n−1),(n−1)

⎤
⎥⎥⎥⎥⎥⎦

, i ≠ j

(A4)

B =

⎡
⎢⎢⎢⎢⎢⎣

B1,1 B1,2 B1,m

B2,1 B2,2 B2,3

⋱ ⋱ ⋱

B(m−1),(m−2) B(m−1),(m−1) B(m−1),m

Bm,1 Bm,(m−1) Bm,m

⎤⎥⎥⎥⎥⎥⎦

(A5)

Bi,j =

⎡
⎢⎢⎢⎢⎢⎣

�1,1 �1,2
�2,1 �2,2 �2,3

⋱ ⋱ ⋱

�(n−2),(n−3) �(n−2),(n−2) �(n−2),(n−1)
�(n−1),(n−2) �(n−1),(n−1)

⎤
⎥⎥⎥⎥⎥⎦

, i = j

(A6)

Bi,j =

⎡
⎢⎢⎢⎢⎢⎣

𝛽1,1 𝛽1,2
𝛽2,2 𝛽2,3

⋱ ⋱

𝛽(n−2),(n−2) 𝛽(n−2),(n−1)
𝛽(n−1),(n−1)

⎤
⎥⎥⎥⎥⎥⎦

, i > j

(A7)

Bi,j =

⎡
⎢⎢⎢⎢⎢⎣

𝛽1,1
𝛽2,1 𝛽2,2

𝛽3,2 ⋱

⋱ 𝛽(n−2),(n−2)
𝛽(n−1),(n−2) 𝛽(n−1),(n−1)

⎤
⎥⎥⎥⎥⎥⎦

, i < j
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Therefore, fi can be obtained as

For iteration,

Therefore, the expression for the Seidel iteration is

f
(s)

i
 can be written as the sum of f (s−1)

i
 and the correction 

term Δf (s)
i

 as follows.

where

The square of dimensionless gas pressure f (s+1)
i

 is 
obtained by using the proportional division method

Figure 10 illustrates the determination of the proportional 
factor.

c1 is set as the slope of curve 1 at point a and c2 is the slope 
of bd.
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1∕ 2

i
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= ti
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−
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(
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1∕ 2
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))
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(B4)
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(B5)f
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(B6)
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=

1
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(B7)f
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1

G

(
f
(s)
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(B8)Curve 1 is ti = kaukṁr𝛿i

(B9)Curve 2 is
�i,1f1 + �i,1f

1∕ 2

1
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1∕ 2

2
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Therefore,

(B10)ac = bc
/||c1||, dc = bc

/
c2

According to Fig. 10, Eq. (B11) can be written as

Therefore,

Considering Eq. (B7), the proportional factor is 
obtained as follows:

(B11)
ac

dc
=

c2
||c1||

(B12)
ac + dc

ac
=

f
(s)

i
− f

(s−1)

i

f
(s+1)

i
− f

(s−1)

i

=
c2 +

||c1||
c2

(B13)f
(s+1)

i
= f

(s−1)

i
+

1

1 + ||c1||
/
c2

(
f
(s)

i
− f

(s−1)

i

)

Fig. 10   Determination of proportional factor
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According to the definitions of c1 and c2,

Substitute Eqs. (B8) and (B9) into Eqs. (B15) and 
(B16), respectively.

Considering gas velocity at the orifice outlet is subsonic, 
the proportional factor can be obtained in accordance with 
c1 , c2 , and Eq. (29).
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