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Abstract

In this paper, we establish convergence to equilibrium for a drift—diffusion-recombi-
nation system modelling the charge transport within certain semiconductor devices.
More precisely, we consider a two-level system for electrons and holes which is aug-
mented by an intermediate energy level for electrons in so-called trapped states. The
recombination dynamics use the mass action principle by taking into account this
additional trap level. The main part of the paper is concerned with the derivation of
an entropy—entropy production inequality, which entails exponential convergence to
the equilibrium via the so-called entropy method. The novelty of our approach lies
in the fact that the entropy method is applied uniformly in a fast-reaction parameter
which governs the lifetime of electrons on the trap level. Thus, the resulting decay
estimate for the densities of electrons and holes extends to the corresponding quasi-
steady-state approximation.
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1 Introduction and main results

The formulation and mathematical analysis of drift—diffusion type semiconductor
models reach back to the middle of the last century, see e.g. [18, 20, 24] and the
references therein; yet these models still form a highly relevant workhorse in the
simulation of semiconductor devices and batteries.

Physically, drift-diffusion models describe the transport of charge carriers via
diffusion and convection governed by electric fields. In semiconductors, charge
carriers are electrons and holes (positively charged quasi-particles, which repre-
sent the absence of an electron). Pairs of electrons and holes can be “generated”
and “destroyed” by recombination processes. Generation of an electron-hole pair
occurs when an electron is lifted from a low-energy valence band to a high-energy
conduction band, where electrons are mobile—leaving behind an equally mobile
hole in the valence band. A pivotal generation—-recombination model was formu-
lated by Shockley, Read and Hall [16, 21]. Mathematically, Shockley—Read—Hall
recombination introduces quadratic non-linear reaction terms into the drift—diffu-
sion dynamics.

A derivation of the Shockley—Read—Hall model considers a generation—-recom-
bination process as sketched in Fig. 1. It assumes that appropriately distributed
foreign atoms in the crystal lattice of the semiconductor material facilitate the
generation of electron-hole pairs by providing in-between energy levels, requiring
smaller amounts of energy for each step. Since electrons are immobile at these
in-between energy levels, they are called trapped states. Also their maximal den-
sity is limited. The Shockley—Read—Hall model of electron-hole recombination is
obtained as a quasi-steady-state approximation of the trapped-state dynamics as
detailed in the following.

We denote the charge densities of electrons, holes and trapped states by n, p
and n, and consider the following PDE-ODE drift-diffusion-recombination
system:

on=V-J m+R,(n,n,),
alp = V ° ‘]p@) + Rp(p7 n[r)’ (1)
€ atntr = Rp(p’ ntr) - Rn(n’ ntr)’

with the drift—diffusion fluxes and reaction terms

Fig. 1 A schematic picture illus- Energy

trating the allowed transitions conduction band
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energy levels
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The constants ny, py, 7,,, 7, > 0 are positive recombination parameters and € € (0, £]
for arbitrary £, > 0 is a positive relaxation parameter. V, and V), represent external
time-independent potentials.

The reaction term R, models transitions of electrons from the trap level to the
conduction band (proportional to n,.) and vice versa (proportional to —n(l — n,.)),
where the maximum capacity of the trap level is normalised to one. The analogue
processes with respect to the valence band are described by R,,. Note that the rate of
hole generation is equivalent to the rate of electrons moving from the valence band
to the trap level, which is proportional to (1 —n,,). Similarly, the annihilation of a
hole corresponds to an electron that jumps from the trap level to the valence band,
which yields a reaction rate proportional to —pn,.. Moreover, ny,p, > 0 represent
reference levels for the charge concentrations n and p, while 7,, 7, > 0 are inverse
reaction parameter. Note that the concentration of trapped states satisfies n,. € [0, 1]
provided this holds true for their initial concentration (cf. Theorem 1.1).

The dynamical equation for 7, in (1) is an ODE in time and pointwise in space
with a right hand side depending on n, p and n,, via R, and R,,. We stress that there
is no drift—diffusion term for n,. since trapped electrons are immobile. This is due to
the correlation between foreign atoms and the corresponding trap levels which are
locally bound near these crystal impurities.

The parameter £ > 0 models the lifetime of trapped states, where lifetime refers
to the expected time until an electron in a trapped state moves either to the valence
or the conduction band. The Shockley—Read—Hall recombination model is obtained
in the (formal) limit € — 0, where the concentration of trapped states is determined
from the algebraic relation 0 = R (p, n,,) — R, (n, n,,):

n

T,+7T
qssa __ " Py,
r T
T, + 7, +7,~— +1,
PoHp o Hn

n

In this quasi-steady-state approximation, the density of trapped states n,, and its evo-
lution are eliminated from system (1), while the evolutions of the charge carriers n
and p are subject to the Shockley—Read—Hall recombination terms
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A rigorous proof of this quasi-steady-state approximation has been performed in
[15], even for more general models. See also [18] for semiconductor models with
reaction terms of Shockley—Read—Hall-type.

We complete the mathematical description by considering system (1) on a bounded
domain Q C R™, m > 1, with sufficiently smooth boundary 0Q2. Without loss of gen-
erality, we suppose that the volume of Q is normalised, i.e. |Q2| = 1, which can be
achieved by an appropriate scaling of the spatial variables.

We impose no-flux boundary conditions for J, and J,,

R,(n,nf™) = R, (p.n™) =

tr

ﬁ-J,,=fz-Jp=0 on 09, )

where 71 denotes the outer unit normal vector on dQ2, and we prescribe non-negative
and bounded initial data n;, p;, n,; € L*(2) together with ||n,, ;|[;«@q) < 1. As a
consequence, the following charge conservation law holds:

/(n—p+6nt,)dx=/(n,—p,+6nm1)dx=: M (3)
Q Q

with M € R. Finally, the potentials V, and V, are assumed to satisfy
V.V, e W>*(Q) and #-VV, A-VV,>0 on oQ, 4)

where the last condition means that the potentials are confining.

The main goal of this paper is to prove exponential convergence to equilibrium of
system (1)—(4) with explicit bounds on rates and constants, which are independent of
the relaxation time . We therefore consider € € (0, g,] for arbitrary but fixed g, > 0.
Our study also includes the limiting case € = 0.

The main tool in quantifying the large-time behaviour of global solutions to system
(1) is the entropy functional

n P
E(n,p,n,) =/ <nln —(n—nou,) +pln — — (p — pou,,)
Q noHy, oHp

+£/”1n< 5 )ds)dx.
1/2 l—s

For n and p, we encounter contributions of the Boltzmann-entropy form
alna —(a—1) > 0, whereas n, enters the entropy functional via a non-negative

r

integral term. Note that the integral flr;z ln( ﬁ)ds is non-negative and well-defined

)

for all n,.(x) € [0, 1]. By introducing the entropy production functional

d
P.=——F
dr’ ©)
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it holds (formally) true along solution trajectories of system (1), (2) that

VA VA L n,n
p(n’p,nrr)=/ Val® M +Rnln<”—°M">
o n p n(l —n,)

(I = n,)pou
+R, In <;0p>>dx > 0.
pry,

(7

The entropy production functional consists of two non-negative flux terms and two
equally non-negative reaction terms of the form (¢ — 1) Ina > 0. Thus, the entropy
E and its production P are non-negative functionals, which formally implies the
entropy E to be monotonically decreasing in time.

In a rigorous proof of the entropy decay, one has to control the two reaction
terms in (7), which are unbounded for #n,.(t,x) — 0, 1 or n(t, x), p(t,x) = 0. Hence
the entropy production is potentially unbounded even for smooth solutions.

The following Theorem 1.1 comprises sufficient existence and regularity
results for solutions to satisfy the weak version of (6). We shall call a global weak
solution to system (1)—(4) a triple (n,p,n,,) : [0, 00) = H'(Q)?> x L®(Q) such that,
first,

n.p € Wy(0,T):={f € L*((0,T),H'(Q)) | 9,f € L*(0,T).H'(Q)")}  (8)

for all T € (0, 00) and, second, (n,p,n,.) solves (1) where n and p satisfy their
dynamic equations and the boundary conditions (2) in the weak sense. From PDE-
theory (see e.g. [3]), we further obtain the embedding W, (0, T) < C([0, T], L*(Q)).

Theorem 1.1 (Time-dependent system) Let ng, py, 7,., T, and € be positive constants.
Assume that V, and V), satisfy (4) and that Q C R™, m > 1, is a bounded, sufficiently
smooth domain.

Then, for any non-negative initial datum (n;,p.n,;) € L®(Q)} satisfying
7, 1|l =) < 1, there exists a unique non-negative global weak solution (n,p,n,,)
of system (1) with boundary conditions (2). More precisely, we find that for all
T € (0, )

n,p € Wy(0,7) N L*((0, T), L* (L)), C)
and
n, € C([0,TL,L¥(Q)), a,n, € C([0,T],L*(Q)). (10)

Moreover, there exist positive constants C, (|||l =) V), C,(IPfll o) V) and
K, (V,), K,(V,) independent of € such that

ln(, o) < G, + Kty lp@ o) £ C, + Kpt,  forallz >0.  (17)
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In addition, the concentration n,.(t,x) is bounded away from zero and one in the
sense that for all times © > 0 there exist positive constants n = n(g,, 7, Tn,Tp),
0=0(C,, Cp,Kn,Kp) and a sufficiently small constant y(z,C,, Cp,Kn, Kp) > 0 such
that

n,(t,x) € [min {r]t, ﬁ },max { 1—nt,1-— ﬁ }] forallt > 0and a.e. x € Q,
(12)
where nt = ﬁ such that the linear and the inverse linear bound intersect at time t.

As a consequence of (12), there exist positive constants u,I" > 0 (depending on 7, 1,
0,7,V V) such that

2
n(t, x), p(t,x) = min {u% ﬁ} forallf>0andae. x€Q  (13)
where ,u% = ﬁ such that the quadratic and the inverse linear bound intersect at

the same time t.

Remark 1.2 (Proof of Theorem 1.1) The existence theory of Theorem 1.1 for the
coupled ODE-PDE problem (1) applies standard parabolic methods and pointwise
ODE estimates. It relates to previous results like [15] in assuming L* initial data
and proving L*®-bounds in order to control non-linear terms. The proof is therefore
postponed to the Appendix.

Our first main result proves exponential convergence of solutions to (1)—(4) to
a unique positive equilibrium state (n.,(x), po,(x), 1, ), Which is stated in detail
in Theorem 2.1.

Theorem 1.3 (Exponential convergence to equilibrium) Let (n,p,n,) be a global
weak solution of system (1)—(4) as given in Theorem 1.1 above corresponding to the
non-negative initial data (n;, p;, n,.;) € L®(Q)? satisfying 7, 1|l ) < 1. Then, this
solution satisfies the weak entropy production law

al
E(n’p’ n[r)(tl) + / P(}’l, p7 n[r)(s) ds = E(n’p’ nz;-)(t()) (14)
Ty
forall 0 < t, £ t; < oo and the following versions of the exponential decay towards
the equilibrium:
E(n,p,n,)t) — E < (E;— Ey)e™,

where E; and E_ denote the initial entropy and the equilibrium entropy of the sys-
tem, respectively, and the equilibrium (n.,p.,n, .,) is given in Theorem 2.1.
Moreover,

tr,00
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2 2 2 —K
”I’l - noo”Ll(Q) + ||p _poo”Ll(Q) + gllntr - ntr,oc”LZ(Q) S C(EI - Eoo)e ! (15)

where C := C(_:}(P and K := Cgép (see Theorem 1.5 and Proposition 6.1 for the defi-
nition of Cggp and Cckp, respectively) are explicitly computable constants independ-
ent of € € (0, g, for arbitrary but fixed €, > 0.

Remark 1.4 (Theorem 1.1 proves the weak entropy production law (14)) The regu-
larity of n and p of Theorem 1.1 as well as the lower and upper bounds (12) for #,,
and the lower bounds (13) for n and p allow to prove that any solution of Theo-
rem 1.1 satisfies the weak entropy production law (14).

The proof of Theorem 1.3 applies the so-called entropy method, which derives a
functional inequality of the form

E(napa nzr) - E(nocnpooa nz‘r,oo) S Cp(n’p7 n[r)a

where n, p and n,, are non-negative functions satisfying the same conservation law
as solutions to (1)—(4), see below. The proof provides an explicit estimate of the
constant C > 0. Applying this entropy—entropy production (EEP) inequality to the
entropy production law (14) entails exponential decay of the relative entropy via a
general Gronwall-argument. A Csiszar—Kullback—Pinsker-type inequality yields
then exponential convergence in L' as stated in (15).

The key step of the entropy method is to prove (as second main result) a suit-
able EEP functional inequality independently from solutions to (1)—(4) and indepen-
dently from e.

Theorem 1.5 (Entropy—Entropy Production Inequality) Let &, 7,,, 7,, ng, py be posi-
tive constants and M € R. Let (n,, Doy » Ny o) be the corresponding equilibrium as in
Theorem 2.1. Consider an arbitrarily large positive constant M, > 0 and non-neg-
ative functions (n,p,n,.) € L'(Q)? satisfying the L'-bound n,p < M,, the L®-bound
17, || Ly < 1, and the conservation law

n—p+en, =M
where f 1= [, f(x)dx (recall|Q] = 1).
Then, there exists an explicitly computable constant Cggp > 0 such that for all

€ € (0, &) the following functional inequality, called entropy—entropy production
inequality, holds true:

E(n’p’ntr) - E(noo’poo’ ntr,oo) < CEEPP(n’p’ ”zr)' (16)

Remark 1.6 We point out that Theorem 1.5 derives a general functional inequal-
ity for admissible functions (n, p,n,.), which only share few natural properties like
the L'-integrability, boundedness of the trapped states and the conservation law
with solutions to (1)—(4). It is a nice robustness feature of the entropy method to be
based on functional inequalities which can be reused in related contexts, rather than
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deriving solution-specific estimates. The constant Cggp is independent of € € (0, g;].
It only depends on the upper bound g, > 0, which can be chosen arbitrarily.

Remark 1.7 We emphasise that the EEP inequality (16) does not depend on the
lower and upper solution bounds (11)—(13). These bounds are only needed to prove
that solutions to (1)—(4) satisfy the weak entropy production law (14), which is
neither directly obvious nor part of the existence theory. Therefore, (14) implies
that solutions to Theorem 1.1 may only feature singularities of P at time zero
due to a lacking regularity of the initial data or due to initial data n,_;(x) € [0, 1],

n[(x)»P1(x) € [07 00)

The proof of the EEP-inequality of Theorem 1.5 captures in a certain sense the
entire non-linear and global dynamics of system (1)—(4). Hence, its derivation is
ought to be an involved task. A key step is the proof of a functional EEP-inequality
for the special cases of spatially homogeneous concentrations, which fulfil the con-
servation law (3) and the L!-bounds (cf. Proposition 5.3). This core estimate is then
extended to the case of arbitrary concentrations satisfying the same assumptions in

Proposition 5.5. This extension also forces one to bound \/_ - \/Z, \/1—9 - \/_ , and

1y = \/n, in L*(Q) by the entropy production. Due to the diffusive part in the
dynamical equations for n and p, this is easily achieved for the expressions involv-
ing n and p by applying Poincaré’s inequality (see the Proof of Theorem 1.5 in
Sect. 6). However, this is not possible for . as no diffusion is acting on 7,,. On the
other hand, n,,. is subject to indirect diffusive effects, which allow for a control on

/My = y/n,, in terms of a suitable functional inequality. Indirect diffusive effects
occur when a reversible reaction transfers diffusive behaviour from a diffusive spe-
cies to a non-diffusive species. A first functional inequality which quantifies an
indirect diffusion effect was proven in [4] with significant generalisations to reac-
tion—diffusion systems in [8, 12], volume—surface reaction—diffusion systems [11]
and reaction—diffusion systems with non-linear diffusion [13]. Here, the correspond-
ing estimate is proven in Proposition 5.6 and might also be of independent interest.

Our two last results on system (1)—(4) combine the exponential convergence to
equilibrium as proven in Theorem 1.3 with the solution bounds of Theorem 1.1.
This entails uniform-in-time solution bounds for n and p as well as exponential con-
vergence to equilibrium in L*(Q) for n, p, and n,.. As opposed to (15), the conver-
gence result for n,, in Corollary 1.9 holds true without the coefficient €.

Corollary 1.8 The solutions n and p of Theorem 1.1 are uniformly-in-time bounded
in L™, i.e. there exists a constant Z > 0 independent of € € (0, gy] such that

(1722, )l oo ys 1P o) < Z - forall 2> 0. 17

Moreover, the bounds (17) allow to improve the bounds (12), (13) and to obtain
uniform-in-time bounds in the sense that for all T > 0, there exist sufficiently small
and e-independent constants n,y, u,I" > 0 such that
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n,(t,x) € [min{nt,y},max{l —nt, 1 — y}] (18)

and

n(t, x), p(t, x) Zmin{yg,r} (19)

forallt >0 and a.e. x € Q where nt and y as well as ut* /2 and T intersect at time
T>0.

Corollary 1.9 Under the hypotheses of Theorem 1.3, there exist constants
0 < C,K < o independent of € € (0, g,] such that

e
In = ngll=@) + 1P = Peollis(@) + 1My = iy ol () < Ce™

is valid for all t > 0.

The final topic of this paper considers the limit € — 0, which recovers the well-
known Shockley—Read—Hall drift—diffusion—-recombination model (see [15, 18]):

on=V-J @m+Rn,p), J,=Vn+nVV, 20
ap =V -I1,(p)+Rap), J,=Vp+pVV, (20)
where
—
n()pt)/’lnﬂp

R(n,p) =

L)+ n (1 35)
Tn( +I’ol4p +Tp + oMy

Remarking that the entropy—entropy production inequality derived in Theorem 1.5
holds uniformly in the fast-reaction parameter 0 < € < g, one intuitively expects the
entropy method and the convergence result of Theorem 1.3 to extend to system (20).
Here, we are interested to make this conjecture rigorous also in view of a better gen-
eral understanding of the equilibration of systems which are derived as fast-reaction
limits or quasi-steady-state approximations. One technical point is how to bypass the
e-dependency of the conservation law (3). The details of this singular limit are sub-
ject of the last Sect. 7. Altogether, we prove for system (20) the Theorems 7.3, 7.2
and Corollary 7.5 as corresponding versions of Theorems 1.3, 1.5 and Corollary 1.8.

Up to our knowledge, this is a first result in performing the entropy method in
a non-linear reaction—diffusion-type system uniformly in a fast-reaction limit. Note
that our approach yields global convergence to equilibrium for all initial data rather
than just exponential stability of equilibria as proven, for instance, in a related 1D
Poisson—Nernst-Planck system uniformly in the permittivity entering Poisson’s
equation [17].
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The rest of the paper is organised in the following manner. Section 2 proves the
existence of a unique equilibrium (Theorem 2.1) as well as uniform-in-¢ bounds of
Ny Po and n,, . In Sect. 3, we collect a couple of technical lemmata, and within
Sect. 4, we state a preliminary proposition which serves as a first result towards an
EEP-inequality. An abstract version of the EEP-estimate is proven in Sect. 5, first
for constant concentrations and based on that also for general concentrations. Sec-
tion 6 is concerned with the proofs of the EEP-inequality from Theorem 1.5, the
announced exponential convergence from Theorem 1.3 and the uniform L*-bounds
from Corollary 1.8, whereas Sect. 7 is devoted to the same issues in the situation
€ — 0. Finally, the proof of Theorem 1.1 is contained in the Appendix.

2 Properties of the equilibrium

We prove the existence of a unique positive equilibrium (1, py,» ;. o,) Of system
(1)-(3) in a suitable (and natural) function space. Note that uniqueness is only satis-
fied once the total charge M in (3) is fixed. This equilibrium can either be seen as the
unique solution of the below stationary system (21) or as the unique state for which
the entropy production (7) vanishes.

Theorem 2.1 (Stationary system and uniformly bounded equilibrium) Let M € R,
€ € (0, &) for arbitrary £y > 0 and (N, P s yy.00) € X Where X is defined via

X :={(n,p,n,) € H(Q* X L™(Q) |n—p+en, =M
A@y>0)np>yae An,€ly,1—7] ae. }.

Then, the following statements are equivalent.

1. (NesPoos o) € X is a solution of the stationary system

V- Jn(noo) + Rn(noo’ntr,oo) = 0’ (2121)
V- J,0e) + R, (P> 11y ) = 0, (21b)
Rp(poo’ ntr,oo) - Rn(noo’ ntr,oo) =0. (21C)

2. P(ny:Pes Ny o) = 0.

3. Jy(ng) =J,(ps) = R, (s 1y o) = R,(Poos 1y o) = O atce. in Q.
4. The state (N, Poys Ny o) Satisfies
n
Mo =ne po=pet n=— = D @2)

n,+ny p,+po

where the positive constants n,, p, > 0 are uniquely determined by the condition
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Uniform convergence to equilibrium for a family of drift-... 539

n.p. = NPy (23)
and the conservation law
I’l*//l_n - p*/’l_p te Ny = M. (24)

Consequently, the unique positive equilibrium (7., Py, 1,.) € X is given by
(22)-(24), and
Nypoo = — =N )5 Mo = T MNir oo
r, o r, o, o , (25)

Finally, for all M € R and for € € (0, &y], there exist two constants y € (0,1/2) and
I" € (1/2, 00) depending only on gy, ng, po, M,V 1= max(||V, |l =@y |V, | 1= () such
that

Ne(X), P (x) € [y,I'] forae.xeQ and

26
Ry, Py € [7’ F]’ ntr,oo € [7’1 - 7] ( )

Proof of Theorem 2.1 We shall prove the equivalence of the statements in the theo-
rem by a circular reasoning. Assume that (n,, p,, 1, ) € X is a solution of the sta-
tionary system (21). In this case,

Ju(10)s 1, (Poo)s Ry (Mega My ) Ry (P 1y o) € LP(L).

We test Eq. (21a) with In(n, /(ngp,)). Due ton, € HY(Q) and ne >y a.e. in Q, the
test function In(n, /(nyu,)) belongs to H 1(Q). We find

J 2
o=/ <M —Rn(nm,ntrm)ln< Moo >>dx.
Q 0SS ' oMy

In the same way, we test Eq. (21b) with In(p, / (Pomy)) € H 1(Q). This yields

J 2
0 _ / < | P(poo)l _ Rp(pw,nmw) ln (p;w))dx
Q P pO/’lp

)) € L2(Q), integrate over

Moreover, we multiply (21c¢) with In(n,, /(1 —n
and obtain

ntr,oo
0 = /.Q (Rn(noo’ ntr,oo) - Rp(pco7 ntr,oo)) ln m dx'

Taking the sum of the three expressions above, we arrive at

tr,00
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540 K. Fellner, M. Kniely

2 J 2
P(n‘x”poo’ntr,oo) :/ <|Jﬂ(n°°)| + | P(poo)l

Q Ny P
1 noo(l - ntr,oo)
- Rn(noo’ nlr,oo) n
n()”nntr,oo
o v
'
<0

Poolltr,0
— Ry (Peo 1y o) In [ — =) dx = 0.
pOﬂp(l - ntr,oo)

- 7/
"

<0

By the non-negativity of the terms in the last two lines, equality holds if and only
if R,(ngsnyo0) =0=R,(Ps 1y ). Hence, P(ng,pe.n,. o) =0 readily implies
Ju(ngo) = J,(Ps) = R, (s 1y o) = Ry (Do 1y o0) = O 26 in Q.

Because of J,(n,) = u, (M—) —0=J (Do) = 1, ( ) we know that

ne,(x) =n.e Vi, PosX) =p.e v,,

with constants n,, p,. Moreover, R, (n,, ;. o) = R,(Poys 1y ) = 0 gives rise to

Py

i’l*
Nyo=—0=-n,.), 1-n,,=—n,.,.
n 4

tr,00 tr,00

0 0
Consequently, n,p, = nyp, > 0, which implies n,, p, > 0 and

n, _ Po

n =
n,+ny p,+po

€ (0,1).

tr,oo —

Moreover, for M fixed, the constants n, and p, are uniquely determined by the con-
servation law

n*ﬂ_n_p*/’l_p—i_entr,oo =M,

where the wuniqueness follows from the strict monotonicity of
f(n):=nu, — ﬂ,up +& *n on (0,c0) and the asymptotics f(n,) = —oo for
0

n, = 0t and f(n, )—> ooforn — 0.
Finally, concluding the circular reasoning 1. —» 2. —» 3. - 4. = 1., we observe
that

=ne"n P =D e—Vp n _ n, _ Po
oo T Tt ’ o T P ’ tr,co T -
n*+n0 p*+p0

obviously satisfies J,(ny,) =J,(Ps) = R, (s 1y ) = R, (Poos 4y 00) = 0 ace. in Q
which proves (1., P, 1. ) t0 be a solution of the stationary system.
In order to prove the bounds (26), we observe
—  TNoPo—

nu, ———pu, =M—¢en =M-—¢
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Uniform convergence to equilibrium for a family of drift-... 541

the left hand side is strictly monotone increasing from —oo to +o0 as n, € (0, o),
while the right hand side is strictly monotone decreasing and bounded between
(M,M —g;) as n, € (0,0). Both monotonicity and unboundedness/boundedness
imply uniform positive lower and upper bounds for n, as explicitly proven in the fol-
lowing: First, we derive that

M —en,, (M —en,, . )* nypoit,
= ——2 4 L @7
2u, 4 Hy

n

for all € € (0, gy]. Note that (27) is not an explicit representation of n, since n,, .,
depends itself on n,. Because of n,, , € (0, 1), we further observe that

IM —en, | (M —en,, ., )? noPoH,,
n, < — + — + —
2”}1 4/’ln Hn
M| +¢ noPoHy
gl |_°+‘/ — ' <p<o,
l’ln l’ln

where f = fi(ey,ng,pg.M,V). And as a result of the elementary inequality

va+b> \/E + m fora > 0 and b > 0, we also conclude that
"o[’oﬂ_p
M—en, , |M—en,| T
n, > — + —
2”" 2'“" |M—en,, | + noPoH,
P P

”opoﬂ_p

> al >a>0

|1M|+&¢ + noPok,
Hy Hy

where a = a(gy, ny, py, M, V). Similar arguments show that corresponding bounds «
and f are also available for p,. Hence,

n S * b
fr.eo a+ny p+ng|

Due to n,, = n,e”"s, p., = p,e”"» and the L*-bounds on V, and V. the claim of the
proposition follows. O

3 Some technical lemmata

A particularly useful relation between the concentrations #n, p and n,,. is the following
Lemma.
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542 K. Fellner, M. Kniely

Lemma 3.1 The conservation law n — p + e n,, = M and the equilibrium condition
(25) imply

Vi>0: (@-ngln <”—> +@-po)n <&>
g Po

_— 1 1- Ny o
= &(n,, — ntr,oo) n n— .
tr,co

Proof With n_ —p_ +en, =M (note that n, , =n, _ is constant), we have
P — Do =N —ng +&(n, —n, ). We employ this relation to replace p — p_, on the
left hand side of (28) and calculate

(i - i) In <”—> +(—po)n <p—>
Ny Po

- (ﬁ—@)ln< > +eim—n,)ln (’ﬁ>.
"oPo ' Do

Now, the first term on the right hand side vanishes due to n,p, = ngp, while we use
P./po = (1 —n, ) /n,  for the second term and obtain

n, % —_— l_nroo
(1 -7z In <—> +®-po)n <’£> = £(; — 1,y ) In <—l>
) Po n

tr,00

(28)

as claimed above. O

Lemma 3.2 (Relative Entropy) The entropy relative to the equilibrium reads
E(l’l,p, ny,) — E(noo’poo’ ntr,oo)

:/ <nlni—(n—noo)+pln£—(l7—l7m)
Q

nOO (o]

i‘l,r(X) s nz‘roo
+£/ 1n< )—m ) Vs ).
n I-s 1- nzr,oo

tr,c0

Proof By the definition of E(n, p, n,.) in (5), we note that

E(I’l,p, ny) — E(noo’pcxw ntr,oo)

n noo
=/<nln< )—nooln< >_(n_noo)
Q noky oMy
+p1n<i> _pooln<poo >_(p_poo)
PoHp PoHp

ntr(x) s
+e€ / In ( )ds) dx.
n J I

1r,00
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“) =nln(~) + nln(==). Thus, with

0Hn Moo oMy

We expand the first integrand as nln(

noo/ﬂn =n,, we get

/<nln< n )—nwln<n°° >—(n—noo)>dx
Q noky noHy
=/ <nln <i> —(n—nw)>dx+(ﬁ—@)1n <”—>
Q Moo Ny

Together with an analogous calculation of the p-terms, we obtain

E(n,p,n,) — E(Ngy, Pogs Ny )

=/<nln<i>—(n—n )+p1n< ) @ - poo>
Q Ny P
+(n—ng )1n< ) +@- poo)ln< >
) Po
1y (x)
+£// ln<
QJny e
Lemma 3.1 allows us to reformulate the last two lines as
n, n,r(x)
(n —ng, )ln< >+(p pm)ln< >+£// dsdx
n - 1 - s
Ny oo n"(x)
=&, — lroo)ln( >+6//
n

tr,00

(%) troo
= 5// ln )—1 ds dx,
My oo 1 - 1 ntroo

which proves the claim. O

)ds dx.

Lemma 3.3 (Csiszdr—Kullback—Pinsker inequality) Let f,g : Q — R be non-nega-
tive measurable functions. Then,

/sz<fln(£> _(f_g)>dxz o + 43

Proof Following a proof by Pinsker, we start with the elementary inequality
3(x — 1)? < (2x+ 4)(xInx — (x — 1)). This allows us to derive the following Csiszar—
Kullback—Pinsker-type inequality:

Ilf g“Ll(Q)
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544 K. Fellner, M. Kniely

|V—g||u(g>=/ﬂg’£—l dxs/gg\/§§+%\/§In<§>—(£—l>dx
=/Q\/§f+%g\/fln<£)—(f—g)dx
s\/§f+%§\/[2<fln(£>—v—g)>dx

where we applied Holder’s inequality in the last step. O

The subsequent lemma provides L'-bounds for n and p in terms of the initial
entropy of the system and some further constants.

Lemma 3.4 (L'-bounds) Due to the monotonicity of the entropy functional, any
entropy producing solution of (1) satisfies

- __5 — — 3
Vi>0: n,p< 3 max{nyu,, poH,} + ZE(n(O),p(O), n,(0)) =: M,.

Proof Employing Lemma 3.3 and Young’s inequality, we find

n < nom, + |ln = nop,ll o)

Snou_n+\/%r_z+é—tno/4_n / nlr1< L )—(n—noyn) dx
3 3 Q noH,
1 2 1 n

< nyu, + 571+ gnoﬂ_n"‘ E/Q <nln <”oﬂn> —(n —noyn)>dx.

Solving this inequality for n yields

__5 — 3 n
n< E”o”n + Z,/Q (nln <n0”n> - (n—no,un)>dx.

Therefore, we arrive at

-5 — 3 5 —  —, 3
n S Enoﬂn + ZE(n,IL nzr) S 5 max{n()ﬂn’poﬂp} + ZE(n(O)vp(0)7 nrr(o))
where we used the monotonicity of the entropy functional in the last step. In the
same way, we may bound p from above. O

At certain points, we will have to estimate the difference between terms like
n/n,, and n/n_. Using Lemma 3.5 below, we can bound this difference by the J,-
flux term and, hence, by the entropy production.
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Lemma 3.5 Let feL'(Q) and g€ L®(Q) such that f>0, g>y>0 ae.
on Q and flg is weakly differentiable. Then, there exists an explicit constant

C(”f”Ll(Q)’ ”g“L“(Q)s v) > O such that

K

Sl
o, §(<-> )dx= )L

by utiliSIHg |Q| == 1. |heref0re,
g

f_ <Ji>
g \g
by applying Poincaré’s inequality to 6 with 5 = 0 and some constant Cp(©2) > 0. As
g >y > 0is uniformly positive on Q and g > y, we arrive at

g
l lnally, we deduce

<§_@)2 < ||g||Lw<g> H N \[ >

llgll e ®(Q) llgll *(Q)
—||5||L1(Q) CP—

LY(Q)

||g||L°°(Q)

Cp
72

LY(Q)

LY(Q)
— g1l 22y f
<4fg| Cp——>— Va/=| dx
4 Q 8
employing Holder’s inequality in the second step. O

4 Two preliminary propositions

Notation 4.1 For arbitrary functions f, we define the normalised quantity

The following logarithmic Sobolev inequality on bounded domains was proven in
[6] by following an argument of Stroock [22].
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546 K. Fellner, M. Kniely

Lemma 4.2 (Logarithmic Sobolev inequality on bounded domains) Let Q be a
bounded domain in R™, m > 1, such that the Poincaré (—Wirtinger) and Sobolev
inequalities

ll¢ - /¢>dXIIL2(g) < P@Q) IV}, g (29)

1_1_

1
. m23,
w Mz 60

1
”d)”L‘/(Q) < CI(Q) ”Vd)”LZ(Q) + CZ(Q) ”d)”Lz(Q)’ = 5

hold with g = oo for m = 1 and any q < oo for m = 2. Then, the logarithmic Sobolev
inequality

[ #m dx < L@m) [Vl a1
||¢||L2(Q)

holds (for some constant L(Q2,m) > 0).

The Log-Sobolev inequality allows to bound an appropriate part of the entropy
functional by the flux parts of the entropy production. The normalised variables
on the left hand side of the subsequent inequality naturally arise when reformulat-
ing the flux terms on the right hand side in such a way that we can apply the Log-
Sobolev inequality on Q.

Proposition 4.3 Recall the assumptions ||V, || = q)> |V, < V. Then, there exists
a constant C(V) > 0 such that

o ~ J |2 J |2
/ nln< >+pln<p> deC/ i+i dx.
Q Hn Hyp Q n 4

Proof From the definition of J, one obtains
2
J 2
idx:/& V< L > ,undx—4n/ﬂn
Q n o n Hyu Qn
2
=4n / Hnly dx.
Q My n

P(x) : ‘/i a:=/¢(x)2dx
M, Q

and observe that « = % /Q Ml dx < y_nlev is bounded independently of n. Next, we

2
v. /X
Hy

dx

=

x

We set

introduce the rescaled variable y:=a = x where m > 1 denotes the space dimension.
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Note that |||l 24y is in general different from one, whereas ||$;2(4) = 1. We now
estimate with ||V, [|;«q) < V and the logarithmic Sobolev inequality (31)

_L _2
/|Vx¢|2dx=/|a "Vl ady =a! m/|vy¢|2dy
Q Q Q
Zal_’%l/d)zln(d)z)dy:al_ﬁl/gln <4>dy
L Jo Ljou, \i
21 Hy

= n—— i1n (%)dx.
Ln Jou, 78

The corresponding estimate involving J, reads

|Jn |2 n v 2 4 _2 L,y n
L dx>4—e |V.p| dx > —a"ne nln<r>dx.
Q n Ho Q L Q Hy
The same arguments apply to the terms involving p. O

The following proposition contains the first step towards an entropy—entropy
production inequality. The relative entropy can be controlled by the flux part of
the entropy production and three additional terms, which mainly consist of square
roots of averaged quantities. The proof that the entropy production also serves as
an upper bound for these terms will be the subject of the next section.

Proposition 4.4 There exists an explicit constant C(y,I',M;) >0 such that
for (ng,pe>ny, ) €X from Theorem 2.1 and all non-negative functions
(n,p,n,) € LN(Q) satisfying n,, < 1, the conservation law

tr —
n—p+en, =M
and the L'-bound
n,p <M,

the following estimate holds true:

A
E(n,p,n,) —E(My ;Do Ny o) < C —+ dx
' e\ 7 p

2 2

‘ (£>_\/n—* ; @_\/p—* ve [ (Vi vins) |

Hn /4

(32)
(Note that the right hand side of (32) vanishes at the equilibrium (n.,, p,, Ry )-)

Proof According to Lemma 3.2, we have
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E(I’l pv E(noo’poo’ troc)
<nln——(n—n )+p1n——(p Poo)
Poo
ntroo
/ — ) —-In <—> ds |dx.
- 1 - s l—n,
Recall that n = 7'n, n,, = n n, and n_, = f,,. Using these relations, we rewrite the

first two integrands as

nln(#) —(n—noo)=n1n(%> +nln<%) —(n—ngy)

o

and analogously for the p-terms. This results in

E(”»p’ n[r) - E(noovp;xw ntr,oo)

=/g<nln<%)+pln<%)>dx
+”w(—ln( )- (%— )) -

00

1r,00
+8// <ln l—s —1 (1 nzrw))dsdx.

The terms in the second line of (33) can be estimated using the Log-Sobolev inequal-
ity of Proposition 4.3. Moreover, the elementary inequality xInx — (x — 1) < (x — 1)?
for x > 0 gives rise to

() (o) ()

o o

— 2 - —\2
< 2@[((1) - 1) + <£ - (i)> ]
and an analogous estimate for the corresponding expressions involving p. The sec-

ond term on the right hand side of the previous line can be bounded from above by
applying Lemma 3.5, which guarantees a constant C(y,I", M,) > 0 such that

. —\2
<£—<i)> sc/ v,/ L
Ny Ny Q Ny
2 J 2
S—.C /1an(i> dxﬁcl/lnl dx
4infon, Jon N, Q N

for some constant ¢;(y,I', M;) > 0. Besides,

2
dx
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(G-1) =G ) =y G| | - v
LGN | AR

See (26) and Lemma 3.4 for the bounds on n,, n, and n. We have thus verified that

=(Zn(E)-(21) |/

(o)

|/,

o (G-

with some ¢, (y,I', M) > 0. A similar estimate holds true for the corresponding part
of (33) involving p.

Considering the last line in (33), we further know that for all x € Q there exists
some mean value

0(x) € (min{n,(x), n,, o }, max{n, (x),n, )

such that

1,,.(x) 0(x)
/,, In(—=)ds=1n (1 Z ;(x)>(n,,<x> ~ Ny o). (34)

1r,c0

Consequently,

(s _ o(x)
6AA In ( 1- S)dex - 5AIH <1 _ e(x)> (ntr(x) - ntr,oo) dx.

tr,00

In fact, we will prove that there even exists some constant & € (0, 1/2) such that
0x) €&, 1-8

for all x € Q. Thus, the function 6(x) is uniformly bounded away from 0 and 1 on Q.
To see this, we first note that n,. .. € [y, 1 — y] using the constant y € (0, 1/2) from

(26). In addition,
: S
< / In < )
0 -5

n,,.(x)
/ In ( § )ds
n I
for all x € Q. Together with (34), this estimate implies

tr,00

ds = 21In(2)

.00
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(%)
In
1-6(x)

We now choose an arbitrary x &€ Q and distinguish two cases. If
|n,(x) = n, | > v/2, then

" ( 0(x) > L 2@ 4@
1- 9(}6) Intr(x) - ntr,ool 14

|, (x) = 1, 0| < 21In(2).

As a consequence of In(s/(1 —s)) = oo for s - 17 and In(s/(1 —s5)) > —0
for s — 0%, there exists some constant £ € (0,y) depending only on y such
that 0(x) € (§,1-¢). If |n,(x)—n, | <y/2, then n,  €[y,1—-y] implies
n,(x) € (y/2,1—y/2) and, hence, 6(x) € (y/2,1 —y/2). Again the constant &
depends only on y.

As a result of the calculations above, we may rewrite the last line in (33) as

ur (%) S Ny oo
e// (ln(—)—ln( ’ ))dsdx
QJn I—s 1_ntr,oo

tr,co

_ 9()6) _ nlr,oo _
N 5/9 <ln <1 _ 9(x)> " <1 — oo ) >(n”(x) i) 45

Applying the mean-value theorem to the expression in brackets and observing that

d ( s ) 1
—In = ,
ds 1—s s(1 =)

H(X) ntr,oo
|, <ln < = 0<x>> - < . ) )(””(x) ™M) &

— 1 —_— — —
= e/g s —o0) O — n,, )N, (x) =y, ) dx

with some o(x) € (min{0(x), n,, ., }, max{0(x), n,. , }). Since both 8(x), n,, ., € (£,1 = &)
for all x€Q, we also know that o(x) € (,1—¢&) for all x € Q. Thus,
(6(x)(1 — 6(x)))~'is bounded uniformly in Q in terms of & = £(y). Consequently,

mur() S R oo
e/ / 1n< ) —1In - dsdx
QJn l-s 1- Ny o

r,00

2
<écy / [0(x) — n,, |7, () = 1y, | dx < £y /(nt, — Ny o) dX
Q Q

=gc3/ﬂ( n,,+\/m>2<\/n_,r—\/mydx§4ec3/ﬂ(\/n_”—M)zdx

with a constant c;(y) > 0 after applying the estimate |0(x) — n,, | < |n,(x) —n
for all x € Q. Finally, we arrive at

we find

tr,00 |
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Ak
E(m,p,n,) —EMy, P Nyroo) < C — + — |dx
' e\ " p

2 2
2
+ <£>—\/n_* + <£>—\/p_* +e/(\/n_tr—M) dx
Hy /’lp Q
with a constant C(y,I', M;) > 0. O
5 Abstract versions of the EEP-inequality
Notation 5.1 We set
moi=l-n,, n i=1-n,,

and define the positive constants

S O N [T
oo T - = s 0 - = ]
ny oKy Po PoHyp
P / P !’
Vtr,oo =V ntr,oo’ vlr,go - \/ ntr,oo'

The motivation for introducing the additional variable n is the possibil-
ity to symmetrise expressions like (n(1-—n,)—n,)*+ (pn, — (1 —n,))? as
(nn!_—n,)* + (pn,, —n! )*. Similar terms will appear frequently within the subse-
quent calculations.

Remark 5.2 We may consider n/ as a fourth independent variable within our model.
In this case, the reaction—diffusion system features the following two independent
conservation laws:

R — n p —
n—p+en, =”oﬂn<ﬁ> _Poﬂp<ﬁ> +en,=MeR,
0Mn 0Hp

n,.(x) +n (x) =1 for all x € Q.

The special formulation of the first conservation law will become clear when look-
ing at the following two Propositions. There, we derive relations for general varia-

bles a, b, ¢ and d, which correspond to \/n/(nyu,), \/p/(poyp), \/n, and \/n,

respectively.
In addition, we have the following L!-bound (cf. Lemma 3.4):

n,p <M.
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The following Proposition 5.3 establishes an upper bound for the terms in the
second line of (32) in the case of constant concentrations a, b, ¢ and d. This result
is then generalised in Proposition 5.5 to non-constant states a, b, c, d.

Proposition 5.3 (Homogeneous concentrations) Let a,b,c,d > 0 be constants such
that their squares satisfy the conservation laws

— 2 —2 2 —.2 — 2 2
noH,a —po,upb +ec” =M = nop, v, —PoMpT, T EV, o
2, 02 1 _ .2 2
cc+d =1= Vioo T Viroo
for any € € (0, gy] and arbitrary €, > 0. Moreover, assume

az’ b2 S C(”O?pO’Mla V)

Then, there exists an explicitly computable constant C(gy, ny, py, M, M, V) > 0 such
that

(@= Vo) + (b= 1) + (¢ =V, 0)* < C((ad — ©)* + (bc — d)*) (35)

foralle € (0,¢y].

Proof We first introduce the following change of variable: Due to the non-negativity
of the concentrations a, b, ¢, d, we define constants yu,, u,, s, s € [—1, 00) such
that

a=ve(L ), b=ag(+p). c=vu(l+p) d=V, (1+u),

where v, 7, V.o, and vl’r!m are uniformly positive and bounded for all € € (0, g4]
in terms of &, ny, py, M and V by (26). Thus, the boundedness of a, b, ¢, d implies
the existence of a constant K(g, ny, py, M, M,, V) > 0, such that y; € [-1, K] for all
1 <i < 4. The left hand side of (35) expressed in terms of the y; rewrites as

(@a—vy)+(b—r ) +(c— v,r,oo)2 = viy% + ﬂiﬂ% + vtzr,oo,ug.
Employing the equilibrium conditions (25), we also find

ad —c=v v, (14 pu)(1+ py) = v, oo (1 + p13)

0 " fr,00

=Viroo [(1 +u)d+py) - (1 + ll3)]
and

be —d =rt o V;y oo (1 4+ up)(1 + p3) — vt'r’oo(l + uy)
=V, [(1+ )1+ pz) = (1 + py)].

Moreover, the two conservation laws from the hypotheses rewrite as
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MotV 1y (2 + 1)) —Poﬂ_pﬂfoy2(2 + )+ € Vtzr,ooﬂ3(2 +p3) =0, (36)
Vtzr,ooﬂ3(2 + H3) + vt’r?ooﬂ4(2 + M4) =0. (37)

The relations (36), (37) allow to express €5 and €, in terms of y; and p,, although
not explicitly:

eu __noﬂ_nvi2+/41 u Poﬂ_p”i2+uzﬂ
3= 1 2
Vi 2t H3 Vi 27 M3 (38)

=1 ~f13(1s u)My + fo3(Has 3o,

vlzr oo 2 + /43
Efy = —— Epy =1 _f3,4(/43’ﬂ4) ENs
Vz,r%oo 24y 39

=: f1,4(ll1, M3, Mg My _f2,4(Mz, M3, Mg Mo,

where the last definition follows from inserting the previous expression (38) for u;
while the factor 2 + p5 is bounded in [1, K + 2] since y; € [-1,K] for all 1 <i < 4.
Therefore, all the terms f; ; are uniformly positive as well as bounded from above:

0<Ci32fi3sC3<00, 0<C35f;<05<0,
0<Cy<f345Cy <0, 0<Ciy<fiy<Ciy<oo,

0<Cyy <fra <Cyy <oco.

All constants C; J and C_,J only depend on &, ny, py, M, M, and V, and there exist
correspondingEunds C > 0and C > 0 such that for all , j

C<(,.C,<C.

In order to prove (35), we show that under the constraints of the conserva-
tion laws (36), (37), respectively, the relations (38), (39), there exists a constant
C(gy, ng,py, M, C,C) > 0 for all € € (0, 4] such that

(a - voo)2 + b - 71'00)2 + (¢ — v,,oo)2
- <C,
(ad — ¢)* + (bc — d)?

which is equivalent to

2,2 2,2 2 2
Voo”l + ﬂ-oo”Z + Vtr,oo”?)

<C.
2 2 =
V,Zr,oo [(1 +upd+p) -0+ /43)] + V,’,%oo [(1 + )+ p3) — (1 + M4)]
(40)
Recall that vi <T'/ny, 2 <T'/p, and vfrym, vl’foo €ly,1—y] with y € (0,1/2)

and I' € (1/2, o0) depending on €, ny, p, and M for all € € (0,¢,] (cf. the proof
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of Proposition 26). Since numerator and denominator of (40) are sums of quadratic

terms, it is sufficient to bound the denominator from below in terms of its numerator

omitting the prefactors v2, 72, v> _and v/ , i.e. to prove that
c0” Yoo’ Vitr,c0 tr,00

G =]+ )+ pg) = (L4 )] + [+ )+ ) = (A + )

(41)
2C (i + 43+ 113).

More precisely, we will prove that there exists a constant c(gy, C, E) > 0 for all
€ € (0, gy] such that

2 2
) = (g + pg + pypy — 13) "+ (o + i3 + pops — py)” = ¢ (Ui + 113)

and that

() = (ﬂl + g+ Uy Py — M3)2 + (Mz + p3 + 3 — M4)2 > M%-

For this reason, we distinguish four cases and we shall frequently use estimates like
Wi+ iy = p(L+p) >0 iff  p; >0 forall 1<j<4,

since y; > —1 for all 1 <j < 4. We mention already here that all subsequent con-
stants ¢, ¢, are strictly positive and depend only on &), C and C uniformly for
e € (0,gy)

Case 1: pu, 20Ap,>20: If p; >0, then (37) implies u, <0 and
My + py + oy — Hy > Wy Moreover, p; > 0 yields

foska 2 fismy = Cospy 2 Cispy = py 2 Ci3/Coz g
and
My My + pigpy — My > py 2 py [2+ Cy 3/ Cuppy > (g + py).

2 .
Hence, (x) > (;422 + ,u% + oz — y4) > cz(M]2 fy%). Besides,

() = (Hy+ sy + oy — pg)” 2 2. If py <0, (37) yields ;>0 and
Hy+ Hy+ pHypg — py 2 g Since py < 0, (38) implies

Sizt Zfaska = Cizp Z%Mz => u 2Cy5/Ci5m
and

Myt gty pg — py 2y 2 g [24 Cos /2 C 3y 2 ¢y (py + py).

As above, (%) >c,(u? +p?). The signs 3 <0< p,p, yield

2
(%) 2 (/41 +opy oy — H3) 2 /"§~
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Uniform convergence to equilibrium for a family of drift-... 555

Case 2: y; > 0 A u, < 0: Equations (38) and (39) imply p; <0 and u, > 0, and
we deduce for all € € (0, g]

Myt Mg+ Hipg — U3 2 Hy — M3
= (fis+ i — € (hs + oy
> 661(C1,3 + G Dl | + 561(C2,3 + Gl Z e (I | + [uz])

and, thus, (%) > () + py + pypy — H3)* 2 co(u7 + p3). Since py, py <0 <y,
we have

() 2 (py — 3 — (1 + /43))2 > 3.

Case 3: u; <O0A py > 0: Here, p3 >0 due to (38) and, thus, u, <0 by (39),
which yields for all € € (0, g]

Mo + My + Hoty — g = Hy — py =€ (foz + oty — € (fiz +fradm

> 561(&+&)|H1| +561(C2,3 +%)|ﬂ2| 2 (|| + 1D

and (%) > (p + Hs + Haiy — Hy)* 2 ¢ (uf + p3). And as py, py <0 < ps, one
has

() 2 (3 — g — (1 + /44))2 > 3.

Case 4: p; <0 A p, <0: Supposing that p; > 0 and thus u, <0 by (39), we
observe

[py + pa + pypg — i3l = py — g — gL+ ) 2 —py.
Furthermore, 5 > 0 enables us to estimate
Jraty haty = Ciapy S Cozpy = —py 2 =Co3/Co 5 .
and

|y + pa + pypg — 3l 2 —py 2 =y /2 = Coz /2 Cy)py 2 ([ | + 2]

Hence, () > (uy + py + pypgy — u3)* = co(u? + p3). The second estimate in

terms of 42 follows with y;, uy <0 < 5 from

2
() 2 (= pg = (L + )" 2 5.
In the opposite case that y; < 0 and thus p, > 0 due to (39), we estimate
[p + p3 + pops — gl = py — py — u3(L+ py) 2 —py

and
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556 K. Fellner, M. Kniely

fostr fizky = Cospy S Cizpy = —py 2 —C53/Coz py.
We, thus, arrive at
lpy + ps + iy — piy| 2 —py 2 —py /2 = C1,3/(2 C2,3)/41 > cy (|| + o))

and (%) > (4 + p3 + popt3 — py)* > ¢y(u + 43). The corresponding inequality
for y; reads

2
() 2 (g =ty — (1 + 13)) " > M_«%’

which follows from g,, 5 < 0 < p,.
The proof of the proposition is now complete. O

Notation 5.4 From now on, || - || without further specification shall always denote
the L>-norm in Q.

Within the subsequent Proposition 5.5, the expressions (ad — ¢)? and (bc — d)?
on the right hand side of (35) will be generalised to ||ad — c||* and ||bc — d||* in
(42). We will later show in the proof of Theorem 1.5 that ||ad — c||> (and also
lbc — d||?) can be estimated from above via the reaction terms within the entropy

production (7) when using the special choices \/n/(nyu,), 1/ p/oky)s A/, and
\/n,, fora, b, ¢, and d.

Proposition 5.5 (Inhomogeneous concentrations) Let a,b,c,d : Q — R be measur-
able, non-negative functions such that their squares satisfy the conservation laws

2 M = T2 — 2 2
Nop,a* — pop,b* + € 2 =M = nop, v, — o,y + €V,

62+d2:1:\/2 +V/2

tr,00 tr,00

Jor any € € (0, gy] and arbitrary €, > 0. In addition, we assume
a2, b < C(ng, pg, My, V).

Then, there exists an explicitly computable constant C(gy, ny, py, M, M, V) > 0 such

that
2 2
3 \/ 2 2
< a2_voo> + < bz_ﬂ.oo) + “C_Vtr,oo”

< C (llad = el + llbe — dI? + [|Vall? + | VBI? “2)

Hlla =@l + 116 = BII> + lle = S + l1d P )

foralle € (0,¢y].
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Proof We divide the proof into two steps. In the first part, we shall derive

lower bounds for the reaction terms |lad —c||* + ||bc —d||* involving

(@d —¢)*> + (bc — d)*. This will allow us to apply Proposition 5.3 in the second step.
Step 1: We show

—= =2 — T — -
lad = cll? > 3(@d =2)" = ¢, (lla =l + 116 = I + llc =2 + ld = dI1?).

N —

and

— - _ - _ -
llbe = d|I* > 5 (bT ~d) —C1<|Ia—a||2+IIb—b||2+||C—6||2+IId—dIIZ)

N =

with some explicitly computable constant ¢; > 0. For this reason, we define
E, 53§:C—C, 54:=d_3

51 ::a_a, 52::b_
and note that 5_1 = 6_2 =0;= a = (. Moreover,
|EC_Z_E|7 |EE—E| S C(nO’pO’M17V)

due to Young’s inequality, a2, b2 < C(ny,py,M,,V)and c_z, 2<1.
We now define

S:={xeQ|I6,| SIAIGI <TAI6] <TAI5] <1}

and split the squares of the L?>(Q)-norm as
llad = ¢|)* = /(ad—c)2 dx+/ (ad — ¢)* dx (43)
N Q\S
and
lbe —d|)* = /(bc —d)?dx + / (be — d)? dx,
N Q\S

respectively. In order to estimate the first integral in (43) from below, we write
ad = @+ 6,)(d +6,) = ad +aé, + ds, + 6,6,, c¢=7C+6;.

This yields
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558 K. Fellner, M. Kniely

/S(ad—c)zdx=/S(53—E)2dx+2/s(5;1—5)(554+361+6164—63)dx
+ /8(554 +db, + 6,8, — 65)% dx
2% /S(53—5)2dx—/s(554+2151+5154—53)2dx
z% /S(aé—z)zdx—C(no,pO,Ml,V)(a_f+5_§+5_§)

where we used Young’s inequality 2xy > —x?/2 — 2y* for x,y € R in the second step
and the boundedness of §;,1 < i < 4, in the last step. Similarly, we deduce

/(bc —d)Pdx > %/(55—2)2 dx — C(ng, po, M, V)(5_§+5_§+%).
S S

The second integral in (43) is mainly estimated by deriving an upper bound for the
measure of Q\S. For alli € {1, ...,4} we have

|{53>1}|=/ 1dx§/63dx=5_§
{s7>1} Q

and, hence,
4 — — — —
o\SI < Y (2> 1} <+ 83 + 82+ 62
i=1
As a consequence of |EZZ —¢| £ C(ngy,py, M;, V), we obtain
(53 - E)z dx <C(ny, po, M, V) [{Q\S}]
Q\s
<Cl1g. o My, V(5 + 8+ 57+ 57).
This implies
(ad—cPdx>0> + | @d-7Pdx
Q\s 2 Jays
= Clrgspos My, V) (82 + 83+ 63 +62 )
and, analogously,

(bc —d)?dx >0 z%/ (bC —d)? dx

Q\S Q\S

= Clrgspos My, V)32 + 83+ 83+ 83 ).
Taking the sum of both contributions to (43), we finally arrive at
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lad = cl* > 5 (@d = 2)* = c600,p0. M, V(B + B+ +8 ) (44)

N —

and

llbe — d|? > (EE—E)Z—cl(no,pO,Ml,V)(E+5_§+5_§+%>. (45)

N —

Step 2: We introduce constants y; > —1,1 < i < 4, such that

@=2 1+ )P =20+,

A= (I + P d=v2 (1 + )

tr,00

We recall that (26) guarantees the uniform positivity and boundedness of
and v/ for all € € (0,¢,] in terms of &, ny, py, M, and V. There-

Voor Toor Vir,eo0 tr,00

00°

fore, the bounds a2, »? < C(ny,py,M;, V) and ¢2, d> <1 give rise to a constant

K(gg,ng,po,M,M,,V) > 0 such that y; € [-1,K] for all 1 <i <4 uniformly for

€ € (0, &l
We now want to derive a formula for a in terms of 6, and ;. Since
@ - =|la—alP* = |15,]> = 82, one finds
- & &
a= V@ - —=— = v (I + ) - —— (46)

(o]
az+a Va2 +a

and analogous expressions for b, ¢ and d:
5 E: V[r,oo(l +M3)_ I ———
b +b c2+c

b= (1+p)— ——

ﬁ‘%
mm
|

52
d=v, (1+p)- %

2 2
< a2—vm> =viu, < bz—ﬂoo) =1l 15

&‘

Furthermore,

and, similarly,
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560 K. Fellner, M. Kniely

llc =V oll* = - 2¢v,, o + vtzr,00
52
=2 (P =202 (1 )+ 2B 2
A+c
2v[r00

troo/43
\/7+c

One observes that the expansions above in terms of 51.2 are singular if, e.g., a2 is
zero. We therefore distinguish the following two cases.

Case I: a®> > k> Ab? > k? Ac? > k* Ad? > k?: The constant k¥ > 0 will be cho-
sen according to the calculations in the other Case 2. Here, we have

[
—_
—
—_

<

le
+
Q .
|
+
S .
(":Nl
+
(oY ] .
By
+
QU
A=

and

!
tr,00 Vlr e Voo

Vava i+ \fﬂ V@ +

for all € € (0, g,] due to the bounds on v, and 7, from (26). Equation (46) further
implies

Vv

< C(x, &4, n9,py. M, V)

- _ v (1+ - V’,oo( ll)—
@d -7 =| v, (14 )1+ g — =L 5 K -

&L +d Va+a

1 pray 3
+—= = 51252—v,,,°o(1+;43)+_—
(Va2+a(\Vd?+d) \/;+E
2
Zv;w((l +pu)d+py)— A+ /43))
— ¢y(K, €9, g, po- M, M, V)(5_f+5_§+5_2)

with__an explicit constant ¢, thanks to v,v, =v, . (cf. (25) and
r,00
|u;l, 82 < ¢ (€9, 19, o M, M}, V). In a similar fashion using 7. wVirco = Vy o0 ONE

obtalns
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(B2 - 0 | w1 1)1 4 sy — T2 g7 DU 1) 5
\/? +C b2 +b
_ 2
: 5
— (L) +
&P +d

+ : 54}
VB2 +b)(\ 2 +70)
2
22 (1 + o)1+ p3) = (1 + pay))
— cy(Kk, €9, g, P9 M, M, V)(ég + 6§ + 52).

In order to finish the proof, it is—according to Step 1—sufficient to show that

W, —
T2 §2<C <||Va||2 + (| Vol?

3

S5}

VLMY L+ 5+
ct+c
L= 2 17 =02 2,2 2,
+§(ad—c) +—(bc—d) —2cl(n0,p0,M1,V)<5l+52+53+64>

\S]

22 2 o2
+ G824 52452+ 32)
for appropriate constants C,, C, > 0. But due to Step 2 it is sufficient to show that

for suitable constants C,, C, > 0,

2V, —
—= 52 < <||Va||2 +[|Vb)?

2 2 2,2 2 2
Vco”l +ﬂooﬂ2+vlr,oo'u3 + —
\/;+E
2

Vr,oo 2
+ ’2 (L + )L+ ) = A+ ) +
_63(,(,50,,10,,,0,M,M1,w(gﬁ;@@))+c2<5—;+g+g+5—;)_

Vt/rzoo
2 (14 )1+ p3) — (1 + )

Collecting all 5_1.2-terms on the right hand side, one only has to prove that

Vil +rlpud Vi i <G <||Va||2 +|Vo|?
2 2
+ve (A )0+ ) = (U4 p3)) " + 7 (A + )1+ p3) = (1 + py)) )

+(Co = CCy kg o MM V) ) (82 483+ 3+ 57)

or, equivalently,
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( ;_vm>2+< ﬁ_ﬂm): <\F-m>
SC1(\ﬁgvgg—\ﬁ§>2+<N6§V6£—N£§>Z+HVMV+HVbW

+(Cy = CCy, k80,1000, M. M, V) (84 83+ 83 433 ).

(47)

In order to verify (47), we start with the estimate

) — 2 — 2
— az a2 —
Vaz—v, | <2 V'M"_ —ve | + B2 Ve
Hy Hy

and a corresponding one involving b. The last term on the right hand side satisfies

- 2
— 2 (ﬂ;_ﬂz_;> — 9
we L fE L \E L(T>
M}’l ) o K Mn
<\/@+\/a2>
Hy

SC/ V\/c;
Q

due to Lemma 3.5 with a constant c(k, ny, py, M;, V) > 0. Similarly,

2
(\/l? - ffm) < ¢k, ng, po, M, V)

Proposition 5.3 (with a?, b*, ¢*, and d* therein replaced by u,a?/u,, u,b*/u,.
¢, and d?) tells us that there exists an explicitly computable constant
C(gy, ngy, po» M, M, V) > 0 such that

2
dx = c||Val?

2

Hyb
— — 7T
Mp

+ Vb )* |

(o]

(48)
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for all € € (0, ¢y]. Using an analogue expansion as before, we further deduce with
d2 S 1’

S— 2 — 2
2 _ _ A A __ 2 __
Vil E Ve | dVava a2l _ya|/a
Mn ”n
2
<c(k,ng.po.M,, V) (\/E\/d_z— \/c_2> + IVal?|.

As a corresponding estimate holds true also for the other expression on the right hand
side of (48), we have shown that there exists a constant C, (k, &, ny, po, M, M;, V) > 0
independent of € for € € (0, ;] such that

( ;_vm>2+<\/§—nm>z+< _—m>
| <\/§\/§_\/§>2+<\/§\/c:2—\/§>2+||Va||2+nw)||2 .

Choosing C, > 0 now sufficiently large, Eq. (47) holds true.

Case 2: a2 < k2 Vb2 <k?vc?<k?vd? < k? In this case, we will not need
Proposition 5.3 and we shall directly prove (42) employing only the result of Step 1.
In fact, for x chosen sufficiently small, the states considered in Case 2 are necessarily
bounded away from the equilibrium and the following arguments show that conse-
quentially the right hand side of (42) is also bounded away from zero, which allows
to close the estimate (42). As a result of the hypotheses a2, 2 < C(ng,py- My, V)

and 2, d2 < 1, we use Young’s inequality to estimate @, b, ¢, d < c(ny, py, M, V) and

2 2
< a - voo> + < \/ﬁ— n'oo> +|lc— vmez < C(eg, ng, po- M, M, V)

with C > 0 uniformly for e € (0, g,]. We stress that the subsequent cases are not nec-
essarily exclusive.
Case 2.1: ¢? < k% First, ¢ = Ve < \/7 < k. This yields

L=l-C>1-’sd =d-5>1-5 -«
=(be-d)’>d —2bcd > 1 - 62 —k* —2bdx
1= 82 = k% = Clng, pos M, V) k.
For xk >0 sufficiently small, we then have 0<1—C(n0,p0,M1,V)K'—K2

<(bhc—-d)?+ 6_2 and, hence,
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2 2
< a2_voo> +( V bz_”oo) -i_”C_vtr,oo”2

< Cleg, g Py M. My, V) < K(bT — d) + K32

< 2K|lbe — d|)? + 2Ke, (ng, po My, V) + K)(6_f+5_§+6_§+6_3>
by (45) with some K(k, &, 1y, py. M,M;,V) > 0. Let us call the parameter x from
above k. _ = —
Case2.2: d?> < k*: Nowd = \/d <\/d?® <k and

c? =l—d_2>1—K2$52=§—5_§>1—5_§—K2
=(@d-c)’ > —2acd> 1 - 82 — k> - 2acx
>1 - 62— k* = C(ng, pp. My, V) k.

Again k> 0 _sufficiently small gives rise to 0<1—C(ny,pg, M, V)x — K2
<(ad-7°)?*+ 55 and

— 2 — 2
(Vi =ve) + (VB =70 ) +lle = vl
< Ceg 1> pos M, My, V) < K(@d - ©) + K62

< 2Kllad = cl> + 2Ke,(ng, po, M;, V) + K)(a_f +62 482 + 5_5)

for some constant K(x, &g, ny, py, M, M,,V) > 0 using (44). This x > 0 shall be
denoted by x .

— _ = _ -2 —_ J—

Case 2.3: a® < k2 We first notice that @ < x and 2¢d <& +d <c2 +d>=1
Now, we choose k, := k > 0 sufficiently small such that 2x < K(Z Then, if ¢Z < 2k,
we have ¢2 < KLZ_, and the estimate

2 2
< az—voo) +<\/b2—ﬂw> +||c—vmoo||2

< 2K|lbe — d|? + 2Ke, (ng, pos My, V) + K)<5_12 +82 482 + 5_§>

with K(x, &y, ng, pg, M, M, V) > 0 immediately follows from Case 2.1. And if
c? > 2k, then
= >2% -6 (ad—-7)’ 2T —2acd > 2 -8 —k = k — &%

Consequently, 0 < k < (ad —¢)* + 5_3 and
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2 2
- 2 2
( az—voo> + ( b2—7rQO> + e = Vi ooll

< Cleg, g o M. My, V) < K@d — ¢ + K32

< 2Kllad = | + K, (10, po, My, V) + K) (57 + 5% + 5% + 57
due to (44) with a constant K(x, £, ny, py, M, M, V) > Q.

J— — _ -2 —_ J—

Case 2.4: b < k% Again b <k and 2¢d < +d <c®+d> =1. Here, we
choose k;, :=« > 0 sufficiently small such that 2x < Kj. If d’> <2k, we have
d? < K'j, and due to Case 2.2 there exists some K(k, £(, 1y, pg, M, M, V) > 0 such

that
2 2
- 2 2
< az—voo> +<\/b2—7l'°o> +lle = Vool

< 2Kllad — c||? + 2Ke,(ng, po, M, V) + K)<5_f+5_§+5_§+5_§>.

Ifa’_2 > 2k, then

=2 —_ —_ —_— —_ —_ =2 - —_ J—
d = -5 226> (bc-d)’ 2d -2bcd22c~ 62—k =Kk — 5.

This implies 0 < k¥ < (b —d)*> + 5_2 and

2 2
< a2—vw> +<\/b2—ﬂw> +lle = Vo ll?

< Cleg, ng, o M, M, V) < K(b — d)? + K52
< 2K|lbe — d|)? + 2Ke,(ng, pos My, V) + K)(a_f +82 482 + 5_§>

with K(k, €, ny, py, M, M, V) > 0 employing (45).

All arguments within Step 2 remain valid, if we finally set x := min(k,, k,, kK, k).
We also observe that the constants K > 0 above are independent of € € (0, gy]. And
since k only depends on n, p,, M, and V, we may skip the explicit dependence of C,
on k at the end of Case 1. This finishes the proof. O

We already pointed out that ||ad — c||* and ||bc — d||? can be controlled by the
reaction terms of the entropy production, if we replace a, b, ¢, d by \/n/(nyu,),
\/P/Poky), \/n, and \/nl, (see the proof of Theorem 1.5 in Sect. 6 for details). In
this proof, also ||Val||?, ||Vb|%, |la —al||*> and 16— b|1? may be bounded by the
entropy production. However, ||c —¢||*> and ||d — d||> may not be estimated with
the help of Poincaré’s inequality since this would yield terms involving Vn,,,
which do not appear in the entropy production.
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Instead, we are able to derive the following estimates for ||c — ¢||? and ||d — 3||2,
which describe an indirect diffusion transfer from ¢ to » and from d to a, respec-
tively: Even if ¢ and d are lacking an explicit diffusion term in the dynamical equa-
tions, they do experience indirect diffusive effects thanks to the reversible reaction
dynamics and the diffusivity of a and b. This is the interpretation of the following
functional inequalities.

Proposition 5.6 (Indirect diffusion transfer) Let a,b,c,d : Q — R be non-negative
functions such that

F+d>=1
holds true a.e. in Q. Then,
llc—cl*> <4(llbc = d|I> + lb=blI*) and ||d —d||* < 4(llad = c|* + lla — all*).

Proof We only verify the second inequality; the first one can be checked along the
same lines. First, we notice that

llad — c|l = |lad — ¢ + (@ — a)d|| < |lad = c|| + |la —al| (49)
because of the bound 0 < d < 1. Besides, we deduce
@°d* = || = |I@d + o)@d - o)l < (1 +@)ljad - c|

employing 0 < ¢,d < 1. For the subsequent estimates, we need two auxiliary ine-
qualities: For every function f : Q — R and all A € R, we have

W =712 =/(f—/l+/1—f)2dx
Q
=/<(f_/1)2_2(f—/1)(f—/1)+(f—/1)2)dx (50)
Q
:/(f—/l)zdx—(/_f—i)ZSIIf—Mlz-
Q

And for all x > 0, one has

2 2
1+x z\/1+2x+x S\/2(1+x)=\/5.
\/1+x2 \/l+x2 V1+x2

Since ¢ + d* = 1, we obtain

@d? = || =@ d®> + d® — 1] = ||(1 + a)d® - 1|

=|(V1+@d+1)(V1+ad-1)|

>|V1+@d-1|=\V1+a

1

d— >\ 1+ad-d|.
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where we applied (50) in the last step. Consequently,

Id - dll < ——— @ - Il <~ ad — el < V2 ad - c]
1+a 1+a
and
Id - dI> < 2(fad — |* < 4(llad - c|]? + lla - @ll?)
using (49). O

6 EEP-inequality and convergence to the equilibrium
We are now prepared to prove Theorem 1.5.

Proof of Theorem 1.5 Let (n,p,n,) € L'(Q)? be non-negative functions satisfying
n, < 1, the conservation law 7 —p + en,, = M and the L-bound 7,p < M,. Keep-

ing in mind that v, = \/n,/ny and n, = \/p../p, (cf. Notation 5.1), Proposition 4.4
guarantees that there exists a positive constant C,(y,I', M) > 0 such that

A
E(”?Fa n[r) - E(noo?poo’ ntr,oo) S Cl + dx
Q n p

2 2

n 1z 2
+n, —Vo | TP — =7 +£/(\/n —4\/n co) dx|.
0 < o, ) 0 ( Po Hp > o tr tr,

(6D
Next, we have to bound the second line of (51) in terms of the entropy production.
To this _end, we apply Proposition 5.5 with the choices a :=+/n/(nyu,),
b :=/p/(PoH,), ¢ :=/n, and d := vy, (as always n] =1 —n,,). The hypothe-
ses of this proposition are fulfilled as a consequence of the conservation law
n—p+en, =M and the L-bound n,p < M ;- As a result, we obtain
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2

( n _vw> +< T—ﬂw>2+||\/n_n—\/m||2

noHy pO/’lp

< C tr tr n;r
n()lun pOMp
+ v, /2| +]|v
noHy pO/'{p
JE—— _2
p__ [_P_
noHy oKy PoHp PoHp

1= vl + I = )

for all € € (0, ;] with a constant C,(g, 1y, pg. M, M, V) > 0. Thanks to Poincaré’s
inequality, we are able to bound the second and third line on the right hand side

from above:
<GCp
”oﬂn oKy noHy,
C J |2
=CP/1 ””v(-) dx< —2 /l"l dx
al2V ngn \pu, 4nginfo u, Jo n
and

<Cp

C 1,12
< ,P / P dx.
poup poﬂp 4poinfo p, Jo p

Moreover, the elementary inequality (\/)_c —1)? < (x = 1) In(x) for x > 0 gives rise to

pOlup

2

!’
tr n nntr _ 1 dx
7
nOHn o 1y 1y

nn;_ nn;_
S/n,. 1>1n dx
Q oKy oMy
1- 1-
=/ <<_ _> m(’“(_”")dx
oMy, oMMy
/( —R,)In < )dx
o Uy

and similarly
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P \/7' <T/(R)ll‘l< Plar >dx.
pOﬂp po/‘p(l )

Proposition 5.6 further implies that

I = VP + I, = Jo P
P —)

<4 - _
oKy oKy Poﬂp p()iup
2
nn! n
+H1/ —= = /n,|| + Pl _
n()l’ln p())up

Combining the above estimates, we arrive at

2

2
< & _Voo) +( p _ﬂoo> + ”\/n_tr_ \/nlr,co“2

nO/’ln p lup

J,I? |J 12 n(l—n n
SC3/ | "l -R,In <¥>—RPIH<L>
Q n p o1y, pOMp(l - nzr)
with a constant Cs(&, 7,, 7,, 19, Pg» M, M}, V) > 0 uniformly for € € (0, ¢y]. With
respect to (51), we now find

2 2

n 14 2
n0< nort —voo> +p0<“lTMp_zoo> +£/Q(\/n,r—1/nmoo) dx
2
n
< max{ny, py, €} < —voo>
noHy,

2
14
+< - noo) + ” Vntr vV ntr,oo||2

pOﬂp

< €y max{ }/ A G
max{ny, py, € —R,In
. 0Po-€o p MoHyy,

“R,In <P_>>
Pomy(1 —ny)

And since the constant C, in (51) only depends on &, ny, py, M, M and V (via the
constants y and I'), we have finally proven that
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E(n,p,n,) — E(Ngy, Poos Ny o)

J 2P n(l — n
SC4/ 1+L—Rnln<&>—Rpln<L> dx
Q n p nop, 1y, Po#p(l _ntr)

for a constant C,(g, 7,, T, N> Pos M,M,,V) > 0independent of € € (0, &y]. O

Theorem 1.5 provides an upper bound for the relative entropy in terms of the
entropy production. This already implies exponential convergence of the relative
entropy. The subsequent proposition now yields a lower bound for the relative
entropy involving the Ll-distance of the solution to the equilibrium. This will
allow us to establish exponential convergence in L.

Proposition 6.1 (Csiszar—Kullback—Pinsker inequality) Let €, ng, pg, M, M, and V
be positive constants. Then, there exists an explicit constant Coyp > 0 such that for
all € € (0, €], the equilibrium (ny, Py, Ny, ) € X from Theorem 2.1 and all non-
negative functions (n, p,n,) € L'(Q)’ satisfying n,, < 1, the conservation law

n—-p+en,=M
and the L'-bound
n,p <M,
the following Csiszdr—Kullback—Pinsker-type inequality holds true:

E(n,p, ntr) - E(noo’poo’ ntr,oo)

2 2 2
Z CCKP(”n - noo ”LI(Q.) + ”p _poo ”LI(Q) + gllnzr - ntr,oo ||L2(Q))'
Proof Due to Lemma 3.2, we know that the relative entropy reads
E(l’l,p, ntr) - E(noo’pow ntr,oo)

=/<nlnl—(n—nw)+pln£—(p—poo)
Q P

[s9) [s)

e S ntr 00
+6/ 1n(—> —In|{ ———— ) )ds )dx.
n I-s I- ntr,oo

tr,c0

Similar to Proposition 4.4, we employ the mean-value theorem and observe that

iln( 5 ): 1 >4
ds 1—ys s(1 —s)

for all s € (0, 1). Thus, there exists some o(s) between n,,  and s such that
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S (o) () o

tr,00

_ n,. ;
—° /Q/,, o(s)(1 — g(s))( Ny o) ds dx

1r,00

>4£// r(s nnoo)dsdx—Ze/(n,,— ,,m)zdx

1r,00

Moreover, we utilise the Csiszar—Kullback—Pinsker-inequality from Lemma 3.3 to
estimate

n 3
/Q <nln <a> —(n— noo)>dx 2 m”n ||L1(Q) >clln— ||LI(Q)

where c(g(, ny, py, M, M, V) > O1is a positive constant independent of € € (0, £]. As
a corresponding estimate holds true also for p, we have verified that

E(n7p’ n[r) - E(noo?poo’ntr,oo)
2 2 2
Z C(”l’l - noo”Ll(Q) + ”p _poo”Ll(Q) + £”n[r - nlr,oo”LZ(Q))

for some C(g, ny, py, M, M;, V) > 0 uniformly for € € (0, g,]. O
Now, we are able to prove exponential convergence in relative entropy and L'.

Proof of Theorem 1.3 We first prove exponential convergence of the relative entropy
w(t) = E@m,p,n,)(0) — E(ny, Peo> Ny o)

using a Gronwall argument as stated in [25]. To this end, we choose
0 <1ty <t; £t < T and rewrite the entropy production law as

W) — (o) = / P(n.p.n,)(s)ds > K / w(s)ds 52)

where we applied Theorem 1.5 with K := C;FP
set

Y(t) :=/ w(s)ds:—/ w(s)ds

and obtain from (52) the estimate K'W(¢;) < w(#,) — w(¢) which yields

in the second step. Furthermore, we

%(‘P(z‘l)eml) = —y (1) + KW(t,)ek < —y(p)eh.
1

Integrating this inequality from ¢, = ¢, to t; = t and observing that ¥(r) = 0 gives
rise to
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—W(t,)ek < —m(em — ).
K
As a consequence of (52) with #;, =¢,, one has —¥(¢,) > (y(t) — w(z,))/K and,
hence,

—y(1y)e < —y(n)e.
But this is equivalent to
E(n,p, n,)(0) = E(iy, Pogs iy o) < (E(n, p,m, )(tg) — E)e 070, (53)
for all > #, > 0. In order to conclude that
E(,p,n,)(t) = E(yg, Poos Nyr. o) < (E; — Eg)e™,

for all £ > 0, we observe that the rate K is independent of ¢, and that the entropy
E(n, p,n,)(t,) extends in (53) continuously to #, — 0 since n, p € C([0, T);L*(Q)) for
all T > 0 by Theorem 1.1. This results in the announced exponential decay of the

relative entropy, while the exponential convergence in L' follows from Proposition
6.1. O

Proof of Corollary 1.8 We first prove that the linearly growing L®-bounds together
with parabolic regularity for system (1) and assumption (4) entail polynomially
growing Wl4-bounds, g € (1, o), for n and p. To this end, we consider

—(1- n,,)>, J, ="V (ne"),

on = V-Jn+l<ntr—
T npe=Vn

n

and introduce the variable w=ne". We observe that

V-J,=V-(e""Vw) =e"(Aw—VV, - Vw)and thus,

evn 1- n,,
ow=Aw—-VV, -Vw+ —|n, — w. (54)
T ngy

Under the assumptions of Corollary 1.8, this equation is of the form
ow—Aw=f +fHLw+f;-Vw

where f; € C([0, 0), L*(2)) for i € {1,2}, f3 € C([0, ), L*()") and - Vw =0
on 0Q. Testing this equation with —(g — 1)|Vw|?"2Aw yields
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li/ [Vw|?dx = / [Vw|92Vw - Vo,w dx
dt o o
= —/ <(q —2)|Vw|?*VwAw - Vw + |VW|q_2AW> o,wdx
Q
—/(q— D|Vw|72Aw d,w dx
Q
—/(q— DIVw|97?|Aw|dx
Q
- /(C] - l)|VW|q_2AW(fI +Hw+fs- Vw)dx
Q

Using the inequalities |ab| < (a*> 4+ b*)/2 and (a + b+ ¢)* < 3(a® 4+ b*> + ¢?) for
a,b,c € R, we find

15:/'lequ<" /(q—1)|vW|ff 2| Aw|? dx
+ z/(q— DIVw|T2(f7 + fiw* +£71Vw]?)dx
Q

Together with C > 0 satisfying [fl-(t,x)2| <C for all i € {1,2,3}, t>0 and a.e.
x € Q, we derive

15{/ [Vw|?9dx < —= /(q— D|Vw|972|Aw|? dx
+ 7 /Q(q _ 1)|VW|"_2(1 +w?+ |Vw|2)dx
An integration by parts and Young’s inequality with C,(C, g) > 0 give rise to
/(q — D|Vw|92Vw - Vwadx
Q
= —/ <(q — (g = 2|VW|*VwAw - Vw + (g — 1)|Vw|q_2Aw>wdx
Q
= —/(q — D?|Vw|T 2 Aw wdx
< 3C /(q— DY Vw|i~ 2|Aw|2dx+Cl/|VW|" 2w dx.
Hence, there exists a constant C,(C, g) > 0 such that

4 [Vw|?dx < C, [ |[VW]92(1 +wH)dx < (A +Br?) | |Vw|?2 dx,
2
dt Jq Q Q

where A, B > 0 result from the linearly growing L*-bounds from (11). For any fixed
o, > Oand all t > #,, we now have
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VWO, ) < IV 0 + / A+ B2, ds

A Gronwall lemma (see e.g. [2]) now proves the desired polynomial growth of
||VW||L4(Q) and ||V”||Lq(g)3

VWOl oy < <||Vw<to>||iq(g) +A(t— 1) + g(ﬁ - tg)> y (55)

Next, we use the Gagliardo—Nirenberg—Moser interpolation inequality in R, m > 1
(see e.g. [23]):

In = ng |l o) < GEQ)l|ln - (56)

”W] ZM(Q)” ”LZ!H(Q)
Then, interpolating with the exponentially decaying L!-norm of n — n_, we obtain

||z, ‘)”Loo(g) < ||noo||Leo(g) + ||n - ”oo”Leo(g)
1 1 1

el =1l S Z

< ||noo||L°°(Q) + G”I’l Lo(Q) LY(Q)

Mool 11 = 1
due to the exponential convergence to equilibrium (15). The estimate for p follows
in the same way. O

Proof of Corollary 1.9 We first notice that exponential convergence of n and p in
L1(Q),1 < g < oo, immediately follows from Theorem 1.3 and Corollary 1.8 via

S ||l’l noo”Ll(Q) S qu_K‘/t

In = ng 1% nellfote, lin

and an analogous estimate for p where 0 < C,, K, < oo are constants independent
of € € (0, gy]. Reusing the Gagliardo—Nirenberg—Moser interpolation inequality in
R™, m > 1, from (56) and the polynomial bound on the growth of || VA(:)|| ;2nq, from
(55), we derive

1

lln — noo”Lw(Q) < GQ)|In - ng, <C,e” "’t, (57

2 2
”WLZm(Q) ”I’l — Ny ||L2m(Q)
thus, establishing exponential convergence of n and p in L*(Q). Concerning the
convergence of n,,, we recall the following identities from (25) and (22):

Ny 00 Ny oo (1 n cx:r)? =D n,.
pO/“lp " " noHy " Mp Hp

We abbreviate u:=n,. — n,, ., and calculate (pointwise in x) by adding and subtract-
ing n,,. ., and n,. multiple times and by using the relations (58):

1-n

tr,oo
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8aru=Rp_Rn=l<1_ntr_Lntr> —l<7’l”.— ? (l_nlr)>
pOMp T noKy

1 Pes p
=—\-—u+ Nypoo = Ny
Tp pO/’lp p(),up

Ty oHn 0Mn
1 1 n,
Tp Tppo T, 7N
“ J
n,
bl 4 n—n .
,,pou,,( oo) p—— 2 (n =g,

Hence, due to 0 < n,.(¢t,x) < 1forallt > 0and a.e. x € Q, p,, = eV, My = e %, and

V = max(||V, |l =@y 1V, 1= ) We estimate with (57)

d K eV
—|[ult, )o@y < ——ult, Mo + ——||PE ) — Poo ||
dt” @& llg @ . [lue(, I, @ 7,00 ”P( )—p ”L ©

e,

+ nt,-)—n -
er noll 00||L @
K C _k:
< ——|lult, MNpwy + —€ "
. lut, ) -

where C:=C,e (( 7,00)” Lt (z,n9)” ) For the following calculation, we assume
w.lo.g. 264K, < K. Hence, using [|[u(0, )| ;«(q) < 1, we arrive at

C [" _ki—se-
”ntr(t’ )= ntroo”L""(Q) <e KI/E - e K(=9)/e=Kys ds
€ Jo

< e Kile 4 oKile C (e(K/f—Km)t - 1) < e Ktle 4 LE_K'”I
K- EKm K- 60Km

where the last bound is independent of €. O

7 Alimiting entropy method for system (20)

The existence theory of the Shockley—Read—Hall model applies classical methods
(see e.g. [18]) and can be carried out analogously to Theorem 1.1. Therefore, we
state here the corresponding results without proof.

Theorem 7.1 (Shockley-Read-Hall for &=0) Under the assumptions
of Theorem 1.1, there exists a unique non- negatlve global weak solution
(n,p) € (C([O T1,L2(Q) N W,(0,T) n L0, T), L“(Q))) , of system (20) for all
T € (0, o) satisfying the boundary conditions (2).
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Moreover, there exist positive constants C,,(||n; || ) Vi) C, (sl 1=()s V) and
K,(V,), K,(V,) such that

In(t, Il w@) < C, + Kyt Pt =) < C, + Kt forallz > 0. (59)

Finally, there exist positive constants u,I", 0 > 0 (depending on z, C,, Cp, K, Kl,, Vo
V,) such that

n(t, x), p(t,x) > min{m, N Iet } forallt > 0andae. x € Q (60)
where ut = ﬁ such that the bounds ut and I /(1 + 0t) intersect at time .

The entropy functional (5) extends continuously to the limite = 0O:

n p
Eo(n,p):z/ <n In —(n—=nyu,) +pln - —poyp)>dx,
Q oMy PoHyp

which is again an entropy (the free energy) functional of the Shockley—Read-Hall
model (20). The corresponding entropy production (free energy dissipation) func-
tional reads as

d | |2 I/, |2 np
Py(n,p):=— —Eyn,p) = / —— ) Jdx>=0.
dt Q n p NoMHuPoHp

(61)
Next, we recall from the introduction n™ =n?"(m,p) such that
R, (1, n%*) = R (p, n™), i.c.
T, +7 Pn”
qssa , __ 0Fn
(A —— L 62)
R T g Y™

n™(n, p) denotes the pointwise equilibrium value of the trapped states in (1) for

fixed n and p, which corresponds to the quasi-steady-state approximation £ = 0.

Moreover, we observe that the Shockley—Read—Hall entropy production functional
(61) can be identified as the entropy productlon functional P(n, p, n*) as given in (7)
along trajectories of (1) with e = 0 when n,, = n’>*(n, p):

J 2 |J |2 n(l - nqna
Ponp. qw)_/ A g (M
n Moy,
qua
—R,In S qm dx
pOMp(l
FACEEYAL
=/ B R <L> dx = Py(n, p)
Q n p NoMnPoHp
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where one uses R = R, = R, at n,, = n/""" and that the involved integrals are finite.

Analogously to Theorem 2.1, there exists a unique equilibrium (n, o, P o) € X,
in the case € = 0, where
X, :={(n,p) e H'(Q}|n-p=M
A@y>0)np>yae An“ely,1—y] ae. }.

This equilibrium reads

_ v, _ v
Moo =M 0€ "5 P =Pxp€ 7> (63)

where  n,4,p,o>0 are wuniquely determined by n,0p.0=nyp, and
n*,Ol’ln _p*,Oﬂp =M.
We are now in the position to formulate the EEP-inequality.

Theorem 7.2 (Entropy-Entropy Production Inequality for € = 0) Let 7, 7,, ny, py,
M, and V be positive constants. Consider M € R and the correspondingly unique
equilibrium (n, o, P o) € Xo-

Then, the following EEP-inequality holds true for all non-negative functions
(n,p) € LN(Q)? satisfying the conservation law n—p = M, the L'-bound n,p < M,
as well as the conditions Ey(n,p) < o0, Py(n,p) < oo, P(n,p,n*") < co for some
gy > 0:

Ey(n,p) — Ey(ng 0, Poop) < CeppPo(n, p), (64)

where Cggp > 0 is the same constant as in Theorem 1.5.

Theorem 7.3 (Exponential convergence for € = 0) Let (n, p) be a global weak solu-
tion of system (20) as given in Theorem 7.1 corresponding to the non-negative initial
data (n;,p;) € L*(Q)?. Then, this solution satisfies the entropy production law

Eo(n, p)(ty) + / Py(n, p)(s)ds = Ey(n, p)(1y) (65)

JorallO <t, <t < oo

Moreover, the following versions of the exponential decay towards the equilib-
rium (N, 0» Poo o) € Xo hold true:

Eyn,p)t) — E,, < (E; — E.)e ™™
and

”l’l - noo,()”il(ﬂ) + ”p _poo,()”il(g) S C(E] - Eoo)e_Kt (66)
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where C .= CE%(P and K = Cgép are the same constants as in Theorem 1.3. Moreo-

ver, E; and E_ denote the initial entropy of the system and the entropy in the equilib-
rium, respectively.

Remark 7.4 We believe that the entropy—entropy production inequality (64) can also
be proven by combining estimates of Sect. 5 with previous works on the entropy
method for detailed balanced reaction—diffusion models, see e.g. [5, 7, 10, 19].
We emphasise, however, that our goal with Theorem 7.2 is to be able to derive an
entropy—entropy production inequality via the fast-reaction parameter € — 0.

Finally, in the same way as for strictly positive € > 0, we can derive uniform-
in-time L*-bounds for n and p also in the case € = 0. As before, these bounds
further improve the lower bounds on n and p.

Corollary 7.5 There exists a constant Z > Q such that
In, )l (> 1P Il oy < Z - forall 2 > 0. 67)
And for all T > O there exist sufficiently small constants p,I" > 0 such that
n(t, x), p(t,x) > min { ut, "} (68)

forallt > 0and a.e. x € Q, where ut = I such that the bounds ut and I intersect at
time t > 0.

Corollary 7.6 Under the hypotheses of Theorem 7.3, there exist constants
0 < C,K < oo such that

-K
In = nglli=@) + 1P = Pooll o) < Ce™™

holds true for allt > 0.

Proof of Theorem 1.5 Our goal is to derive an estimate of the form
Ey(n,p) = Eg(ne 0: Poo o) < CpepPo(n.p)

by applying the EEP-inequality from Theorem 1.5 directly to the functions n, p and

nl™. However, since we assume that n and p satisfy

i—p=M,

the triple (n, p, n>**) does not satisfy the conservation law with right hand side M but

A-F+en™ =M+ en’™
In order to resolve this issue, we shall apply the EEP-inequality from Theorem 1.5
to a suitably defined sequence of functions (n,,p,.n, ) € L'(Q)* which fulfil
7, el o) < 1, the L'-bound 77_, p, < M, and the conservation law
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Z_p_s-l_gntrs =M.

. . . ssa ssa
A convenient choice is n,:=n, p,i=p+ en;’, and n, :=nl", where
gssa gssa

» =n,. (n,p)as defined in (62). For this choice, we derive the stated EEP-esti-
mate for the case € = 0 via the following steps, which are proven below:

Eg(n.p) = By 0 Peo ) = M (E(1, ps 1y 0) = B Do Mirca))  (69)
< £1—>m0 (CEEPP(ne’pf’ ntr.s)) (70)

= CggpP(n,p,n qw) = CggpPy(n,p) 71)

We recall that n and p are assumed to satisfy E,(n,p) <o and
Py(n,p), P(n,p,n*") < oo, which implies that Py(n,p) = P(n,p,n’"") as discussed
in the introduction.

Step 1. Proof of (69): We first show, that with (n,, p,,n,.,) = (n,p,,n’")

Ey(n,p) = Um E(n,, pe, 1y e)- (72)

Recalling that

E(n,p,,n’™) —/ <n In—— — (n = nyp,) +p, In Pe
Q oMy PoHy
e

~(pe — PoHy,) + € /1/2 In ( 1 is)ds>dx,
we first notice that p,=p+ £n?;m — p monotonically decreasing for
e —0 for all x€ Q. Thus, by using n’™ <1 and the elementary estimate
p.Inp, <2p(lnp +1n2) for p > max{e, 1} the Lebesgue dominated convergence
theorem, the L!-bounds 7,7, p,p, < M, and E,(n,p) < oo imply the convergence of

the p,-integral in (72). The convergence of the third integral follows directly from

™ (x) 1
& Ky s e—=0
e/ In ds| < 5/ In ds—— 0.
1/2 1 -

1/2 =S
Using analogue arguments, the convergence

EO(noo,O’poo,O) = ll_l)% E(noo’poo’ ntr,oo)

follows from observing the monotone convergence n, — n, and p, = p, for
€ — 0 due to (27) in the proof of Theorem 2.1, which directly implies the mono-
tone convergence n,, — n, qand p, = p., o for all x € Q, where (n ) and
(N,05 Poop) are defined in (22) and (63), respectively.

00> Poos nn,oo
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Step 2. Proof of (70): We observe that the functions

(NgsPes Nyp) = (n,p + enqm nt*) € L'(Q)* satisfy ||n,,|l;«q) < 1, the conserva-
tion law

n.—p,ten,,=n—-p=M
as well as the L'-bounds 7, <M, and p, <p+¢ where € € (0,€'] C (0,¢].
Because of p < M|, we have p, < M, for ¢’ > 0 sufficiently small. As a consequence,
E(ne?pe’ ntr,e) - E(noo’poo’ ntr,oo) < CEEPP(ne’pE’ ntr,e)

where Czp > 0 is the same constant as in Theorem 1.5.
Step 3. Proof of (71): As the constant Cypp > 0 is independent of € € (0, gy], it
suffices to show that

11mP(nE,pE, n,..) = P(n,p,nt*)

To this end, we consider the representation

L2 |Vp|?
P(ns,’pg’ntr,g) :/ <| | + | pl +2Vp : VVp +p5|VVp|2
Q

n €

n 1_nqssa
—R,In <(—qssa)> + i< Pe_pame (1 - ”?:m)>
T,

noUpMy, p \PoHp

p.n qssa
X <1 =T _Inl —nq”“)>> dx,
p()l’lp

where we have already taken into account that n, = n, Vp, = Vpand n,,, =
alle > 0.

We note first that the convergence of the second, third and forth integral follows
from the pointwise convergence of p, for all x € Q and from the Lebesgue domi-
nated convergence theorem by estimating

qwa for

2
OSIVPI

£

+2Vp-VV, +p |[VV,|* <

\Vj 2
VPl Loy YV, +plVV, 2
p

2 |J |2 ssa 2
+@. —pIVV,|° < 5 nV, 1,

where the function on the right hand side is integrable due to the finiteness of
P(n, p, n™").
Secondly, the product

qssa
< De n;{:sa _ (l _ n;{:w)> <1 Dl Fer 11'1(1 _ nqua)>

pO”p p()ﬂp
n 554
N < p n;{:‘sa _ (1 _ n;{;m)><1 tr ln(l _ nqasu)>
pOﬂp pOM/)

@ Springer



Uniform convergence to equilibrium for a family of drift-... 581

converges pointwise for all x € Q as € — 0. In order to conclude the convergence
of the corresponding integral via the Lebesgue dominated convergence theorem,
we use similar to Step 1 the elementary inequality p,Inp, < 2p(Inp +1n2) for
p > max{g, 1} and the finiteness of P(n, p, n’:*"). This yields

tr

gssa
, n
lim/ 1 (_pg nd™—(1 - n;’f‘w)><ln Dlw In(1 - n;’f‘m)>dx
=0 Q Tp p()l’lp p()/’lp

pnqma
= _/Rp In ﬁ X
Q pOMp(l —n, )

gssa
tr

and therefore, P(n,, p,, n,..) = Pn,p,n, ) fore — 0. O
Proof of Theorem 1.3 We only have to check that the assumptions on the finiteness
of the entropy E and the entropy production functionals P, and P within Theorem 2
are satisfied. The claim of this theorem then follows from the same arguments as in
the proof of Theorem 1.3.

Due to the uniform L®-bounds (59) of n(f) and p(¢) for all + > 0, we know that
Ey(n,p) < oo for all > 0. Similarly, we deduce that P(n,p,n’>**) and Py(n,p) are
finite for all strictly positive # > 0 since n, p are bounded away from zero and n>" is
bounded away from zero and one uniformly in Q.

Finally, the lower bounds (60) guarantee similar to Theorem 1.5 that solutions
satisfy the weak entropy production law (65) for all £, > 0. O

8 Conclusion

We have investigated the drift—diffusion-recombination system (1) modelling the
transport, generation and annihilation of negatively charged electrons and posi-
tively charged holes (vacancies of electrons) in certain types of semiconductors. As
depicted in Fig. 1, we have considered a two-level system augmented by an addi-
tional intermediate energy level, the so-called trap level, which results from the
presence of foreign atoms inside the crystal of the semiconductor. We have derived
an entropy—entropy production (EEP) inequality (cf. Theorem 1.5) which bounds
the entropy functional (5) from above in terms of the entropy production functional
(7). This EEP-inequality has then be used to show that the concentrations of elec-
trons and holes converge to their equilibrium distributions at an exponential rate as
time tends to infinity (cf. Theorem 1.3).

A novel achievement of our studies is the fact that the entropy method has been
applied uniformly in a small time-related parameter. More precisely, the constant
Cgpp 1n Theorem 1.5 is independent of the lifetime € of electrons on the trap level
(cf. (1)) provided € € (0, ;] for some £, > 0. The e-independence of Cypp transfers
to the constants appearing in the exponential decay estimate in Theorem 1.3. This
proves that the exponential convergence rate is independent of a quasi-steady-state
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approximation of the electrons on the trap level, which leads to the famous Shock-
ley—Read—Hall recombination model [16, 21].

In particular, we were able to derive an EEP-inequality and the convergence
estimate for the limiting Shockley—Read—Hall model. This fact is notable from a
conceptual point of view as we transfer the results for € > 0 to the case € = 0 by
performing the limit € — 0. We believe that our limiting approach to the Shock-
ley—Read-Hall model may serve as an example for possible applications of this
technique to fast-reaction limits and quasi-steady-state approximations.

In view of the technicalities of the proofs and the resulting length of the cur-
rent paper, our results are still limited by not taking into account the self-consistent
potential generated by electrons and holes, which is required by a physically more
precise model. However, this leads to an additional coupling of (1) to Poisson’s
equation and a further increase in complexity of the problem. We expect however to
resolve these issues in a future work by combining techniques and results presented
in the current paper with ideas in [9], which considered a self-consistent Shock-
ley—Read—Hall model without trapped states.
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Appendix: Proof of the existence theorem

Proof of Theorem 1.1 In order to simplify the notation, we set the parameter
7, :=1, = land n; 1= p, 1= 1 throughout the proof. All arguments also apply in
the case of arbitrary values for 7,, 7,, ny and p,. The structure of system (1) can be

further simplified via introducing new variables

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Uniform convergence to equilibrium for a family of drift-... 583

One obtains
1w Y
Vu=-e2VV,n+e2Vn and
2
Au=c? (An +Vn-VV, + inIVVnIZ + %nAVn>
which results in
ou=e¥on=e¥ (An+Vn-VV, +nAV, +Rn>

il ) 1 n
= Au—c* (Zn|VVn| —EnAV,,)+eZRn

=Au+(l

vll
ZAV" — %lVVn|2>u +e2n, —e"u(l —n,).

Analogously, we derive
oy =Av+ (;AV - —|vv |2>v+e (1 —n,)—e'rvn,,

For convenience, we also introduce the abbreviations

1 1 5 1 1 5
A, = AV, - —|VV L®(Q), A, :==AV,—--|VV L®(Q

n p
as well as a, f > 0 such that the following estimates hold true a.e. in Q:
Wby
A, 1A, <a and e2,e>,e e < B.

Next, we introduce the new variable

n i=1-n, (73)
for reasons of symmetry. In fact, we can prove the positivity of n/_in the same way
as for n,, which then implies the desired bound 0 < n,. < 1. A further ingredient
for establishing the positivity of the variables u, v, n,, and n_is to project them onto
[0, c0) and [0, 1], respectively, on the right hand side of the PDE-system. In this
context, we use Xt := max(X, 0) to denote the positive part of an arbitrary function
X and X' : = min(max(X, 0), 1) for the projection of X to the interval [0, 1]. The
modified system now reads

[0,1] _ V + /[01]

au—Au—Au +ezn "N,

o,y — Av—Av +e’ '[01] eVPvJ’n[O”

1[0,1] evz v+n[0 1] _ [O 1] +e2 M+n/[0 1]

[01] R u+n’[0” 1[01] +e7 V+n[01]

(74)
eon, =n,

gon, =n
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The no-flux boundary conditions of (1) transfer to similar conditions on « and v. In
detail, we have

e V= Vn+ %nvv,,
and, hence,
Vn+nVV, =% (w + Ly )
Therefore, the corresponding boundary conditions for # and v read

) 1 A 1
- (Vu+§uVVn> =h- <Vv+ 5vvvp> = 0. (75)

Furthermore, we assume that the corresponding initial states satisfy
/ 4 !
(upvpnepn, ) € LT, ny +n, =1 (76)

In this situation, ||7,, ;|| = q) + |’ |z = 1 and we set

tr.
I = ”uI”Lco(Q) + ”VIHLoo(Q) + ||n,,’1||Leo(Q) + ||nl")‘,I”L°°(Q) > 1.

We now aim to apply Banach’s fixed-point theorem to obtain a solution of (74)—(76).
Step 1: Definition of the fixed-point iteration. For any time T > 0 (to be chosen
sufficiently small in the course of the fixed-point argument), we introduce the space

Xp 1= C([0, T, L*(Q))*
and the closed subspace

MT = {(u7 v, n[;ﬂ n;r) € XT | (M(O), V(O)v ntr(o)v n;r(o)) = (l/l[, V[, nl‘)‘,[’ n;r,])’

max max max
o ”u(t)”LZ(Q)’ oo ||V(t)”L2(Q)a o ”ntr(t)”Lz(Q)’
53{“5% ||";r(t)||L2(Q), ||M||Lw((0,T)><Q)a ||V”L°°((O,T)><Q) < 21} C Xr.
The fixed-point mapping S : X; — X; is now defined via
S@,v,m,,7) 1= (u,v,n,.,n)

where (u, v, n,,., n;r) is the solution of the following PDE-system subject to the bound-
ary and initial conditions specified above:

ou—Au=A1u +ezn[01]—e 'lﬁ+ﬁ'[01]—!]71,

oy —Av=A\ vt +en n/[OI] - evﬂv*'nm” =: ]72, an
V ~
eon, =" —¢2 v+n[0 H—7l00 4 e u+n'[0 W=:f,
/l~ V~ ~
o _n[ou o u+n"0“ /|01] e [01] s
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We first show that (u,v,n,,n,) = Su,v,n,,n, ) € Xy provided (&,v,7,,7n,) € X;.
Due to fl, f2 € L*((0,T) X Q), it is known from classical PDE-theory (see e.g. [3])
that

u,v € W,(0,T) ={f € L*((0,T), H'(Q) | o,f € L*((0,T), H" (")}
< C([0, T1, L*(Q)).

And since

1 [~
n,(H) =n,(0)+ - / f(s)ds
€ Jo
for almost all ¢ € [0, T], we deduce
1 [~
ln, Dl 2@y <7, Ol 2 + ;/ W5l 2q) ds
0
<l + I max |[]7( )|
=T L omer BWIr@:

Hence, n,, € L*((0,T), L*(Q)). Moreover, we derive for [0, T] 2 t, > t€[0,T]

”ntr(tk) - ntr(t) ”LZ(Q)

1 [ ~
SZ |V3(S)||L2(g) ds
t

It]( — ~ k—o00 O
max N —> U.
7 ma IOl

<

This proves n,, € C([0, T], L*(Q2)). The same arguments can be applied to n .

Step 2: Invariance of My. Now, let (u,v,7,,,7] ) € My. Similar to the strategy of
e.g. [1, 15, 26], we perform the subsequent calculations for any g € 2N, and every
te|[0,T]

t t t
d [ u -1 -1
— [ —dxds = ul™ oudxds = w™ Audxds
0 dsJa q 0o Jo 0 Ja
t t
+/ /uq_lfldxdss—(q—l)/ /uq_2|Vu|2dxds
0 Je 0 Je
1 t - t
- —/ / ul - VVn dods + ”fl ”L‘X’((O,T)XQ)/ / |u|q_1dxds
0o Jo

<Qal+p+ 2ﬂ1)/ “““Lq(gz)

Note that the last term in the second and the first term in the third line are both
non-positive due to g € 2N and assumption (4). Introducing y :=2al + f + 2p1, we
obtain

O g = IOy < a7 [ TN 7%)
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This inequality already implies a linear bound on the L*-norm of u as we shall see
below (cf. [2]). We define

U(r) —q}// ()17, ) s

and note that U(0) = 0. Estimate (78) entails

g-1 g-1

U'(n) = qy(llu(t)llm(g)) ‘< qy(n + [uO)l, o, + U(t))T

for all € [0,T], where # > 0 is an arbitrary constant, which guarantees that the
expression X := 5 + |lu(0)||? L T U(?) is strictly positive. Multiplying both sides
with X(1=9/4 and integrating from O to 7 gives

t

t 1
/0 (r] + ””(O)”Zq(g) + U(s)) " U'(s)ds < /0 qy ds.
We now substitute ¢ := U(s) and deduce

o) L 5o
are> / (14 14Oy +0 ) do =g+ 1O,y +0 )|
0

1

= a(n+ 1O g + VD) = a(n+ 11O, g, )°

> (Il g)" — a4 1O )"

where we have used (78) in the last step. Therefore,

1

IOl < (14 1Oy g )" + 70
and, taking the limitn — 0,

el oy < NuO)| o) + vt < T+ 1yt
As the bound on the right hand side is independent of g, we even obtain

Nlu@ll oy < T+ 71, (79)
for all # € [0, T']. This result naturally gives rise to
lell Loo.ryxy) S 1+ 7T
An analogous estimate is valid for v. As a result, we obtain
”u”L‘”((O,T)XQ)’ ||V||L°°((0,T)><Q) <2

for T > 0 chosen sufficiently small.

Employing (79), we also derive
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max ||u(t < max ||u(®)||jeio) < I+ yT.
Osst” ()”LZ(Q) _OSIST” Ol @ =1+7

The same argument is applicable to v, which results in

<21
max, lull 12 max, vl 12 <

for sufficiently small T > 0. The corresponding bounds on n,, and n/_ can be deduced
from the formula

n,(t) = n,(0) + f3(s) ds
and from an analogous one for nfr. In fact,
J T
”nzr(t)”LZ(Q) S ||ntr(0)“L2(Q) + g ”}%(S)HLZ(Q) dS S 1 + ;(2 + 4ﬂ1)
0

and, hence,

!
max I7, Ol 120 max, lln, Ol 2 < 21

for T > 0 sufficiently small.

Step 3: Contraction property of S. We consider
(U V), 1y 1, 1y, ), (U Vs Ty, 1y, ) € My and the correspond-
ing solutlons (ul,vl,n,rl, ) =SV, T ) € My and

(g, Vo My, 11, ' o) =Sy, vy, 1y p, " RS M. We further 1ntroduce the notation
u::ul_uz, u::ul_uz
and similarly v, n,,, n V, n,, and ﬁ;r. Then, we have to show that

”(u’ v, n[pn;r)”XT S C”(I}I,T/I, 71][;«7 7i:,-)”XT

with a constant ¢ € (0, 1) on a time interval [0, 7] small enough. The norm in X; is
defined as

l(, v, 1., n;,)“xr L= 62%’% “u([)”LZ(Q) + ({2,22% ||V(t)||L2(Q)

!
+ max 17, (Ol 2 + max, I, ()l 20

We obtain the following system by taking the difference of corresponding equations
of the system for the 1- and the 2-variables, respectively:
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ou— Au=A, (& -l ) et (N,[?f] %5),21]>
- (S ) =7,
o,y —Av = AP(VIr ) te7 < ;[011] ﬁ:£02,1]>
can, =73 —ﬁ;£°2” ﬁ(w?;] )
[0 1] +n[0 Ny e <ﬁ+n:[011] E;%;E?Zvﬂ) —- 73’
con = (-
=i e (vl - ) = R

.

We mention that u and v are subject to the boundary conditions
R 1 N 1
- <Vu + EMVV”> =7- (Vv + EVVVP> =0
and the homogeneous initial conditions
u(0) = v(0) = n,,(0) = n; (0) =
First, one finds
&?SXT ||u(l)||L2(Q) < C1||M||W2(0,T) < C1C2|lf1||L2((0,T)><Q)

where C; >0 is the constant resulting from the embedding
W,(0,T) < C([0,T1], L*(Q)). The constant C, > 0 originates from well-known para-
bolic regularity estimates for ||ully, (7, in terms of the L*norms of ]71 and u(0) =
Therefore,

max lu@®ll 2@ < C1Cy ("‘”ﬁir =43 || 20 + ﬁ“ﬁfﬁl] 5)21] | 20.xe

+ ﬂ”ﬁ;— Uy ”L2 ((0, T)xQ)l ~;£011 ”L""((O,T)xQ)

o B e o 101 = 7

L2(0,T)xQ) )
< C Gy (Bl Il 2 ormey + @+ ANl 20w
+ 2817 |l 20.17x)) -

Moreover, every f € C([0, T], L>(Q)) fulfils

and we proceed with the previous estimates to derive
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max, lu)ll 12y <C,Cr(a + 2ﬁDﬁ(||ﬁzr||C([o,T],L2(Q))

~ ~y
+ [l cgo. 20 + ||”;,||C([0,T],L2(9))>'

In a similar way, we arrive at
28DV |17
(&liXT VOl 2@y SC1Cola +251) 17,1l cro, 10200

+ ||7||c([o,T],L2(Q)) + ”%tr”C([O,T],Lz(Q))>‘

Due to n,.(0) = 0, one obtains
1 [~
n,t)=—- [ f3ds
€Jo

for ¢t € [0, T] and, using similar techniques as above,

T
17 VT =
52%); ””zr(t)”LZ(Q) < Z/O |V3||L2(Q) ds < T“fS”U((O,T)xQ)

1+ 281 - ~
< Tﬁ(ll“”u«o,r)xg) + IVl 20.rxe

+ ”;ifr”Lz((O,T)XQ) + ”ﬁ:r”LZ((O,T)XQ))

14281 [ -
< TT el co.m2 @) + WVl eqo.me@)

~ ~
+ 17Nl cqo.rrze + ||”tr||C([o,T],L2<sz>>> :

Note that because of 74 = —]73, the last estimate equally serves as an upper bound for
””:r(t)” 12(q)- Taking the sum of the above estimates and choosing 7' > 0 sufficiently
small yields

”(l/l, v, ntra nl{r) ”XT S c ”(’IZ’ ;’ ?itr’ ?i;r) ”XT

with some ¢ € (0, 1).

Step 4: Solution of (1). Step 2 and Step 3 imply that for 7' > O sufficiently
small the mapping S : M, - M, is a contraction. Banach’s fixed point theo-
rem, thus, guarantees that there exists a unique (u,v, ”m”;r) € M, such that
S(u, v, n,,, n;r) = (u,v,n,,, n;r). Moreover, due to standard parabolic regularity for
(u, v), the fixed-point (u, v, n n;r) is the unique weak solution of

tr>
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vll
atu — Au =Anu+ + eVTnES‘” V,,u+n/[0 1]
i
0 v—Ay = A v+ e?n’[ovl] evpv+n[0 1]
% 31
€0 N, = nI[O 1 —e2 V+I’l[0 1 _ [O 1] +e2 M+ 1[0,1]
" tr ’
e, = nll — o /0 — /[01] 4oLyl
r tr

In order to prove the non-negativity of u, v, n,. and n’
[26]. First, we define

+.» we adapt an argument from

h :=min(0, u)

on [0, T] X Q and notice that # < 0 and A(t = 0) = 0 a.e. since u(0) > 0 a.e. We now
multiply the first equation in (81) with 4 and integrate over (0, 7) X Q for ¢ € [0, T].
This yields

t t t
//asuhdxds=//Auhdxds+//Anu+hdxds
0o Ja 0o Jo 0o Jo
t
+// evznn[o” V"u+n'[01])hdxds.
0o Ja

The first term on the right hand side of (82) can be seen to be non-positive using
integration by parts and the boundary condition from (75):

t t t
//Auhdxds=—/ /Vu-Vhdxd —1/ / uhin-VV,dods
0 Jo 0 Ja 2Jo Joe
t t
—/ /Vu-Vhdxds=—/ /Vh-VhdxdsSO
0 Ja 0 Jo

due to uh >0, - VV, >0, and since Vi # 0 holds true only in the case u <0,
where we have Vi = Vhin L2, see e.g. [14]. Moreover,

t
/ /Anu+hdxds=0,
0o Jo

and the third term in (82) is again non-positive as an integral over non-positive
quantities:

t t
VVI
//(ezn[m] V"u+n’[°1] hdxds=/ /eTnES’”hdxdsSO
o Jo o Jo

as a consequence of u*h = 0 in L?(Q). The left hand side of (82) can be reformu-
lated as

t
//dsuhdxdsz//ahhdxds— // h2 dsdx = = ||h(t)||L2(Q)
0o Ja

For the first step, we have used that the integrand d,u h only contributes to the inte-
gral if 4 < 0. But in this case, u = h and, hence, d,u = d;h in L2, see e.g. [14]. This

(82)
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proves ||A(0)]|2q) < 0 for all 7 € [0, T], which establishes h(z) = 0 in L*(Q) for all
t € [0,T], and thus u(t,x) > 0 for all # € [0, T] and a.e. x € Q. In the same way, one
can show that v(¢,x) > Ofor allr € [0,T] and a.e. x € Q.

The non-negativity of n,, follows from a similar idea using

h :=min(0, n,,.).

Again, h <0 and A(t = 0) = 0 due to n,.(0) > 0. Multiplying the third equation of
(81) with & and integrating over (0, 1) X Q, ¢ € [0, T], we find

t v
/ /d n, hdxds = / / (n;£0,1] e v+n[0 n_ [9’1] + e?u+n;£0’1]>hdxds.
0o Ja

As before, all terms under the integral on the right hand side involving ngf’l]

Consequently,

t t v,
Ilh(r)IILz(g) € / / d,hhdxds = / / (n;£°~”+e7u+n;£°-”)hdxdsso
0 Q 0 Q

for all r € [0, T]. The same result holds true for n:r. Therefore, we have verified that
n,(t,x), n) (t,x) > 0 for allz € [0, T]and a.e. x € Q.

The non-negativity of n,. and n/, together with n] = 1 —n,, from (73) now even
imply

vanish.

n,(t,x), n (t,x) € [0,1], forall re€[0,7] andae. xeQ.

This allows us to identify the unique weak solution (u, v, n,,,n! ) of (81) to equally
solve

Vn
ou—Au=A u+eTn,r—e Viu(l = n,,),
o,y — Av—Av+ez(1—nn)—e1vntr, (83)

eon,=1-n, ezvntr nt,+ezu(1—n,,)

which is the transform version of the original problem (1).

Up to now, we have proven that there exists a unique solution
(u,v,n,) € C([0, T], L*(Q))* such that (u,v,n n,) € My on a sufficiently small
time interval [0, 7.

Step 5: Global solution. We now fix T* > 0 in such a way that [0, T*) is the maxi-
mal time interval of existence for the solution (u,v,n,,) € C([0, T], L*(2))* of (83).
Moreover, we choose some arbitrary ¢ € N, and multiply the first equation in (83)
with u9~!. Integrating over Q at time ¢ € [0, T*) gives

d [ u -1 -1
— | —dx= [ u" dudx= [ u"” Audx+ [ A,udx
dt Ja q Q Q Q

+/u"_l(e%ntr—evnu(1 —n,,)) dx.
Q

w1
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Integration by parts and the estimates |A,| < a, |e%n,, —e"u(l —n,)| < p(1 +u)
further yield

q
1/”—dxg—(q—l)/uq—2|vu|2dx—1/ Wi VV,dods
dt Jo q Q 2 Jog

+a/uqu+ﬁ/(uq_l+uq)dx.
Q Q

Moreover, we derive

q
/uq'ldx:/ uq'ldx+/ u—dxﬁ/ldx+/uqu:1+/uqu
Q (u<l1} {u>1} U Q Q Q

where we used |Q2] = 1. Hence,

i/u—quSﬂ+(a+2ﬁ)/uquS7<1+/"‘qu> (84)
dt Q 9 Q Q

after defining y := a + 2f. This results in

d%/gu"dxﬁyq<1+/guqu>,

which can be integrated over time from O to #:

t
q q q
IO gy < WO+ v | (14100, )
From this generalised Gronwall-type inequality, we deduce (cf. [2])

a1}, ) < NI, g e + e =1 < (1 + ||u(0)||zq(Q)>eW

and
lu)ll o) < (1 + ||u(0)||Lq(Q))eﬂ <l

since 1 + [[u(0)]| 4y < 1+ [4(0)|| ;o) < I. As I’ is independent of g, we even
arrive at

lu)ll o) < le".

In the same way, we can show that [|v(?)|| =g, < le’* for all # € [0, T*). As a conse-
quence, we obtain that the solution (1, v, n,.) € C([0, T, L*(Q))3 can be extended for
all times, i.e. T* = oo.

Step 6: L*®-bounds for n and p. We now prove the linearly growing L*-bounds
(11) for n and p. We only detail the bound for p and sketch how the bound for 7 fol-
lows in a similar fashion. After recalling (with 7, = 1 w.l.o.g.)
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op=V-J,+ <1 —-n, — L_Vn,,>, J, = e_VPV(peVP),
Po€ *

we introduce the variable w=pe" and observe that
V-J,=V- (" Vw) =¢ " (Aw - VV, - Vw)and thus,

n
(),w=AW—VVp-Vw+eVF<1—n,,—p—"W>, (85)
0

while the no-flux boundary condition 7 - J, = 0 on 0€2 transforms to the homogene-
ous Neumann condition 71 - Vw = 0 on 0Q.

Next, by testing (85) with the positive part (w — r — s1), := max{0,w —r — st}
for two constant r, s > 0 to be chosen, we calculate by integration by parts in the first
two terms

d1 2
EE/Q(W—r—st)erx

= /(w—r—st)+<Aw—VVp-VW+eVP(1 —n, — @w> —s>dx
Q Po

W —r — st)?
=—/1]W>,+”|Vw|2dx—/VVp-V—+dx
o Q 2

1% ntr
+/(W—r—st)+<e P<1 —ntr——w) —s>dx
Q Do

1AV, |l )
< — —r—std
< > /Q(w r s)Jr x

1% n,
+ [ (w—r—s0), eﬂ<1—ntr——w)—s dx,
Q Do

since 71 - V,, > 0 by assumption (4). Moreover, since n,, € [0, 1]and w > 0, we have

d1 5 1AVl =) 2
EE/Q(w—r—stdesT Q(w—r—st)erx
+/(w—r—st)+(||eVF||Lw(Q) —s>dx.

Q

Thus, by choosing s:=||evr’||Lm(Q) and r:=|lw(z, )|l xq) for some time 7 > 0, we
conclude that

% /(w -r— st)i dx < |AV, |l 1= /(w —r— st)i dx,
Q Q
and a Gronwall lemma implies

W, =) < Wz, e + ||€V”||Loo(g) t, forallt>72>0. (86)

Transforming back, this yields
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594 K. Fellner, M. Kniely

1
——— (Il e ll€" |0 + €7 Il 1o 1)
inﬂqu( P L2(Q) L2(Q) @ 1) 87)

forallt > 7 > 0.

P, Il o) <

In order to deduce the analogue bound for n in (11), we consider (with 7, =1
w.l.o.g.)

on=V-J, + <n,r— L_V(l —nt,)>, J, = e_V"V(neV").

npe~'n
We introduce the variable @ = n e'» and obtain in the same way as in (54)

1-n
0,0 =Aw—VV, Vo +e" <ntr - N co>
"o

Following the same arguments as above,
o, M oy < (T, )l oy + le ||yt forall s> 7> 0. (88)
Transforming back, this yields

v, v,
(lIn(z, Mze@lle o) + e | o) t), forallz > 7 >0

(89)

1t Moy < =
It )l < o

and thus (11).

Step 7: Regularity and bounds for n,.. We still have to verify n,. € C([0, T'], L*(£2))
for all T > 0. Now, let T > 0 and recall that

t
n,(t) = n,(0) + 1 / (1 —n, —epn, —n, +e"n(l - nl,)) ds
€ Jo

in L*(Q) for all ¢ € [0, T]. Considering a sequence (#,)cn C [0, T, , — t, we thus
arrive at

Iy
\%
/ ”1_ntr_eppntr_ntr
t

2, —1]
€

1
lln,, (1) — ntr(t)”LOO(Q) SE

+e (1 - 1) || s () ds| < Cr—0
for k — oo. This proves the assertion.

The claim d,n,, € C([0, T], L*(Q)) for all T > 0 is an immediate consequence of
the last equation in (83) together with the L?-continuity and L®-bounds of u, v and
n,.

Next, concerning the bounds (12), we recall system (1) and observe that for all
€ € (0, &l

eon, = h(n,) := Rp(p’ n,) — R,(n,n,),
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Uniform convergence to equilibrium for a family of drift-... 595

in the sense of L?(Q), where h(n,, = 0) > — > 0and h(n, = 1) < —— < O uniformly

Tn

for all non-negative n and p. Therefore wherever n,, ;(x) =0 (or analogously

n,;(x) = 1), an elementary argument proves that n,.(z, x) grows (or decreases) line-
arly in time and decays back to O (or 1) at most like (a + bt)~'. More precisely, we
reuse the transformed variable w = p ¢"» and find

7wl T
55z”tr2l[1_ <1+_p+ﬂ>ntr] Zl[l— <1+_p+ V+SI>ntr]
Tp T Po Tp T Po

for some constants r and s due to the estimate (86). Setting 7,:=7,:=1 w.l.o.g., we
have

eon, >1—(F+75Hn,.

with appropriate 7,5 > 0 independent of e. By observing that the ODE
gyy = 1 — (F +31)y features the positive nullcline y,(r) = 1/(F +5t), which moreover
attracts all solution trajectories, standard comparison arguments (pointwise in x € Q)
imply that for all times 7 > 0, there exist positive constants n = 5(g, 7, Tn,Tp),
0 =6(C K,,K,) and a sufficiently small constant y(z, C,, C,, K,,, K,,) > 0 such

n’ [7’ n> ~p
that

n,(t,x) > min{nt, 1 -IJ-/OI} forallz > 0and a.e. x € Q
where 7t = 1:? such that the linear and the inverse linear bound intersect at time 7.

Finally, the upper bounds (12) follow from analogue arguments.

Step 8: Lower bounds for n and p. Finally, we prove the bounds (13). We will only
detail the argument for the lower bound on 7, as the bound for p follows in an ana-
logue way. Recalling the transformed equation for @ = e"»n (satisfying 7 - Voo = 0
on 0Q2), we estimate

1—n
0,0 =Aw—VV, - Vo + " <ntr - trw> >2Aw-VV,-Vo—-aw+cn,,
Ny
(90)
where a > 0 and ¢ > 0 are positive constants due to the assumptions (4) and

eVon,, > 0.

Next, we use (12), i.e. that for all = > 0 fixed, there exist constants #, # and y such
that n,,(t,x) > nt for all 0 < ¢ < 7 and a.e. x € Q, while n,,.(t,x) > y /(1 + 0¢) for all
t > 7 and a.e. x € Q. Then, by introducing the negative part (w)_ := min{w, 0} and
testing (90) with (a) - ”7’2 ) _ for a constant ¢ > 0 to be chosen below, we estimate
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596 K. Fellner, M. Kniely

=/ (a)—£> ( 0w+/4t)d
Q 2/~
ut?
S/ <a)—7) (—Aw+VVn-Vw+aa)—cntr+yt)dx
o -

2

2
=/(a)—£> (Aw—VVn-Vw)dx+/ (a)—£>
Q 2 /- Q 2 /-
ut*\2
S—/ <,412|ch|2dx——/V(a)——> -VV, dx
Q 2 Ja 2 /-
2
o),
Q

(aw = cn,, + pt)dx

(v-5)
2 )_
Thus, for 0 < ¢ < 7 when n,,(t, x) > nt, we have
2\ 2 2\Z AV
il w_ﬂ dxs a)_ﬂ n
dt?2 Q 2 _ Q 2 _ 2
2
+/ <a”——cnt+yt>dx.
Q _

2
If we choose y(a% + 1) < cn, we obtain

2
d ut ut?
d_[ o (C()— T) dx < ”AV “Loo(Q)/ (CU_ 7>_dx.

Hence, since |, (w(0, x))idx =0, we deduce from a Gronwall lemma

2
/(a)—£> dc=0, forall0<t<r,
Q

(aco —cn, + ut)dx.

2

which yields in particular w(z, x) > ”2’2 for all0 <t<randae.x € Q.

Moreover, for t > 7 when n,.(¢, x) > ——, we test (90) with (w — —) for a con-

10’ 1+61t

stant I' > 0 to be chosen below, and estimate similar to above

d1 I \2 r ro
- dx = ( — ) 0,0+ ———)d
dz2/<a’ 1+9t>— * /Q YT Tror _< @ (1+0t)2> g
S/(a)— F > Aco—VVn-Va)—aa)+cn[,+F—9 dx
Q 1+6t/- (14 61)?
r 2
S—/ oL IVwIde——/V<w——) - VV, dx
Q — 1461 2 Q 1+0t -

+/ (a)— I ) aw — cn —L dx
o 1+6t/- (1 + 612
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And as n,,(¢, x)> fort>r we find
d1 C \2AV,
42 d - ) d
dIZ/Q(w 1+9t ¥ /a’ 1+0:i)- 2 @

+/<w_F>aF_C}’_F6 dx
o 1+61/- 1+6r 1+6r (1+060)?

Choosing al” < cy, we arrive at

d r r o\
E/ﬂ(a) — ) dx < AV, ||Loo(9)/<CO— 1+0t>_dx

By further reducing either I" or u, we are able to satlsfy o T “ On the one hand,

this implies that /, (a)(r x) —

argument—in

v ) dx = 0, which results—by using a Gronwall

2
/<w(r,x)—L) dx=0, forallt>z,
A T+01/_

and, hence, w(t, x) > ﬁ for all# > 7 and a.e. x € Q. On the other hand, the increas-
ing and decreasing bounds now again intersect at time 7 as desired. O
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