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Abstract: In this work, we consider employing the NOMA (Non-Orthogonal Multiple Access) technique

in downlink VLC (Visible Light Communication) for performance enhancement. In particular, focusing on

a typical NOMA scenario with two users, we optimize the power allocation strategies under both sum-rate

maximization and max-min fairness criteria, where practical optical power and QoS (Quality of Service)

constraints are included. As our main contribution, we achieve optimal power allocation solutions in

semi-closed forms via mathematical analysis, which, to the best of our knowledge, have not been reported in

literature. Simulation results demonstrate that NOMA can provide remarkable performance gains over OMA

(Orthogonal Multiple Access) in the context of VLC downlinks.
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1 Introduction

VLC, which is a potential candidate for future wire-

less communications, has drawn increasing atten-

tion from both academia and industry. Compared

to traditional RF (Radio Frequency) communica-

tions, VLC enjoys multiple advantages such as un-

licensed spectrum, high secrecy, and immunity to

RF interference[1-3]. On the other hand, the NOMA

scheme has been recognized as a powerful technique

for improving the performance of conventional OMA

based communication systems. The main feature of

NOMA is that all users’ signals are multiplexed in

the power domain at the transmitter, and they are

detected by SIC (Successive Interference Cancella-

tion) at the receiver[4-6].

With respect to NOMA in RF wireless communi-

cations, a number of studies have focused on devis-

ing power allocation strategies to enhance the system

performance[7-9]. The max-min fairness based power

allocation was studied in Ref. [7] under both instan-

taneous and average CSI (Channel State Informa-

tion). Alternatively, the authors in Ref. [8] consid-

ered maximizing the sum rate of the NOMA system

with two users. Moreover, a general power alloca-

tion was proposed in Ref. [9] for two-user NOMA by
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ensuring that each user has a larger rate than that

of OMA.

The power allocation optimization for VLC

NOMA systems has also been investigated in some

recent works such as Refs. [10-12]. The authors

in Ref. [10] proposed an efficient GRPA (Gain Ra-

tio Power Allocation) strategy for VLC NOMA.

Then, for NOMA in VLC, the sum logarithmic user

rate maximized power allocation was developed in

Ref. [11] using the Lagrangian dual method. In

Ref. [12], the authors applied the gradient projection

algorithm to address the QoS constrained power al-

location problems, which maximize the sum rate and

minimum user rate.

In this study, we optimize the power allocation

for downlink VLC NOMA systems with two users.

By incorporating both optical power and QoS con-

straints, we respectively maximize the sum rate and

minimum user rate, which are both important per-

formance measures. First, we analyze the feasibility

condition for the considered optimization problems.

Furthermore, we derive their optimal solutions in

semi-closed forms that can be efficiently computed,

and this has not been reported in existing literature.

Compared to the traditional OMA transmission, the

proposed NOMA schemes can provide a higher sum

rate or fairness rate, as validated via simulations.

2 System model description

We study a downlink VLC system with one LED

(Light-Emitting Diode) and two users, as depicted in

Fig. 1. The LED communicates with the two users

using the NOMA technique, which has been shown

to outperform the conventional OMA scheme[4-6]. A

detailed description of the considered system model

is provided below.

The LED transmitter first superimposes the trans-

mit signals of the two users by x =
√
p1s1 +

√
p2s2,

where sk ∈ [−1, 1], k = 1, 2 denotes the transmit

symbol of the kth user and pk > 0 represents the

corresponding transmit power. Then, a DC (Direct

Current) bias Po is added to x to generate the LED

input such that it is nonnegative.
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Figure 1 System model

For VLC channels, it has been shown that the

power of the NLOS (Non-Line-of-Sight) signals is

much weaker than that of the LOS signal[13]. Thus,

we only need to focus on the LOS channel gain.

Specifically, the channel between the LED and the

kth user is modeled by[13,14]

hk =
(m+ 1)ARP

2πd2k
cosm(ψk)T (φk)g(φk) cos(φk),

(1)

where m is the Lambertian emission order of LED,

A represents the detection area of the PD (Photodi-

ode), RP denotes the responsivity of the PD, dk is

the distance between the LED and user k, ψk and

φk represent the LED irradiance angle and the PD

incidence angle respectively, T (φk) is the gain of the

optical filter, and g(φk) represents the gain of the

optical concentrator, which is given by

g(φk) =

{ n2

sin2(ΨFOV)
, 0 6 φk 6 ΨFOV,

0, φk > ΨFOV,

(2)

where n is the reflective index of the optical concen-

trator and ΨFOV is the receiver FOV (Field-of-View).

Because VLC channels are known to be slow varying

and the corresponding estimation error can be rela-

tively small, we assume that perfect CSI is available

at the transmitter, as reported in Refs. [10-12].

After removing the DC components, the received
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signals of the two users are

y1 =
√
p1h1s1 +

√
p2h1s2 + z1, (3)

y2 =
√
p2h2s2 +

√
p1h2s1 + z2, (4)

where zk, k = 1, 2 is the noise term, which is a real-

valued zero-mean Gaussian variable, with its vari-

ance defined by

σ2
zk

= 2q(hkPo + 2πARPχambg(φk)

× (1− cos(ΨFOV)))B + i2ampB, (5)

where q is the electronic charge, χamb is the am-

bient light photocurrent, iamp is the pre-amplifier

noise current density, and B is the system band-

width. Without loss of generality, we assume that

h1/σz1 6 h2/σz2 , i.e., user 2 is stronger. Then, user

2 should carry out SIC to remove the interference

from user 1, while user 1 does not need to perform

SIC. Accordingly, Eq. (4) becomes

y2 =
√
p2h2s2 + z2. (6)

Based on Eq. (3), Eq. (6), and Eq. (8) in Ref. [15],

we obtain the achievable rates of the two users as

R1(p1, p2) =
1

2
lb

(
1 +

2h21p1
πe(h21p2/3 + σ2

z1)

)
,

R2(p2) =
1

2
lb

(
1 +

2h22p2
πeσ2

z2

)
.

(7)

It should be noted that the above rate expressions

are derived by taking into account the finite ampli-

tude of the transmit symbols (see Ref. [15]). In the

next section, we aim to find the optimal power al-

location under two different design criteria, namely,

sum-rate maximization and max-min fairness.

3 Optimal power allocation strategies

for VLC NOMA

3.1 Sum-rate maximized power alloca-

tion

The sum-rate maximization problem is first studied

for the VLC NOMA system described in section 2.

Because the transmitted signal should be nonnega-

tive in VLC systems, we have x′ =
√
p1s1 +

√
p2s2 +

Po > 0, where the DC component Po is used for il-

lumination and the AC (Alternating Current) com-

ponent
√
p1s1 +

√
p2s2 is used for communication.

Recall that s1, s2 ∈ [−1, 1]. Then, it can be in-

ferred that
√
p1 +

√
p2 6 Po holds such that x′ > 0.

Moreover, we also impose QoS constraints on both

users’ achievable rates. Accordingly, the optimiza-

tion problem can be formulated as

max
p1,p2

R1(p1, p2) +R2(p2), (8a)

s.t.
√
p1 +

√
p2 6 Po, (8b)

R1(p1, p2) > R̃1, (8c)

R2(p2) > R̃2, (8d)

where R̃1 and R̃2 denote the minimum required rates

for both users. Problem (8) is nonconvex with re-

spect to the variables p1 and p2. Nonetheless, we

will show that it admits an optimal solution in a

semi-closed form.

First, we present the following lemma, which helps

to simplify the problem form.

Lemma 1 The optimal solution to problem (8)

must activate the inequality constraint in Eq. (8b).

Proof Assume that an optimal solution (p′1, p
′
2)

satisfies
√
p′1 +

√
p′2 < Po. It is evident that

there always exists a positive number ξ such that√
p′1 + ξ +

√
p′2 = Po holds. Furthermore, as

function R1(p1, p2) increases monotonically with p1,

(p′1 + ξ, p′2) fulfills the constraint in (8c); meanwhile,

it achieves a larger objective value than (p′1, p
′
2). This

contradicts the optimality of (p′1, p
′
2) and thus we

complete the proof.

Let us denote
√
p2 = θPo, where 0 6 θ 6 1. Then,

we readily obtain
√
p1 = (1 − θ)Po from Lemma 1.

Therefore, problem (8) can be rewritten by

max
θ
f(θ) =

1

2
lb

(
1 +

2(1− θ)2h21P 2
o

πe
(
θ2h21P

2
o /3 + σ2

z1

))

+
1

2
lb

(
1 +

2θ2h22P
2
o

πeσ2
z2

)
(9a)
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s.t.(
πe(22R̃1−1)

3
−2

)
θ2+4θ

+
πe(22R̃1−1)σ2

z1

h21P
2
o

−2 6 0, (9b)

πe(22R̃2 − 1)σ2
z2

2h22P
2
o

− θ2 6 0, (9c)

0 6 θ 6 1. (9d)

We analyze the feasibility condition of this problem

in the following lemma.

Lemma 2 To guarantee the feasibility of the power

allocation problem in (9), R̃1 and R̃2 should be se-

lected such that

R̃1 6
1

2
lb

(
1 +

2h21P
2
o

πeσ2
z1

)
,

R̃2 6
1

2
lb

(
1 +

2α2h22P
2
o

πeσ2
z2

)
hold, where α is given by

α=


−2+

√
4−(X/3−2) (XY −2)

X/3− 2
, R̃1 6= γ,

1− 3Y

2
, R̃1 = γ,

(10)

with

X = πe
(
22R̃1 − 1

)
, Y =

σ2
z1

h21P
2
o

,

γ =
1

2
lb

(
1 +

6

πe

)
.

Proof With respect to (9b), let us denote its left-

hand side by g(θ), and assume that R̃1 > γ. Then,

it can be verified that

πe

3

(
22R̃1 − 1

)
− 2 > 0

and

g(1) = πe
(

22R̃1 − 1
)(1

3
+

σ2
z1

h21P
2
o

)
> 0.

Furthermore, by considering that the axis of symme-

try of the quadratic function g(θ) lies in the region

θ < 0, we can infer that g(0) 6 0 must hold because

otherwise, (9b) will violate (9d). Therefore, from

g(0) 6 0, we know that

R̃1 6
1

2
lb

(
1 +

2h21P
2
o

πeσ2
z1

)

must hold. Moreover, when R̃1 < γ, we ob-

tain the same conclusion in an analogous manner,

which is omitted here for brevity. For the case

with R̃1 = γ, g(θ) becomes a linear function as

g(θ) = 4θ+ 6σ2
z1/(h

2
1P

2
o )− 2. Clearly, to ensure that

(9b) does not violate (9d), we also have g(0) 6 0,

which amounts to

R̃1 6
1

2
lb

(
1 +

2h21P
2
o

πeσ2
z1

)
.

In order to fulfill the constraint (9b), we can de-

duce from the above analysis that θ cannot exceed

the root of g(θ) = 0, which lies between 0 and 1, and

can be calculated by (10). On the other hand, by

combining the constraint (9c) with θ > 0, we have

θ >

√
πe
(
22R̃2 − 1

)
σ2
z2

2h22P
2
o

, β. (11)

Therefore, we achieve another condition for guaran-

teeing the feasibility of problem (9) by β 6 α or

equivalently,

R̃2 6
1

2
lb

(
1 +

2α2h22P
2
o

πeσ2
z2

)
.

Theorem 1 The optimal solution to problem (9)

can be expressed by

θ∗ = arg max
θ∈{S∩[β,α],α,β}

f(θ),

where S denotes the set of all stationary points of

the objective function f(θ). The stationary points

of f(θ) are the roots of the following equation:

πe

3

(πe
6

+ 1
)
θ5 − πe

3
θ4

+

(
2πe

3
+ 4

)
Aθ3 +

(πe
3
B − 6A

)
θ2

+
[
2B
(
A− πe

6

)
+ 2A (A+ 1)

]
θ − 2AB = 0, (12)

where

A =
πeσ2

z1

2h21P
2
o

, B =
πeσ2

z2

2h22P
2
o

.

α and β represent two boundary points of the feasi-

ble set whose expressions have been given in Eq. (10)

and Eq. (11), respectively.



Optimal power allocation for downlink two-user non-orthogonal multiple access in visible light communication 61

Proof To determine the optimal solution to the

scalar optimization problem in (9), we only need to

concentrate on all feasible stationary points and all

boundary points of the feasible set. According to

the proof of Lemma 2, the feasible set is [β, α]. Fur-

thermore, by letting df(θ)/dθ = 0 and performing

a few tedious mathematical manipulations, we could

show that all stationary points of the objective func-

tion f(θ) satisfy Eq. (12). Therefore, Theorem 1 is

proved.

Finally, with θ∗ available, we are able to calculate

the optimal p∗1 and p∗2 as follows:

p∗1 = (1− θ∗)2P 2
o , (13)

p∗2 = (θ∗)2P 2
o . (14)

3.2 Max-min fairness power allocation

As opposed to the previous subsection, here, we

adopt an alternative max-min fairness criterion to

optimize the power allocation. Specifically, we max-

imize the minimum user rate subject to the opti-

cal power and QoS constraints, whose mathematical

form is

max
p1,p2

min
i=1,2

Ri (15a)

s.t.
√
p1 +

√
p2 6 Po, (15b)

R1(p1, p2) > R̃1, (15c)

R2(p2) > R̃2, (15d)

where Ri, i = 1, 2 is given by (7). Although problem

(15) is still nonconvex as problem (8), it also admits

a semi-closed form solution, which is explained as

follows.

First, by adopting the similar techniques of prov-

ing Lemma 1, we can show that the constraint (15b)

is also active at optimality. Accordingly, by following

the steps in the previous subsection and utilizing the

increasing monotonicity of the logarithmic function,

we transform problem (15) into an equivalent form

as

max
θ
h(θ) = min

{
2(1− θ)2h21P 2

o

πe
(
θ2h21P

2
o /3 + σ2

z1

) , 2θ2h22P
2
o

πeσ2
z2

}
(16a)

s.t. (
πe(22R̃1 − 1)

3
− 2

)
θ2 + 4θ

+
πe(22R̃1 − 1)σ2

z1

h21P
2
o

− 2 6 0, (16b)

πe(22R̃2 − 1)σ2
z2

2h22P
2
o

− θ2 6 0, (16c)

0 6 θ 6 1. (16d)

Clearly, the feasibility condition in Lemma 2 also ap-

plies to the above problem. Furthermore, as a coun-

terpart of Theorem 1, we show its optimal solution

in the following theorem.

Theorem 2 The optimal solution to problem (16)

is given by

θ∗ = arg max
θ∈{θ̃∩[β,α],α,β}

h(θ),

where θ̃ ∈ [0, 1] is the unique root of the equation

(1− θ)2

πeθ2/6 +A
=
θ2

B
.

Proof It has been shown in Lemma 2 that the fea-

sible set is [β, α]. Hence, the remaining work is to

find the value of θ that maximizes the objective func-

tion h(θ). Before proceeding, we define

h1(θ) =
2(1− θ)2h21P 2

o

πe
(
θ2h21P

2
o /3 + σ2

z1

) =
(1− θ)2

πeθ2/6 +A
,

and

h2(θ) =
2θ2h22P

2
o

πeσ2
z2

=
θ2

B
.

Then, it holds true that when 0 6 θ 6 1, h1(θ) and

h2(θ) strictly decreases and increases with respect to

θ, respectively. Moreover, because h1(0) = 1/A > 0,

h1(1) = 0, h2(0) = 0, and h2(1) = 1/B > 0, we

readily have

h(θ) =

h2(θ), θ 6 θ̃,

h1(θ), θ > θ̃,
(17)

where θ̃ ∈ [0, 1] is the unique root of h1(θ) = h2(θ)

and can be found by performing a bi-section search

over the interval [0, 1]. We can clearly see that h(θ)

first increases and then decreases, and its maximum
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value is achieved at θ = θ̃. Thus far, we have proved

Theorem 2.

Note that after obtaining θ∗, the optimal p∗1 and

p∗2 can also be achieved by Eq. (13) and Eq. (14),

respectively.

4 Simulation results

In this section, we present the simulation results

to demonstrate the performance of the proposed

NOMA power allocation strategies. In order to show

the superiority of NOMA, we consider the conven-

tional OMA transmission as a benchmark, where the

two users communicate with the LED in two times-

lots. The detailed simulation parameters are listed

in Tab. 1.

Table 1 Simulation parameters

parameters values

room size (length×width×height) 5 m× 5 m×3 m

LED coordinate (2.5 m, 2.5 m, 3 m)

number of LEDs per array 3 600 (60×60)

LED pitch 1 cm

LED Lambertian emission order, m 1

PD detection area, A 1 cm2

PD responsivity, RP 0.4 A/W

optical filter gain, T 1

reflective index, n 1.5

receiver FOV, ΨFOV 62◦

ambient light photocurrent, χamb 10.93 A/m2 · Sr−1

pre-amplifier noise current density,

iamp
5 pA/Hz1/2

system bandwidth, B 30 MHz

Fig. 2 shows the achievable rate of each user and

the sum rate for the NOMA scenario, where we set

the rate threshold as R̃1 = R̃2 = 0.5 bit/s·Hz−1, and

the coordinates of two users are (1 m, 0 m, 0.85 m)

and (2 m, 3 m, 0.85 m), respectively. We can see

from Fig. 2 that the respective rates of user 1 and

user 2 decrease and increase with respect to the op-

timization variable θ. On the other hand, the sum

rate first increases, then decreases, and finally in-

creases with θ. When both users’ rates are above

the threshold value, i.e., the power allocation prob-

lem is feasible, the solution that maximizes the sum

rate is a stationary point in the feasible set, while

the max-min fairness is achieved when the rates of

two users are equal.
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Figure 2 Individual and sum achievable rates versus opti-

mization variable θ

Fig. 3 compares the sum rates of NOMA and OMA

schemes where R̃1 = R̃2 = 0.5 bit/s·Hz−1. For

OMA, all available power is allocated to each user

such that the sum rate is maximized. We consider

two sets of user coordinates: 1) (1 m, 0 m, 0.85 m)

and (2 m, 3 m, 0.85 m) (Coordinate I); 2) (1 m, 4 m,

0.85 m) and (2 m, 3 m, 0.85 m) (Coordinate II).

Compared to Coordinate I, the difference between

the two users’ channels corresponding to Coordinate

II is small. It can be found that the sum rate of

the NOMA strategy is clearly larger than that of the

OMA scheme, especially when the optical power is

relatively high. Moreover, the rate gain achieved by

NOMA is more evident under Coordinate I, which

means that NOMA is more advantageous when the

user channels are very distinct. Note that we also

apply the GP (Gradient Projection) algorithm (used

in Ref. [12]) to solve problem (8), which can achieve

almost the same sum rate as the proposed closed-

form solution in section 3.1. Nevertheless, the GP

algorithm has a higher computational and implemen-
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tation complexity owing to the iterative mechanism

and the fact that one convex problem needs to be

solved in each iteration[12].

0 3 6 9 12 15
2

3

4

5

6

7

8

9

10

su
m

 r
a
te

/
b
it
. s
−

1
. H

z−
1

 

 
NOMA proposed coordinate I 

NOMA GP coordinate I 

OMA coordinate I 

NOMA proposed coordinate II

NOMA GP coordinate II

OMA coordinate II

Po/dB

Figure 3 Performance comparison for NOMA and OMA

schemes under sum-rate maximization criterion

We compared the max-min fairness rate for the

NOMA and OMA schemes in Fig. 4, where we uti-

lized the same parameters as in Fig. 3. The max-

min fairness based optimal power allocation in sec-

tion 3.2 is used for NOMA. For the benchmark

method OMA, we allocated the maximum available

power to the user with a smaller signal-to-noise ra-

tio, while ensuring that both users achieve identical

rates. Similar to the results in Fig. 3, we observe in
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Figure 4 Performance comparison for NOMA and OMA

schemes under max-min fairness criterion

Fig. 4 that NOMA still outperforms OMA in terms of

max-min fairness. Moreover, the GP method and the

proposed closed-form solution in section 3.2 achieve

similar performances, while the GP algorithm has a

higher complexity.

5 Conclusions

In this study, we investigated the optimal power al-

location strategies for downlink NOMA VLC. We

adopted both the sum-rate maximization and max-

min fairness criteria to conduct power allocation op-

timization for the two-user scenario. Despite the

nonconvexity of the corresponding problems, we suc-

cessfully determined their semi-closed form optimal

solutions. We performed simulations, and the re-

sults verified the superiority of the proposed NOMA

schemes for VLC downlinks. Future research direc-

tions include considering NLOS and channel estima-

tion errors in order to improve the system perfor-

mance in realistic scenarios. Moreover, we also hope

to investigate the power allocation optimization us-

ing newer and more complicated rate bounds.
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