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Abstract
The Representation Theorem by Zomorodian and Carlsson has been the starting 
point of the study of persistent homology under the lens of representation theory. In 
this work, we give a more accurate statement of the original theorem and provide a 
complete and self-contained proof. Furthermore, we generalize the statement from 
the case of linear sequences of R-modules to R-modules indexed over more general 
monoids. This generalization subsumes the Representation Theorem of multidimen-
sional persistence as a special case.

Keywords Computational topology · Persistence modules · Persistent homology · 
Representation theory

Mathematics Subject Classification 06F25 · 16D90 · 16W50 · 55U99 · 68W30

1 Introduction

Persistent homology, introduced by Edelsbrunner et  al. (2002), is a multi-scale 
extension of classical homology theory. The idea is to track how homological fea-
tures appear and disappear in a shape when the scale parameter is increasing. This 
data can be summarized by a barcode where each bar corresponds to a homology 
class that appears in the process and represents the range of scales where the class 
is present. The usefulness of this paradigm in the context of real-world data sets has 
led to the term topological data analysis; see the surveys (Carlsson 2009; Ghrist 
2008; Edelsbrunner and Morozov 2012; Vejdemo-Johansson 2014; Kerber 2016) 
and textbooks (Edelsbrunner and Harer 2010; Oudot 2015) for various use cases.
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A strong point of persistent homology is that it can be defined and motivated both 
in geometric and in algebraic terms. For the latter, the main object are persistence 
modules. In the simplest case, such a persistence module consists of a sequence of 
R-modules indexed over ℕ and module homomorphisms connecting consecutive 
modules, as in the following diagram:

A persistence module as above is of finitely generated type if each Mi is finitely gen-
erated and there is an m ∈ ℕ such that �i is an isomorphism for all i ≥ m . Under this 
condition, Zomorodian and Carlsson (2005) observed that a persistence module can 
be expressed as single module over the polynomial ring R[t]:

ZC‑Representation Theorem (Theorem  3.1 in Zomorodian and Carlsson 2005) 
Let R be a commutative ring with unity. The category of persistence modules of 
finitely generated type1 over R is equivalent to the category of finitely generated 
graded modules over R[t].

The importance of this equivalence stems from the case most important for appli-
cations, namely if R is a field. In this case, graded R[t]-modules, and hence also per-
sistence modules of finitely generated type, permit a decomposition

where � ⋅ denotes a shift in the grading. The integers �i, �j, nj give rise to the afore-
mentioned barcode of the persistence module; see Zomorodian and Carlsson (2005) 
for details. Subsequent work studied the property of more general persistence mod-
ules, for instance, for modules indexed over any subset of ℝ (and not necessarily of 
finite type) (Chazal et al. 2016; Crawley-Boevey 2015) and for the case that the Mi 
and �i are replaced with any objects and morphisms in a target category (Bubenik 
et al. 2015; Bubenik and Scott 2014).

Given the importance of the ZC-Representation Theorem, it is remarkable that a 
comprehensive proof seems not to be present in the literature. In Zomorodian and 
Carlsson (2005), the authors assign an R[t]-module to a persistence module of finite 
type and simply state:

The proof is the Artin–Rees theory in commutative algebra (Eisenbud 1995).

In Zomorodian’s textbook (Zomorodian 2009), the same statement is accompanied 
with this proof (where � is the assignment mentioned above):

M0
ϕ0

M1
ϕ1

. . .
ϕi−1

Mi
ϕi

Mi+1
ϕi+1

. . .

(
n⨁

i=1

𝛴𝛼iR[t]

)
⊕

(
m⨁

j=1

𝛴𝛽jR[t]∕(tnj ))

)

1 In Zomorodian and Carlsson (2005), the term “finite type” is used instead, but we renamed it here as 
we will define another finiteness condition later.
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It is clear that � is functorial. We only need to construct a functor � that car-
ries finitely generated non-negatively graded k[t]-modules [sic] to persistence 
modules of finite[ly generated] type. But this is readily done by sending the 
graded module M = ⊕∞

i=0
Mi to the persistence module {Mi,�i}i∈ℕ where 

�i ∶ Mi
→ Mi+1 is multiplication by t. It is clear that �� and �� are canonically 

isomorphic to the corresponding identity functors on both sides. This proof is 
the Artin–Rees theory in commutative algebra (Eisenbud 1995).

While that proof strategy works for the most important case of fields, it fails for 
“sufficiently” bad choices of R, as the following example shows:

Let R = ℤ[x1, x2,…] and consider the graded R[t] module M ∶= ⊕i∈ℕMi with 
Mi = R∕ < x1,… , xi > where multiplication by t corresponds to the map Mi → Mi+1 
that assigns pmod xi to a polynomial p. M is generated by {1} . However, the per-
sistence module �(M) as in Zomorodian’s proof is not of finitely generated type, 
because no inclusion Mi → Mi+1 is an isomorphism.

This counterexample raises the question: what are the requirements on the ring 
R to make the claimed correspondence valid? In the light of the cited Artin–Rees 
theory, it appears natural to require R to be a Noetherian ring (that is, every ascend-
ing chain of ideals becomes stationary), because the theory is formulated for such 
rings only; see Eisenbud (1995) and Greuel and Pfister (2007). Indeed, as carefully 
exposed in the master’s thesis of the first author (Corbet 2016), the above proof 
strategy works under the additional assumption of R being Noetherian. We sketch 
the proof in Appendix 3.

Our contributions As our first result, we prove a generalized version of the ZC-
Representation Theorem. In short, we show that the original statement becomes 
valid without additional assumptions on R if “finitely generated type” is replaced 
with “finitely presented type” (that is, in particular, every Mi must be finitely pre-
sented). Furthermore, we remove the requirement of R being commutative and 
arrive at the following result.

Theorem Let R be a ring with unity. The category of persistence modules of finitely 
presented type over R is isomorphic to the category of finitely presented graded 
modules over R[t].

The example from above does not violate the statement of this theorem because 
the module M is not finitely presented. Also, the statement implies the ZC-Repre-
sentation Theorem for commutative Noetherian rings, because if R is commutative 
with unity and Noetherian, finitely generated modules are finitely presented.

Our proof follows the same path as sketched by Zomorodian, using the functors 
� and � to define a (straight-forward) correspondence between persistence modules 
and graded R[t]-modules. The technical difficulty lies in showing that these func-
tors are well-defined if restricted to subclasses of finitely presented type. It is worth 
to remark that our proof is elementary and self-contained and does not require 
Artin–Rees theory at any point. We think that the ZC-Representation Theorem is of 
such outstanding importance in the theory of persistent homology that it deserves a 
complete proof in the literature.
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As our second result, we give a Representation Theorem for a more general class 
of persistence modules. We work over an arbitrary ring R with unity and gener-
alize the indexing set of persistence modules to a monoid (G,⋆).2 We consider a 
subclass which we call “good” monoids in this work (see Sect. 4 for the definition 
and a discussion of related concepts). Among them is the case ℕk corresponding 
to multidimensional persistence modules, but also other monoids such as (ℚ≥0,+) , 
(ℚ ∩ (0, 1], ⋅) and the non-commutative word monoid as illustrated in Fig. 1. It is not 
difficult to show that such generalized persistence modules can be isomorphically 
described as a single module over the monoid ring R[G].

Our second main result is that finitely presented graded modules over R[G] cor-
respond again to generalized persistence modules with a finiteness condition. Spe-
cifically, finiteness means that there exists a finite set S of indices (i.e., elements 
in the monoid) such that for each monoid element g with associated R-module Rg , 
there exists an s ∈ S such that each map Rs → Rg̃ is an isomorphism, whenever g̃ lies 
between s and g.

For G = ℕk , we prove that this condition is equivalent to the property that all 
sequences in our persistence module are of finite type (as a persistence module over 
ℕ ), see Fig. 2, but this equivalence fails for general (good) monoids. Particularly, our 
second main result implies the first one, because for G = ℕ , the monoid ring R[ℕ] is 
precisely the polynomial ring R[t].

Outline Although our first main result is a special case of the second one, we 
decided to give a complete treatment of the classical case of linear sequences first. 
For that, we introduce the necessary basic concepts in Sect. 2 and prove the Rep-
resentation Theorem in Sect. 3. The additional concepts required for the monoidal 
case are introduced in Sect. 4. The Generalized Representation Theorem is proved in 
Sect. 5. We conclude in Sect. 6.

Fig. 1  Graphical illustration of a generalized persistence module. The underlying monoid is the set of 
words over {a, b} . For each monoid element, the persistence module contains an R-module, and for each 
arrow, the module contains a homomorphism (which is not specified in the figure)

2 Recall that a monoid is almost a group, except that elements might not have inverses.
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2  Basic notions

Category theory We review some basic concepts of category theory as needed 
in this exposition. See Adámek et  al. (2009) and Mac Lane (1971) for com-
prehensive introductions. A category � is a collection of objects and mor-
phisms, which have to satisfy associativity and identity axioms: for all mor-
phisms � ∈ hom(W,X) , � ∈ hom(X, Y) , � ∈ hom(Y , Z) there are compositions 
�◦� ∈ hom(W, Y) and �◦� ∈ hom(X, Z) which ensure (�◦�)◦� = �◦(�◦�) . If it is 
not clear which category the morphisms belong to, one writes hom

�
 to denote the 

category � . Furthermore, for all objects X in a category � there are identity mor-
phisms 1X ∈ hom(X,X) such that 1X◦� = � and �◦1X = � for all � ∈ hom(W,X) , 
� ∈ hom(X, Y) . One example of a category is the collection of all sets as objects 
and maps between sets as morphisms. Others are topological spaces and continu-
ous maps, groups and group homomorphisms, and vector spaces over a fixed field 
and linear maps.

A functor F ∶ � → � carries the information from one category to another. 
It says that F(�◦�) = F(�)◦F(�) and F

(
1X

)
= 1F(X) for all � ∈ hom

�(W,X) , 
� ∈ hom

�(X, Y) . It suffices to define functors on the morphisms only, but usually 
one also specifies F(X) for clarity. A simple example of a functor is the identity func-
tor of a category, which simply maps each object and each morphism on itself. As 
another example, homology is a functor from the category of topological spaces to 
the category of abelian groups.

Functors describe similarities between two categories. Two categories �,� are 
called isomorphic if there are functors F ∶ � → � , G ∶ � → � such that F◦G is the 
identity functor on � and G◦F is the identity functor on � . In this case, we also call 
the pair (F, G) of functors an isomorphic pair.

Graded rings and modules We only consider rings with unity and usually denote 
them by R. A left-ideal I of R is an additive subgroup of R such that r ∈ R and x ∈ I 

0 1 2 3 4 5 6 7 8 9 10 11
0

1

2

3

4

5

Fig. 2  Graphical illustration of two sequences in a generalized persistence module over the monoid ℕ2 . 
The corresponding R-modules and homomorphisms are not specified in the figure
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implies that rx ∈ I . Replacing rx with xr defines a right-ideal. A subgroup I is called 
ideal if it is a left-ideal and a right-ideal.

An R-(left-)module (M,+, ⋅) is an abelian group with a scalar multiplication (from 
the left), which is a bi-additive group action of R on it. We usually denote modules by 
M. For example, every left-ideal of R is also an R-module. An R-module morphism 
between R-modules M and N is a group homomorphism f ∶ M → N that also satisfies 
f (rx) = rf (x) for all r ∈ R and x ∈ M.

A ring S is ℕ-graded, or just graded if S can be written as S = ⊕i∈ℕSi where each 
Si is an abelian group and si ⋅ sj ∈ Si+j whenever si ∈ Si and sj ∈ Sj . If R is a ring, the 
polynomial ring R[t] is naturally graded with R[t]i being the R-module generated by ti . 
While R[t] might permit different gradings (e.g. if R itself is a polynomial ring), we will 
always assume that R[t] is graded in the above way.

If S = ⊕Si is a graded ring, an S-module M is graded if there is a decomposition 
M = ⊕i∈ℕMi such that each Mi is an abelian group and si ⋅ mj ∈ Mi+j whenever si ∈ Si 
and mj ∈ Mj . As a trivial example, S is a graded S-module itself. By definition, every 
nonzero element of M can be written as a finite sum

with k ≥ 1 , i1 < i2 < ⋯ < ik , and mij
∈ Mij

 . If k = 1 , m = mi1
 is called homogeneous 

of degree i1.
A graded morphism f ∶ M → N between graded S-modules is an S-module mor-

phism such that f (Mi) ⊂ Ni for all i ∈ ℕ . Fixing a ring R, the collection of all graded 
R[t]-modules together with graded morphisms yields another example of a category, 
which we will denote by R[t]-�� −���.

Finiteness conditions for modules An R-module M is called finitely generated if 
there exist finitely many elements �1,… , �n in M such that every x ∈ M can be writ-
ten as x =

∑n

i=1
�i�i with �i ∈ R . The set {�1,… , �n} is called the generating set of 

M. Equivalently, M is finitely generated if and only if there exists a surjective module 
morphism

where Rn is just the free abelian R-module with n generators �1,… , �n . If � maps �i 
to �i , we call � associated to the generating set {�1,… , �n}.

In general, � is not injective and there are relations between the generators (which 
are also sometimes called syzygies). M is called finitely presented if it is finitely gener-
ated and the R-module ker � is finitely generated as well. Equivalently, finitely pre-
sented means that there exists an exact sequence

Clearly, finitely presented modules are finitely generated, but the converse is not true 
as the example from the introduction shows. Note that morphisms between finitely 

m = mi1
+ mi2

+⋯ + mik

Rn
�
−→M

Rm
→ Rn

�
−→M → 0.
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presented modules always imply morphisms on the corresponding free modules, 
such that the following diagram commutes:

So � can be represented as a matrix of two blocks, which describe how generators 
and relations are changing. For an easy proof, see Lemma 2.1.25 in Greuel and Pfis-
ter (2007) (which also holds for non-commutative rings).

A ring R is called (left-/right-)Noetherian if every (left-/right-)ideal of R is finitely 
generated. In particular, every principal ideal domain is Noetherian. We point out the 
following important statements on Noetherian rings:

Lemma 1 Let R be a Noetherian ring with unity. Then every finitely generated 
R-module is finitely presented. If R is also commutative, then R[t] is Noetherian.

Proof The second part is Hilbert’s Basis Theorem (see Waerden 1993, 15.1). For the 
first part, see Lam (1999, Proposition 4.29).   □

We will mostly consider the case of finitely generated/presented graded modules. 
So, let M be a finitely generated graded S-module (where S is graded, but not necessar-
ily Noetherian). It is not difficult to see that M is also generated by a finite set of homo-
geneous elements in this case, which we will call a homogeneous generating set. With 
� ∶ Sn → M associated to the homogeneous generating set {�1,… , �n} , we define a 
grading on Sn by setting deg(�i) as the degree of �i in M and deg(si) = i for si ∈ Si in 
the grading ⊕Si of S. Then again, each x ∈ M decomposes into a finite sum of ele-
ments of pairwise distinct degrees, and we can talk about homogeneous elements of Sn 
accordingly. If M is finitely presented, the generating set of ker � can be chosen with 
homogeneous elements as well.

3  The ZC‑representation theorem

Persistence modules and R[t]-modules Persistence modules are the major object of 
interest in the theory of persistent homology. We motivate it with the following typical 
example: Given a nested sequence of topological spaces indexed over the integers

then the inclusions maps Xi → Xj induce group homomorphisms 
�i,j ∶ H∗(Xi) → H∗(Xj) . By functoriality of homology, �i,i is the identity and �i,j is 
the composition of �k,k+1 for i ≤ k ≤ j − 1 . The following definition captures these 
algebraic properties:

Rm1

ϕR

Rn1

ϕG

µ
M

ϕ

Rm2 Rn2 ν
N

X0 ↪ X1 ↪ X2 ↪ X3 ↪ X4 ⋯ ,
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Definition 2 Let R be a ring with unity. A discrete algebraic persistence mod-
ule ( DAPM ) is a tuple ℳ = ((Mi)i∈ℕ, (�i,j)i≤j∈ℕ) , such that Mi is an R-module, 
�i,j ∶ Mi → Mj is a module morphism, �i,i = 1Mi

 and �i,k = �j,k◦�i,j for all i ≤ k ≤ j.

A DAPM is completely specified by the modules and the morphisms between con-
secutive modules, so it is usually just written as

where �i ∶= �i,i+1.
DAPMs over R are closely related to graded R[t]-modules: indeed, given a DAPM 

ℳ as in (1), we can associate to it a graded R[t]-module by setting

where multiplication by t is defined by t ⋅ mi ∶= �i(mi) ∈ Mi+1 for mi ∈ Mi . Vice 
versa, an R[t]-module ⊕i∈ℕMi defines a DAPM by

where the morphisms are just multiplication with t, that is �i(mi) ∶= t ⋅ mi.

Definition 3 For two DAPM s ((Mi)i∈ℕ, (�i,j)i≤j∈ℕ) , ((Ni)i∈ℕ, (�i,j)i≤j∈ℕ) , a family 
�∗ = (�i ∶ Mi → Ni)i∈ℕ of module morphisms is called discrete algebraic persis-
tence module morphism if �i,j◦�i = �j◦�i,j . Equivalently, the following diagram 
commutes:

With such morphisms, the class of all DAPMs over R becomes a category, which we 
call R-�������.

Lemma 4 The maps � and � from (2) and (3) extend to functors between 
R-������� and R[t]-�� −��� which form an isomorphic pair of functors. In par-
ticular, the two categories are isomorphic.

Proof Given a DAPM morphism

M : M0
ϕ0

M1
ϕ1

. . .
ϕi−1

Mi
ϕi

Mi+1
ϕi+1

. . . (1)

(2)�(ℳ) ∶=
⨁

i∈ℕ

Mi

(3)�

(
⨁

i∈ℕ

Mi

)
∶= M0

�0

−−→M1

�1

−−→M2 → ⋯

M0
ϕ0

ξ0

. . .
ϕi−1

Mi

ϕi,

ξi

Mi+1

ξi+1

ϕi+1
. . .

N0
ψ0

. . .
ψi−1

Ni
ψi

Ni+1
ψi+1

. . .
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between two DAPMs ℳ and � , we define

It is straight-forward to check that �(�∗) is a well-defined morphism between �(ℳ) 
and �(�) and that � has the functorial properties—see Appendix 1.

Vice versa, a morphism

in R[t]-�� −��� induces a homomorphism �i ∶ Mi → Ni for each i ∈ ℕ , and these 
induced maps are compatible with multiplication with t. Hence, the diagram

commutes and so, setting �(�) ∶= (�0, �1,…) yields a DAPM morphism between 
𝛽(⊕i∈ℕMi) and 𝛽(⊕i∈ℕNi) . Again, we defer the proof of functoriality of � to 
Appendix 1.

Finally, the construction immediately implies that �◦� equals the identity functor 
on R[t]-�� −��� and �◦� equals the identity functor on R-������� .   □

Finiteness conditions In the context of computation and classification, it is natural 
to impose some finiteness condition on persistence modules, yielding a full subcat-
egory of R-������� . Restricting the functor � from Lemma 4 to this subcategory 
yields a corresponding subcategory of R[t]-�� −��� . But does the correspond-
ence established above also carry over the finiteness condition in an appropriate 
way? This is the question we study in this subsection.

Definition 5 A DAPM ℳ = ((Mi)i∈ℕ, (�i,j)i≤j∈ℕ) is of finite type if there is a D ∈ ℕ 
such that for all D ≤ i ≤ j the map �i,j is an isomorphism. ℳ is called of finitely 

M0
ϕ0

ξ0

. . .
ϕi−1

Mi

ϕi,

ξi

Mi+1

ξi+1

ϕi+1
. . .

N0
ψ0

. . .
ψi−1

Ni
ψi

Ni+1
ψi+1

. . .

�(�∗) ∶
⨁

i∈ℕ

Mi →

⨁

i∈ℕ

Ni, (mi)i∈ℕ ↦ (�i(mi))i∈ℕ.

� ∶
⨁

i∈ℕ

Mi →

⨁

i∈ℕ

Ni

M0
t

η0

. . .
t

Mi
t

ηi

Mi+1

ηi+1

t
. . .

N0
t

. . .
t

Ni
t

Ni+1
t

. . .
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presented (generated) type if it is of finite type and Mi is finitely presented (gener-
ated) as an R-module for all i ∈ ℕ.

We will show next that DAPMs of finitely presented type over R are isomorphic 
to finitely presented graded R[t]-modules using the functors � and � above.

Lemma 6 If a DAPM ℳ = ((Mi)i∈ℕ, (�i,j)i≤j∈ℕ) is of finitely presented type, �(ℳ) 
is finitely presented.

Proof Let D ∈ ℕ be such that for all D ≤ i ≤ j , �i,j ∶ Mi → Mj is an isomorphism. 
Let �i be a generating set for Mi . We claim that 

⋃D

i=1
�i is a generating set for �(ℳ) . 

To see that, it suffices to show that every homogeneous element in 𝛼(ℳ) = ⊕Mi is 
generated by the union of the Gi . So, fix k ∈ ℕ and mk homogeneous of degree k. 
If k ≤ D , then mk is generated by the elements of �k by construction. If k > D , we 
show that mk is generated by �D . For that, let mD ∶= �−1

D,k
(mk) which exists because 

�D,k is isomorphism. mD is generated by �D , hence mk is generated by �D,k(�D) . By 
construction of � , �D,k(�D) = tk−D�D and since tk−D is a ring element in R[t], mk is 
generated by �D . This shows that �(ℳ) is finitely generated.

It remains to show that �(ℳ) is also finitely presented. Let �i ∶ Rni → Mi be the 
generating surjective map that corresponds to �i . Writing n =

∑D

i=1
ni , there is a 

map � ∶ R[t]n → �(ℳ) that corresponds to the generating set 
⋃D

i=1
�i . If �i is a gen-

erator, we will use the notation �i to denote the corresponding generator of R[t]n.
We now define a finite set of elements of ker � . First of all, let ℨi be the generat-

ing set of ker �i for 0 ≤ i ≤ D . Clearly, all elements of ℨi are also in ker � . Moreo-
ver, for any 0 ≤ i < j ≤ D , and any generator �i in �i with �i,j(�i) ≠ 0 , we can write

where �v ∈ R and �j = {�
(0)

j
,… , �

(nj)

j
} . In that case, the corresponding element

is in ker � . We let ℨi,j denote the (finite) set obtained by picking one element as 
above for each �i with �i,j(�i) ≠ 0 . We claim that ℨ ∶=

⋃D

i=0
ℨi ∪

⋃
0≤i<j≤D ℨi,j gen-

erates ker �:
Fix an element in x ∈ ker � , which is of the form

�i,j(�i) =

nj∑

v=0

�v�
(v)

j

tj−i�i −

nj∑

�=0

�v�
(v)

j

x =
∑

�

����
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with �� ∈ R[t] and �� a generator of R[t]n . We can assume that x is homogeneous 
of some degree k. We first consider the case that k ≤ D and all �� are of degree 0. 
Then, all �� that appear in x are of the same degree, and hence, their images under � 
are generators of Mk . It follows that x is generated by the set ℨk.

Next, we consider the case that k ≤ D , and some �� is of positive degree. 
Because x is homogeneous, �� is then of the form r�td� for some r� ∈ R and d� > 0 . 
Since the degree of �� is k − d� , there is an element �� in ℨk−d� ,k

 of the form 
�� = td��� −

∑n�
v=0

�̃�v�
(v)

k
 with all �(v)

k
 of degree k and each �̃�v ∈ R . Then in x − r��� 

the coefficient of �� in x is 0, and we only introduce summands with coefficients of 
degree 0 in t.

Iterating this construction for each summand with coefficient of positive degree, 
we get an element x� = x −

∑
w rw�w with rw ∈ R and �w elements of ℨ , and x′ only 

having coefficient of degree 0 in t. This yields to x = x� +
∑

w rw�w . Using the first 
part, it follows that x is generated by ℨ.

Finally, we consider the case that k > D . In that case, each �� is of degree at least 
k − D , because the maximal degree of �� is D. So, x = tk−Dx� with x′ homogeneous 
of degree D. Since 0 = �(x) = tk−D�(x�) , x� ∈ ker � as well. By the second part, x′ is 
hence generated by ℨ , and so is x.   □

For the next two lemmas, we fix a finitely presented graded R[t]-module 
� ∶= ⊕i∈ℕMi with a map

such that ker � is finitely generated. Moreover, we let � ∶= {�(1),… , �(n)} denote 
generators of � and ℨ ∶= {𝔷(1),… , 𝔷(m)} denote a generating set of ker � . We 
assume that each �(i) and each �(j) is homogeneous (with respect to the grading of the 
corresponding module), and we let deg(�(i)) , deg(�(j)) denote the degrees. We further 
assume that � and ℨ are sorted by degrees in non-decreasing order.

Lemma 7 Each Mi is finitely presented as an R-module.

Proof We argue first that Mi is finitely generated. Set dj ∶= deg(�(j)) for 1 ≤ j ≤ n . 
Let ni denote the number of elements in � with degree at most i. Define the map 
�i ∶ Rni → Mi , by mapping the jth generator �(j)

i
 of Rni to the element ti−dj�(j) . It is 

then straight-forward to see that the map �i is surjective, proving that Mi is finitely 
generated.

We show that ker �i is finitely generated as well. Let �(1),… , �(n) be the generators 
of R[t]n mapping to �(1),… , �(n) under � . Let mi denote the number of elements in ℨ 
such that d�

j
∶= deg(�(j)) ≤ i . For every �(j) with 1 ≤ j ≤ mi , consider ti−d

�
j �(j) , which 

can be written as

R[t]n
�
→ �

t
i−d�

j �(j) =

ni∑

k=1

rkt
i−dk�(k)
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with rk ∈ R . Now, define

and define ℨi ∶= {𝔷
(j)

i
∣ 1 ≤ i ≤ mi} . We claim that ℨi generates ker �i . First of all, 

it is clear that �i(�
(j)

i
) = �(�(j)) = 0 . Now fix x ∈ ker �i arbitrarily. Then, x is a linear 

combination of elements in {�(1)
i
,… , �

(ni)

i
} with coefficients in R. Replacing �(j)

i
 with 

ti−dj�(j) , we obtain x� ∈ R[t]n homogeneous of degree i. By assumption, we can write 
x′ as linear combination of elements in ℨ , that is,

with r�
k
∈ R . Then, it holds that

which follows simply by comparing coefficients: let j ∈ {1,… , ni} and let cj ∈ R be 
the coefficient of �(j)

i
 in x. Let c′

j
 be the coefficient of �(j)

i
 in the sum 

∑mi

k=1
r�
k
�
(k)

i
 , 

expanding each �(k)
i

 by its linear combination as above. Then by construction, cj is 
the coefficient of ti−dj�(j) in x′ , and c′

j
 is the coefficient of ti−dj�(j) in the sum 

∑mi

k=1
r�
k
ti−d

�
k�(k) . Since this sum equals x′ , it follows that cj = c�

j
 . Since x was chosen 

arbitrary from ker �i , it follows ℨi generates the kernel.   □

Lemma 8 �(�) is of finite type. In particular, it is of finitely presented type with 
Lemma 7.

Proof Fix

It suffices to show that multiplication by t induces an isomorphism Mi → Mi+1 for 
every i ≥ D . Let y ∈ Mi+1 . Then, y =

∑n

j=1
�j�

(j) with �j ∈ R[t] of degree at least 1. 

�
(j)

i
∶=

ni∑

k=1

rk�
(k)

i

x� =

mi∑

k=1

r�
k
ti−d

�
k�(k)

x =

mi∑

k=1

r�
k
�
(k)

i
,

D ∶= max{deg(�(j)), deg(�(k)) ∣ 1 ≤ j ≤ n, 1 ≤ k ≤ m}.
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Hence, y = ty� with y� ∈ Mi , showing that multiplication with t gives a surjective 
map.

For injectivity, let y ∈ Mi such that ty = 0 . Let x ∈ R[t]n be such that �(x) = y . 
Then �(tx) = ty = 0 . Hence, tx can be written as

where each non-trivial �j is a polynomial of degree at least one, because each �(j) 
is of degree at most D and tx is of degree at least D + 1 . Therefore, there is also a 
decomposition

Since R[t]n is free, this implies that x equals the sum on the right hand side, implying 
that x ∈ ker � , so y = 0 .   □

The Representation Theorem The preceding lemmas of this section immediately 
reply the following version of the Representation Theorem.

Theorem 9 Let R be a ring with unity. The category of finitely presented graded 
R[t]-modules is isomorphic to the category of discrete algebraic persistence mod-
ules of finitely presented type.

Proof The two categories are subcategories of R[t]-�� −��� and R-������� , 
respectively. Since � and � , restricted to these subcategories, map a DAPM of 
finitely presented type to a finitely presented graded R[t]-module (Lemma  6) and 
vice versa (Lemmas 7 and 8), these categories are isomorphic.   □

What happens if we replace “finitely presented” with the weaker condition 
“finitely generated” throughout? The proof of Lemma  6 shows that if ℳ is of 
finitely generated type, �(ℳ) is finitely generated. Vice versa, if a graded R[t]-mod-
ule � = ⊕i∈ℕMi is finitely generated, each Mi is finitely generated, too. However, it 
does not follow in general that �(�) is of finite type, as the example from the intro-
duction shows. This problem disappears with additional requirements on the ring:

Corollary 10 If R is commutative and Noetherian, the category of finitely generated 
graded R[t]-modules is isomorphic to the category of discrete algebraic persistence 
modules of finitely generated type.

Proof By Lemma 1, the corollary is just Theorem 9 restated.   □

tx =

m∑

j=0

�̃�j�
(j)

tx =

m∑

j=0

t�j�
(j) = t

m∑

j=0

�j�
(j).
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In Appendix 3, we sketch an alternative proof of this statement using Artin–Rees 
theory.

4  Preliminaries on monoid structures

A monoid is a set G with a binary associative operation ⋆ and a neutral element e, 
i.e., for all g1, g2, g3 ∈ G we have g1 ⋆ g2 ∈ G , 

(
g1 ⋆ g2

)
⋆ g3 = g1 ⋆

(
g2 ⋆ g3

)
 and 

e ⋆ g1 = g1 ⋆ e = g1 . A monoid is called commutative if g1 ⋆ g2 = g2 ⋆ g1 for all 
g1, g2 ∈ G . We usually denote a monoid by G or (G,⋆) . We sometimes omit denot-
ing ⋆ if it clarifies the expression and no confusion is possible.

Monoid rings and gradings Let (G,⋆) be a monoid and R be a ring with unity. 
The monoid ring R[G] is defined as free R-module with basis {Xh}h∈H where ring 
multiplication of R[G] is induced by its scalar multiplication as R-module and 
Xh1Xh2 ∶= Xh1⋆h2 . It can be easily verified that with these operations R[G] indeed 
becomes a ring with unity Xe . Note that both associativity of ⋆ and the existence of 
a neutral element in G are required to guarantee a ring structure with unity on R[G]. 
Moreover, R[G] is commutative if and only if both R and G are commutative. Fur-
thermore, one can easily verify that aXg = Xga in R[G] whenever a ∈ R and g ∈ G.

Monoid rings are a generalization of polynomial rings. For instance, with R a 
ring, every a ∈ R[t] has the form 

∑
n∈ℕ ant

n where almost all an = 0 . By canonical 
identification of tn with Xn ∈ R[ℕ] , the two notions are isomorphic. Completely 
analogously, one can obtain R[ℕn] ≅ R

[
t1,… , tn

]
 for all 0 ≠ n ∈ ℕ . In general, we 

will often write elements of R[G] in the form 
∑

g∈G agg with ag ∈ R and almost all 
ag = 0.

The concept of gradings extends from natural numbers to arbitrary monoids with-
out problems: a ring S is called G-graded ring if S = ⊕g∈GSg as abelian groups and 
Sg1Sg2 ⊆ Sg1⋆g2 for all g1, g2 ∈ G . Monoid rings R[G] are typical examples for 
G-graded rings. For a G-graded ring S, an S-module M is called G-graded module if 
M = ⊕g∈GMg as abelian groups and Sg1Mg2

⊆ Mg1⋆g2
 for all g1, g2 ∈ G . A G-graded 

module morphism f ∶ M → N between G-graded S-modules is a module morphism 
with f

(
Mg

)
⊂ Ng for all g ∈ G . Equivalently, one can think of f as a family 

(
fg
)
g∈G

 

of morphisms on the components with fg ∶ Mg → Ng for all g ∈ G . A G-graded 
module morphism is an isomorphism if each fg is an isomorphism. Given a ring R 
and a monoid G, we denote the category of all G-graded modules over R[G] and 
G-graded morphisms between G-graded R[G]-modules by R[G]-�� −���.

Good monoids The categories R[G]-�� −��� exist without further assump-
tions on monoids. However, in order to generalize the Representation Theorem to 
monoids, we will require a few additional properties on monoids.

A monoid is called right-cancellative if g1 ⋆ g3 = g2 ⋆ g3 implies g1 = g2 . 
Similarly, it is called left-cancellative if g1 ⋆ g2 = g1 ⋆ g3 implies g2 = g3 . It is 
called cancellative if it is right-cancellative and left-cancellative. For commutative 
monoids these three properties are equivalent and in this case we simply call such 
a monoid cancellative. A (left-/right-)cancellative monoid G admits (left-/right-)
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cancellativity on a monoid ring R[G] with respect to multiplication by a monoid ele-
ment (from the left/right).

Examples of non-cancellative monoids are [0, 1] with multiplication, matrices 
with multiplication and 

(
ℤ2,ℕ ∪ {∞}

)
 where (x, n) ⋆ (y,m) ∶= (xy, min(n,m)) and 

e = (0,∞) . An example for a right-cancellative monoid that is not left-cancellative 
is the monoid 

{
e, g1, g2, g3

}
 where e is the neutral element and gi ⋆ gj ∶= gi for all 

i ∈ {1, 2, 3}.
We call g2 a (left-)multiple of g1 and write g1 ⪯ g2 if there exists an h ∈ G such 

that h ⋆ g1 = g2 . A proper multiple of g1 is a multiple g2 with g1 ≠ g2 , written as 
g1 ≺ g2 . For a subset G̃ ⊆ G an element h is called common multiple of G̃ if g ⪯ h 
for all g ∈ G̃ . We call a common multiple h of G̃ partially least, if there is no multi-
ple h′ of G̃ such that h′ ≺ h . We write plcm for partially least common multiples. We 
say that the monoid G is weak plcm if for any finite subset H ⊆ G there are at most 
finitely many distinct partially least common multiples of H.3

A monoid is anti-symmetric if g1 ⪯ g2 and g2 ⪯ g1 imply that g1 = g2 . This is 
equivalent to the condition that ⪯ turns G into a poset. In an anti-symmetric monoid, 
no element (except e) can have an inverse element.

Definition 11 We call a monoid good if it is cancellative, anti-symmetric and weak 
plcm.

Some easy commutative examples for good monoids with uniquely existing 
plcms are (ℕk,+) , (ℚk

≥0
,+) , (ℝk

≥0
,+) , ((0, 1], ⋅) , (ℚ ∩ (0, 1], ⋅) and ([1,∞), ⋅) . A fun-

damental class of good monoids are free monoids, which can be expressed as finite 

Fig. 3  Graphical illustration of a monoid that is not good. The monoid is the non-commutative monoid 
generated by three elements a, b, c modulo the congruence generated by acnb ≈ bc

n
a for all n ∈ ℕ>0 . 

The plcm of {a, b} are the elements of the countable set {acnb}
n∈ℕ>0

3 It is called “weak” plcm to point out that the plcm does not have to exist or to be unique.
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sequences of elements of a set. In non-commutative free monoids, a subset admits 
common left multiples if and only if it contains a maximal element. If this exists, it 
is also the unique plcm. Constructing cancellative anti-symmetric monoids that are 
not weak plcm does not come naturally. Consider the non-commutative free monoid 
generated by a,  b,  c. Introduce the congruence generated by acnb ≈ bcna for all 
n ∈ ℕ>0 (see Fig. 3). Then there are infinitely many plcm for {a, b} in the quotient 
monoid, since every equivalence class with representative acnb is partially least for 
{a, b} . In particular, good monoids are not closed under homomorphisms.

A convenient way to visualize a monoid is a directed multi-graph where each vertex 
corresponds to an element of G. For a vertex corresponding to g ∈ G , there is an out-
going edge for each h ∈ G going to the vertex h ⋆ g . We ignore the self loops induced 
by the neutral element of G on each vertex. In this interpretation, g1 ⪯ g2 if and only if 
there is an edge from the vertex labeled g1 to the vertex labeled g2 in the graph. Right-
cancellativity means that there is at most one edge between any pair of vertices, that 
is, the multi-graph is a graph. Left-cancellativity means that edges obtained by multi-
plication by h from pairwise distinct vertices g1,… , gn can not lead to the same vertex 
g. Anti-symmetry simply implies that the graph is acyclic (modulo self-loops). Weak 
plcm means that each finite subset of vertices has a finite set of minimal common suc-
cessors. As a consequence, a good monoid is either trivial or infinite, because if G has 
at least two elements, there are at least two outgoing edges per vertex, and one of them 
cannot be a self-loop because of right-cancellativity. Because of acyclicity, we can thus 
form an infinite sequence of elements. For concrete pictures, it is usually convenient to 
draw only a subset of vertices and edges.

Related concepts The cancellation property is a classical assumption (Clifford and 
Preston 1961) and is sometimes even part of the definition of a monoid (Geroldinger 
and Halter-Koch 2006). The property of a monoid being weak plcm is less standard. It 
gives rise to a connection to the vivid branch of factorization theory (Baeth and Smert-
nig 2015; Geroldinger and Halter-Koch 2006). Least common multiples are defined in 
a related way, namely that a (left-)lcm of a set of elements of a monoid is a right-divisor 
of all other common multiples. If a monoid is cancellative and anti-symmetric, then 
any set of lcms consists of at most one element. Therefore, monoids with these assump-
tions or with uniquely existing lcms are sometimes called lcm monoids (Dehornoy 
2000). Note that the existence of a plcm does not imply the existence of an lcm. Con-
versely, if an lcm exists and is unique, it is also the unique plcm. Therefore, divisibility 
monoids (Kuske 2001) Garside monoids (Dehornoy et al. 2015) and Gaussian monoids 
(Dehornoy and Paris 1999) are examples for subclasses of good monoids. These sub-
classes are involved in trace theory (Droste and Kuske 2001) and braid theory (Dehor-
noy 2000; Dehornoy and Paris 1999; Dehornoy et al. 2015), respectively. See Fig. 4 for 
a concrete example of a Garside monoid. Anti-symmetric monoids are sometimes also 
called centerless, conical, positive, zerosumfree (Wehrung 1996), reduced (Geroldinger 
and Halter-Koch 2006) or monoids with trivial unit group Clifford and Preston (1961). 
The preorder induced by left-factorization is related to one of Green’s preorders (Gril-
let 2017). Given an anti-symmetric monoid G, the aforementioned preorder is a partial 
order and gives rise to a right-partially ordered monoid (G,⋆,⪯) , since clearly g1 ⪯ g2 
implies h ⋆ g1 ⪯ h ⋆ g2 for all h ∈ G . If G is commutative, then (G,⋆,⪯) is a partially 
ordered monoid. A formulation of the interleaved equivalence of persistence modules 
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over the totally ordered monoids ℕ and ℝ can be found in Vejdemo-Johansson (2012). 
Interleaving metrics can even be defined for functors from a fixed preordered set to a 
fixed arbitrary category (Bubenik et al. 2015).

5  The representation theorem over monoids

Generalized persistence modules and R[G]-modules We will now extend the Represen-
tation Theorem from linear sequences of the form

to representations of a monoid (G,⋆,⪯) , right-partially ordered by left factoriza-
tion. For simplicity, we will assume throughout this section that (G,⋆) is a good 
monoid—see the conclusion for a discussion of how the conditions of G could be 
further relaxed. We define persistence modules over G:

Definition 12 Let R be a ring with unity. A generalized algebraic persistence mod-
ule ( GAPM ) is a tuple ℳG = ((Mg)g∈G, (�g1,g2

)g1⪯g2∈G) such that Mg is an R-module, 
�g1,g2

∶ Mg1
→ Mg2

 is a module morphism, �g,g = 1Mg
 and �g1,g3

= �g2,g3
◦�g1,g2

 for 

all g ∈ G , g1 ⪯ g2 ⪯ g3 ∈ G.

M0
ϕ0

M1
ϕ1

M2
ϕ2

. . .

Fig. 4  Hasse diagram illustrating a finite part of a good monoid. It is the Garside monoid obtained by the 
free non-commutative monoid ⟨a, b, c⟩ modulo the congruence generated by baca ≈ a

2
cb , ca2cb ≈ acbac 

and acbac ≈ cbaca . The redly, yellowly and greenly highlighted arrows represent left-multiplication with 
the elements a, b and c, respectively. A Garside element of a monoid is an element whose left and right 
divisors coincide, are finite and generate the monoid. � is the minimal Garside element. For more details 
on this example and how such examples can be considered as Garside monoids or divisibility monoids 
we refer to Picantin (2005) (color figure online)
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Much more succinctly, we could equivalently define a GAPM as a functor from 
the poset category G to R-��� . It is clear that a GAPM over the monoid ℕ is just 
a DAPM . Of interest is also the case G =

(
ℕk,+

)
 , which has been investigated for 

example in Carlsson and Zomorodian (2009).
As in the case of G = ℕ , arbitrary GAPM are closely related to R[G]-modules. 

Given a GAPM ℳG , we can assign a graded R[G]-module to it by setting

where multiplication by an element h ∈ G is defined by h ⋅ mg ∶= 𝜑g,h⋆g(mg) ∈ Mh⋆g 
for all g ∈ G and all mg ∈ Mg.

Vice versa, an R[G]-module ⊕g∈GMg defines a GAPM by

where the morphisms are again defined conversely. More precisely, for all 
g1 ⪯ g2 ∈ G and all mg1

∈ Mg1
 , we define �g1,g2

(mg1
) ∶= h ⋅ mg1

 with h ⋆ g1 = g2 . 
Note that h is uniquely defined because G is assumed to be right-cancellative.

Definition 13 A family of module morphisms �G = (�g ∶ Mg → Ng)g∈G between 
two GAPM ((Mg)g∈G, (�g1,g2

)g1⪯g2∈G) , ((Ng)g∈G, (�g1,g2
)g1⪯g2∈G) over the same ring R 

with unity is called generalized algebraic persistence module morphism if

for all g1 ⪯ g2 ∈ G . Equivalently, all diagrams of the following form commute:

With such morphisms, the class of all GAPMs over R becomes a category, which we 
call R-�������

G.

Lemma 14 The maps � and � from (4) and (5) extend to functors between 
R-�������

G and R[G]-�� −��� which form an isomorphic pair of functors. In 
particular, the two categories are isomorphic.

The proof is similar to the proof of Lemma 4—see Appendix 2 for details.

(4)�
(
ℳG

)
∶=

⨁

g∈G

Mg

(5)�

(
⨁

g∈G

Mg

)
∶=

((
Mg

)
g∈G

,
(
�g1,g2

)
g1⪯g2∈G

)

�g1,g2
◦�g1 = �g2◦�g1,g2

Mg1

ϕg1,g2

ξg1

Mg2

ξg2

Ng1

ψg1,g2
Ng2
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Finiteness conditions As in the case of linear sequences, we are interested in 
the subcategory of R-�������

G that is isomorphic to the category of finitely pre-
sented R[G]-modules. In order to describe the desired subcategory constructively, 
we introduce the notions of frames:

Definition 15 Let ℳG = ((Mg)g∈G, (�g1,g2
)g1⪯g2∈G) be a GAPM . For g ∈ G , h ∈ G 

is a frame of g (w.r.t. ℳG ) if h ⪯ g and for all h ⪯ g̃ ⪯ g , the map 𝜑h,g̃ is an isomor-
phism. We say that H ⊆ G is a framing set of ℳG if every g ∈ G has a frame in H. 
ℳG is of finite type if there exists a finite framing set for G. It is called of finitely 
presented (generated) type if it is of finite type and each Mg is finitely presented 
(generated) as an R-module.

From this definition, it follows that e is an element in each framing set because 
of anti-symmetry. Moreover, trivially, each ℳG has a framing set, namely G itself. 
Another useful property is that if g ∈ G and h is a frame of g, then for every g̃ 
with h ⪯ g̃ ⪯ g , 𝜑g̃,g is an isomorphism as well, just because 𝜑g̃,g◦𝜑h,g̃ = 𝜑h,g.

We discuss a related concept that is equivalent in some cases. Let 
ℳG = ((Mg)g∈G, (�g1,g2

)g1⪯g2∈G) be a GAPM . We define (gi)i∈ℕ to be a sequence in 
G if gi ∈ G and gi ⪯ gi+1 for all i ∈ ℕ . A sequence (gi)i∈ℕ in G induces a sequence 
(Mgi

)i∈ℕ in ℳG with connecting morphisms �gi,gi+1
∶ Mgi

→ Mgi+1
 . We say that the 

latter sequence becomes stationary if there exists a D ∈ ℕ such that �gi,gi+1
 is an 

isomorphism for all i ≥ D . Note that (stationary) sequences in a GAPM are (finite 
type) DAPMs.

Lemma 16 For a GAPM ℳG = ((Mg)g∈G, (�g1,g2
)g1⪯g2∈G) of finite type, every 

sequence in ℳG becomes stationary.

Proof Consider a sequence (gi)i∈ℕ in G. Let H = {h1,… , hk} be a finite set that 
frames ℳG. Now, for every gi, if hj ⪯ gi, also hj ⪯ g� for i ≤ � . Hence, setting 
Hi ∶= {h ∈ H ∣ h ⪯ gi}, we get that H0 ⊆ H1 ⊆ … , and since H is finite, there is a 
D ∈ ℕ such that HD = HD+1 = ⋯ .

Now, fix some i ≥ D . Pick a frame h ∈ H of gi+1 . By construction, h ∈ HD and 
hence, h ⪯ gi as well. Hence, h ⪯ gi ⪯ gi+1 , which implies that �gi,gi+1

 is an isomor-
phism.   □

The converse of the statement is not true in general: Consider the monoid (
ℚ≥0,+

)
 . The monoid is good, since the (unique) plcm of a finite subset is the 

maximal element in the set. We construct a GAPM ℳG by setting M0 ∶= R and 
Mq ∶= 0 for all q > 0 and let all maps be the zero maps. It is then obvious that 
every sequence becomes stationary. However, no finite subset can frame ℳG 
because for every choice of finite subsets 

{
0, q1,… , qD

}
 with qi > 0 there are ele-

ments q > 0 such that q < qi for all i ∈ {1,… ,D}.
In the previous example, we also observe that the corresponding R[ℚ≥0]-mod-

ule is finitely generated. In some cases, however, both conditions are indeed 
equivalent:
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Lemma 17 If G = ℕk, a GAPM is of finite type if and only if every sequence 
becomes stationary.

Proof Fix ℳℕk = ((Mg)g∈ℕk , (�g1,g2
)g1⪯g2∈ℕk ) . Let H ⊂ ℕk be a (not necessarily 

finite) set framing ℳℕk . We call H reduced if there is no pair h1 ≠ h2 ∈ H , such that 
h1 is a frame of h2 . If H is not reduced, and h1 ⪯ h2 is a pair as above, it is not dif-
ficult to show that H ⧵ {h2} is a framing set for ℳℕk as well. Moreover, for G = ℕk , 
every decreasing sequence of elements with respect to ≺ has a minimal element. 
That implies that there exists a reduced framing set for ℳℕk.

By the previous lemma, we know that if ℳℕk is of finite type, every sequence 
becomes stationary. For the converse, if ℳℕk is not of finite type, we choose a 
reduced framing set H ⊆ ℕk , which is necessarily infinite. We will now construct 
a non-stationary sequence iteratively, adding two elements to the sequence in each 
step. Set g0 ∶= e ∈ ℕk and H1 ∶= H ⧵ {g0} ; during the construction, Hi will always 
be an infinite subset of H. For any such set Hi , by Dickson’s Lemma (Rosales 
and Sánchez 1999, Theorem 5.1), there exists a finite subset Ai ⊂ Hi such that for 
every h ∈ Hi , there exists an a ∈ Ai with a ⪯ h . Define Mi(a) ∶= {h ∈ Hi ∣ a ≺ h} 
for a ∈ Ai . Since Hi is infinite, there exists at least one g2i ∈ Ai such that Mi(g2i) is 
infinite. Since g2i−2 is not a frame of g2i (because they are both in H), there exists 
some g2i−1 ∈ ℕk such that g2i−2 ≺ g2i−1 ⪯ g2i and �g2i−2,g2i−1

 is not an isomorphism. 
We set Hi+1 ∶= Mi(g2i) and proceed with the next iteration. In this way, we obtain a 
sequence (gi)i∈ℕ with gi ⪯ gi+1 that does not become stationary.   □

We remark that the equivalence is not true in general as the aforementioned 
counterexample over 

(
ℚ≥0,+

)
 shows. In this case, a reduced framing set does not 

exist. Dually, the monoid (ℕℕ,+) of all sequences of natural numbers yields an 
example for which the equivalence is not true either, but it is always possible to 
obtain reduced framing sets for GAPMs indexed over (ℕℕ,+).

Let us now see that GAPMs of finitely presented type over R are isomorphic to 
finitely presented graded R[G]-modules using the functors � and � . The next three 
lemmas generalize the corresponding statements in Sect.  3, with similar proof 
ideas.

Lemma 18 If a GAPM ℳG = ((Mg)g∈G, (�g1,g2
)g1⪯g2∈G) is of finitely presented type, 

�(ℳG) is finitely presented.

Proof Fix H = {h1,… , hD} as finite set framing ℳG . Write �i for a finite generating 
set of Mhi

 and ni ∶= |�i| . Let g ∈ G and hi be a frame of g. In particular, there exists 
some f ∈ G such that f ⋆ hi = g , meaning that in �

(
ℳG

)
 , the map f ∶ Mhi

→ Mg is 
an isomorphism. Hence, the elements of f�i generate Mg . This shows that 

⋃D

i=1
�i 

generates �
(
ℳG

)
.

For the second part, let �i ∶ Rni → Mhi
 be the generating surjective map that 

corresponds to �i where i ∈ {1,… ,D} . Writing n =
∑D

i=1
ni , there is a map 

� ∶ R[G]n → �(ℳ) that corresponds to the generating set 
⋃D

i=1
�i . If �i is a genera-

tor, we will use the notation �i to denote the corresponding generator of R[G]n.
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We now define a finite set of elements of ker � . First of all, let ℨi be the generat-
ing set of ker �i for 0 ≤ i ≤ D . Clearly, all elements of ℨi are also in ker � . Moreo-
ver, for hi ⪯ hj and any generator �i in �i with �hi,hj

(�i) ≠ 0 , we can write

where �v ∈ R and �j = {�
(1)

j
,… , �

(nj)

j
} . In that case, the corresponding element

is in ker � where fi,j is the unique element such that fi,j ⋆ hi = hj.
We let ℨi,j denote the finite set obtained by picking one element as above for each 

�i with �hi,hj
(�i) ≠ 0 . We claim that ℨ ∶=

⋃D

i=0
ℨi ∪

⋃
hi⪯hj

ℨi,j generates ker �:

Fix an element in x ∈ ker � , which is of the form

with �� ∈ R[G] and �� a generator of R[G]n . We can assume that x is homogeneous 
of some degree g. First we consider the case that g = hj ∈ H and all �� are of degree 
e. Then, all �� that appear in x are of the same degree, and hence, their images under 
� are generators of Mhj

 . It follows that x is generated by the set ℨj.

Next, we consider the case that g = hj ∈ H and some �� is of non-trivial degree. 
Because x is homogeneous, �� is then of the form r�f�,j for some r� ∈ R and non-
trivial f�,j ∈ G . Since the degree of �� is a h� with f�,j ⋆ h� = hj , there is an element 
�� in ℨ�,j of the form �� = f�,j�� −

∑n�
v=1

�̃�v�
(v)

j
 with all �(v)

j
 of degree hj and each 

�̃�v ∈ R . Then, by turning from x to x − r��� , we turn the coefficient of �� into 0 and 
we only introduce summands with coefficients of degree e in any non-trivial g ∈ G . 
Iterating this construction for each summand with coefficient of positive degree, we 
get an element x� = x −

∑
w rw�w with rw ∈ R and �w elements of ℨ , and x′ only hav-

ing coefficients of degree e in any non-trivial g ∈ G . By the first part, x′ is generated 
by ℨ , hence so is x.

Finally, let g ∉ H . Then, there exists some hi ∈ H and some f ∈ G such that 
f ⋆ hi = g and multiplication with f yields an isomorphism Mhi

→ Mg . Hence, we 
have that x = fx� with x′ homogeneous of degree hi . Since 0 = �(x) = f�(x�) , it 

�hi,hj
(�i) =

nj∑

v=1

�v�
(v)

j

fi,j�i −

nj∑

�=1

�v�
(v)

j

x =
∑

�

����
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follows that x� ∈ ker � . By the above cases, x′ is generated by ℨ , and hence, so is x.  
 □

For the next two lemmas, we fix a finitely presented graded R[G]-module 
� ∶= ⊕g∈GMg with a map

such that ker � is finitely generated. Moreover, we let � ∶= {�(1),… , �(n)} denote 
generators of � and ℨ ∶= {𝔷(1),… , 𝔷(m)} denote a generating set of ker � . We 
assume that each �(i) and each �(j) is homogeneous (with respect to the grading of the 
corresponding module), and we let deg(�(i)) , deg(�(j)) denote the degrees.

Lemma 19 Each Mg is finitely presented as an R-module.

Proof We argue first that Mg is finitely generated. Let ng denote the number of ele-
ments �(j) in � such that deg(�(j)) ⪯ g . Let hj ∈ G such that hj ⋆ deg(�(j)) = g . Define 
the map �g ∶ Rng → Mg , by mapping the jth generator �(j)g  of Rng to the element hj�(j) . 
Then the map �g is surjective, proving that Mi is finitely generated.

We show that ker �g is finitely generated as well. Let �(1),… , �(n) be the genera-
tors of R[G]n mapping to �(1),… , �(n) under � . Let mg denote the number of elements 
in ℨ such that deg(�(j)) ⪯ g . Let h�

j
∈ G such that h�

j
⋆ deg(�(j)) = g . For every �(j) 

with 1 ≤ j ≤ mg , consider h�
j
�(j) , which can be written as

with r(k) ∈ R . Now, define

and ℨg ∶= {𝔷
(j)
g ∣ 1 ≤ i ≤ mg} . We claim that ℨg generates ker �g . First of all, we get 

�g(�
(j)
g ) = �(�(j)) = 0 . Now fix x ∈ ker �g arbitrarily. Then, x is a linear combina-

tion of elements in {�(1)
g
,… , �

(ng)

g } with coefficients in R. Replacing �(j)g  with hj�(j) , 
we obtain x� ∈ R[G]n homogeneous of degree g. By assumption, we can write x′ as 
linear combination of elements in ℨ , that is,

R[G]n
�
→ �

h�
j
�(j) =

ng∑

k=1

rkhk�
(k)

�(j)
g
∶=

ng∑

k=1

rk�
(k)
g

x� =

mg∑

k=1

r�
k
h�
k
�(k)
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with r�
k
∈ R . Then, it holds that

which follows by comparing coefficients: let j ∈ {1,… , ng} and let cj ∈ R be the 
coefficient of �(j)g  in x. Let c′

j
 be the coefficient of �(j)g  in the sum 

∑mg

k=1
r�
k
�(k)
g

 , expanding 

each �(k)
g

 by its linear combination as above. By construction, cj is the coefficient of 
hk�

(j) in x′ , and c′
j
 is the coefficient of hk�(j) in the sum 

∑mi

k=1
r�
k
h�
k
�(k) . Since this sum 

equals x′ , it follows that cj = c�
j
 . Since x was chosen arbitrarily from ker �g , it fol-

lows that ℨg generates the kernel.   □

Lemma 20 �(�) is of finite type. In particular, it is of finitely presented type with 
Lemma 19.

Proof Define

For every subset D′ of D, let plcm(D�) denote the set of partially least common mul-
tiples of D′ . Then, set

Note that e ∈ H (using D� = � ) and D ⊂ H (when D′ ranges over the singleton sets). 
Also, H is finite because D is finite and G is weak plcm.

We claim that H frames �(�) . Let g ∈ G be arbitrary. We have to find an element 
h ∈ H such that h ⪯ g and for all h ⪯ g̃ ⪯ g with f̃ ⋆ h = g̃ , multiplication with f̃  is 
an isomorphism Mh → Mg̃.

If g ∈ H , that claim is trivial using h ∶= g and f̃ ∶= e . So, let us assume that 
g ∉ H . Let D�(g) ∶= {� ∈ D ∣ � ⪯ g} . Then, g is a common multiple of D�(g) . 
However, it is not a partially least common multiple because in that case, it would 
belong to H. Hence, there exists a plcm h of D�(g) such that h ⪯ g . Note also that 
D�(g) = D�(h) in this case. Let h ⪯ g̃ ⪯ g and f̃  be such that f̃ ⋆ h = g̃.

We first show that multiplication by f̃  is surjective. For that, fix some x ∈ Mg̃ . 
Then x is generated by a linear combination of the generators �(j) , and among those, 
only those in D�(g̃) = D�(g) can have non-zero coefficients. Hence, x takes the form

x =

mg∑

k=1

r�
k
�(k)
g
,

D ∶=
{
deg(�(j)) ∣ 1 ≤ j ≤ n

}
∪
{
deg(�(k))1 ≤ k ≤ m

}
.

H ∶=
⋃

D�⊆D

plcm(D�).

x =
∑

j∈{1,…,n},deg(�(j))∈D�(g)

fjrj�
(j)
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with rj ∈ R and fj ∈ G such that fj ⋆ deg(�(j)) = g̃ . Let f ′
j
 be such that 

f �
j
⋆ deg(�(j)) = h . Then, using f̃  from above,

which implies that f̃ ⋆ f �
j
= fj because G is right-cancellative. Hence we can write

which shows that x has a preimage in Mh.
For the injectivity of multiplication with f̃  , let y ∈ Mh such that f̃ y = 0 . Let 

x ∈ R[G]n such that �(x) = y . Then 𝜇(f̃ x) = f̃ y = 0 and hence, f̃ x is generated by the 
�(k) . Similar as in the first part of the proof, only such �(k) can appear whose degree 
lies in D�(g) . Hence, writing

we know that fk ⋆ deg(�(k)) = g̃ . The same way as in the first part of the proof, we 
get that fk = f̃ ⋆ f �

k
 with some f �

k
∈ G . It follows that

Since G is left-cancellative, R[G] is left-cancellative with respect to multiplication 
by any monoid element. This property carries over to the free module R[G]n and it 
follows that

Thus x can be written as linear combination of the �(k) , proving that y = �(x) = 0 .  
 □

The Generalized Representation Theorem The preceding lemmas imply the 
Generalized Representation Theorem:

f̃ ⋆ f �
j
⋆ deg(�(j)) = g̃ = fj ⋆ deg(�(j)),

x =
∑

j∈{1,…,n},deg(�(j))∈D�(g)

(f̃ ⋆ f �
j
)rj�

(j)

= f̃
∑

j∈{1,…,n},deg(�(j))∈D�(g)

f �
j
rj�

(j),

f̃ x =
∑

k∈{1,…,m},deg(�(k))∈D�(g)

fkrk�
(k),

f̃ x = f̃
∑

k∈{1,…,m},deg(�(k))∈D�(g)

f �
k
rk�

(k).

x =
∑

k∈{1,…,m},deg(�(k))∈D�(g)

f �
k
rk�

(k).
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Theorem 21 Let R be a ring with unity. The category of finitely presented graded 
R[G]-modules is isomorphic to the category of generalized algebraic persistence 
modules over R of finitely presented type.

Proof The categories are subcategories of R[G]-�� −��� and R-�������
G , 

respectively. Since � and � , restricted to these subcategories, map a GAPM of 
finitely presented type to a finitely presented graded R[G]-module (Lemma 18) and 
vice versa (Lemmas 19 and 20), these categories are isomorphic.   □

Clearly, this statement contains Theorem 9 using G ∶= ℕ.
As in Theorem 9, replacing “finitely presented” with “finitely generated” inval-

idates the claim. Passing to a Noetherian ring R, however, does not immediately 
revalidate it, because R[G] is not Noetherian in general. Still, the following state-
ment follows easily:

Corollary 22 If R and R[G] are Noetherian rings with unity, the category of finitely 
generated graded R[G]-modules is isomorphic to the category of discrete algebraic 
persistence modules of finitely generated type.

We remark that Hilbert’s Basis Theorem can be applied iteratively (see Waerden 
1993, 15.1). Using R[ℕk] ≅ R[t1,… , tk] ≅ R[t1,… , tk−1][tk], we obtain

Corollary 23 Let R be a commutative Noetherian ring with unity, k ∈ ℕ . The cat-
egory of finitely generated graded R

[
ℕk

]
-modules is isomorphic to the category of 

algebraic persistence modules over ℕk of finitely generated type.

6  Conclusion

The Representation Theorem for persistence modules is one of the landmark results 
in the theory of persistent homology. In this paper, we formulated a more precise 
statement of this classical theorem over arbitrary rings with unity where we replaced 
finite generation with finite presentation. We provided a proof which only relies on 
elementary module theory. Furthermore, we generalized the Representation Theo-
rem from naturally indexed modules to modules indexed over a more general class 
of monoids. The key difficulty was to find the right finiteness condition for persis-
tence modules in this case to certify the equivalence with finitely presented modules 
graded over the monoid. Since the underlying ring does not have to be commutative, 
the Representation Theorem should rather be considered as a statement on general 
persistence, including the case of persistent homology.

Alternatively, in categorical language, persistence modules over ℕ are func-
tors ℕ → R-��� where ℕ is interpreted as the totally ordered set (ℕ,≤) . For the 
Representation Theorem we used that ℕ is a monoid and endowed the functor 
ℕ → R-��� with an algebraic structure R[t] . We showed that the generalization of 
this situation is replacing ℕ with a poset (G,⪯) that is induced by left factorization in 
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a good monoid (G,⋆) . Moreover, we defined the subcategory of finite-type-functors 
G → R-��� precisely. The concept of frames enables us to locate the persistent 
features in the monoid concretely.

An obvious question is how the finiteness condition changes when the require-
ments on the monoid are further relaxed. The anti-symmetry of the monoid is not a 
severe assumption because elements g1, g2 with g1 ⪯ g2 and g2 ⪯ g1 induce isomor-
phic connecting maps in the corresponding GAPM and therefore can be treated as 
one component of the monoid. Also, we can relax the right-cancellative condition 
such that between any two elements g1, g2 ∈ G , there are at most finitely many h 
such that h ⋆ g1 = g2 . We restricted to good monoids for clarity of exposition. If 
applications occur that require filtrations with some complicated ordering structure, 
we suggest to consider a good monoid as underlying index set.

A next step is to find classification results, parametrizations and discrete invariants 
for finitely presented monoid-graded modules. It might be useful to consider a subclass 
of good monoids, e.g., finitely generated good monoids or monoids with a manageable 
factorization theory. The theory of persistence modules is well-studied in the case of ℕk 
and might be transferred to more general monoids, as much as the situation of discrete 
invariants. Since there is no natural notion of barcodes in the case of ℕk , there is also no 
hope of finding barcodes for more general monoids. But it might be possible to general-
ize a discrete invariant from ℕk , for instance the discrete rank invariant, and generalize 
algorithms to G-indexed persistence.
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Appendix 1: Details from Sect. 3

Proof of functoriality of � Recall that for �∗ = (�i)i∈ℕ , a DAPM morphism between ℳ 
and � , we define �(�∗) as the map assigning to (mi)i∈ℕ ∈ ⊕Mi the value (�i(mi))i∈ℕ . 
Let us define f ∶= �(�∗) for shorter notation. Indeed, f is a graded module morphism: 
it is a group homomorphism, as each �i is, it clearly satisfies f (Mi) ⊂ Ni , and it holds 
that for m = (m0,m1,…) we get

f (tm) = f (0, tm0, tm1,…) = (0, �1(tm0), �2(tm1),…)

= (0, t�0(m0), t�1(m1),…) = t(�i(mi))i∈ℕ = tf (m),

http://creativecommons.org/licenses/by/4.0/
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where the third equality comes from the property of DAPM morphisms.
For the functorial properties, it is clear that � maps the identity DAPM morphism to 

the identity of the corresponding graded modules. If �∗ , ��∗ are DAPM morphisms and 
m as before, we calculate

Proof of functoriality of � Fix two graded R[t]-modules ⊕Mi and ⊕Ni and let 
ℳ ∶= 𝛽(⊕Mi) and � ∶= 𝛽(⊕Ni) . A graded morphism 𝜂 ∶ ⊕Mi → ⊕Ni implies a 
sequence of maps (�i)i∈ℕ ∶= �(�) where �i is just the restriction of � to Mi . It fol-
lows that � gives group homomorphisms �i ∶ Mi → Ni which are also R-module 
morphisms because for r ∈ R , mi ∈ Mi we get �i(rmi) = �(rmi) = r�(mi) = r�i(mi) . 
Since the connecting maps in ℳ and � are induced by multiplication with t, we 
have that for mi ∈ Mi,

proving that �(�) is indeed a DAPM morphism.
For functoriality, it is again clear that � maps the identity to the identity morphism. 

For two graded R[t]-module morphisms �, �′ and any sequence (mi)i∈ℕ with mi ∈ Mi 
for all i ∈ ℕ , we get

Appendix 2: Details from Sect. 5

Proof of Lemma 14 For a GAPM morphism 
(
�g ∶ Mg → Ng

)
g∈G

 between two GAPMs 

ℳG and �G , we define

(�(��
∗
◦�∗))(m) = (��

i
(�i(mi)))i∈ℕ

= �(��
∗
)(�i(mi))i∈ℕ

= (�(��
∗
)◦�(�∗))(m).

�i+1(tmi) = �(tmi) = t�(mi) = t�i(mi),

(�(��◦�))(mi)i∈ℕ = (��(�(mi))i∈ℕ

= �(��)(�(mi))i∈ℕ

= (�(��)◦�(�))(mi)i∈ℕ.

�(�G) ∶
⨁

g∈G

Mg →

⨁

g∈G

Ng, (mg)g∈G ↦ (�g(mg))g∈G.
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Recall that for �G = (�g)g∈G , a GAPM morphism between ℳG and �G , we define 
�(�G) as the map assigning to (mg) ∈ ⊕Mg the value (�g(mg)) . Let us define 
f ∶= �(�G) for shorter notation. Again, f is a graded module morphism: it is a group 
homomorphism, as each �g is, it clearly satisfies f (Mg) ⊂ Ng , and it holds that for 
m = (mg)g∈G and h ∈ G we get

where the third equality comes from the property of GAPM morphisms.
For the functorial properties, it is clear that � maps the identity GAPM morphism 

to the identity of the corresponding graded module. If �G , �′
G

 are GAPM morphisms 
and m as before, we calculate

Vice versa, a morphism

in R[G]-�� −��� induces a homomorphism �g ∶ Mg → Ng for each g ∈ G , and 
these induced maps are compatible with multiplication of each h ∈ G . Hence, the 
diagram

f (hm) = f

((
hm�g; ∃�g ∈ G ∶ h ⋆ �g = g

0; otherwise

)

g∈G

)

=

((
𝜉h⋆�g(hm�g); ∃�g ∈ G ∶ h ⋆ �g = g

0; otherwise

)

g∈G

)

=

((
h𝜉�g(m�g); ∃�g ∈ G ∶ h ⋆ �g = g

0; otherwise

)

g∈G

)

=

((
h𝜉�g(m�g); ∃�g ∈ G ∶ h ⋆ �g = g

0; otherwise

)

g∈G

)

= h
(
𝜉g(mg)

)
g∈G

= hf (m),

(�(��
∗
◦�∗))(m) = (��

g
(�g(mg)))g∈G

= �(��
∗
)(�g(mg))g∈G

= (�(��
∗
)◦�(�∗))(m).

� ∶
⨁

g∈G

Mg →

⨁

g∈G

Ng
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commutes and so, setting �(�) ∶= (�g)g∈G yields a GAPM morphism between 
𝛽(⊕g∈GMg) and 𝛽(⊕g∈GNg).

For functoriality, it is clear that � maps the identity between graded modules to 
the identity GAPM morphism. For two graded R[G]-module morphisms �, �′ and 
any 

(
mg

)
g∈G

 with mg ∈ Mg for all g ∈ G , we get

Finally, the construction immediately implies that �◦� equals the identity functor on 
R[G]-�� −��� and �◦� equals the identity functor on R-�������

G , hence (�, �) 
is an isomorphic pair of functors.

Appendix 3: Proving the ZC‑representation theorem using Artin–
Rees theory

We showed how to prove the Representation Theorem over general rings with unity 
and good monoids as index set. Artin–Rees theory is defined over commutative 
Noetherian rings with unity and filtrations of subsets of modules. Therefore it does 
not yield a proof for more general rings or, at least not immediately, for more gen-
eral indexing monoids than ℕ . Since Artin–Rees theory is quoted in Zomorodian 
(2009) and Zomorodian and Carlsson (2005) to provide a proof for Theorem 9 (over 
commutative Noetherian rings with unity), we take a closer look at the connections 
between Artin–Rees theory and such a proof. To do this, we consider the following 
notion of filtrations of modules:

Definition 24 Let A be a commutative Noetherian ring with unity. Let I ⊆ A be 
an ideal, M an A-module. An I-filtration of M is a collection (Mn)n∈ℕ such that 
M = M0 ⊇ M1 ⊇ M2 ⊇ ⋯ and IMn ⊆ Mn+1 for all n ∈ ℕ . An I-filtration is called 
I-stable if there is an n0 ∈ ℕ such that IMn = Mn+1 for all n ≥ n0.

Now, consider an ideal I ⊆ A and an I-filtration (Mn)n∈ℕ of a finitely generated 
A-module M. Let A ∶=

⨁
i∈ℕ I

i , M ∶=
⨁

i∈ℕ Mi . We obtain a criterion for (Mn)n∈ℕ 
to be I-stable:

Mg
h

ξg

M

ξ

Ng
h

N

(�(��◦�))(mg)g∈G = (��(�(mg))g∈G

= �(��)(�(mg))g∈G

= (�(��)◦�(�))(mg)g∈G.
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Lemma 25 (Criterion for stability) Let A be a commutative Noetherian ring with 
unity, I ⊆ A an ideal. Let M be a finitely generated A-module, (Mn)n∈ℕ an I-filtration 
of M. Then the following are equivalent:

1. M is a finitely generated A-module.
2. (Mn)n∈ℕ is I-stable.

This criterion helps to prove the famous Artin–Rees Lemma. It states that given 
a stable filtration of a finitely generated module M and a submodule N of M, then 
intersecting each member of the filtration with N again yields a stable filtration. 
The Artin–Rees Lemma can for instance be used to prove Krull’s Intersection The-
orem (Eisenbud 1995) and to study modules over local rings (Greuel and Pfister 
2007). For a proof of the above criterion, the Artin–Rees Lemma and the connection 
between the two lemmas, we refer to Greuel and Pfister (2007).

Let us see how this helps to prove the ZC-Representation Theorem for a com-
mutative Noetherian ring R with unity. Setting A = R[t] and I as the ideal generated 
by t, we obtain A = R[t] . By Lemma 1, R[t] is Noetherian and finite presentation and 
finite generation coincide not only for R-modules, but also for R[t]-modules.

Let ℳ be a DAPM over R of finitely generated type. Consider the filtration 
(M̃n)n∈ℕ defined by �M0 = ⊕i∈ℕMi and M̃n = (tn)M̃0 for n > 0 . By finite type assump-
tion, there exists an no ∈ ℕ such that (t)M̃n = M̃n+1 for all n ≥ n0 . To use the above 
criterion, we have to ensure that ⊕i∈ℕMi is a finitely generated R[t]-module. We do 
not see how this could follow from Artin–Rees theory since finite generation is an 
assumption in most of the statements. A proof for the finite generation of ⊕i∈ℕMi is 
the first part of our proof of Lemma 6.

Conversely, using the above criterion, finite generation of the R[t]-module 
⊕i∈ℕMi directly implies (t)-stability of the filtration (M̃n)n∈ℕ . Hence the correspond-
ing DAPM 𝛽(⊕i∈ℕMi) is of finite type. It is left to prove that each Mi is finitely gen-
erated as an R-module. This can easily be seen by the first five lines of our proof of 
Lemma 7.
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