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Phase-f ie ld method i s an effec t ive tool for 
investigating structures in complex solidification 

interfaces. It enables researchers to directly simulate the 
formation of microstructures [1-3]. 

Directional solidification technology can be used 
to obtain directional and monocrystalline structures, 
which improve the mechanical and physical properties 
of materials [4]. Thermal shock resistance, fatigue life, 
and high-temperature creep resistance of blades of 
gas turbine engines prepared by using the directional 
solidifi cation technology are all signifi cantly improved [5, 6]. 
At present, directional solidifi cation technology has been 
used in various fi elds including materials for aviation and 
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aerospace, superconducting, semiconductor, magnetic, 
and composite materials [7-9].

Columnar dendritic crystals are the most common 
microstructures formed in directional solidification. 
Tomohiro Takaki et al. [10, 11] investigated the orientations 
of growing grains and the competitive growth of 
dendrites at the converging grain boundary of a bicrystal 
in the directional solidifi cation process of binary alloys. 
Yuan et al. [13] simulated the directional solidification 
process of Al-Cu binary alloy and investigated the 
influence of anisotropy, interfacial thickness and 
interface energy on interfacial morphologies and micro-
segregation. These projects investigated the competitive 
growth of grains in 2-D directional solidification 
processes by using the phase-field method; however, 
actual solidification happens in a three-dimensional 
(3-D) environment, and thus differs from that in 2-D 
simulation. Therefore, some scholars explored the 
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competitive growth of dendrites in 3-D directional solidifi cation 
process by using the phase-fi eld method. For example, Tourret 
et al. [13] simulated the competitive growth of dendrites in 
bi-crystal samples and studied the orientation selection of 
grain boundaries. However, these 3-D investigations mainly 
concentrate on the competitive growth of columnar crystals in a 
plane, while the columnar crystals appear in multiple layers in 
practical solidifi cation processes. For example, a phenomenon 
often appears as shown in Fig. 1. The columnar crystals marked 
by black circles are not secondary or tertiary dendrites produced 
by columnar crystals on two sides, but possibly tilted, interposed 
columnar crystals at the back row. This indicates that the 
interactive eff ect between columnar crystals in the directional 
solidifi cation process is not limited to one plane but also appears 
between different planes. Although the research of Tomohiro 
Takaki [14] and Yang[15], et al. involved the competitive growth 
of columnar crystals on diff erent planes, their research mainly 
focused on the unusual overgrowth phenomenon of columnar 
crystals in the large calculation area. 

In this study, the infl uence of grain orientation on competitive 
growth of dendrites under different competitive modes was 
investigated using the phase field method to explain the 
competitive growth of columnar crystals (two-layer) on diff erent 
planes. The simulation result was verified by conducting a 
directional solidifi cation experiment.

Fig. 1:  Growth morphologies of columnar crystals in 
directional solidifi cation process [18-19]

density with respect to the order parameter of phase fi eld and is 
expressed as follows:

               

where, R, T, Vm, h(Φ), W, g(Φ), and c refer to the ideal gas 
constant, temperature, molar volume, potential function, 
phase-field parameter, residual free energy function, and 
solute concentration in alloys, respectively. Subscripts L and S 
represent liquid and solid phases while superscript e denotes the 
equilibrium state, respectively.

In Eq. (2), ε(θ) refers to a parameter related to interfacial 
energy and is expressed as [21]:

      

where, θ1, θ2, and θ3 denote three included angles between the 
normal vector in the migration direction of the growth interface 
of dendrites and the coordinate system, respectively.

1.1.2 Solute-fi eld controlling equation
The solute-fi eld controlling equation is expressed as follows:

                              

where, D(Φ), fc, and fcc refer to the diffusion coefficient of 
solutes, and the fi rst and second derivatives of free energies on 
concentration, respectively.

1.1.3 Temperature controlling equation
The temperature controlling equation is expressed as follows:

where, Dt, Cp, L, L′, T, and c represent the heat diffusion 
coeffi  cient, specifi c heat, latent heat of the solvent, latent heat of 
the solute, temperature, and concentration of the solute elements [22].

1.1.4 Determination of phase-fi eld parameters
The migration rate M of the solid-phase interface is expressed as 
follows:

                   

where, ε0 and W refer to phase-field parameters, which are 
calculated by using interfacial energy σ and thickness λ. 

 
                                         

1  Method
1.1 Phase-fi eld method
1.1.1 Phase-fi eld controlling equation

The phase-field controlling equation function is defined by 
using the vector normal to the migration direction of solid-liquid 
interface of dendrites, which is expressed as follows [18]:
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The phase-fi eld controlling equation is [19]:

where, Φ, M, and t refer to the order parameter of phase fi eld, 
migration rate of solid-phase interface, and time variable, 
respectively. fΦ represents the fi rst derivative of the free energy 

(2)

In Eq. (7), ζ represents a parameter matrix of interfacial 
migration, which is expressed as:
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Fig. 2:  Directional forced cooling device after induction 
remelting [23] 

1.2 Directional solidifi cation method
During the experiment, #45 steel samples with sizes of Ф30 mm 
× 13 mm were taken as the matrix material and Al-2mol%-Cu 
powder was used for cold spraying, and the spraying distance 
is 20 mm. On this basis, by using the SPG-30B high-frequency 
induction heating and directional cooling devices (Fig. 2), 
the coating was directionally cooled after being subjected to 
induction remelting. The power used for induction heating, the 
cooling water fl ow rate, and cooling time were 2.4 kW, 16 L·h-1, 
and 30 s, respectively.

1- Flow-meter; 2- Cooling water pipe; 3- Pancake coil; 
4- Magnetiser; 5- Outfall; 6- Sample; 7- Coating; 

8- Seal circle; 9- Stage; 10- Lift stage; 
11- Lift bar; 12- Impounding reservoir

2 Numerical calculation of models
2.1 Physical parameters of materials
By taking Al-2% mole-Cu alloy as an example, the competitive 
growth of dendrites in directional solidification process 
was investigated. The physical parameters of the alloy are 
summarized in Table 1.

Table 1:  Physical parameters of Al-2% mole-Cu alloy

Parameter Value

Interfacial energy, σ, (J•m-1) 0.093

Melting temperature, Tm, (K) 933.3

Equilibrium constant, ke 0.14

Latent heat of the solvent, L, (kJ·kg-1) 389.0

Diffusion coeffi cient of liquid-phase 
solute, DL, (m

2·s-1) 3.0 × 10-9

Diffusion coeffi cient of solid-phase 
solute, DS, (m2·s-1) 3.0 × 10-13

Liquidus slope, me, (K·mol-1) 620

Molar volume, Vm, (m3·mol-1) 1.05× 10-5

the same time step ∆t. Where, ∆t and special step ∆x (∆x = ∆y = 
∆z) satisfy the following stable conditions:

     
where, DL refers to the diff usion coeffi  cient of the liquid-phase 
solute.

Corresponding to the x, y, and z axes in a rectangular 
coordinate, the temperature gradient was set to be parallel to the 
z-axis. The computational domain of the phase-fi eld and solute-
field was within the range containing 300×100×500 grids in 
which the grid size was 1×10-8 m (∆x = 1× 10-8 m). The initial 
nucleus was set as a hemisphere with r = 6×10-8 m. Above the 
initial nucleus is a sub-cooled melt. To simplify the calculations, 
the temperature of this sub-cooled melt is constant, which 
is equivalent to pouring the molten metal into the sidewall 
insulation. A solidifi ed layer establishes a top-down temperature 
gradient in the molten metal and the solidifi ed metal, allowing 
the casting to solidify from top to bottom and achieve directional 
solidification. At the boundary of the calculation area, the 
adiabatic boundary is used for the phase fi eld, temperature fi eld 
and solute field. The study simulated the competitive growth 
of columnar crystal by taking seven grains as examples and the 
grains were placed as follows: Grains 1-4 were placed on the 
same layer, as shown in Layer I in Fig. 3 while Grains 5-7 were 
put on another layer, as denoted by Layer II in the fi gure. The 
number of grains and the distance between the crystal grains 
conform to the rule in Ref. [24]. Two diff erent competitive modes 
were chosen to exhibit the competitive growth of columnar 
crystals on different planes in the simulation test: firstly, the 
monolayer columnar grains in multi-layer columnar crystals 
exhibited contradictory orientations (Scheme 1); secondly, the 
monolayer columnar grains in multi-layer columnar crystals 
exhibited the same orientation (shown in Scheme 2).

Scheme 1:

              

   

              

When θ11 ≠ 0, then θ11 refers to the projection of the included 
angle between dendritic growth orientation and the z-axis on 
the xoz-plane. Assuming that the growth orientation of Grains 
1, 4, 5, and 7 in Fig. 3 was parallel to the temperature gradient 
[the direction indicated by the green arrow in Fig. 4(a)], the 
growth orientation of the grains was in the direction indicated 
by the white arrow in the figure. Assuming that there was a 

Fig. 3: Placement of initial nuclei
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2.2 Numerical calculation
Equations (2), (5), and (6) are calculated simultaneously by 
using an explicit fi nite diff erence method, both of which apply 
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certain included angle θ11 between growth orientation of Grains 
2, 3, and 6 and the temperature gradient, the grains grew in the 
orientation indicated by the black arrow in the fi gure.

Scheme 2:

           

Similarly, θ21 refers to the projection of the included angle 
between the dendritic growth orientation and the z-axis on the yoz-
plane with θ21 ≠ 0. Assuming that the growth orientation of Grains 
1-4 in Fig. 3 was parallel to the temperature gradient [the direction 
indicated by the green arrow in Fig. 4(b)], the grains grew in the 
direction indicated by the white arrow in Fig. 4(b). Assuming that 
there was a certain included angle θ21 between growth orientation 
of Grains 5-7 and the temperature gradient, the growth orientation 
was as indicated by the black arrow in the fi gure.

 (a) Dendritic orientation in Scheme 1     (b) Dendritic orientation in Scheme 2

Fig. 4: Dendritic orientations

3 Results and analysis
3.1 Simulation results and analysis
3.1.1 Simulation results and analysis of scheme 1

Figure 5 shows the morphologies of competitive growth 
columnar crystals at diff erent times when the grain orientations 
were θ11 = 7.5º, 10º, 15º, and 30º, respectively. The numbers 
marked in Fig. 5 (a1) indicate the respective locations of the 
seven grains.

At θ11 = 7.5º, the growth of grains 5 and 7 was faster than that 
of Grains 2, 3, and 6 at 2000 ∆t, 4000 ∆t, and 6000 ∆t, as shown 
in Fig. 5 (a1-a3). At 8000 ∆t, grain 6 grew normally while the 
growth of Grains 2 and 3 was restricted separately under the 
inhibitory effects of Grains 5, 6 and 7 and the Grain 3 even 
ceased to grow, as shown in Fig. 5 (a4). At 10,000 ∆t, Grain 2 
ceased to grow under the inhibitory eff ects of Grains 5 and 6, as 
shown in Fig. 5 (a5). At θ11 = 10º, Grains 5 and 7 grew rapidly 
at 2000 ∆t, 4000 ∆t, and 6000 ∆t, as illustrated in Fig. 5 (b1-
b3). At 8000 ∆t, Grains 2 and 6 were successively restricted and 
fi nally stopped growing, as shown in Fig. 5 (b4). At 10,000 ∆t, 
Grain 3 ceased to grow, as displayed in Fig. 5 (b5). In a similar 
way, Grains 2, 3, and 6 were inhibited and further successively 
stopped growing at θ11 = 15º and θ11 = 30º, as shown in Figs. 
5(c1-c5) and (d1-d5).

Figure 5 shows the external morphology of 3D growth under a 
certain angle of view. Owing to the columnar crystals in the 3D 
simulation being covered by each other, the internal condition 
of grains in competitive growth cannot be directly observed. 
Therefore, the morphologies of the slices of competitive 
growth of grains at 10,000 ∆t were viewed separately at grain 
orientations θ11 = 7.5º, 10º, 15º, and 30º for analysis. Figure 6 
shows the simulation results and slice images under different 
grain orientations.

Figures 6 (a1-d1) separately display the competitive growth 
morphologies of dendrites at 10,000 ∆t at grain orientations of 
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Fig. 5:  Morphologies of competitive growth of dendrites at different moments under different grain 
orientations

Fig. 6:  Simulation results and slice images for different grain orientations
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θ11 = 7.5º, 10º, 15º, and 30º. Figures 6 (a2-d2) separately show 
the morphologies of slices I-IV in Figs. 6 (a1-d1) while Figs. 
6 (a3-d3) show the solute distributions corresponding to Figs. 
6 (a2-d2). Figures 6 (a4-d4) separately illustrate temperature 
fi elds of slices I-IV at grain orientations of θ11 = 7.5º, 10º, 15º, 
and 30º, respectively. When the included angle between the 
growth orientation of dendrites and the temperature gradient was 
7.5°, the dendrite whose growth orientation was parallel to the 
temperature gradient (referred to as Dendrite A) exhibited a weak 
inhibitory eff ect on the dendrite that has a certain angle between 
the growth orientation and temperature gradient (referred to as 
Dendrite B). Some Dendrite Bs were not eliminated, as shown 
by grain 6 in Fig. 6 (a1). Other dendrite Bs ceased to grow due 
to being restricted by Dendrite As, for example, Grains 2 and 3 
in Figs. 6 (a1). With the increase of included angle between the 
growth orientation of dendrites and the temperature gradient, the 
inhibitory eff ect of Dendrite A on Dendrite B strengthened, so 
that Dendrite Bs successively ceased to grow and the secondary 
dendrites of Dendrite A increasingly developed [Figs. 6(b2-b3, 
c2-c3 and d2-d3)]. This was because the liquid-phase region 
ahead of growing areas of Dendrite Bs was occupied by dendrite 
As and the growth of Dendrite Bs was inhibited by released latent 
heat and separated solutes [location denoted by white circles in 
Fig. 6 (a3-d3)] during the growth of Dendrite As. Additionally, 
the secondary dendrites of Dendrite A took over the liquid-
phase region in front of dendrite Bs and were developed with 
the increase of the included angle between the grain orientation 
and temperature gradient. It can be seen from Figs. 6(a4-d4) that 
the direction of the initial temperature gradient changed due to 
the latent heat released during dendritic growth. The area where 
dendrites solidified earlier exhibited higher temperatures than 
that where dendrites solidifi ed later. This was because the leading 
edge of the solidification interface constantly released latent 
heat during solidifi cation and therefore heat diff used from high-
temperature to low-temperature areas.

To sum up, on the condition that the monolayer grains in 
multi-layer columnar crystals showed different orientations 
(Scheme 1), the growth of dendrites on diff erent planes (Fig.6) 
was similar to those of Rappaz [25], Gandin [26] et al., i.e., the 
dendrites which showed a certain angle with the direction of 
thermal fl ow eventually ceased to grow due to being restricted 
by those dendrites growing along the direction of thermal fl ow, 
and the secondary dendrites also became developed. However, 
this conclusion was attained through a planar projection, while 
there are other conditions in a practical complex solidifi cation 
process such as the case mentioned in Scheme 2.

3.1.2 Simulation result and analysis of scheme 2
Figure 7 shows the morphologies of competitive growth 
dendrites at different times at grain orientations of θ21 = 7.5º, 
10º, 15º, and 30º, respectively. Figures 7(a1-a5), (b1-b5), (c1-c5) 
and (d1-d5) show the morphologies of the competitive growth  
of seven dendrites at diff erent times at θ21 = 7.5º, 10º, 15º, and 
30º, respectively. The numbers marked in Fig. 7 (a1) represent 
the respective locations of the seven grains.

At 2,000 ∆t, the growth rates of Grains 2 and 3 were 

signifi cantly faster than those of Grains 5-7, as shown in Figs. 7 
(a1-d1). The greater θ21, the easier Grains 5-7 were intercalated 
between adjacent pairs of Grains 1-4, as displayed in Figs. 7 
(a2-d2). It can be seen from Fig. 7 (d2) that rain 5 continued to 
grow after intercalation between Grains 1 and 2 [location E, Fig. 
7 (d2)]. Additionally, the greater θ21, the better the growth of 
Grain 5 after intercalation between Grains 1 and 2, as shown in 
Figs. 7 (a3-d3), (a4-d4), and (a5-d5).

For the aforementioned reason (Section 3.1.1), the internal 
condition of competitive growth of grains in Fig. 7 cannot 
be directly observed. Therefore, the slice morphologies of 
competitive growth of grains at 10,000 ∆t separately at grain 
orientations of θ21 = 7.5º, 10º, 15º, and 30º were chosen for 
supplementary analysis. Figure 8 shows the simulation results 
and slice images at diff erent grain orientations.

Figures 8 (a1-d1) separately denote the morphologies 
of competitive growth of dendrites at 10,000 ∆t at grains 
orientations of θ21 = 7.5º, 10º, 15º, and 30º. Figures 8 (a2-d2) 
show the morphologies of Slices I-IV in Figs. 8 (a1-d1) while 
Figs. (a3-d3) show the solute distributions corresponding to 
Figs. 8 (a2-d2). Figures 8 (a1-d4) denote the temperature fi elds 
corresponding to Figs. 8 (a2-d2). Figures 9 (a-a3) display the 
slices which were parallel to the yoz-plane at 10,000 ∆t at grain 
orientations of θ21 = 7.5º, 10º, 15º, and 30º, respectively. Figures 
9 (b-d, b1-d1, b2-d2, and b3-d3) separately show the phase-
fi eld morphologies of slices 1-12 in Figs. 9 (a-a3) while Figs. 9 
(e-g, e1-g1, e2-g2 and e3-g3) show the solute distributions of 
Slices 1-12 in Figs. 9(a-a3), respectively.

When the angle between growth direction and temperature 
gradient was 7.5°, the dendrites (referred to as Dendrite C) 
whose growth orientation showed a certain angle with the 
temperature gradient failed to pass through the liquid-phase 
channel between dendrites (Dendrite D) whose growth direction 
was parallel to the temperature gradient. Dendrite Cs stopped 
growing under the inhibitory eff ect after growing to a certain 
extent, as illustrated in Figs. 8 (a2-a3) and 9 (b-d). This was 
because the growth of Dendrite Cs was restricted by latent heat 
released during the growth of dendrite Ds and solutes before 
intercalation between the Dendrite Ds at a low included angle. 
With increasing included angle between growth direction of 
Dendrite Cs and the temperature gradient, the Dendrite Cs 
intercalated between Dendrite Ds through the liquid-phase 
channels between them and continued growing before being 
restricted by Dendrite D whereafter they stopped growing. This 
is revealed in locations marked by white circles in Figs. 8 (b2-
d2) and green circles in Figs. 9 (b1, d1, b2-d2 and b3-d3). This 
was because, with the increase of included angle between the 
growth direction of Dendrite Cs and the temperature gradient, a 
liquid-phase space conducive to growth occurred after Dendrite 
Cs were rapidly intercalated between Dendrite Ds. Some 
Dendrite Cs defl ected after growing for a period of time [such as 
the location marked within the white boxes in Figs. 8 (c2-d2)], 
which was caused by different inhibition effects of dendrite 
Ds on two sides during growth. The greater the included 
angle between the growth direction of Dendrite Cs and the 
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Fig. 7:  Morphologies of competitive growth of dendrites at different times and grain orientations

temperature gradient, the easier the Dendrite Cs were inserted 
between Dendrites D and the better they grew thereafter. Some 
dendrites which continued growing after intercalating between 
Dendrite Ds were deflected to the direction parallel to the 
temperature gradient, and, the greater the included angle, the 
lower the defl ection [as shown in the location marked within the 
white boxes in Figs. 8 (c2-d2)]. It can be seen from Figs. 8 (a4-
d4) that the direction of the initial temperature gradient changed 
due to the latent heat released during dendrite growth.

To sum up, on the condition that monolayer grains in multi-
layer columnar crystals showed the same orientation in Scheme 
2, the competitive growth of columnar crystals on different 
planes in Fig. 8 was similar to the morphologies obtained during 
practical solidifi cation, as shown in Fig. 1. That is, the columnar 

crystals marked using white circles in Figs. 8 (b2-d2) were 
not secondary or tertiary dendrites of columnar crystals to two 
sides but were produced by the intercalation of tilting columnar 
crystals in the back row. Therefore, it can be speculated that the 
morphology in the practical solidifi cation process in Fig.1 might 
be caused by the competitive mechanism of columnar crystals 
on diff erent planes. To prove the existence of these competitive 
mechanisms in practical solidification process, directional 
solidifi cation experiments were carried out.

3.2 Experimental result
By using cold-spray technology, Al-2% mole-Cu alloy powder 
was prepared on a #45 steel matrix. On this basis, by employing 
a directional cooling device, directional cooling experiments 
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were conducted on the induction-remelted coating to verify 
the phase-fi eld simulation result. The solidifi cation conditions 
after coating remelting were the same as in the simulation. The 
experimental results are displayed in Fig. 10.

By observing the metallographs obtained through directional 
solidifi cation experiment, the morphologies similar to those of 
competitive growth in slice images of simulation results can be 
found. For example, the morphology marked using the red circle 
in Fig. 10 was similar to that in Figs. 6 (a3-d3) from Scheme 1. 
Additionally, the morphologies marked using yellow boxes in 
the fi gure were similar to those denoted using white circles in 
Figs. 8 (b2-d2) and black circles in Fig. 1.

4 Conclusions
(1) The influence of grain orientation on the competitive 

growth of dendrites under different competitive modes was 

investigated by using the three-dimensional (3D) phase-field 
method, which aimed at competitive growth of columnar 
crystals(two-layer) on diff erent planes. Moreover, the simulation 
result was verifi ed experimentally.

(2) When the monolayer grains in multi-layer columnar 
crystals had different orientations during directional 
solidifi cation (Scheme 1), the growth of dendrites on diff erent 
planes could be described as follows: the growth of the dendrites 
whose orientation had a certain included angle with the direction 
of temperature gradient were restrained to cease growing by 
other dendrites' growth, whose direction was parallel to the 
direction of temperature gradient. Moreover, the greater the 
included angle, the more readily the dendrites stopped growing. 
The secondary dendrites of dendrites with grain orientations 
parallel to the temperature gradient were well developed with 
the increase of the included angle between the grain orientation 
and temperature gradient. The phenomenon appearing during 

Fig. 8:  Simulation results and slice images at different grain orientations
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competitive growth of monolayer columnar crystals was similar 
to the simulated result.

(3) When monolayer grains in multi-layer columnar crystals 
exhibited the same orientation during directional solidifi cation 
(Scheme 2), the competitive growth of columnar crystals on 
different planes could be described as follows: the greater 
the included angle between the grain orientation and the 

temperature gradient, the easier the growth of dendrites in the 
direction showing a certain included angle with the temperature 
gradient was intercalated between those whose grain orientation 
was parallel to the temperature gradient and the better they grew 
thereafter. Some growing dendrites, after intercalation, were 
defl ected to a direction parallel to the temperature gradient and 
the greater the included angle, the lower the defl ection.

Fig. 9:  Morphologies and solute distributions of slices parallel to yoz-plane
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(4) Experimental results are consistent with the simulated 
results were obtained from metallographs, thus proving that the 
two competitive growth modes on diff erent planes do exist and 
frequently appear.
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Fig. 10:  Experimental results
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