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Abstract
Fuzzy mixed graph (FMG) can be used to model some graphical intercommunication network systems if there are many

directed and undirected relations between some vertices. In inverse fuzzy graph, the membership value of edges are greater

than or equal to the minimum of the membership value of the corresponding vertices. In inverse fuzzy mixed graph

(IFMG), directed and undirected relations exist between some vertices and it can be used to analyze many graphical

problems of real life such that the membership values of edges are greater than or equal to the minimum of the membership

value of the corresponding pair of vertices. In this article, the concept of IFMG is introduced first with some of its

properties. Then some isomorphic properties are studied and complement of IFMG is given. Different types of operations

like union, intersection, product and join between two IFMGs are defined and investigated some of their related results. An

algorithm of the proposed method is executed to identify some vertices. An application is depicted using the concept IFMG

to examine the order of vertices in a social network group according to communication gaps.
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1 Introduction

In 1965, Zadeh (1965) first introduced the uncertainty

concepts in mathematics which is known as fuzzy sets.

Graph theory has many applications in various connected

fields like network routing, internet path systems, computer

science and many shortest path problems. Li et al.

(2020, 2021) introduced Elephant herding optimization in

variants, hybrids and a Survey of based on intelligent

optimization with their real applications and algorithms in

different environments. Feng et al. (2021) introduced

Monarch butterfly optimization (MBO) algorithm,

hybridizations, variants and applications in optimization

techniques to solve global numerical optimization and

engineering problems. Wang et al. (2019) gave compre-

hensive review of different KH algorithms and analyzed

their applications in engineering and optimization with

some future directions.

In 1975, Rosenfeld (1975) first used the concept of fuzzy

logic in graph theory and introduced concept fuzzy graph.

Recently, concept of fuzzy graphs have been used in many

uncertain connected fields including signal processing,

image segmentation, computer science, medical and engi-

neering science, water and electric network systems.

Mordeson and Peng (1994) defined different types of

operation on fuzzy graphs likes union, intersection and join

of two fuzzy graphs. Different types strong arc, weak arc

between two vertices in fuzzy graph are discussed by

Mathew and Sunitha (2009). Mathew et al. (2018a, b)

introduced many indices, path and connectivity in fuzzy

graph with application to human trafficking. Das et al.

(2021) introduced fuzzy chordal graphs and their proper-

ties. Bhutani and Rosenfeld (2003) introduced end nodes

and their character in various fuzzy graphs. Binu et al.

(2019, 2020) established connectivity and wiener index in

fuzzy graphs and explained their property with some real

applications like illegal immigration, human trafficking

between countries. Poulik and Ghorai (2020, 2021) intro-

duced many indices in bipolar fuzzy graphs and explained

their properties with applications in different types of

journeys order and social development. Some boundary
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and interior nodes of bipolar fuzzy graphs and their

application in education systems are explained by Poulik

and Ghorai (2020a, b). Turksen (1986) introduced interval

valued fuzzy sets based on normal forms. Then, Chen

(1997a); Chen et al. (1997); Chen and Hsiao (2000)

introduced different types of bidirectional ruled based

reasoning and applications of interval-valued fuzzy

hypergraphs. Mendel et al. (2006) introduced interval-

valued type-2 fuzzy logic. Then, Chen et al. (2012, 2013)

introduced different types of interval-valued type-2 fuzzy

sets and their applications in decision making. Knyazeva

et al. (2018) introduced topological ordering on interval-

valued type-2 fuzzy graphs. Singh (2018, 2019, 2020)

introduced different types of lattices with m-polar fuzzy

concepts and neutrosophic concepts and their applications.

Yager (2020, 2021) introduced many mathematical models

in uncertain environment and their applications.

One of the main role of vertices and edges in a fuzzy

graph depend on the total membership values of vertices

and edges. Cary (2018) and Gani and Ahamed (2003)

explained the order and size of fuzzy graphs and the reg-

ularity of vertices and edges. Ghorai and Pal (2016) and

Ghorai and Jacob (2019) introduced degree of vertices in

different types of fuzzy graphs. Some important algorithms

and domination on fuzzy graph are discussed by West

(2000) and Mariappan et al. (2019). Kumar and Lavanya

(2017) and Nirmala and Prabavathi (2015) explained fuzzy

diagraphs and their mathematical tools with application.

Rashmanlou et al. (2020) introduced novel application of

cubic graph based on fuzzy concept. Samanta and Pal

(2020), Samanta et al. (2021, 2021) introduced measure of

the influence in social networks, fuzzy planar graphs and

different directed graphs with their application in social

media and image processing. Akram (2011, 2013) and

Akram and Waseem (2018) described different types of

bipolar fuzzy graphs with order, size, isomorphic properties

and some real applications. Some properties of bipolar and

m-polar fuzzy graph and their union, join, complement, etc

are examined by Akram (2018) and Akram et al. (2020).

Akram and Shahzadi (2021) introduced concepts of

Pythagorean dombi fuzzy soft graphs. They also have

discussed some decision making problems by using

Pythagorean dombi fuzzy soft graphs. Akram and Dudek

(2010) introduced interval-valued fuzzy graphs. Borozooei

et al. (2020) introduced the concepts of inverse of fuzzy

graphs and their properties. Das et al. (2021) introduced

fuzzy mixed graph with application in COVID-19 affected

central regions.

In many graphical network systems, the vertices may

not be always active. So the activation time and the inac-

tivation time are uncertain. Therefore, the disconnection

time between vertices are also uncertain. Again, the dis-

connection time between a pair of vertices is greater than

or equal to minimum of the inactivation times of those pair

of vertices. These types problems can be solved by using

the concept of inverse fuzzy graphs. If in a fuzzy graphical

system there exists some directed relationship between

vertices, then the FMG can be used to model the system. In

many real world problems with inverse fuzzy graph

structure, there may exist directed relationship between

vertices. This type of situations can not be modeled well by

means of our familiar graphs. So this motivates us to define

IFMG which can handle the above situations.

This paper is structured as follows: the next Sec-

tion contains some basic definitions of different types of

fuzzy graphs. In Sect. 3, IFMG is defined and some

important theorems are explained by examples. Some

operations like intersection, union and Cartesian product on

two IFMGs and some theorems related to these operations

are described in Sect. 5. An algorithm to calculate the

degree of vertices and to find the important vertices in

IFMG is given in Sect. 5. In Sect. 6, we construct a network

of some friends and then by using the concept of IFMG the

order of the friends for communication gap are discussed.

At last conclusion with some future works of this work is

depicted in Sect. 7.

2 Preliminaries

Here some basic definitions are given. The bold notations

like ab denote the directed edges in the whole paper.

Definition 1 (Rosenfeld 1975) A fuzzy graph f ¼
ðV; l; qÞ is a non-empty set V together with a pair of

functions l : V ! ½0; 1� and q : V � V ! ½0; 1� such that

for all x; y 2 V ; qðxyÞ� lðxÞ ^ lðyÞ where lðxÞ and qðxyÞ
represent the membership values of the vertex x and of the

edge xy in f respectively.

Definition 2 (Mordeson and Peng 1994) A sequence of

distinct vertices x0; x1; . . .; xn is called a path P of length n

if qðai�1; aiÞ[ 0; i ¼ 1; 2; . . .; n. The membership value of

the weakest edges is called the strength of the path P. Two

FGs f ¼ ðl;qÞ and f0 ¼ ðl0; q0Þ are isomorphic to each

other if there exists a bijective mapping f from f to f0

such that lðxiÞ ¼ l0ðf ðxiÞÞ; 8xi 2 l and qðxixjÞ ¼
q0ðf ðxixjÞÞ; 8xixj 2 q�.

Definition 3 (Borozooei et al. 2020) Let f� ¼ ðV ;EÞ be a

simple graph and l : V ! ½0; 1� and q : E ! ½0; 1� be two

fuzzy subsets of V and E respectively. Then f ¼ ðl; qÞ is

said to be an inverse fuzzy graph if for any xy 2 E,

qðxyÞ�minflðxÞ; lðyÞg.

Definition 4 (Borozooei et al. 2020) Let f ¼ ðl; qÞ be an

inverse fuzzy graph. Then the degree of a vertex x 2 V is
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defined by dðxÞ ¼
P

xy2E qðxyÞ. The order of f is
P

x2V lðxÞ and the size of f is
P

xy2E qðxyÞ.

Definition 5 (Das et al. 2021) Let V be a non empty set

and E1;E2 	 V � V . Then f ¼ ðV ;E1;E2; q1; q2; l; sÞ is

called an IFMG, where l : V ! ½0; 1�; q1 : E1 ! ½0; 1� and
q2; s : E2 ! ½0; 1� such that q1ðxyÞ� lðxÞ ^ lðyÞ; 8xy 2
E1; q2ðxyÞ� lðxÞ ^ lðyÞ; 8xy 2 E2; and sðxyÞ� jlðxÞ �
lðyÞj; 8xy 2 E2: Here l is the membership values of ver-

tices, q1 and q2 represents the membership values of

undirected and directed edges respectively.

Definition 6 (Das et al. 2021) Let f ¼
ðV;E1;E2; r1; r2; l; sÞ be a FMG. Then the order of f is
P

x2V lðxÞ and the size of f is

X

xy2E1

r1ðxyÞ;
X

xy2E2

r1ðxyÞ;
X

xy2E2

sðxyÞÞ:
�

3 Inverse fuzzy mixed graph (IFMG)

In this section, first the definition of IFMG is given and

then the complement of an IFMG is defined. Some iso-

morphic properties of it are also established.

Definition 7 Let V be a non-void set and E1;E2 	 V � V .

Then f ¼ ðV ;E1;E2; r1; r2; l; sÞ is called an IFMG, where

l : V ! ½0; 1�; r1 : E1 ! ½0; 1� and r2; s : E2 ! ½0; 1� such
that

r1ðabÞ� lðaÞ ^ lðbÞ; 8ab 2 E1; ð1Þ

r2ðabÞ� lðaÞ ^ lðbÞ; 8ab 2 E2; ð2Þ

and

sðabÞ� jlðaÞ � lðbÞj; 8ab 2 E2: ð3Þ

Here l represents the membership value of vertices, r1 and
r2 represent the membership value of undirected and

directed edges respectively and s denote the measure of

directedness for undirected edges.

Example 1 In Fig. 1, we consider V ¼ fa; b; c; dg; lðaÞ ¼
0:4; lðbÞ ¼ 0:3; lðcÞ ¼ 0:3; lðdÞ ¼ 0:2 and E1 ¼
fab; ac; ad; bd; cdg; r1ðabÞ ¼ 0:4; r1ðacÞ ¼ 0:3; r1 ðadÞ
¼ 0:3; r1ðbdÞ ¼ 0:4; r1ðcdÞ ¼ 0:2. So, r1ðabÞ� lðaÞ ^
lðbÞ; r1ðacÞ� lðaÞ ^ lðcÞ; r1ðadÞ� lðaÞ ^lðdÞ; r1ðbdÞ
� lðbÞ ^ lðdÞ; r1ðcdÞ� lðcÞ ^ lðdÞ.
Also let E2 ¼ fab; cd; dc; bdg and r2ðabÞ ¼ 0:3; r2ðcdÞ

¼ 0:3; r2ðdcÞ ¼ 0:2; r2ðbdÞ ¼ 0:3.

Therefore, r2ðabÞ� lðaÞ ^ lðbÞ; r2ðcdÞ� lðcÞ ^ lðdÞ;
r2ðdcÞ� lðdÞ ^ lðcÞ; r2ðbdÞ� lðbÞ ^ lðdÞ.

sðabÞ ¼ 0:2; jlðaÞ � lðbÞj ¼ 0:1. So, sðabÞ� jlðaÞ�
lðbÞj.

Similarly, sðcdÞ� jlðcÞ � lðdÞj; sðdcÞ� jlðdÞ � lðcÞj
; sðbdÞ� jlðbÞ � lðdÞj.

Hence f ¼ ðV ;E1;E2; r1; r2; l; sÞ is an IFMG.

Definition 8 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ be an IFMG

and V ¼ Vc, Ec
1;E

c
2 	 V � V . The complement of f is

denoted by fc and is defined as fc ¼ ðV ;Ec
1;

Ec
2; r

c
1; r

c
2; l

c; scÞ where lc : V ! ½0; 1�; rc1 : Ec
1 ! ½0; 1�

and rc2; s
c : Ec

2 ! ½0; 1� such that

lcðaÞ ¼ lðaÞ; 8a 2 V ; ð4Þ

rc1ðabÞ ¼ 1� r1ðabÞ þ lðaÞ ^ lðbÞ; 8ab 2 Ec
1; ð5Þ

rc2ðabÞ ¼ 1� r2ðabÞ þ lðaÞ ^ lðbÞ; 8ab 2 Ec
2; ð6Þ

and

scðabÞ ¼ 1� sðabÞ þ jlðaÞ � lðbÞj; 8ab 2 Ec
2: ð7Þ

Example 2 In Fig. 2, we consider V ¼ Vc ¼
fa; b; c; dg; lðaÞ ¼ lcðaÞ ¼ 0:4; lðbÞ ¼ lcðbÞ ¼ 0:3; lðcÞ
¼ lcðcÞ ¼ 0:3; lðdÞ ¼ lcðdÞ ¼ 0:2 and Ec

1 ¼ fab; ac; ad;
bd; cdg;Ec

2 ¼ fab; cd; dc; bdg. Now, from Example 1, we

have 1� r1ðabÞ þ lðaÞ ^ lðbÞ ¼ 1� 0:4þ 0:3 ¼ 0:9 ¼
rc1ðabÞ.

Similarly, rc1ðacÞ ¼ 1� r1ðacÞ þ lðaÞ ^ lðcÞ ¼ 1; rc1
ðadÞ ¼ 1� r1ðadÞ þ lðaÞ ^ lðdÞ ¼ 0:9; rc1ðbdÞ ¼ 1� r1
ðbdÞ þ lðbÞ ^ lðdÞ ¼ 0:8; rc1ðcdÞ ¼ 1� r1ðcdÞ þ lðcÞ^
lðdÞ ¼ 1. So, rc1ðabÞ � lcðaÞ ^ lcðbÞ; 8ab 2 Ec

1.

Ec
2 ¼ fab; cd; dc; bdg. 1� r2ðabÞ þ lðaÞ ^ lðbÞ ¼ 1�

0:3 þ0:3 ¼ 1 ¼ rc2ðabÞ.
Similarly, rc2ðcdÞ ¼ 1� r2ðcdÞ þ lðcÞ ^ lðdÞ ¼ 0:9; rc2

ðdcÞ ¼ 1� r2ðdcÞ þ lðdÞ ^ lðcÞ ¼ 1; rc2ðbdÞ ¼ 1� r2
ðbdÞ þ lðbÞ ^ lðdÞ ¼ 0:9. So, rc2ðabÞ� lcðaÞ ^ lcðbÞ;
8ab 2 Ec

2.

1� sðabÞ þ jlðaÞ � lðbÞj ¼ 1� 0:2þ 0:1 ¼ 0:9 ¼
scðabÞ.

Fig. 1 An IFMG f
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Similarly, scðcdÞ ¼ 1� sðcdÞ þ jlðcÞ � lðdÞj ¼ 1;

scðdcÞ ¼ 1� sðdcÞ þ jlðdÞ � lðcÞj ¼ 0:9; scðbdÞ ¼ 1�
sðbdÞ þ jlðbÞ � lðdÞj ¼ 0:8. So, scðabÞ� jlcðaÞ � lcðbÞj;
8ab 2 Ec

2.

Therefore, fc ¼ ðVc;Ec
1;E

c
2; r

c
1; r

c
2; l

c; scÞ is the comple-

ment of the IFMG f of Fig. 1. Also, fc satisfies all the

conditions of IFMG. Hence fc is an IFMG.

Theorem 1 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ be an IFMG.

Then fc ¼ ðV;Ec
1;E

c
2; r

c
1; r

c
2; l

c; scÞ is an IFMG and

ðfcÞc ¼ f.

Proof Consider the IFMG f and its complement fc. Then
lcðaÞ ¼ lðaÞ; 8a 2 V .

r1ðabÞ� lðaÞ ^ lðbÞ ) r1ðabÞ � lðaÞ ^ lðbÞ
� 0 ) 1�

�
r1ðabÞ � lðaÞ ^ lðbÞ

�
� 1

) rc1ðabÞ� 1; 8ab 2 Ec
1.

r1ðabÞ� 1 ) 1� r1ðabÞ� 0. lðaÞ ^ lðbÞ� 0 )
1� r1ðabÞ þlðaÞ ^ lðbÞ� lðaÞ ^ lðbÞ

) rc1ðabÞ� lðaÞ ^ lðbÞ .
Therefore 0� rc1ðabÞ� 1 and rc1ðabÞ� lðaÞ ^ lðbÞ;

8ab 2 Ec
1.

Similarly, 0� rc2ðabÞ� 1 and rc2ðabÞ� lðaÞ ^ lðbÞ;
8ab 2 Ec

2.

sðabÞ� jlðaÞ � lðbÞj ) sðabÞ � jlðaÞ � lðbÞj � 0

) 1�
�
sðabÞ � jlðaÞ � lðbÞj

�
� 1 ) scðabÞ� 1; 8ab 2 Ec

2:

sðabÞ� 1 ) 1� sðabÞ� 0. Since jlðaÞ � lðbÞj� 0, so

1� sðabÞ þ jlðaÞ � lðbÞj � jlðaÞ � lðbÞj
) scðabÞ� jlðaÞ � lðbÞj.
Therefore 0� sc2ðabÞ� 1 and sc2ðabÞ� jlðaÞ

�lðbÞj; 8ab 2 Ec
2.

Now, fc ¼ ðV;Ec
1;E

c
2; r

c
1; r

c
2; l

c; scÞ satisfies all the

conditions of an IFMG.

Hence, fc is an IFMG.

Again, ðVcÞc ¼ V and ðlcÞcðaÞ ¼ lcðaÞ ¼ lðaÞ; 8a 2 V .

ðrc1Þ
cðabÞ ¼ 1� rc1ðabÞ þ lðaÞ ^ lðbÞ ¼ 1�

�
1�

r1ðabÞ þ lðaÞ ^ lðbÞ
�
þ lðaÞ ^ lðbÞ ¼ r1ðabÞ; 8ab 2 Ec

1.

ðrc2Þ
cðabÞ ¼ 1� rc2ðabÞ þ lðaÞ ^ lðbÞ ¼ 1�

�
1�

r2ðabÞ þ lðaÞ ^ lðbÞ
�
þ lðaÞ ^ lðbÞ ¼ r2ðabÞ; 8ab 2 Ec

2.

ðscÞcðabÞ ¼ 1� scðabÞ þ jlðaÞ � lðbÞj ¼ 1�
�
1�

sðabÞ þjlðaÞ � lðbÞj
�
þ lðaÞ ^ lðbÞ ¼ sðabÞ; 8ab 2 Ec

2.

Therefore, ðEc
1Þ

c ¼ E1 and ðEc
1Þ

c ¼ E1. Hence,

ðfcÞc ¼ f. h

Example 3 Consider the IFMGs f and fc of Examples 1

and 2. Here, ðlcÞcðaÞ ¼ lcðaÞ ¼ lðaÞ; 8a 2 V obviously.

Now, ðrc2Þ
cðabÞ ¼ 1� rc2ðabÞ þ lðaÞ ^ lðbÞ ¼ 1� 0:9þ

0:3 ¼ 0:4 ¼ r1ðabÞ. Similarly, ðrc1Þ
cðacÞ ¼ r1ðacÞ;

ðrc1Þ
cðadÞ ¼ r1ðadÞ; ðrc1Þ

cðbdÞ ¼ r1ðbdÞ; ðrc1Þ
cðcdÞ ¼

r1ðcdÞ.
ðrc2Þ

cðabÞ ¼ 1� rc2ðabÞ þlðaÞ ^ lðbÞ ¼ 1� 1þ 0:3 ¼
0:3 ¼ r2ðabÞ. Similarly, ðrc2Þ

cðcdÞ ¼ r2ðcdÞ; ðrc2Þ
cðdcÞ ¼

r2ðdcÞ; ðrc2Þ
cðbdÞ ¼ r2ðbdÞ.

ðscÞcðabÞ ¼ 1� scðabÞ þ jlðaÞ � lðbÞj ¼ 1� 0:9

þ0:1 ¼ 0:2 ¼ sðabÞ. Similarly,

ðscÞcðcdÞ ¼ sðcdÞ; ðscÞcðdcÞ ¼ sðdcÞ; ðscÞcðbdÞ ¼ sðbdÞ

. Hence, ðfcÞc ¼ f.

Definition 9 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ be an IFMG.

Then the order of f is oðfÞ ¼
P

a2V lðaÞ and the size of f is
SðfÞ ¼ ðs1; s2; s3Þ, where s1 ¼

P
ab2E1

r1ðabÞ;
s2 ¼

P
ab2E2

r1ðabÞ and s3 ¼
P

ab2E2
sðabÞ.

Example 4 Consider the IFMGs f of Example 1. Here

oðfÞ ¼ lðaÞ þ lðbÞ þ lðcÞ þ lðdÞ ¼ 0:4þ 0:3þ 0:3þ
0:2 ¼ 1:2. s1 ¼ r1ðabÞ þ r1ðacÞ þ r1ðadÞ þ r1ðbdÞ þ
r1ðcdÞ ¼ 0:4 þ0:3þ 0:3þ 0:4þ 0:2 ¼ 1:6, s2 ¼ r2
ðabÞ þ r2ðbdÞþ r2ðcdÞ þ r2ðdcÞ ¼ 0:3þ 0:3þ 0:1þ 0:2

¼ 1:1 and s3 ¼ sðabÞ þ sðbdÞ þ sðcdÞ þ sðdcÞ ¼ 0:2þ
0:3þ 0:1 þ0:2 ¼ 0:8. So, SðfÞ ¼ ð1:6; 1:1; 0:8Þ.

Theorem 2 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ be an IFMG

such that there are one undirected edge and two opposite

directed edges between every pair of vertices. If

jVj ¼ n; n 2 N, then

v� oðfÞ
n

� 1; ð8Þ

v� 2s1
n2 � n

� 1; ð9Þ

v� s2
n2 � n

� 1; ð10Þ

0� s3
n2 � n

� 1; ð11Þ

where v ¼ minflðaÞ; a 2 Vg, oðfÞ ¼ order of f,
ðs1; s2; s3Þ ¼ SðfÞ ¼ size of f.

Proof Since v ¼ minflðaÞ; a 2 Vg, so v� lðaÞ� 1;

8a 2 V .

Fig. 2 fc, the complement of IFMG f of Fig. 1
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Now, jV j ¼ n; so nv�
P

a2V lðaÞ� n ) nv�
P

a2V
lðaÞ� n

) nv� oðfÞ� n ) v� oðfÞ
n � 1.

There is an undirected edge between every pair of

vertices and jVj ¼ n, so the total number of undirected

edges in f is nC2.

Now, r1ðabÞ� lðaÞ ^ lðbÞ� minflðaÞ; a 2 Vg ¼ v

and r1ðabÞ� 1; 8ab 2 E1.

Then

v� r1ðabÞ� 1; 8ab 2 E1 ) vnC2 �
P

ab2E1
r1ðabÞ� nC2

) v n2�n
2

� s1 � n2�n
2

) v� 2s1
n2�n � 1.

There are two opposite directed edges between every

pair of vertices and jV j ¼ n, so the total number of directed

edges in f is 2nC2.

Now, r2 abð Þ� lðaÞ ^ lðbÞ� minflðaÞ; a 2 Vg ¼ v

and r2 abð Þ� 1; 8ab 2 E2.

Then v� r2 abð Þ� 1; 8ab 2 E2 ) 2vnC2 �
P

ab2E2

r2 abð Þ� 2nC2

) vðn2 � nÞ� s2 �ðn2 � nÞ ) v� s2
n2�n

� 1.

In the Definition of IFMG we see that, sðabÞ� jlðaÞ �
lðbÞj � 0 and

sðabÞ� 1; 8ab 2 E2.

So,

0� sðabÞ� 1; 8ab 2 E2 ) 0�
P

ab2E2
s abð Þ� 2nC2

) 0� s3 �ðn2 � nÞ ) 0� s3
n2�n � 1. h

Definition 10 The degree of a vertex ‘a’ of an IFMG f ¼
ðV;E1;E2; r1; r2; l; sÞ is denoted by difmgðaÞ and is defined

as

difmgðaÞ ¼
X

b 2 V

ab 2 E1

r1ðabÞ þ
X

b 2 V

ba 2 E2

r2 bað Þ

�
X

b 2 V

ab 2 E2

r2 abð Þ:
ð12Þ

Example 5 Consider the IFMG f of Example 1. Here,

difmgðdÞ ¼ r1ðadÞ þ r1ðbdÞ þ r1ðdcÞð Þ þ r2 bdð Þð þr2
cdð ÞÞ � r2 dcð Þð Þ ¼ ð0:4þ 0:4þ 0:2Þ þð0:3þ 0:3Þ�
ð0:2Þ ¼ 1:4.

Definition 11 Let f ¼ ðV;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then f and f0 are
isomorphic to each other if there exists a bijective mapping

f : f ! f0 such that lðaÞ ¼ l0ðf ðaÞÞ; 8a 2 V ; r1ðabÞ ¼
r01ðf ðaÞf ðbÞÞ; r2 abð Þ ¼ r02 fðaÞfðbÞð Þ; s abð Þ ¼ s0 fðaÞð
fðbÞÞ; 8ab 2 E0

1; 8ab 2 E0
2.

Theorem 3 If two IFMGs f ¼ ðV;E1;E2; r1; r2; l; sÞ and
f0 ¼ ðV 0;E0

1;E
0
2; r

0
1,

r02; l
0; s0Þ are isomorphic to each other, then

(i) oðfÞ ¼ oðf0Þ; SðfÞ ¼ Sðf0Þ
(ii) fc ffi f0c.

Proof Since f ffi f0, so there is a bijective mapping f from f
to f0 such that lðaÞ ¼ l0ðf ðaÞÞ ¼ l0ða0Þ; 8a 2 V and

r1ðabÞ ¼ r01ða0b0Þ; 8ab 2 E0
1; r2 abð Þ ¼ r02 a0b0ð Þ; s abð Þ ¼

s0 a0b0ð Þ; 8ab 2 E0
2 .

(i)
P

a2V lðaÞ ¼
P

a02V lða0Þ ) oðfÞ ¼ oðf0Þ,
P

ab2E1
r1ðabÞ ¼

P
a0b02E2

r1ða0b0Þ,
P

ab2E2
r2ð abð Þ ¼

P
a0b02E2

r2 0b0ð Þ,
P

ab2E2
sðabÞ ¼

P
a0b02E2

r2 0b0ð Þ. Hence,

SðfÞ ¼ Sðf0Þ.
(ii) From Definitions 8 and 11, we have lcðaÞ ¼

lðaÞ; 8a 2 V ; l0cða0Þ ¼ l0ða0Þ; 8a0 2 V 0.
Now, rc1ðabÞ ¼ 1� r1ðabÞ þ lðaÞ ^ lðbÞ ¼ 1� r01

ða0b0Þ þ l0ða0Þ ^ l0ðb0Þ ¼ r0c1ðabÞ; rc2ðabÞ ¼ 1� r2ðabÞ þ
lðaÞ ^ lðbÞ ¼ 1� r0 2ða0b0Þ þl0ða0Þ ^ l0ðb0Þ; scðabÞ ¼
1� sðabÞ þ jlðaÞ �lðbÞj ¼ 1� s0ða0b0Þ þ jl0ða0Þ�l0ðb0Þj.

All of these true 8ab 2 Ec
1; 8a0b0 2 E0c

1; 8ab
2 Ec

2; 8a0b0 2 E0c
2. Then, r1ðabÞ ¼ r01ðf ðabÞÞ ¼ r01ða0b0Þ;

r2ð abð Þ ¼ r02ðf ðabÞÞ ¼ r01ð a0b0ð Þ,
sð abð Þ ¼ s0ðf ðabÞÞ ¼ s0ð a0b0ð Þ.
Hence, fc ffi f0

c
. h

4 Operations on inverse fuzzy mixed graphs

In this section, we have defined union, intersection and join

of two IFMGs. Then it is shown that the union, intersection

and join of two IFMGs are again an IFMG. Cartesian

product of two IFMGs is also defined here.

Definition 12 Let f ¼ ðV;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then the Cartesian

product of f and f0 is denoted by f� f0 and is defined as

f� f0 ¼ ðA;B1;B2; r1 � r01; r2 � r02; l� l0; s� s0Þ, where
A ¼ V � V 0 ¼ fða; a0Þ; a 2 V ; a0 2 V 0g,
B1 ¼ fða; b0Þða; c0Þ; a 2 V; b0c0 2 E0

1g [fðb; a0Þðc; a0Þ;
bc 2 E1; a

0 2 V 0g,
B2 ¼ fða; b0Þða; c0Þ; a 2 V ; b0c0 2 E0

2g [ fðb; a0Þðc; a0Þ;
bc 2 E2; a

0 2 V 0g,
ðl� l0Þða; a0Þ ¼ minflðaÞ; l0ða0Þg; 8ða; a0Þ 2 A,

ðr1 � r01Þða; b0Þða; c0Þ ¼ minflðaÞ; r01ðb0c0Þg;
8a 2 V ; b0c0 2 E0

1,

ðr1 � r01Þðb; a0Þðc; a0Þ ¼ minfr1ðbcÞ; l0ða0Þg;
8bc 2 E1; a

0 2 V 0,
ðr2 � r02Þða; b0Þða; c0Þ ¼ minflðaÞ; r02 b0c0ð Þg;

8a 2 V ; b0c0 2 E0
2,
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ðr2 � r02Þðb; a0Þðc; a0Þ ¼ minfr2 bcð Þ; l0ða0Þg;
8bc 2 E2; a

0 2 V 0,
ðs� s0Þða; b0Þða; c0Þ ¼ jlðaÞ � r02 b0c0ð Þj;

8a 2 V ; b0c0 2 E0
2,

ðs� s0Þðb; a0Þðc; a0Þ ¼ jl0ðaÞ � r2 bcð Þj;
8bc 2 E2; a

0 2 V 0.

Theorem 4 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then f� f0 is also
an IFMG.

Proof Let a 2 V ; b0c0 2 E0
1. Then

ðr1 � r01Þða; b0Þða; c0Þ ¼ minflðaÞ; r01ðb0c0Þg� minflðaÞ;
minfl0ðb0Þ; l0ðc0Þgg
¼ minfminflðaÞ; l0ðb0Þg;minflðaÞ; l0ðc0Þgg
¼ minfðl� l0Þða; b0Þ; ðl� l0Þða; c0Þg:

Therefore, ðr1 � r01Þða; b0Þða; c0Þ � minfðl� l0Þða; b0Þ;
ðl� l0Þða; c0Þg; 8a 2 V ; b0c0 2 E0

1.

Similarly, ðr1 � r01Þðb; a0Þðc; a0Þ � minfðl� l0Þ
ðb; a0Þ; ðl� l0Þðc; a0Þg; 8bc 2 E1; a

0 2 V 0.

ðr2 � r02Þða; b0Þða; c0Þ ¼ minflðaÞ; r02 b0c
0� �
g� minflðaÞ

;minfl0ðb0Þ; l0ðc0Þgg
¼ minfminflðaÞ; l0ðb0Þg;minflðaÞ; l0ðc0Þgg
¼ minfðl� l0Þða; b0Þ; ðl� l0Þða; c0Þg:

Therefore, ðr2 � r02Þða; b0Þða; c0Þ � minfðl� l0Þða; b0Þ;
ðl� l0Þða; c0Þg; 8a 2 V ; b0c0 2 E0

2.

Similarly, ðr2 � r02Þðb; a0Þðc; a0Þ � minfðl� l0Þðb; a0Þ;
ðl� l0Þðc; a0Þg; 8bc 2 E2; a

0 2 V 0.
ðs� s0Þða; b0Þða; c0Þ ¼ jlðaÞ � r02 b0c0ð Þj

� jðl� l0Þða; b0Þ � ðl� l0Þða; c0Þj; 8a 2 V; b0c0 2 E0
2.

Similarly, ðs� s0Þðb; a0Þðc; a0Þ � jðl� l0Þðb; a0Þ� ðl�
l0Þ ðc; a0Þj; 8bc 2 E2; a

0 2 V 0.

Now, f� f0 satisfies all the conditions of an IFMG.

Therefore, f� f0 is an IFMG. h

Example 6 Consider the IFMGs f and f0 of Fig. 3. Here,
ðl� l0Þða; b0Þ ¼ minflðaÞ; l0ðb0Þg ¼ 0:3,

ðl� l0Þðb; b0Þ ¼ minflðbÞ; l0ðb0Þg ¼ 0:3.

ðr1 � r01Þða; b0Þðb; b0Þ ¼ minflðb0Þ; r1ðabÞg ¼ 0:3;

minfðl� l0Þða; b0Þ; ðl� l0Þðb; c0Þg ¼ 0:3;

ðr2 � r02Þða; b0Þðb; b0Þ ¼ minflðb0Þ; r2 abð Þg ¼ 0:3;

ðs� s0Þða; b0Þðb; b0Þ ¼ jlðb0Þ � r02 abð Þj ¼ 0:5;

jðl� l0Þða; b0Þ � ðl� l0Þðb; b0Þj ¼ 0:

So, ðr1 � r01Þða; b0Þðb; b0Þ � minfðl� l0Þða; b0Þ; ðl�
l0Þ ðb; c0Þg,

ðr2 � r02Þða; b0Þðb; b0Þ � minfðl� l0Þða; b0Þ; ðl� l0Þðb; c0Þg

and

ðs� s0Þða; b0Þðb; b0Þ � jðl� l0Þða; b0Þ �ðl� l0Þðb; b0Þj.
Thus, the edge ða; b0Þðb; b0Þ and ða; b0Þðb; b0Þ of f� f0

satisfies all the relations of an IFMG. Similarly, all the

others edges of f� f0 satisfies all the relations of an IFMG.

Hence, f� f0 is an IFMG.

Definition 13 Let f ¼ ðV;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then the union of

f and f0 is denoted by f [ f0 and is defined as

f [ f0 ¼ ðV [ V 0;E1 [ E0
1;E2 [ E0

2; r1 [ r01; r2 [ r02; l [
l0 ; s [ s 0Þ , where
ðl [ l0ÞðaÞ ¼ lðaÞ if a 2 V � V 0

ðl [ l0ÞðaÞ ¼ l0ðaÞ if a 2 V 0 � V

ðl [ l0ÞðaÞ ¼ minflðaÞ; l0ðaÞg if a 2 V \ V 0

ðr1 [ r01ÞðabÞ ¼ r1ðabÞ if ab 2 E1 � E0
1

ðr1 [ r01ÞðabÞ ¼ r01ðabÞ if ab 2 E0
1 � E1

ðr1 [ r01ÞðabÞ ¼ maxfr1ðabÞ; r01ðabÞg if ab 2 E1 \ E0
1

ðr2 [ r02Þ abð Þ ¼ r2 abð Þ if ab 2 E2 � E0
2

ðr2 [ r02Þ abð Þ ¼ r02 abð Þ if ab 2 E0
2 � E2

ðr2 [ r02Þ abð Þ ¼ maxfr2 abð Þ; r02 abð Þg if ab 2 E2 \ E0
2

ðs [ s0Þ abð Þ ¼ s abð Þ if ab 2 E2 � E0
2

ðs [ s0Þ abð Þ ¼ s0 abð Þ if ab 2 E0
2 � E2

ðs [ s0Þ abð Þ ¼ maxfs abð Þ; s0 abð Þg if ab 2 E2 \ E0
2 :

Theorem 5 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then f [ f0 is also
an IFMG.

Proof Case-I: Let ab 2 E1 and ab 2 E2. Then

ðr1 [ r01ÞðabÞ ¼r1ðabÞ� minflðaÞ; lðbÞg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:

ðr2 [ r02Þ abð Þ ¼r2 abð Þ� minflðaÞ; lðbÞg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:

ðs [ s0Þ abð Þ ¼s abð Þ� jlðaÞ � lðbÞj
� jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj:

Case-II: Let ab 2 E0
1 and ab 2 E0

2. Then similarly as in

Case-I, we have
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ðr1 [ r01ÞðabÞ� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:
ðr2 [ r02Þ abð Þ� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:
and ðs [ s0Þ abð Þ� jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj:

Case-III: Let ab 2 E1 \ E0
1 and ab 2 E2 \ E0

2. Then

ðr1 [ r01ÞðabÞ ¼ maxfr1ðabÞ; r01ðabÞg
� maxfminflðaÞ; lðbÞg;minfl0ðaÞ; l0ðbÞgg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼ minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:

ðr2 [ r02Þ abð Þ ¼ maxfr2 abð Þ; r02 abð Þg
� maxfminflðaÞ; lðbÞg;minfl0ðaÞ; l0ðbÞgg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼ minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg:

ðs [ s0Þ abð Þ ¼ maxfs abð Þ; s0 abð Þg
� maxfjlðaÞ � lðbÞj; jl0ðaÞ � l0ðbÞjg
¼ jmaxflðaÞ; l0ðaÞg �maxflðbÞ; l0ðbÞgj
¼ jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj:

Now, f [ f0 satisfies all the conditions of an IFMG.

Therefore, f [ f0 is an IFMG.

Example 7 Consider the IFMGs f and f0 of Fig. 4.
Here, ðr1 [ r01ÞðabÞ ¼ 0:5; ðr2 [ r02Þ abð Þ ¼ 0:7; ðs [

s0Þ abð Þ ¼ 0:8; minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg ¼ 0:2; jðl [
l0ÞðaÞ� ðl [ l0ÞðbÞj ¼ 0:4.

So, ðr1 [ r01ÞðabÞ� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg,
ðr2 [ r02Þ abð Þ� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg and

ðs [ s0Þ abð Þ� jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj.
Thus, the edge ab and ab of f [ f0 satisfies all the

relations of an IFMG. Similarly, all the others edges of

f [ f0 satisfies all the relations of an IFMG. Hence, f [ f0 is
an IFMG.

Definition 14 Let f ¼ ðV;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then the inter-

section of f and f0 is denoted by f \ f0 and is defined as

f \ f0 ¼ ðV \ V 0;E1 \ E0
1;E2 \ E0

2; r1 \ r01; r2 \ r02; l
\l0; s \ s0Þ, where

ðl \ l0ÞðaÞ ¼ minflðaÞ; l0ðaÞg if a 2 V \ V 0

ðr1 \ r01ÞðabÞ ¼ minfr1ðabÞ; r01ðabÞg if ab 2 E1 \ E0
1

ðr2 \ r02Þ abð Þ ¼ minfr2 abð Þ; r02 abð Þg if ab 2 E2 \ E0
2

ðs \ s0Þ abð Þ ¼ minfs abð Þ; s0 abð Þg if ab 2 E2 \ E0
2 :

Theorem 6 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then f \ f0 is also
an IFMG.

Proof Let ab 2 E1 \ E0
1 and ab 2 E2 \ E0

2. Then

ðr1 \ r01ÞðabÞ ¼ minfr1ðabÞ; r01ðabÞg
� minfminflðaÞ; lðbÞg;minfl0ðaÞ; l0ðbÞgg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼ minfðl \ l0ÞðaÞ; ðl \ l0ÞðbÞg:
ðr2 \ r02Þ abð Þ ¼ minfr2 abð Þ; r02 abð Þg
� minfminflðaÞ; lðbÞg;minfl0ðaÞ; l0ðbÞgg
� minfminflðaÞ; l0ðaÞg;minflðbÞ; l0ðbÞgg
¼ minfðl \ l0ÞðaÞ; ðl \ l0ÞðbÞg:
ðs \ s0Þ abð Þ ¼ minfs abð Þ; s0 abð Þg
� minfjlðaÞ � lðbÞj; jl0ðaÞ � l0ðbÞjg
¼ jðl \ l0ÞðaÞ � ðl \ l0ÞðbÞj:

Now, f \ f0 satisfies all the conditions of an IFMG.

Therefore, f [ f0 is an IFMG. h

Example 8 Consider the IFMGs f and f0 of Fig. 5.
Here, the vertices a; b0 and the only undirected edge ab0

belongs to f \ f0. ðr1 \ r01ÞðabÞ ¼ minfr1ðab0Þ;
r01ðab0Þg ¼ 0:3; minfðl \ l0ÞðaÞ; ðl \ l0ÞðbÞg ¼ 0:2. So,

ðr1 \ r01ÞðabÞ� minfðl \ l0ÞðaÞ; ðl \ l0ÞðbÞg. Hence, f [
f0 is an IFMG.

Definition 15 Let f ¼ ðV;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then the join of f
and f0 is denoted by fþ f0 and is defined as

Fig. 4 f [ f0, the union of two IFMGs f and f0

Fig. 3 f� f0, the Cartesian product of two IFMGs f and f0
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f [ f0 ¼ ðV [ V 0;E1 [ E0
1 [ E�

1;E2 [ E0
2 [ E�

2; r1 þ
r01; r2 þr02; lþ l0; sþ s0Þ, where
ðlþ l0ÞðaÞ ¼ ðl [ l0ÞðaÞ; 8a 2 V [ V 0

ðr1 þ r01ÞðabÞ ¼ ðr1 [ r01ÞðabÞ if ab 2 E1 [ E0
1

ðr1 þ r01ÞðabÞ ¼ maxflðaÞ; l0ðbÞg if ab 2 E�
1

ðr2 þ r02Þ abð Þ ¼ ðr2 [ r01Þ abð Þ if ab 2 E2 [ E0
2

ðr2 þ r02Þ abð Þ ¼ maxflðaÞ; l0ðbÞg if ab 2 E�
2

ðsþ s0Þ abð Þ ¼ ðs [ s0Þ abð Þ if ab 2 E2 [ E0
2

ðsþ s0Þ abð Þ ¼ maxflðaÞ; l0ðbÞg if ab 2 E�
2;

where E�
1 and E�

2 are respectively set of all undirected and

directed edges joining all the distinct vertices of V and V 0 .

Theorem 7 Let f ¼ ðV ;E1;E2; r1; r2; l; sÞ and f0 ¼
ðV 0;E0

1;E
0
2; r

0
1; r

0
2; l

0; s0Þ be two IFMGs. Then fþ f0 is also
an IFMG.

Proof Case-I: Let ab 2 E1 [ E0
1 and ab 2 E2 [ E0

2. Then

by the Theorem 5, we have

ðr1 þ r01ÞðabÞ ¼ ðr1 [ r01ÞðabÞ
� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg
¼ minfðlþ l0ÞðaÞ; ðlþ l0ÞðbÞg
ðr2 þ r02Þ abð Þ ¼ ðr2 [ r02Þ abð Þ
� minfðl [ l0ÞðaÞ; ðl [ l0ÞðbÞg
¼ minfðlþ l0ÞðaÞ; ðlþ l0ÞðbÞg
ðsþ s0Þ abð Þ ¼ ðs [ s0Þ abð Þ� jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj
¼ jðlþ l0ÞðaÞ � ðlþ l0ÞðbÞj:

Case-II: Let ab 2 E�
1 and ab 2 E�

2. Then

ðr1 þ r01ÞðabÞ ¼ maxflðaÞ; l0ðbÞg� minfðl [ l0ÞðaÞ;
ðl [ l0ÞðbÞg ¼ minfðlþ l0ÞðaÞ; ðlþ l0ÞðbÞg
ðr2 þ r02Þ abð Þ ¼ maxflðaÞ; l0ðbÞg� minfðl [ l0ÞðaÞ;
ðl [ l0ÞðbÞg ¼ minfðlþ l0ÞðaÞ;
ðlþ l0ÞðbÞgðsþ s0Þ abð Þ ¼ maxflðaÞ; l0ðbÞg

� jðl [ l0ÞðaÞ � ðl [ l0ÞðbÞj
¼ jðlþ l0ÞðaÞ � ðlþ l0ÞðbÞj:

Now, fþ f0 satisfies all the conditions of an IFMG.

Therefore, fþ f0 is an IFMG. h

Example 9 Consider the IFMGs f and f0 of Fig. 6.
Here, ðr1 þ r01Þðab0Þ ¼ 0:4; ðr2 þ r02Þ ab0ð Þ ¼ 0:3; ðsþ

s0Þ ab0ð Þ ¼ 0:3; minfðlþ l0ÞðaÞ; ðlþ l0Þðb0Þg ¼ 0:3;

jðlþ l0ÞðaÞ � ðl [ l0Þðb0Þj ¼ 0:1.

So, ðr1 þ r01Þðab0Þ � minfðlþ l0ÞðaÞ; ðlþ l0Þðb0Þg,
ðr2 þ r02Þ ab0ð Þ � minfðlþ l0ÞðaÞ; ðlþ l0Þðb0Þg and

ðsþ s0Þ ab0ð Þ � jðlþ l0ÞðaÞ � ðlþ l0Þðb0Þj.
Thus, the edge ab and ab of fþ f0 satisfies all the

relations of an IFMG. Similarly, all the others edges of

fþ f0 satisfies all the relations of an IFMG. Hence, fþ f0 is
an IFMG.

5 Algorithm

An algorithm to calculate the order of communication gap

and total directed and undirected communication gap of an

IFMG network is given below.

Step 1: Collect the set of vertices V, set of undirected

edges E1 and set of directed edges E2 and put the mem-

bership values of all vertices lðaÞ, undirected edges r1ðabÞ
and directed edges r2ðabÞ and measure of directedness

sðabÞ. Then draw an IFMG f.
Step 2: Calculate

P
b 2 V
ab 2 E1

r1ðabÞ ¼ the sum of the

membership values of all undirected edges ab associated

with the vertex a 2 V ,
P

b 2 V
ba 2 E2

r2 bað Þ ¼ the sum of the

membership values of all directed edges ab and
P

b 2 V
ab 2 E2

r2 abð Þ ¼ the sum of the membership values of

all directed edges ba. Then calculate the degrees of all

vertices a 2 V using degree of the vertex a is difmgðaÞ ¼

Fig. 5 f \ f0, the intersection of two IFMGs f and f0 Fig. 6 fþ f0, the join of two IFMGs f and f0
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P
b 2 V
ab 2 E1

r1ðabÞ þ
P

b 2 V
ba 2 E2

r2 bað Þ

�
P

b 2 V
ab 2 E2

r2 abð Þ.

Step 3: Calculate s1 ¼sum of the membership values of

all undirected edges ¼
P

ab2E1
r1ðabÞ, s2 ¼ sum of the

membership values of all directed edges ¼
P

ab2E2
r1ðabÞ

and s3 ¼ sum of the membership values of the measure of

directedness of all undirected edges ¼
P

ab2E2
sðabÞ.

Step 4: Find maxfdifmgðaÞg and minfdifmgðaÞg, for all

a 2 V .

Step 5: s1 ¼total undirected communication gap,

s2 ¼total directed communication gap, s3 ¼total measure

of directedness of the system.

Step 6: If difmgðbÞ ¼ maxfdifmgðaÞg and difmgðcÞ ¼
minfdifmgðaÞg, then b is the highest non-communicated

vertex and c is the lowest non-communicated vertex.

6 Application of IFMG in social network

In social network, communication is a system by which

information are exchanged between groups or individuals.

In workplace, there might be various reasons for the

communication gaps (or non-communication) due to lack

of time, linguistic problem, economical problem, etc. Thus,

it would be beneficial for a social network to identify the

total communication gap in the system. Here, we can

identify or calculate the total communication gap in a

social network group using the concept of IFMG.

Here we consider a communication network of five

friends F1, F2, F3, F4 and F5 as an IFMG f (see Fig. 7). Let
E1 ¼ fF1F2;F1F5;F2F3;F2F4;F3F4;F4F5g and

E2 ¼ fF1F3;F1F4;F3F5;F4F3;F5F2;F5F1g. Each friend

represent a vertex of f. If a friend gives full time per day in

a month for communication, then the membership value of

a vertex corresponding to that friend is 0 with respect to

non-communication. If a friend gives no time in a month,

then the membership value of the corresponding vertex is 1

with respect to non-communication. So, the membership

value of a vertex lies between 0 and 1 for non-communi-

cation. For example, suppose F1 gave an average 55% time

per day in a month for communication. Then the non-

communication time for F1 is 45% and the membership

value of F1 is 0.45 i.e., lðF1Þ ¼ 0:45. Similarly, suppose

lðF2Þ ¼ 0:55; lðF3Þ ¼ 0:35; lðF4Þ ¼ 0:45; lðF5Þ ¼ 0:35.

It is obvious that, the communication gap between F1

and F2 must be greater than or equal to minimum of non-

communication times of F1 and F2. Then, there exists an

undirected relation r1 (say) of communication gap between

F1 and F2 such that r1ðF1F2Þ� min flðF1Þ; lðF2Þg ¼
minf0:45; 0:55g. We take r1ðF1F2Þ ¼ 0:5. Similarly,

suppose r1ðF1F5Þ ¼ 0:5; r1ðF2F3Þ ¼ 0:5; r1ðF2F4Þ ¼ 0:5;

r1ðF3F4Þ ¼ 0:4; r1ðF4F5Þ ¼ 0:4. Suppose F1 gives the

reply of all messages of F3, but F3 gives the reply of some

(not all) messages of F1. So there exists a directed relation

r2 (say) of communication gap between F1 and F3 such

that r2 F1F3ð Þ� minflðF1Þ; lðF2Þg ¼ minf0:45; 0:55g.
We take r2 F1F3ð Þ ¼ 0:4. Suppose r2 F1F4ð Þ ¼ 0:5; r2
F3F5ð Þ ¼ 0:4; r2 F4F3ð Þ ¼ 0:4; r2 F5F1ð Þ ¼ 0:5; r2 F5F2ð Þ
¼ 0:4. To calculate the measure of directedness of directed

edges, we take s F1F3ð Þ ¼ 0:1; s F1F4ð Þ ¼ 0:2; s F3F5ð Þ ¼
0:1; s F4F3ð Þ ¼ 0:3; s F5F1ð Þ ¼ 0:1; s F5F2ð Þ ¼ 0:3.

Now, using the algorithm we have, the sum of the

membership values of all undirected edges associated with

the vertex F1 is r1ðF1F2Þ þ r1ðF1F5Þ ¼ 0:5þ 0:5 ¼ 1, the

sum of the membership values of all directed edges asso-

ciated with the vertex F1 towards F1 is r2 F5F1ð Þ ¼ 0:4, the

sum of the membership values of all directed edges asso-

ciated with the vertex F1 from F1 is r2 F1F3ð Þþ
r2 F1F4ð Þ ¼ 0:4þ 0:5 ¼ 0:9.

Therefore, difmgðF1Þ ¼ 1þ 0:4� 0:9 ¼ 0:5.

Similarly, difmgðF2Þ ¼ 1:4; difmgðF3Þ ¼ 1:3; difmgðF4Þ ¼
1:4 ; difmgðF5Þ ¼ 0:5.

Thus, difmgðF2Þ ¼ difmgðF4Þ[ difmgðF3Þ[ difmgðF1Þ ¼
difmgðF5Þ.

Here, minimum value of the degree of all the vertices

and maximum value of the degree of all the vertices

Degree of a vertex is the total contribution for com-

munication gap of the corresponding friend in the system.

Therefore according to the communication gap, the

descending order of the friends are F2;F4 [F3 [F1;F5.

Again,

oðfÞ ¼ 0:45þ 0:55þ 0:35þ 0:45þ 0:35 ¼ 2:15, s1 ¼
total undirected communication gap=sum of the member-

ship values of all undirected edges ¼ 0:5þ 0:5þ 0:5

þ0:5þ 0:4þ 0:4 ¼ 2:8, s2 ¼ total directed communica-

tion gap=sum of the membership values of all directed

edges ¼ 0:4þ 0:5þ 0:4þ 0:4þ 0:4þ 0:4 ¼ 2:5, s3 ¼
total measure of directedness of the system=sum of the

Fig. 7 An IMFG f corresponding to the communication gap of five

friends
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membership values of the measure of directedness of all

undirected edges ¼ 0:1þ 0:2þ 0:1þ 0:3þ 0:1

þ0:3 ¼ 1:1.

Therefore, the total undirected communication gap of

the system is 2.8, the total directed communication gap of

the system is 2.5 and the measure of directedness is 1.1.

In the above problem, the membership values of each

friends (vertices) and relationship between them are

uncertain. In fuzzy graph, the membership values of edges

are less than or equal to the minimum of the membership

values of corresponding vertices. But in this problem, the

membership values of edges are not only greater than or

equal to the minimum of the membership values of vertices

but also there exists directed relation between vertices.

This situation is absent in case of fuzzy graphs. All of these

can be described using IMFG. Thus, the use of IFMG is

more suitable to handle these types of problem.

The concept of inverse fuzzy graph can be used only if

the undirected relationship exists between vertices. But

there does not exist any directed relationship between

vertices in inverse fuzzy graph. But in our problem, there

may exists many directed relationships between vertices.

7 Conclusion and future works

Due to existence of many directed relationships between

vertices in fuzzy graphs, the idea of FMGs have been

introduced. Inverse relationship between vertices are

applied on FMG. First, IFMG is defined with examples.

Complement and isomorphic relation between two IFMGs

have been analyzed. Many operations like union, inter-

section and join of IFMGs are initiated and theorems

related to these are investigated by examples. Cartesian

product of two IFMGs is defined with its properties. Li

et al. (2020, 2021) explained Elephant herding optimiza-

tion in variants, hybrids and a Survey of based on intelli-

gent optimization. Also, Feng et al. (2021) explained

Monarch butterfly optimization (MBO) algorithm,

hybridizations, variants and applications in optimization

techniques. Wang et al. (2019) gave comprehensive review

of different KH algorithms. These algorithm can be helpful

in our problem also. Here, an algorithm to calculate the

highest and lowest communicated vertices is given in an

IFMG. Then a social network group of some friends have

been constructed and using the concepts of degree of ver-

tices and size of IFMG, the decreasing order of the friends

for communication gap are shown. A comparative analysis

of this work with related works are also explained. The

idea of inverse fuzzy relations and FMGs can be used in

different types of fuzzy graphs. Some of the future works

of this work are inverse bipolar fuzzy mixed graphs, mixed

intuitionistic and pythagorean fuzzy graphs, inverse mixed

m-polar fuzzy graphs, inverse interval-valued fuzzy mixed

graphs, inverse interval type-2 fuzzy mixed graphs, etc.
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