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Abstract

In this paper, we proposed the notion of linguistic intuitionistic cubic hesitant variables and defined some aggregation
operators to deal with uncertainties in the form of linguistic intuitionistic cubic hesitant variables (LICHVs). LICHVs
operators have more flexibility due to the general fuzzy set. We developed a series of aggregation operators, namely
linguistic intuitionistic cubic hesitant variable averaging and linguistic intuitionistic cubic hesitant variable geometric
aggregation operators. The distinguished feature of the developed operators is discussed. At that point, we used the
developed operators to design a model to solve multi-criteria decision making issues with linguistic intuitionistic cubic
hesitant variables. Further, the proposed method applied to explosion incident occurred in a chemical factory. We also
proved that our developed model is practical and gives the decision makers more mathematical insight during the decision
making on their options. Finally, a systematic comparison is conducted with other existent methods to show the advantage

of our developed method.

Keywords Linguistic intuitionistic cubic hesitant variable - Least common multiple number - Weighted average
aggregation operator - Weighted geometric aggregation operator

1 Introduction

Decision making (DM) is an important research topic in
daily activities, such as economic, engineering, education,
and medical. In the DM method, a problem involves many
sources of information, giving the final result via aggre-
gating process. Due to the complexity of management
information and decision problems themselves, decision
makers may provide their ratings or judgments to some
certain grade, but it is possible that they are not so sure
about their judgments. Namely, there may exist some
hesitancy grade, which is a very important factor to be
taken into account when trying to construct really adequate
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models and solutions of decision problems. Such a kind of
hesitancy grade is suitably expressed with Zadeh fuzzy sets
(1965), rather than exact numerical values, and applied in
many fields (Chen et al. 1992, 2012, 2013; Chen and Tsai
2008; Chen and Huang 2014; Chen and Chen 2014). After
that, the notion of intuitionistic fuzzy sets (IFSs) introduced
by Atanssove (1986) is the generalized form of Zadeh
fuzzy sets (FSs). Each number of an IFS is represented by
an ordered pair consisting of positive and negative mem-
bership grades, where the sum of both positive membership
and negative membership grade is less than or equal to one,
and thus can depict the fuzzy character of data more
detailed and comprehensively than fuzzy set which is
characterized by a positive membership grade only. Several
researchers (Chen et al. 2016; Liu et al. 2017, 2018; Liu
and Chen 2018) have done quite valuable contribution in
the development of IFS and its applications, the result of
which is in the form of great success of IFSs in theoretical
and technical aspects. Bai and Chen (2008) developed
automatically constructing grade membership functions of
fuzzy rules for students’ evaluation. Bai and Chen (2008)
defined an automatically constructing concept maps based
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on fuzzy rules for adapting learning systems. Chen (1996)
defined a fuzzy reasoning approach for rule-based systems
based on fuzzy logics.

A major part of MCGDM with IFSs is the aggregation
of intuitionistic fuzzy information (Shugqi et al. 2009; Zhao
et al. 2010; Li 2010; Li and Wu 2010; Li 2011; Nayagam
et al. 2011; Zhou et al. 2013; Zhou and Chen 2014; Kou
et al. 2016; Liang et al. 2017; Ye 2018; Garg and Kumar
2019). The decision making process under undetermined or
firm circumstances and intuitionistic fuzzy numbers (IFNs)
are too much convenient to disclose sensitive information
of a decision maker over objects. The aggregation of IFNs
is an essential step to get a decision problem’s outcome.
For this purpose, a number of operators have been intro-
duced recently to aggregate IFNs which are known as
intuitionistic fuzzy hybrid aggregation (IFHA) operator,
intuitionistic fuzzy hybrid geometric (IFHG) operator,
intuitionistic fuzzy ordered weighted averaging (IFOWA)
operator, intuitionistic fuzzy ordered weighted geometric
(IFOWG) operator, intuitionistic fuzzy weighted averaging
(IFWA) operator, and intuitionistic fuzzy weighted geo-
metric (IFWG) operator (Kim and Ahn 1999; Beliakov
et al. 2011; Yager et al. 2011; Yang and Yuan 2014; Garg
2017; Gitinavard et al. 2017; Liu and Liu 2017; Rani and
Garg 2018; Shakeel 2018).

However, IFS does not explain the uncertainty prob-
lems. To overcome this difficulty, Jun et al. (2011) intro-
duced cubic fuzzy set (CFS). This theory made it possible
to deal with uncertainty problems. Cubic set theory also
explains the satisfied, unsatisfied, and unpredictable infor-
mation, which were not explained by FS theory and IFS
theory (Mahmood et al. 2016; Fahmi et al.
2017, 2018a, b, c, d, e, f; Kaur and Garg 2019; Riaz and
Tehrim 2019; Fahmi et al. 2019). Cubic set has more
desirable information than FS and IFS (Kaur and Garg
2018a; Kaur and Garg 2018b). It is one of the generalized
forms of FS and IFS; just like IFS, every element of a cubic
fuzzy set is represented as a structure of an ordered pair,
which is characterized by function of membership and
function of non-membership. The non-membership is just
like the normal fuzzy set, whereas the function of mem-
bership is grip in the form of an interval.

Phong and Cuong (2015) and Herrera and Herrera-
Viedma (2000) proposed an algorithm for solving the lin-
guistic decision making problems. Next, Xu (2004a) put
forward linguistic aggregation operators, like as linguistic
geometric average, linguistic weighted geometric average,
linguistic ordered weighted geometric average, and lin-
guistic hybrid geometric average operators, for group
decision making with linguistic preference relations, and
then Xu (2006a) developed a linguistic hybrid average
operator for linguistic multi-attribute group decision mak-
ing. However, linguistic information provided by decision
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makers may be uncertain due to the uncertainty of decision
environment and lack of decision makers’ knowledge.
Hence, Xu (2004b) proposed an uncertain linguistic
ordered weighted averaging and uncertain linguistic hybrid
aggregation operators and applied them to uncertain lin-
guistic group decision making. Further, Xu (2006b) intro-
duced induced uncertain linguistic ordered weighted
average operators for uncertain linguistic group decision
making problems. Wei (2009) presented an uncertain lin-
guistic hybrid geometric mean operator and applied it to
multi-attributes group decision making with uncertain lin-
guistic preference relations. Moreover, some researchers
(Park et al. 2011; Wei et al. 2013; Zhang 2015) also pro-
posed an uncertain linguistic Bonferroni mean operator,
uncertain linguistic power geometric operators, and
uncertain linguistic harmonic mean operators for decision
making under uncertain linguistic environments.

However, linguistic hesitant fuzzy set does not explain
the uncertainty problems. To overcome this difficulty, Jun
and Cui (2018) introduced linguistic cubic hesitant vari-
ables. This theory made it possible to deal with uncertainty
problems. Linguistic cubic hesitant variable theory also
explains the satisfied, unsatisfied, and uncertain informa-
tion, which were not explained by linguistic intuitionistic
fuzzy set theory. Linguistic cubic hesitant variable (LCHV)
has more desirable information than linguistic fuzzy set
and linguistic intuitionistic fuzzy set (LIFS). Linguistic
cubic hesitant variables are the generalizations of linguistic
fuzzy sets and linguistic cubic variables; just like LIFS,
each element of linguistic cubic variable is represented by
an ordered pair, which is characterized by linguistic
membership grade and linguistic non-membership grade.
The positive membership grade is grip in the form of
interval, whereas the negative membership is just like the
normal fuzzy set.

Due to the motivation and inspiration of the above
discussion in this paper, we have given a new approach of
LICHV through application of cubic set theory. For
instance, introduce the concept of linguistic intuitionistic
cubic hesitant variable (LICHV). Each element of which
consists of a function of linguistic membership and lin-
guistic non-membership. Linguistic membership function
is a cubic fuzzy set, and linguistic non-membership func-
tion is also a cubic fuzzy set. LICHV is the hybrid set
which can contain much more information to express a
LCFS and an LIFS simultaneously, for handling the
uncertainties in the data.

The highlights of the developed approach are the
following:

(1) We first time extends the existing concept of LCHVs
to the LICHVs, to express interval/uncertain linguis-
tic and hesitant linguistic arguments, respectively.
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(2) We proposed the weighted average and geometric
aggregation operators for the LICHVs, using the
least common multiple number (LCMN) extension
method, and defined the linguistic score function for
the LICHVs.

(3) We proposed a MCDM algorithm with LICHVs,
which is the extension of the existing MCDM
algorithm with LCHVs, so as to carry out the
MCDM problems with the hybrid information of
both interval linguistic arguments and hesitant
linguistic arguments, which cannot be handled by
the existing ones .

The remainder of the article is as follows: In Sect. 2, we
briefly discussed the basic knowledge about the fuzzy set,
intuitionistic fuzzy set and linguistic cubic variables. In
Sect. 3, we present some operational laws for linguistic
intuitionistic cubic hesitant variables and their score
function. In Sect. 4, we present average and geometric
aggregation operators of linguistic intuitionistic cubic
hesitant variables. Utilizing the weighted averaging (WA)
and weighted geometric (WG) operators, we proposed a
model for multi-criteria decision making problem in
Sect. 5. In Sect. 6, some discussions are made on the
application of the developed method and its comparison
with existing approaches and finally presented the con-
clusion in Sect. 7.

2 Preliminaries

In this section, some basic knowledge about the fuzzy set,
intuitionistic fuzzy set, linguistic intuitionistic fuzzy vari-
ables and their precious properties is discussed.

Definition 1 Zadeh (1965) Suppose that R # ¢ be a set. A
fuzzy set R in R is defined as:

R =A{{ ux())lr € R}, (1)

where ug : R — [0, 1] is the membership grade of a fuzzy
set R.

Definition 2 Atanasav (1986) Suppose that R # ¢ be a
set. An intuitionistic fuzzy set ‘R in R is defined as:

R = {(¥, ug (), v (A)|F € R}, (2)

where the functions pg(#): R — [0,1] and vy(F) : R —
[0, 1] denote the positive and negative membership grades
of each number ¥ € R, respectively, with 0< pug(¥) +
v (F) <1 for all ¥ € R.

Furthermore, we have ng(F) =1— pg(¥) — vx(¥),
called intuitionistic fuzzy index or hesitation margin of  to
RSzmidt and Kacprzyk (2000). ng(F) is also called the
grade of indeterminacy of ¥ € R to the IFS ‘R.

Definition 3 Jun et al. (2011) A linguistic cubic variable
(LCVs) Rin R # ¢ is given as the following:

R = {5, 5.}, (3)

where the first element is an LCV denotes the grade of
linguistic membership and the second is a simple linguistic
fuzzy number.

3 Linguistic intuitionistic cubic hesitant
variables and their operational laws

Definition 4 Herrera and Herrera-Viedma (2000) Let S =
(S0,51,...,5—1) be the finite and absolutely order distinct

term set. Then, S is the linguistic term set, where £ is the
even value, e.g., 3,5, ..., when £ = 5, then S can be written
as S = (50,51, 52, 83, 54) =

(poor, slightly poor, fair, slightly good, good).

The following characteristics of the linguistic set S must
be satisfied:

(1) Ordered : 5, < s;, <1 <1

(2) Negation : neg (5;) = sp—1_;

(3) Maximum: (s, s7) = &, iff 1 >

(4)  Minimum: (s;,s7) = s, iff 1 <1.

The extended form of the discrete term set S is called a
continuous linguistic term set and defined as S =
{8y|50 <5y <5, €[0,4], and if 5 € S*, then Sy is said to

be original term, otherwise virtual term.

Definition 5 A linguistic cubic variable R in R # ¢ is
given as the following:

N= {S’M,S,h}, (4)

where s, = [s’,r,s',ﬁ] for = >put and §,-, 5 € §* is an
internal variable and
{S}A 5, € S’*’ k=1,.. .,p} is a set of p possible linguistic

variables (i.e., hesitant linguistic variables).

linguistic sp =

Definition 6 Let S* = {55 <5, <5, €[0,4, be a
continuous linguistic term set (CLTS). Then, a linguistic
intuitionistic cubic hesitant variable (LICHV) is defined as
follows:

R= {<S/M,S’¢>, <S,V7S,%>}7 (5)

where s, = [§,, 5] and & =[] for put

>pu~,vt>v" and [s,-, Sy, S\, 8] € ¥ are the uncertain

linguistic numbers and (sp,sy) = {s},‘_\s';w IS S*, K=
1,...,p} are the set of LVs (i.e., hesitant linguistic vari-
ables). If A.eut,vi(k=1,...,p), then R=

{{su,5p), (), %)} is an internal LICHVs, and if 2. ¢
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v (=1,
external LICVs.

p), then N = {(s,,5y), (s}, 5,)} is an

Let we have two LICHVs, Ry = {(s,,, 55, ), ($, 5,) }
and Ry = {(5,,54,), (1., ) },; the number of LVs in
hesitant term may be different. Then, to realize the suit-
able operations of different LICHVs, we used the least
common multiple number (LCMN) extension method, to
extend the HLV terms until they both reach the same
number of LVs. For this:

,S')W)>7

Assume that R, = {<[S',,j ,S,ﬂ (Sﬂjl,s/,zw--
) are the set of

<[s’v7,s'vj+], (s';i/],s]ﬁ, .. .,s’im)>}(] =1,...,n
LICHVs and LCMN of (f,...,7,) for (s;,,,,s;j)(]:

1,...,n) is c. Then, the following extension forms are used
to extend them to the same number of linguistic variables:

o =

<[S,L;,sillw], (S/:l,s/” ““Siﬁ’siig’sifg" .,ST,S/:‘,S/«‘%"‘,...,S;:T>>,
gt ‘17

[s‘ ,s+], STIRE SR RRRIE (T SE STIRE SRR § o8y ,s/llu..,sﬁ
‘11 1 1
5# S+ s,;‘,s/; s S e S Sp S e S S S ,
. 421 22 : 2 #2r
Q; =
S\ ,S\\ 5 Sl S/“ ,.S‘ﬁﬁiéz,szgzﬁ...,s ,mv,s/-';ﬂ,...,s”«?
21 “n N “2ry
<9# 8y <s| §p s ,Sx s ...As,s; vs‘?»---vs/ﬁ>>a
2 nry A
A ) i
e _
Q,=
<[S\-H ,S‘,U\] (SZII’I,S;"Z",....,S/:ﬁﬁys/*"!a“g/tizﬁ,...,Si’fﬁ,s}‘wl”'zAS)"z”‘z.’ .. -’Siﬁ', >>
nl n2 nry
. el , , , , ,
Definition 7 Let R= {<[s,r,sﬂ+}, (s;b],s;vz, .. .,sip)>7

(58], ($,5%,---5,))} be a LICHV in the CLTS
S = {5)|s0 <5y <,y € [0, £]. Then, the linguistic score
function is defined as:

Sc(M) =+ » for Sc(R) € [0, 4].
) L)Y A B <lo.d (6)

Definition 8 Let
= ({1 a5,
<[S’\,r1* , s,vr]v (s,/ln ) s/)~12’ ) S,;‘117>>}

and R, = {<[s'#2—, Sl (Sims S
(S,/lzl s S/g227 ceey
cubic hesitant variables in the
S = {5|50 <5y <,y € [0,4]. Then,

rules on the score values are defined as:

) S,/'Lz,,) > ) < [S/vg ) S/v; ]7
51,,))} be the two linguistic intuitionistic
CLTS

their comparison
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- If SC(ER[) > SC(ERQ), then R, > ERQ;
- If SC(ER])<SC(9%2), then R, <912;
- If SC(ER]) = SC(ERZ), then R; = NR,.

Definition 9 Let R, — {<[s’ul—,s'#l+],(s';,]l,s'i]z,...,s’,hp)>,

(150 ) (S0 08,0} and 90 = {([55 5,

505 ([553505) (508505 :5,)) } e the
two linguistic intuitionistic cubic hesitant variables in the
CLTS §* = {s|s) < s} <5, ¢ €[0,4] and & > 0.. Then,
the operational laws are defined as:

(Sizm Shry ey

S g, S s
|: i =2 uf'ﬂt{'—"‘;lz]
s
g R, — ¢ g . 1 -
oM {s/anr/izl*/“//Z] ’ Si|2+222*/12;/22’ Y S/,‘“7+/,'2177/|,,//1,,}
S‘?LS\T\Z’ 5 Y Siudars Staiaay - -y Stpay
-7 7 3 t 7
({sm “y ~5# .j:| s {S 1701 5 82 A2y 1225 75’4,;/2,;})
. -
R QR = s Ty, S +
1 2 = i vhy
vy =k v+ —2 ’
s, " ik .S,, " Y LS i1
{ Iyl =L P gy —H2E220 /;,F+/'.3,,—"’}/2”}
s i3y S o,
|:“(‘T‘) 1:4:(17“7') }
(59{] = SN0y S 5
e—e(1-40) " eep(1-42) —e(1-42)
S noy S N {s oy S iy ) »}
( @) } S

" = s -0, 8 d
D) ()|
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4 Aggregation operators of linguistic
intuitionistic cubic hesitant variables

In this section, we developed some weighted averaging and
geometric aggregation operators on linguistic intuitionistic
cubic hesitant variables and discussed their basic
properties.

4.1 Weighted averaging aggregation operator
of linguistic intuitionistic cubic hesitant
variables

Definition 10 Let R, = {< [s’u;,s'ﬂf}, (S’i_,uS',z_lz, . S/,p)>
(|25 | (83,593 +,) )} be the set of LICHVs in the

CLTS §* = {55 <) <5, €[0,4], with the vector
®, € [0,1] for 37, ®, = 1. Then, the corresponding WA
operator of the LICHVs is defined as:

LICHVWA(R,...,R3) = > OR,. (7)

Theorem 1 Let R, = {< [S'M,S'M } (skjl,s,ﬂ, .. .,s';vjp)>,
<{s" 5, +}, (skjl,s/ﬂ, .. .,Aﬁ]p)>} be the set of LICHVs in
the CLTS §* = {Sylso <sy <5, ¥ €0, 4], with the vector

0, € [0,1] for 37_, ©, = 1. Then, the aggregation result
of Eq. (7) remains the LICHV, which is obtained by uti-

lizing the following aggregation operation:

Z@m

LICHVWA(R

[4 zH( )0]7 /= ’H(‘ ’f)e/ ’

)

{m) 1) n<>}
=1 =1

Proof (1). Put n =2, in operational law (3) of Defini-
tion 9, we obtain

OR, = {S/é—I(l—#)@‘75/(‘—[(1—#)917.” 'y

O,R,; =

([() (?)@Z],{2(%)%,&[(%)@2,...,W})

Using the operational law (1), the weighted aggregation
result is obtain as:

LICHVWA(R,, R,) =

s

e-0(1-49) " et (1) ([¢ l—")@‘M/ (29)])’

0N, ©0,N,

@ Springer
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(2). Put n = k, then the aggregation result of LICHV's based
on Eq. (8) can be expressed as

s« R S 0
[“’H(“"ﬂ@" ()"
=1 =1

)

{iﬂowWiMOw%“%4WwW}
=1 g=1 =1
= (B)

|:S,glr‘\[(‘+)@”jéﬁ('+)®] )

=i ;

{ﬁMWWMﬂ%”ﬁﬁWW}

=1 =1 =1

(3). Put n = 3, then using Eqgs. (A) and (B), the aggregation
result of the LICHVs is given by

@ Springer

LICHVWA(Ry, .., Re) = > OR, @ Oy Ry

J=1

S/ x -\ 9, A/ €}
A () ]

=1

Hence, Eq. (8) is true for any n. ]

Theorem 2 Let R, = {<[s'u],s'ﬂj+}, (5,05 805 - - .,S/;W)>,
<[s'v;, s'vﬂ, (s';le 3 S s';w,)>} be the set of LICHVs in the

CLTS S* = {550 <5y <S,, €[0,0]. Then, the WA
operator of the LICHVWA(Ry,...,R,) satisfies the fol-
lowing properties:

(1). (dempotency): If R, = R, then there exist
LICHVWA(R,,...,R,) = R, (9)

Proof Since R, =R(y=1,...,n), the WA aggregation
result of LICHVs can be written as
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LICHVWA(Ry, ...

Z@m

S o, o, | ,
f,fﬁH(l—'%’)O" ezﬁ(li)oll

=1 =1

{%ﬁﬁﬂ%iMOﬂ“”iﬁOﬂ%
=1 =1 =1

:{<[S’H’ ) S//FL (S//il 1Sy S//'p)>v <[S’\" 8] (S/I 1S ’ 52,,)>}
=N
U
Theorem 3 (2). (Boundedness): If Rt =
[mjax ( S/u; ) , mjlx ( s,uj ) } , {m}n ( s’v; ) , m}m (s’vf ) ] ,
and
{ [max (53,), max(s,), ..., max (s, )] }
J J ' J '

o (Fl)m()] ey

{

are the maximum and minimum LICHVs, respectively,
then,

min(s,,).min(5,).....min(s,) ||

R~ <LICHVWA(Ry,...,R,) <R* (10)

Proof Since the minimum of LICHVs is R~ and the

maximum is iR*,, there exist R~ <N, < R™. Thus, there

are Y, OR < ZIG)]*J?JS ZIG)]*R*. Based on the
= =

above property (1), there is Z;’Zl O,R =RN" and

Y ©,RT =R" Hence, R <LICHVWA(R,...,

R,) < R 0

Theorem 4 (3). (Monotonicity): If ERJSSR;‘,

exist

LICHVWA(Ry, . . .,

then there

N,) <LICHVWA(R],...,R) (11)
Proof Since R, < ER;‘ for y=1,...,n, there exists
YOR < G)]“J{;‘. Hence,

J=1 J=1

LICVWA(Ry, ..., R,) <LICVWA(R},. .., R).

proved. O
4.2 Weighted geometric aggregation operator

of linguistic intuitionistic cubic Hesitant
variables

Definition 11 Let R, = {< [s',_s'u, } (12101 .,S'gjl))>,
< {sfv; ? Slvj} (2§25 - - »52,,)) } be the set of LICHV in the
CLTS §* = {sw\sogs'w < S €[0,4], with the weight

vector ®, € [0,1] for >~ ©®, = 1. Then, the corresponding

=1
WG operator of the LICHVs is defined as:
LICHYWG(%i,..., %) = > _ (%)) (12)
=1

Theorem 5 Let ‘.R]:{qiu;,s'u} (SAJI,S/W---

,S'/t,,,)>7
<{s’vj—,s'vl+}, ( Sy S0 ~,S'),_,,,)>} be the set of LICHVs in
the CLTS S* = {Sy |50 <y <5, ¥ € [0, 4], with the vector
0, € [0,1] for 22:1 ®, = 1. Then, the aggregation result
of Eq. (12), remains the LICHV, which is obtained by
utilizing the following aggregation operation:
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LICHVWG(R;, ..., %;) = Y (%,)®

{S[lﬂll(;}l)onsillll(;meu .- -75[11!(2/7”)@1}
= = =

S eSS L .
[*KH(F‘%)O” [/H(I%y)/] )
=1 =1

)

{S’e‘fﬁ(l%‘)e”s}f(]ﬂ[(lﬁ)e” N '755*‘1_[(1’#)6] }
=1 =1

n
=1

(13)

Proof The proof of this theorem is the same as the proof of
Theorem 1, so we omitted the proof. (|

Theorem 6 Let R, = {<[s',,j,s'ﬂj+}, (S’i_,ws//l_,zw--’S//i_m)>v

<[sf‘,7, $e, (S0 Sa0 - s s’AJp))} be the set of LICHVs in the

CLTS S = {5)|50 <) <5, € [0,]. Then, the WG
operator of the LICHVWG(R,,...,R,) satisfies the fol-
lowing properties:

(1).  (dempotency): If R, = ‘R, then there exist
LICHVWG(Ry, ..., R,) = R,. (14)

(2). (Boundedness): If
m)ax (@g) , mJax (‘Y/HT )} , [mjin (s'v,f) , mjin (‘Y,vf )} )

{man(s,) max(5,).....maxs,) |

Rt =

mins ) mins)  [man (5. o) |

RN =

{ {mjm (S',-le ) R mjin (x’;,]z), e m]in (S’;w):| }
(9=1,...,n) are the maximum and minimum
LICHVs, respectively, then,
R~ <LICHVWG(Ry,...,R) <R, (15)

(3). (Monotonicity): If R, < 91’7‘, then there exist

LICHVWG(Ry, ..., R,) <LICHVYWG(R, ..., R").

(16)

Proof Since the proof of this theorem is the same as the
proof of Theorem 2, it is omitted here. O

@ Springer

5 Algorithm of linguistic intuitionistic cubic
hesitant variable for multi-criteria
decision making problem

In this section, we utilized the weighted averaging and
geometric aggregation operators of linguistic intuitionistic
cubic variables for multi-criteria decision making MCDM
problem. Suppose that we have n alternatives () =
{Qy,...,Q,} and m criteria N ={Ny,...,N,} to be
evaluated with associated weights that are O =
(©,...,0,)" and ©, € [0, 1], >-1©, = 1. To evaluate
the performance of the alternative (; on the basis of cri-
teria N, the decision makers provide the information about
the alternative (; satisfying the criteria N,; they may

assign an interval linguistic value to (s’u,,j, s’vu) and a set of

several possible linguistic values (s'(b”,s'm]), due to their
hesitancy and indeterminacy from the presented CLTS
S = {Sy|so < sy <5, € [0, 4], where ¢ is the even num-

ber. Thus, the combined information of (s’,l,./,s",u) and

<s’¢u, s'%l.j> corresponding to the every criterion N, on each

alternative ~ @Q; can be presented as

lpi] =

< [sﬂ,; g Suf,} g (SMI)’ Shyr -+ s’-mm) >7 .
: (i=1,..

8,08 ‘ﬁ} (”xym RTCRRRES S’-u(m) >
Hence, a LICHV decision matrix M =

(¥;,),., can be constructed based on all the assessed
LICHVs.

Thus, to aggregate the given data, we used the WA and
WG operators and the linguistic score function of the
LICHV to propose a MCDM algorithm under the LICHV
setting, which has the following steps.

Step 1:The LCMNSs of (41, ...,F)(i=1,...,n)in M =

(zp”)mxn can be determined as c;, where #; is the numbers

7=1,...m).

of LIVs in (S,d%;,a S’%,;,) for ;. Based on the number of < in
aLICHV Q; (i=1,...n;3=1,...m),y
the following form:

;; 1s extended to
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Table 1 The linguistic intuitionistic cubic hesitant variables decision

matrix

N

M Q

(4).0=

N3
Q

Q
Qs

Q4

[s4, S6], {5, 53},
5, S63] {S4756}>)

[51’92] {2,565, 53}),
,57], {337517S6}>

[$5, 4], {sﬁ;,s’ﬁ),)
3, 54]7 {5,27 S’7}>

)

Thus, we have the following extended matrix:

@1 II/T] l//‘132 w?n

@ | ¥y ¥ ¥,
M =

GQm l//fnl lpzﬂ lplenn

Step 2: Using the following operators to calculate the

(
(L
(
(Is5
(
([s3
([52
(A

2, V%], {‘{% S’7}>7
45 55]7 {5/57 S’2}>

)

aggregation values of ; for Q;:

W; = LICHVWA(WS, ..., %

<

2 93]7 {S)l ) S/77 S’Z}
1, 56), {55, 83,51}

[ 5 S‘7], {S/3a S’47 S’l}

1,8, {52, 57, $3}

4 i)
)

[53, 8], {54, 52}),
,55], {53, 56 })

53,85] {54, 56}),
3,54), {52, 53}) )

(2, $5), {51, 57, 52 }

4, 56), 153,51, 84}
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Table 2 The extended linguistic intuitionistic cubic hesitant variables
decision matrix

M= (l//i'7>4x3: N
(3

[s4, 6], {55, 55, 55,53, 5, 53 }),
(52, 83], {4, $4, 54, 56, 56, 55 )

v

Q; [Vlysz] {V27527V67567S‘5a53}
[Ss,S7] {53733,51751,56756}

Q3

[Ss 54] {52752,S27S7,S77S7}

[s2, 53], {53, 83, 83, 87, 57, $7 }),
[s4, 55, {55, 55, 85,52, 52,52 })

(
(
(
(
<<[S3,S4] A8, 54,54, 55,52, 52},
(
(

<

[S27S3] {S1751,S77S7,S2,.5‘2}
[s4, 56, {55, 55, 83,53, 51,51 }

<

[s5,57], {53, 83, 54, 54, 51, 51 }

(
(
(
([51, $2], {2, 52, 87,57, 53, 53}
(
(
(
(

\_/vvv v;’/vv vvv

~

[517Sx] {S77S7,S77S4,S4,S4}
[s2, 55, {51, 51, 51,56, 56, 56 }

-

[9%54] {S’47S4, S‘4”&‘27 92a S‘2}
[S27s3] {33733,33756,5‘6756}

s

[83784] {S%SLS%Sis,Se} )
(54, 85, {54, 54, 54, 53, 53, 83 })

Q,

[S%Si] {S47S4 54756156756} ’
[53954] {527S2as2753’s3753}

Q3

[S2755] {S],S],S7,S7,V2,Sz} )
[$4, 5], {83, 85, 51,51, 54, 54 })

Q4

[85757] {Sz 5275375%517Y1} )
[Sl Sz] {56756;52752’35755}

=)
W
TN T N T N N TN T N N N TN T N 7 N N

P e P

n

e = ()"

J=1

¥, = LICHYWG (Y, . ..

1

s o, 2) R e\ @
- fH(l—i> — fl_’[<17<i> #n]}(p#)
(18)

Step 3: To find the best alternative, find the linguistic score
values of each alternative by using Eq. (6).

@ Springer

Step 4: To give ranking to the alternatives, write the
score values of the alternatives in the ascending order and
choose the biggest one(s).

6 Example

A fire and explosion incident occurred on August 12, 2015,
in a chemical factory. In this incident, 75 persons were
dead and more than 500 were injured. Due to this incident,
of about 4745 million Dollars economy lost. This incident
causes huge economic losses, many casualties effected the
environment very badly. A number of buildings and vehi-
cles were damaged. The environment of these areas was
heavily polluted. To avoid additional losses, emergency
response system should be provided. Four things are nec-
essary to arrange the emergency response system.

(1)N; : People effected
(2)N; : Environmental effect
(3)N3 : Social impact.

Decision makers apply the LICHVs to evaluate the four
alternatives under the three criteria with the weighting
vector w = (0.20,0.38,0.42)".

Subsequently, the LICHVs evaluation matrix y = ,; is
obtained as shown in Table 1

Step 1: The LCMNs of (#,...
M = (Qi.j)mxn
Applying the LCMN method, the extended decision matrix
can be obtained, as shown in Table 2:

Step 2: Using Eq. (8), to obtain the aggregated LICHV
Y, for Q; as follows:

) (i=1,...,m) in
can be determined as ¢c; = 6 fori = 1,...,4.

W, =LICHVWA (S,

(

(
(
vy = < ([53.59554, 8573002 { 53,2784 $3.27824, $4.5178, §5.30732, §4.13309, $4.13309 } ) » )
(
(
(
(

i21 IVI’?)

3
=Y "oy,
=1

[$2.8752, 54.20065] s {52.86986 > 52.86986> §5.55008 56.154025 543531, 43531 })» >

[$3.4822, S4.83826 ], {54.35307, §4.35397, 5358578, $3.4461 52.26998 , 52.26998 } )

[52.18869, §3.43777], {52.16894, 52.16894> 5280266, $3.32298» 53,4461, 54.13309 })
57186584, S4.14156], {55.01219, 85.01219, 56.68049, 5557667, 52.85676 » 52.85676 } ) )

e

Vo= < s1ses, 5.6l 15504005, 504053, 54069, S 11615, 552659, 5
<[31.7]7l3w S2.80242]~ {34,445537 8§4.44553 5, 52.80242 5 $3.03624 5 $4.4614 5 S4.4614}>

[52.90189, 85.16231], {51.82223, 5182224, $1.14871, $2.91553, 5521804, 5521894 } )
[$3.81563, 55.66344], {53.04003 5 5304003, 5340649, $4.11613, $3 52659, $3 52659 } ) )

Step 3: Using Eq. (8), we find the linguistic score value of
all the alternatives:

Sc(Q1) = $1.9301, Sc(Q2) = 5718257, Sc(Q3) = 518305,
Sc(Q1) = S1.17980

Step 4: Based on the linguistic score values, we give
ranking to the alternatives, as follows:

@1>@3>@2>@4
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Table 3 Comparison with the

other methods Score values Q, Qs Q3 Qq Ranking
Garg and Kumar (2019) 4.8413 4.3551 4.6911 3.6823 Q> 03 >0, >0Qq
43174 3.6942 3.5732 3.1341 Q>0 > 03 > Q4
Liu et al. (2017) 5.6379 3.1933 4.3734 4.9381 Q> Q4 > 03 >0,
Lu and Ye (2019) 2.7471 1.9184 2.0421 2.5921 Q> Q4 > 05 >0,
LICHVWA operator $1.9301 18257 518395 $1.17980 Q> Q3> Q>0
LICHVWG operator 518856 18788 818343 $1.17980 Q>Q3> Q>0

Now, we can use the developed MCDM method based on
the WG operator of LICHVs for the example.
Step 1:This step is the same as the previous step 1.
Step 2:Using Eq. (14), to obtain the aggregated LICHV
of y, for Qy, as follows:

3
Yy =LICHVWG (WS, Wiy, ¥is) = D Oy,
J=1
< ([$2.72392, $3.88867], {52.18869, 52.18869, 514.58482, 55.53841, 53.44064 $3.44064 1), )

([$3.662115 8515176, {S4.41422, §4.41422, 53.64603, 53.83723 53.26946 53.26946 })
" _( [Sz.92415«,S4,73054],{83.1216-,S3.1216,54,33789785.14324-,S2,64392,S2,64392}>,)
2

(

‘//4 = . . , . . . . .
< ([52.097% S3.|2633]1 {54.927697 $4.927695 $3.12633 $4.04774 $5.04599 Ssms99}>

52.86986 $4.46359] , 15221484, $2.21484, 54.86785 55.00874, 53.83723, $3.83723 })

Vs =

(l

([S'l L6667 5 S'3.93809]~, { 5276407, 52764075 S6.25879, $4.40484 , 52.60268 5 5’2.60268})7 )
([$3.12071, 853199, {52.10702, $2.10702, 5121252, 55.05332, §5.67053, §5.67053 })
([3.42831, S4.77692], {52.80054 §2.82254, 5334656 53.04651, 51.92049, 192049 } ), )

Step 3:Using Eq. (6), we find the linguistic value of all the
alternatives:

Sc(Q1) = S1.8856, Sc(Q2) = 578788, Sc(Q3) = 518343,
Sc(Q1) = 517884

Step 4:Based on the linguistic score values, we give
ranking to the alternatives, as follows:

@1>@3>®2>®4

Comparative study

In this study, we compared our proposed advance
developed aggregation operators to preexisting fuzzy
aggregation operators and also the conclusion of our work
is stated. Despite the fact that LIF set theory has an
incredible effect in different fields, there are some real-
world problems, which were not possible by LIFS and even
not possible to be solved by IVLIFS. In LICHVs, each
element consists of the linguistic membership grade and
linguistic non-membership grade. If we consider the
developed numerical problem in Section 6, as LICHV is
the most advance structure, it is not possible for the
existing aggregation operators to solve the data contained
in the said problem, which shows the limited approach of
the existing approaches. But if we consider any problem
under the interval-valued fuzzy information, we can solve

it easily by the LICHVs by converting the data from the
interval valued to LICHVs, taking the values outside the
interval in LICHVs equal to zero.

Now, we compare our approach with that of the Garg
and Kumar (2019), Liu et al. (2017), and Lu and Ye
(2019). In order to compare our developed method with the
other methods above, each linguistic term has one positive
and one negative grade. So, if we only consider the positive
and negative grades, we neglect the cubic term, and then
the LICHVs reduce to LIVIF numbers. We take ©® =

(0.3,0.2,0.1, 0.4)T as the attribute weight vector to facili-
tate the comparison. Based on given preferences and the
information, we apply the existing approaches on the
considered data and then the final score value of the
alternatives Q,(z=1,...,4) is given in Table 3. From
Table 3, we observe that the best alternative in all
approaches is Q. However, there are some differences in
the remaining alternatives, due to different evaluation.
Thus, our proposed method is more better than the other
existing methods.

7 Conclusion

In this study, we introduced the linguistic intuitionistic
cubic hesitant variables, which expressed the hybrid form
of interval/uncertain linguistic and hesitant linguistic
information. We defined the score function for the com-
parison of linguistic intuitionistic cubic hesitant variables.
Some linguistic intuitionistic cubic hesitant variables
operational laws have been developed. Furthermore, we
proposed the weighted average and weighted geometric
aggregation operators utilizing the concept of LCMN
extension method. We also discussed some of its properties
like idempotency, boundary, and monotonicity. A multiple
criteria decision making approach was developed, based on
the WA and WG operators of the LICHVs to solve a
MCDM problem under the LICHV information. To show
the effectiveness of these operators, a numerical example
has been presented which shows that the suggested oper-
ators deliver an alternative way to solve decision making
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process in a more actual way. Finally, we have provided
some comparison with the existing operators to show the
validity and effectiveness of the novel methodology.

In future work, we will further develop more aggrega-
tion operators under LICHV information, like Dombi
aggregation operators, Himachar aggregation operators,
Dombi Bonferroni mean operators, and some more. We
will also expand TOPSIS, VIKOR, and few other methods
under LICHV environment and will apply them to expand
a number of strategies to resolve MCGDM problems, risk
evaluation, fault diagnosis, and other domains under
indeterminate conditions.
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