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Abstract Cantilever retaining wall with pressure relief

shelves is considered as a special type of retaining wall.

The concept of providing pressure relief shelves on the

backfill side of a retaining wall reduces the total earth

pressure on the wall, which results in a reduced thickness

of the wall and ultimately in an economic design of a

cantilever wall. A limited number of solutions and mea-

surements can be found for this type of wall in the litera-

ture. The shapes of the measured earth pressure

distributions differ among studies because the model scales

were different; for example, the wall during one mea-

surement was permitted to move but was not permitted to

move in the other measurements. This paper presents a

Finite Element analysis of this type of wall using PLAX-

IS2D-AE.01. The reduced total active earth pressure due to

the provisioning of shelves is depicted. It was found that

the shelves had a significant effect on the resulting earth

pressure distribution. The distribution approximately fol-

lowed the distribution of the solution by Klein (Calculation

of retaining walls (in Russian). Vysshaya Shkola, Moscow,

2014). It also followed the shape of the measurements of

Yakovlev (Experimental investigation of earth pressure on

walls with two platforms in the case of breaking loads

relieving on the backfill. Odessa Institute of Naval Engi-

neers, pp 7–9, 1974). A parametric study was conducted to

enable a discussion of the effects of the number of shelves,

shelf rigidity, and shelf position on the resulting

distribution of the lateral earth pressure, wall top move-

ment, and acting maximum flexural moment of the wall.

For high retaining walls and for some repair systems for

constructed walls that have problems with stability, it is

recommended to provide the cantilever wall with a shelf at

a third of the wall height from the top of the wall or more

shelves at different levels. Suggested updates are provided

to enhance the manual solution of Klein in the calculation

of the acting maximum bending moment of the wall.

Keywords Special retaining structures � Relief shelves �
Earth pressure � Repair � Maximum moment � High
retaining walls

Introduction

Retaining walls are constructed to sustain the lateral pres-

sure of the earth behind them. Earth-retaining structures

include cantilever retaining walls, sheet pilings, bulkheads,

basement walls, and special types of retaining walls. The

special types of walls include counterfort retaining walls,

buttress retaining walls, and retaining walls that rest on

piles. Retaining walls with relief shelves can also be con-

sidered as a special type of retaining walls. Some reports

by engineers have stated that using reinforced soil walls is

the most economical method for constructing high walls

without studying walls with shelves in their reports. High

cantilever retaining walls may also be the most economical

solution, according to the study case, when relief shelves

are added on the backfill side of the wall. Such walls are

called Retaining Walls with relief shelves. The relief

shelves have the advantages of decreasing the acting lateral

earth pressure and increasing the overall stability of the

retaining wall. If there is a construction near the wall and if
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the soil reinforcement cannot be applied, the use of this

type of wall can be the most effective tool toward cost

reduction and overall safety improvement. The use of

recently developed soil reinforcement methods, which

needs a free long distance behind the wall for the con-

struction purpose, is widely preferred and accepted by

engineers in Egypt and overseas, but what is the solution if

there are some problems or obstructions to constructing

these wall types? Adding shelves to a cantilever retaining

wall may be a solution toward achieving stability and cost

control. The study of this type of retaining wall is a

somewhat un-noticed area in the study of retaining struc-

tures. Few studies have been carried out on the real

behavior of this type of wall. Therefore, studying the

effectiveness of this type of retaining wall is required for its

use in practical application. Case studies are also required

to present the most economical solution to the practice in

various cases.

Brief literature review

The classification of this type of wall started to be studied

in 1927 at the University of Western Australia during an

applied Geo-mechanics lecture. The lecture presented the

classification of flexible retaining walls, and the wall with

shelves was classified as a flexible retaining wall. Many

years later, Jumikis [9] studied the effect of adding one or

more relief shelves to a counterfort wall to increase the

stability of the wall. He extended the relief shelves up to

the theoretical rupture surface. Jumikis [9] found that the

relief shelves decrease the lateral earth pressure on the wall

and increase the stability of the overall retaining structure.

Jumikis [9] illustrated theoretically the method of stability

analysis of a counterfort wall with two relief shelves, as

shown in Fig. 1.

Raychaudhuri [12] found the magnitude of the reduction

in the total active earth pressure and its distribution due to

the provisioning of a relief shelf in a retaining wall. He

presented the reduction factors in charts for various loca-

tions and widths of relief shelves. Raychaudhuri [12]

suggested that Coulomb’s (1776) theory for earth pressure

would be applicable to this type of wall and subsequently

finished his charts. Raychaudhuri [12] performed experi-

mental studies to verity the stability of the wall, but he

could not determine the earth pressure behind the wall due

to the simple model that he used. In a discussion paper [2]

on Raychaudhuri’s work, Murthy did not agree with the

concept of retaining walls with shelves due to the con-

struction complexity [3]. In addition, Narain suggested in

their paper that this type of wall requires a comprehensive

study, while Sreenivasa Rao suggested in the same paper to

pursue the work of Raychaudhuri using a more complex

model [3].

Yakovlev [13–16, 17] experimentally studied in detail

the effect of the relief shelves. From 1964 to 1966,

Yakovlev performed several experiments with one relief

shelf to investigate different factors, such as the distribu-

tion of pressure over the height of the wall as a function of

the position and the dimensions of the platform under the

effect of a variably distributed load on the backfill surface;

the distribution of the pressure on the platform as a func-

tion of the intensity and the location of the load; the nature

of the change in pressure on the wall and on the platform in

the presence of forward movements of the wall; the size of

the sliding wedge and the position of the sliding surface for

walls with platforms; and the stress of the backfill behind

the wall. In 1975, Yakovlev experimentally investigated

Fig. 1 Adapted from [9],

concept of counterfort retaining

wall with two relief shelves
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the earth pressure distribution on a wall with two relief

shelves, as shown in Fig. 2 [3]. Yakovlev concluded that

when the wall was permitted to move, an internal sliding

surface developed from the end of the shelf. The surface

formed in the backfill zone above the shelf. Yakovlev

studied the position of the internal and external sliding

surfaces and the width and embedded depth of the shelf.

For the same embedded depths of a shelf, the dimensions of

the sliding zone increase with increasing platform width.

Phatak and Patil [11] discussed a theoretical concept for

computing the earth pressure due to the effect of relief

shelves using Rankin’s theory. Phatak and Patil [11] cor-

rected an error in Raychaudhuri’s [12] solution. Ray-

chaudhuri [12] considered the effect of the relief shelf by

deducting the weight of the soil above the relief shelf from

the failure wedge; however, the change in the center of

gravity for the failure wedge was not taken into consider-

ation. Phatak and Patil [11] calculated the effect of the

center of gravity shift and concluded that the introduction

of the relief shelf reduces the active earth pressure thrust

and the lever arm.

In his book, Bell [1] assumed that there is a transition

zone under the shelf. After this transition zone, the earth

returns to its original distribution; i.e., to the distribution of

the cantilever retaining wall, as shown in Fig. 3a. Jang [8]

assumed this transition to be a horizontal line, as shown in

Fig. 3b. Fuchen and Shile [7] studied methods of calcu-

lating the earth pressure when adding a single relief shelf.

Liu and Lin proposed an analytical method to calculate the

earth pressure for different shelf widths. Figure 4a shows

their suggested distribution of the lateral pressure when the

relief is extended to the rupture surface, while Fig. 4b

shows their suggested distribution when the shelf width is

not extended. For the case of the shelf extension, they

suggested that the distribution of the earth pressure starts at

zero under the shelf and increases linearly with depth. For a

short shelf, they proposed an additional rupture surface

starting from the end of the shelf and running parallel to the

global rupture line. At this depth, they assumed that the

transition zone of the earth pressure is a horizontal line, as

in the assumption of Jang [8].

Yoo et al. [18, 19] measured the earth pressure acting on

a wall with one shelf that is extended to the theoretical

rupture surface. They constructed their model and simu-

lated the excavation stage with slope angles of 50� and 90�,
and subsequently, they installed the wall and inserted the

compacted backfill. They also attempted to verify the

results from the finite element method (FEM) using the

Mohr–Coulomb model. Figure 5 shows the comparison

between the results of the measurements, FEM, Fuchen and

Shile [7], and Bell [1]. It can be observed that the FEM

calculated lateral earth pressures under the shelf that were

greater than those calculated using the other methods. They

concluded that the FEM has limitations and that the other

methods are in good agreement with each other.

Fig. 2 Adapted from Yakovlev, 1975, distribution of earth pressure

for a retaining wall with two relief shelves at five loading stages from

1 to 5

Fig. 3 Earth pressure distribution of retaining wall with relieving

shelf. a Adapted from Bell [1]. b Adapted from Jang [8]
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Here, I include some comments: the practical model that

they utilized and the other analytical methods consider that

the base of the wall does not move and is not rotated, which

is not realistic. For their solution from the FEM, they

installed the wall on a defined thickness of soil media. This

thickness had settled and permitted the footing to rotate,

even if by a small amount. These results should increase

the lateral pressures, as shown in their FEM; however, the

use of the Mohr–Coulomb soil model results in a slight

increase in the lateral pressure due to the unloading–

reloading conditions as they modelled the construction

stages starting from the excavation stage to the backfilling

stage.

In his reference, Klein [10] discussed a distribution for

the earth pressure above and under the shelf that is shown

in Fig. 6. His distribution is approximately compatible with

the measurements of (Yakovlev 1975). His solution defined

a sloped transition line using two defined points. The dis-

tribution may also be compatible with the Finite Element

solution using more advanced soil models, which will be

studied here. It can be observed that there are two distri-

butions: (a) for the shelf that is not extended to the rupture

line and (b) for the shelf that is extended to the rupture line.

Research objectives

The comparison in Yoo et al. [18] demonstrates that the

lateral earth pressure is high under the shelf, which may

result in no decrease or a slight decrease in the acting

maximum bending moment of the wall. This results in a

small decrease in the reinforcements and in the concrete

quantities. This conclusion may abolish the purpose that

this type of wall was established for. The literature review

presented significant differences in the calculation methods

and measurements. Therefore, dedicated studies are needed

by engineers to study the effectiveness of using this type of

retaining structure. In this paper, we have three objectives.

The first is to compare the distributions of the lateral earth

pressures for cantilever retaining walls with and without

relief shelves. This is achieved by applying the FEM

Fig. 4 Calculation of active earth pressure adapted from Fuchen and

Shile [7]. a Long relief shelf. b Short relief shelf

Fig. 5 Comparison of lateral earth pressures for a retaining wall with

relieving shelf adapted from Yoo et al. [18]

Fig. 6 Solution of Klein [10], adapted from Klein [10]. a Short shelf.

b Long shelf
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solution from PLAXIS2D-AE.01 using the Hardening soil

model. This comparison should clarify the effectiveness of

providing shelves for the cantilever retaining walls. The

second objective is to conduct a parametric study to qualify

the effect of several factors, such as the number of shelves,

shelf height, shelf width, and shelf thickness, on the earth

pressure distribution and wall deformation. The final

objective is to compare the maximum bending moment that

is calculated using the FEM solution and the analytical

solution of Klein [10]. Suggested updates and notes for the

calculation of the maximum bending moment shall be

provided for Klein’s solution to enhance the results.

Modeling

To achieve the objectives of this study, thirty one (31)

models are analyzed using PLAXIS 2D-AE.01. The models

consist of a retaining wall with a height equal to 10.0 m and

a footing width equal to 5.0 m. The wall and footing

thicknesses are 0.50 and 0.80 m, respectively. The

embedded width of the footing inside the backfill from the

centerline of the wall is 3.0 m. The retaining structure

material is reinforced concrete, which is modeled using a

linear elastic model with a Young’s modulus (E) of

21,000 MPa, specific weight of 25 kN/m3, and Poisson’s

ratio (t) of 0.15. The Hardening Soil Model was adopted to

simulate the soils. The soil media before constructing the

wall is dense sand. The parameters of the base soil are as

follows: angle of the internal friction (u) is equal to 38�,
dilatancy angle (W) is 8�, unit weight (c) is 18.0 kN/m3,

the Oedometer modulus of elasticity (Eoed) is the same as

the modulus of elasticity at 50 % of the ultimate stress

(E50) that equals 40.0 MPa; the unloading reloading elastic

modulus (Eur) is equal to 120.0 MPa; and the power factor

(m) is equal to 0.50. The backfill after the wall is con-

structed is compacted sand. The backfill parameters are as

follows: u is equal to 32�, W is 2�, c is 17.0 kN/m3; Eoed is

the same as E50 that equals 10.0 MPa; Eur is 30.0 MPa; and

m is equal to 0.50. The stated soils parameters are listed in

Table 1. The angles of external friction (d), which are

defined to the interfaces, are listed in Table 1. The study of

the dilation effect is not considered, but the dilatancy angle

is assumed equal to (u-30).
The wall is analyzed for the cases of cantilevers with a

single relief shelf and with two relief shelves. The first

shelf is located at a depth h1 from the wall top, and the

second shelf is located at a depth h2 from the wall bottom.

The relief shelf has different widths of 1.0, 2.0, and 3.0 m,

according to the case being studied. The relief shelf also

has different thicknesses of 0.1, 0.2, 0.3, 0.4, 0.5 m,

according to the case being study. Figure 7 shows the

discretization of the models.

Three (3) models are constructed to clarify the effec-

tiveness of adding one shelf and of adding two shelves to

the cantilever retaining wall. Twenty one (21) models are

constructed with constant shelf locations and different shelf

widths (b) and thicknesses (ts) to qualify the effect of the

shelf rigidity on the resulting earth pressure distribution,

top movement of the wall, and maximum flexural moment

that is acting on the wall. The last seven (7) models are

constructed using one shelf with a certain width and

thickness, but the shelf depth (h1) is varied in the different

models to qualify the effect of the shelf position. Finally,

some models are theoretically analyzed using Klein’s [10]

solution, and the results for the maximum bending

moments are compared to those found using the FEM

solution. The different models are listed in Table 2.

Analyses and discussions

Effect of providing shelves

First, the effectiveness of the provided shelves should be

discussed. The shelves, as stated in the literature, generate

conflicting views by researchers. Some researchers are

accepting of the concept of providing shelves to increase

stability, while others reject this concept. Figure 8 shows

the resulting distributions of the lateral earth pressures in

the cases of a cantilever with one shelf and the case of one

with two shelves.

It can be observed that providing relief shelves to the

retaining structure significantly decreases the lateral earth

pressure. For the single shelf at a depth h1 equal to 7.0 m,

the distribution is similar to the distribution for the can-

tilever at 7.0 m over the shelf, with a concentration of the

pressure directly above the shelf. This increased ‘‘con-

centration’’ of the pressure is the result of the effect of the

rigid shelf (0.50 m thickness and 2.0 m width). The lateral

pressure returns to its initial value from zero directly under

the shelf and increases linearly with a slope that is less than

the slope in the cantilever case. By providing two shelves,

the lateral pressure directly above the shelves also exhibits

Table 1 Hardening soil model

parameters for the base and

backfill soils

Parameter u� W� d� c (kN/m3) Eoed = E50 (MPa) Eur (MPa) m

Base soil 38 8 26 17.0 10.0 30.0 0.50

Backfill 32 2 22 18.0 40.0 120.0 0.50
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an increase in the pressure for the same reason. It can be

observed that the pressure in the zone between the two

shelves starts at zero and returns to the path of the can-

tilever case. This conclusion is in agreement with the

assumption of Klein’s [10] solution.

The resulting overall safety factor for the cantilever is

1.25. By providing single and double shelves, the factor

increases to 1.45 and 1.55, respectively. This means that

the shelves also increase the stability, especially when

providing two shelves. The effect of providing shelves at a

level near the wall top is smaller than the effect of that

which results from using a shelf at the lower level, this is,

the effect of extending the shelf to the rupture surface that

is increasing the stability.

Effect of shelf rigidity

The shelf rigidity ‘‘stiffness’’ is affected by the shelf width

and the thickness. The shelf width, as presented above,

should be extended to the rupture surface to increase sta-

bility; however, it may not be extended if the stability is

achieved without shelves. In this case, the shelves are

provided to decrease the lateral pressure and the maximum

moment acting on the wall. In addition, the shelf thickness

is designed according to the applied flexural moment on the

shelf, which depends on the shelf width. In the case of

decreasing thickness, the shelf should deflect significantly

and should rest on the lower soil. These effects will be

studied in this section.

Fig. 7 Discretization of the research models

Table 2 Research model details

Objectives Number of models ts (m) b (m) h1 (m) h2 (m)

Effect of providing shelves 1

1

1

–

0.5

0.5

–

2.0

2.0

–

7.0

3.0

–

–

3.0

Effect of shelf rigidity 4

4

4

3

3

3

0.1, 0.2, 0.4, 0.5

0.1, 0.2, 0.4, 0.5

0.1, 0.2, 0.4, 0.5

0.50

0.50

0.50

2.0

2.0

2.0

1.0, 3.0, 4.0

1.0, 3.0, 4.0

1.0, 3.0, 4.0

3.0

7.0

3.0

3.0

7.0

3.0

–

–

3.0

–

–

3.0

Effect of shelf position 7 0.30 2.0 1, 2, 3, 4, 5, 6, 7 –
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Effect of shelf thickness

The effect of shelf thickness is studied for the case of the

width being constant and being equal to 2.0 m. The case of

providing a single relief shelf at a depth h1/H equal to 0.70

is investigated, as shown in Fig. 9. The small thickness

should deflect more than the large thickness. This deflec-

tion leads the shelf to rest on the lower soil, which releases

the stress directly above the shelf and increases the stress

below the shelf. The deflected shelf is the weakest point of

the retaining structure. With the relaxation of the shelf

reinforcement and the long-term deflection of the concrete,

the total deflection is increased up to breaking failure or the

crack width is increased without fail. This crack breaks the

continuum of the wall water insulation, which affects the

serviceability and helps generate reinforcement rust. The

overall stability of the retaining structure should also be

decreased from 1.45 to a value that is slightly more than the

factor of the cantilever; i.e., approximately 1.28. Hence, the

use of the shelf provides a new failure mechanism in the

retaining structure; therefore, it is not recommended to use

very flexible shelves. The case of two shelves is investi-

gated in Fig. 10. It follows the same manner of the single

relief shelf but in two stages. The release of the pressure

directly above the shelf increases the stress under the shelf

and decreases the overall stability of the wall.

The semi-rigid and rigid shelves affect the top horizontal

movement of the wall (Dx). The decrease in the top

movement is important for the subsiding of the rough

settlement of the backfill. In addition, the horizontal

movement is required to release the lateral earth pressure

and to achieve the active pressure state. Figure 11 shows

the relation between the thickness-to-width ratio (ts/b) and

the movement-to-height ratio (Dx/H). Providing a single

relief shelf is an effective tool to decrease horizontal

movement, especially if its level is near the top of the wall.

The use of many rigid shelves is the best solution for

reducing the wall deflection. Figure 12 investigates the

effect of the shelf thickness on the maximum bending

moment (Mmax). The maximum bending moment decreases

significantly with the use of shelves. For the case of two

rigid shelves, the maximum bending moment is approxi-

mately half of that from the cantilever case. For the dif-

ferent thicknesses, the use of a single shelf at a level near

the wall bottom is better than that near the wall top.

Effect of shelf width

Here, the thickness of the shelf is constant and equal to

0.20 m. The shelf width is varied in the study between 1.0,

2.0, and 3.0 m. Single and double shelves are studied using

Fig. 8 Effect of providing shelves to the cantilever retaining wall

Fig. 9 Effect of shelf thickness on the lateral earth pressure

distribution, single shelf at h1/H = 0.70

Fig. 10 Effect of shelf thickness on the lateral earth pressure

distribution, two shelves
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different widths. As the theoretical solutions, the rupture

surface has a slope angle of h, which is equal to (45 ? u/
2). Klein [10] discussed that the shelf should theoretically

be extended to the rupture surface to obtain the full

effectiveness of the shelf. Therefore, the analysis of this

assertion is performed using the FEM solution. Figure 13

presents the influence of the width for a single relief shelf

at h1/H equal to 0.70. It can be observed that the 1 m shelf,

which is not extended to the rupture surface, results in a

higher lateral pressure below the shelf. For the case of 2.0

and 3.0 m widths that are extended to the rupture surface,

the distributions are similar. This conclusion is compatible

with the solution of Klein [10] and demonstrates the beauty

of the theoretical solutions that were previously determined

in early date without using software.

Applying the analyses using two shelves is investigated

in Fig. 14. In the same manner, as when using a single

shelf, the 1.0 m shelf width results in a distribution char-

acterized by higher values of the lateral earth pressure. On

the other hand, the 2.0 m width for the upper shelf is not

extended to the rupture surface. Therefore, the distributions

of the 2.0 and 3.0 m widths are only slightly different. If

we ignore the increase in the lateral pressure just above the

shelves and obtain the best fit line, the lateral pressure

under the shelves increases in a sloped transition zone, and

subsequently, it follows the lateral pressure of the can-

tilever case. This conclusion is also compatible with

Klein’s [10] solution. The other solutions presented in the

Fig. 11 Effect of thickness to

width ratio on the top movement

of the wall

Fig. 12 Effect of thickness to

width ratio on the acting

maximum bending moment on

the wall

Fig. 13 Effect of shelf width on the lateral earth pressure distribu-

tion, single shelf at h1/H = 0.70
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literature exhibit different distributions that are not com-

patible with the FEM solution. Measurements, as stated in

the literature, were performed using very simple models or

fixed-base walls to support the solution of Jumikis [9].

Previously, Yakovlev (1975) permitted the wall to move,

which should occur in a realistic case, during his mea-

surements of the lateral pressure. Now, the movement of

the wall is also permitted in the solution of the FEM to find

the distributions of the lateral earth pressures. The logical

measurements and the solution from the FEM are com-

patible with these conclusions. In addition, the same dis-

tributions of the lateral pressures using the FEM were

presented by Yoo et al. [18], but they neglected the FEM

solutions because the distributions of the FEM were not

compatible with their measurements, which were investi-

gated using simple and fixed walls as previously discussed.

The effect of the shelf width on the wall top movement

is investigated in Fig. 15. The 1.0 m single and double

shelves result in a small decrease in the wall top move-

ment. Increasing the width of the shelves significantly

decreases the wall top movement. This decrease is the

result of the decrease in the acting lateral pressure and of

the increase in the shelf deflection, which rotates the wall

into the backfill. The effect of the shelf width is also

studied for the maximum bending moment (Mmax), as

shown in Fig. 16. Providing the cantilever retaining wall

with long relief shelves significantly reduces the acting

maximum bending moment of the wall. It can be observed

that the maximum moment is reduced from 900.0 to

300.0 kN m by adding two long shelves (4.0 m). Providing

this cantilever wall with a single relief shelf with a width of

2.00 m and a thickness of 0.20 m, whereby the thickness-

to-width ratio is 0.1, reduces the maximum moment by

approximately 30 % of its original value.

Effect of shelf width

The position of the shelf logically affects the maximum

bending moment and the wall top movement. This effect is

studied here using the FEM solution. Different single shelf

positions are studied to investigate the position that obtains

the minimum top movement of the wall. Figure 17 presents

the relation between the depth ratios (h1/H) and the

movement ratios (Dx/H). It can be observed that the best

position is at a depth ratio (h1/H) equal to approximately

0.30.

The effect of the shelf position is also studied for the

maximum bending moment. Figure 18 investigates the

effect of the depth ratio on the acting maximum bending

moment on the wall and on the shelf. The maximum

moment on the shelf increases approximately linearly with

increasing depth ratio. In addition, the maximum bending

moment of the wall is decreased significantly with

increasing depth ratio up to a depth ratio of approximately

0.30, and subsequently, the decrease is relatively small.

Therefore, the use of a depth ratio of 0.30, results in a

lower wall top movement with an appropriate bending

moment of the wall and of the shelf.

Calculation of maximum bending moment: finite

element solution vs. Klein’s [10] solution

The method of Klein is adopted to compare its results for

the maximum bending moment with that from using the

FEM. This method is adopted due to the compatibility

between the shapes of the lateral pressure distributions for

this solution with some measurements and the FEM solu-

tion. Klein’s solution for the case of a shelf depth (h1/H)

equal to 0.70 and a shelf width of 2.0 m is presented in

Fig. 19. It can be observed that the rupture surface from the

wall bottom intersects the shelf. Therefore, the shelf shall

be rested on the stable soil side with a width of 0.34 m.

According to Klein’s solution, the maximum bending

moment at the point (O) shall be depicted by taking the

summation of the positive moments from the lateral earth

pressure and the negative moment from the soil over the

shelf by assuming that the shelf behaves as a cantilever.

The assumption of the shelf as a cantilever is not appro-

priate in the case of the shelf width being extended beyond

the rupture line. The better solution is to consider the shelf

as fixed at the wall side and hinged at the other side. The

effective free width is taken equal to the total width of the

shelf. The maximum bending moment that is calculated

using the updated Klein solution is equal to 697.5 kN m/m,

whereas the FEM solution gives a maximum moment

Fig. 14 Effect of shelf width on the lateral earth pressure distribu-

tion, two shelves
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between 700.0 and 595.0 kN m/m, according to the shelf

thickness. These values are in good agreement with each

other.

For the case of the shelf being extended to 3.0 m,

Klein’s solution is presented in Fig. 20. The resulting

updated maximum moment in the wall at the point (O) is

520.0 kN m/m, while the FE solution for a thickness of

0.20 m gives a result of approximately 480.0-kN m/m.

When considering the shelf as a cantilever, as in Klein’s

solution, the resulting maximum moment is 205.0-kN m/

m, which is lower than half of the calculated value using

the FEM solution.

The case of a shelf width of 2.0 m and a depth ratio (h1/

H) of 0.3 is shown in Fig. 21. In this case, the rupture

surface does not intersect the shelf. Therefore, the lateral

pressure returns to its original line after the defined slope of

Fig. 15 Effect of shelf width on

the top movement of the wall

Fig. 16 Effect of shelf width on

the acting maximum bending

moment on the wall

Fig. 17 Effect of shelf position on the top movement of the wall
Fig. 18 Effect of shelf position on the acting maximum bending

moment on the wall and shelf
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the transition zone. Klein’s solution calculates the maxi-

mum bending moment by also considering the shelf as a

cantilever; therefore, he deducted the moment of the shelf,

which results from the above soil, from the lateral earth

pressure moment, as stated before. Here, the shelf must

behave as a cantilever in the analysis and design stages of

the shelf and in the analysis of the connection between the

shelf and the wall. The lateral pressure of the soil under the

shelf is assumed to return to its original line from the

‘‘cantilever case’’; however, the FEM solution and the

measurements showed that the lateral pressure after the

transition zone is slightly greater than the values of the

original line. This is a result of the effect of the shelf

rigidity, as discussed previously. Therefore, the maximum

bending moment should be calculated while considering

the positive moment from the lateral pressure and only

while neglecting the negative moment from the shelf to

compensate this difference. By applying the updated

solution, the theoretical calculation gives a maximum

bending moment of 683.0-kN m/m, while the FEM solu-

tion gives a maximum bending moment between 690 and

650, according to the shelf thickness. The maximum

bending moment by deducting the shelf moment using

Klein’s solution is 580-kN m/m, which is not accepted.

Fig. 19 Klein’s solution for the

2.0-m shelf at depth ratio (h1/H)

of 0.7

Fig. 20 Klein’s solution for the

3.0-m shelf at depth ratio (h1/H)

of 0.7

Fig. 21 Klein’s solution for the 2.0-m shelf at depth ratio (h1/H) of

0.3
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Another verification of the suggested update is studied for a

case of a single shelf with a width of 2.0 m and a depth ratio

(h1/H) of 0.5. The lateral earth pressure distribution is shown

in Fig. 22. The rupture surface does not intersect the shelf.

The resulting maximum moment of the wall from the

lateral earth pressure is only 665.0-kN m/m, and the

resulting value using the FEM solution is 664.0-kN m/m.

The results are also in good agreement with each other. By

deducting the shelf moment, the value will be 490.0 kN m/

m, which is smaller than that from the FEM solution.

For the case of using two shelves, the moment of the

shelves should be ignored during the calculation of the

acting maximum bending moment on the wall, even if the

shelves are extended or not extended after the rupture sur-

face. The shelf moment should be considered in the stability

of the rigid connection between the shelf and the wall, as in

a single shelf. Several cases are analyzed theoretically using

these updates and using the FEM to verify the presented

update on the calculation method. As an example, the case

of two shelves with a certain width of 2.0 m is shown in

Fig. 23 for (h1/H = 0.30 and h2/H = 0.30).

The maximum bending moment that is calculated from

the lateral earth pressure is equal to only 532.0-kN m/m,

and the maximum moment calculated using the FEM is

equal to 520 kN m/m. The variances in the results from the

various cases are not more than ?7 % of the FEM results.

This represents a good agreement between the FEM solu-

tion and the theoretical solution.

Therefore, the proposed updates or notes on Klein’s

solution are presented to enable the calculation of the

appropriate maximum bending moment that results for the

wall. The calculation of the appropriate wall movement

should be performed using the FEM.

Conclusions

This paper presents a brief study of the effect of

attaching shelves to a cantilever retaining wall. It was

shown that few researchers have studied this special type

of retaining wall. Attaching shelves to the retaining

structure leads to a decrease in the total lateral earth

pressure. This decrease enables the retaining structures

to become more stable and to exhibit lower bending

moments. The researchers discussed presented different

solutions and measurements, which have some defi-

ciencies, as previously discussed. The effects of pro-

viding one and two shelves as well as no shelves are

discussed. The shelves significantly decrease the maxi-

mum bending moment and the top movement of the

wall. This decrease in the lateral pressure increases the

retaining structure stability. A parametric study was

conducted to investigate the effectiveness of the shelf

rigidity and the shelf position on the lateral earth pres-

sure distribution, top movement of the wall, and maxi-

mum bending moment. We demonstrated that providing

the cantilever retaining wall with a single shelf at a

depth ratio (h1/H) of 0.30 results in a decreased bending

moment of approximately 30 % of its cantilever value.

The shelf width is recommended to be extended to the

rupture surface with a thickness ratio ts/b = 0.10. The

solution of Klein [10] and the measurements by

Yakovlev (1975) are in good agreement with the results

of the FEM. Updates are provided to Klein’s solution for

the acting maximum bending moment of the wall to

enhance the results to be more logical and to agree with

the FEM solution. In the case of one shelf that is not

extended to the rupture surface, the maximum bending

moment should be calculated from the lateral earth

pressure while only neglecting the shelf fixed-end

moment and neglecting the moment from the soil above

the shelf. Of course, the shelf and the rigid connection

between the shelf and the wall should be analyzed using

this fixed-end moment. The extension of the single shelf

to the rupture surface leads the shelf to be rested on the

stable soil; therefore, the fixed-end moment, from a
Fig. 22 Klein’s solution for the 2.0-m shelf at depth ratio (h1/H) of

0.5

Fig. 23 Klein’s solution for the retaining wall with two shelves,

b = 2.0-m, h1/H = h2/H = 0.30
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fixed-hinged supported shelf, of the shelf is considered

during the calculation of the acting maximum moment

on the wall. For the case of more than one shelf, the

shelf fixed-end moment should be neglected during the

calculation of the acting maximum moment on the wall

at any shelf width.

Recommendations and further studies

1. Retaining walls with shelves can be considered as

effective solutions for high retaining walls when the

length of the back of the wall is limited.

2. It is an effective tool for repair systems. If a wall is

constructed at a level and a consultant subsequently

finds the wall to be insufficient due to stability or

moment considerations, a relief shelf can be provided

to effectively solve the problem.

3. Comparisons between different solutions for high

retaining walls should be individually performed for

each case to minimize total costs.

4. It is highly recommended to study the stability of this

wall during earthquakes.

5. Establishing large models to measure the real distri-

bution as in practice is highly recommended.

6. The effect of the base and backfill soils on the

resulting earth pressure distribution, wall movement,

and maximum bending moment must also be stud-

ied. The effect of soil base on the wall pressure of

the cantilever retaining wall was studied by Farouk

and Sorour [3–6], and the Rankin method in the

calculations of the active earth pressures was found

to be very sufficient with changing the soil base

stiffness.
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