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Abstract
Until 1948 the interdiffusion theory was based on the Onsager phenomenology, namely thermodynamics of irreversible

processes, and a drift was not included. Its main limitation is practical impossibility of the experimental as well as theoretical

determination of mobilities (diffusivities) in multicomponent systems (r[ 2). After experimental discovery of the drift by

Smigelskas and Kirkendall (Trans AIME 171:130–142, 1947), Darken (Trans AIME 175:184–201, 1948) formulated his

famous model for the binary system. Consequently, the bi-velocity approach dominates interdiffusion studies (e.g. in more

than 500 papers in 2020). In this paper, we consider the diffusional transport in a one-dimensional r-component solid solution.

The model is expressed by the nonlinear system of strongly coupled evolution differential equations with initial and nonlinear

coupled boundary conditions. We present a non-trivial proof of a theorem called the criterion of parabolicity, which implies the

generalized parabolicity condition formulated without a proof in our previous works. This condition is a key in the proofs of

our previous theorems on existence, uniqueness and properties of global weak solutions of the differential problem studied.

The criterion of parabolicity works if diffusion coefficients are not too dispersed, and it is true in many physical systems. The

numerical simulations consistent with real experiments for which our criterion works are given.

Keywords Interdiffusion � Darken method � Vegard rule � Generalized parabolicity condition � Criterion of parabolicity �
Automorphism
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1 Introduction

We study in the paper the diffusional transport in a one-

dimensional r-component solid solution. An inspiring

effort dedicated to the rigorous mathematical treatment of

the flows occurring in a binary closed mixture with con-

stant concentration has begun with the work of Darken

(1948) on the modelling of diffusive flows. The Darken

idea of two velocities was extended for multicomponent

systems in the cases of closed and open mixture in Holly

and Danielewski (1994) and Balluffi et al. (2005). Later, it

was proved that it is self-consistent with the Onsager

phenomenological description (Bo _zek et al. 2015). Several

attempts to solve the problem in liquid mixtures were not

very effective due to arbitrary selection of the reference

frame for diffusion. A more fundamental approach is given

in Brenner (2010), where a volume transport is considered.

The most general model which admits not constant con-

centration is formulated in Sapa et al. (2018b).

The mathematical model introduced in Sapa et al.

(2018b) is expressed by the one-dimensional nonlinear

system of strongly coupled evolution differential equations
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ot.i ¼ ox Hið.1; . . .; .rÞox.i � .i
Xr

j¼1

XjHjð.1; . . .; .rÞ
Mj

ox.j

 

�KðtÞ.i

!
ð1Þ

for i ¼ 1; . . .; r, with initial and nonlinear coupled bound-

ary conditions (Sect. 2). It is obtained from the local mass

conservation law for fluxes which are a sum of the diffu-

sional and Darken drift terms, together with the Vegard

rule (Denton and Ashcroft 1991). This rule is a straight

application of the Euler homogeneous function theorem.

The strong coupling of the equations is caused by a drift

velocity vD. The drift velocity is concerned with the

Kirkendall effect (Smigelskas and Kirkendall 1947; Yu

et al. 2012; El Mel et al. 2015; Chee et al. 2019; Morales

et al. 2021). It is the motion of the boundary layer between

two metals that occurs as a consequence of the difference

in diffusion rates of the metal atoms. A detailed analysis of

a concept of the drift velocity, a choice of the reference

frame, as well as other physical, mathematical and

numerical consequences of the proposed formalism can be

found in Bo _zek et al. (2015), Danielewski et al.

(1994, 2008), Dayananda (2017), Holly and Danielewski

(1994), Sangeeta and Aloke (2015), Wierzba and Skibiński

(2015) and Wu et al. (2006) and in references therein.

The theorems on existence, uniqueness, nonnegativity

and estimates of global in time weak solutions (in suit-

able Sobolev spaces) to the nonlinear evolution problem

discussed above are given in Sapa et al. (2018b). More-

over, it is shown that if a physical system is closed, then an

evolutional solution converges to the stationary one as time

goes to infinity. The main tool used in the proof of the

existence result is the Galerkin approximation method

(Zeidler 1990), the properties of some family of automor-

phisms and the crucial theorem called criterion of

parabolicity. Let us stress that this criterion was proposed

for a less general problem in 1994 and then in 2008 without

a proof (Danielewski et al. 1994, 2008). The aim of this

paper is to prove the delicate criterion of parabolicity

(Theorem 5). This criterion follows from Theorem 4. Add

that such strongly coupled systems as (1) (i.e. by the sec-

ond derivatives) are mathematically difficult, and they are

still insufficiently explored. They are not studied, for

example, in such known monographs as Carl et al. (2007),

Coddington and Levinson (1955), Dautray and Lions

(1992), Doering and Gibbon (2004), Evans (1998),

Ladyzhenskaya et al. (1988), Roubı́ček (2005) and Zeidler

(1990).

The idea of the use of two velocities and the Vegard rule

was extended in last years to any dimension n 2 N (Bo _zek

et al. 2019; Sapa et al. 2018a, 2020). If n� 2, then some

parabolic–elliptic system is formulated instead of (1).

The paper is organized as follows: In Sect. 2, the initial

boundary differential problem in strong and weak forms is

formulated, together with the assumptions and known

results on existence, uniqueness and asymptotic behaviour

of global weak solutions. In Sect. 3, the theorem about

properties of some family of automorphisms and the cri-

terion of parabolicity are proved. Section 4 deals with

examples of physical problems and numerical simulations.

2 Model of Interdiffusion

2.1 Strong Formulation

Let X ¼ ð�K;KÞ � R, T [ 0 and r 2 Nnf1g be fixed, and

denote Rþ ¼ ð0;1Þ. The following data are given:

(1) Mi ¼ const 2 Rþ, the molecular mass of the ith

component of the mixture, i ¼ 1; . . .; r.

(2) Xi ¼ const 2 Rþ, the partial molar volume of the ith

component of the mixture, i ¼ 1; . . .; r.

(3) Hi : R
r ! R, the diffusion coefficient of the ith

component of the mixture, i ¼ 1; . . .; r.
(4) .0i : X ! Rþ, the initial density of the ith compo-

nent of the mixture, i ¼ 1; . . .; r.

(5) ji;L; ji;R : ½0; T � ! R, the evolution of a mass flow of

the ith component of the mixture through the left and

right boundaries, respectively, i ¼ 1; . . .; r.

The unknowns are the densities of the ith components of

the mixture .i : ½0; T � � X ! Rþ, i ¼ 1; . . .; r.

Put

KðtÞ :¼
Xr

i¼1

Xiji;LðtÞ
Mi

¼
Xr

i¼1

Xiji;RðtÞ
Mi

for t 2 ½0; T �:

ð2Þ

This is actually an assumption on the boundary evolutions.

In Sapa et al. (2018b), the model of multicomponent

interdiffusion in a one-dimensional case was expressed by

the nonlinear system of strongly coupled (i.e. by the second

derivatives) evolution partial differential equations of the

form

ot.i þ ox

�
�Hið.1; . . .; .rÞox.i

þ .i
Xr

j¼1

XjHjð.1; . . .; .rÞ
Mj

ox.j
�
þ KðtÞox.i

¼ 0 ð3Þ

for ðt; xÞ 2 ½0; T � � X, with initial and nonlinear coupled

boundary conditions

.ið0; xÞ ¼ .0iðxÞ for x 2 X; ð4Þ
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for t 2 ½0; T �, i ¼ 1; . . .; r.
The total mass of the ith component of the mixture at the

fixed moment t 2 ½0; T� is given by

miðtÞ ¼
Z

X
.iðt; xÞdx; i ¼ 1; . . .; r; ð6Þ

while by

miðtÞ ¼
1

2K

Z

X

Xi.iðt; xÞ
Mi

dx; i ¼ 1; . . .; r; ð7Þ

the average value of the local volume fraction XiciPr

j¼1
Xjcj

,

where ci means the ith concentration, is denoted. Note that

the local volume fraction XiciPr

j¼1
Xjcj

¼ Xici ¼ Xi.i
Mi

, by the

Vegard rule
Pr

j¼1 Xjcj ¼ 1 used in the construction of (3)

(see Sapa et al. 2018b) and the definition of concentrations

ci ¼ .i
Mi

. Integrating (3) over the interval X, using (6) and

integrating once again over the interval (0, t), we get

miðtÞ ¼
Z

X
.0iðxÞdxþ

Z t

0

ji;LðsÞ � ji;RðsÞ
� �

ds ð8Þ

for t 2 ½0; T �, i ¼ 1; . . .; r. Hence mi, i ¼ 1; . . .; r are known

functions also.

2.2 Assumptions and Weak Formulation

Let

1? ¼ n ¼ ðn1; . . .; nrÞ 2 Rr : n1 þ � � � þ nr ¼ 0f g; ð9Þ

stands for the vector space orthogonal to the vector sub-

space fa1 : a 2 Rg, where 1 ¼ ð1; . . .; 1Þ 2 Rr . Define the

Sobolev spaces

H ¼ f ¼ ðf1; . . .; frÞ 2 L2ðX; 1?Þ :
Z

X
fiðxÞdx ¼ 0; i ¼ 1; . . .; r

� �
;

ð10Þ

V ¼ f 2 H1ðX; 1?Þ : f 2 H
� 	

: ð11Þ

The norm in V is generated by the scalar product

ðf ; gÞV ¼
Z

X
oxf � oxgdx ð12Þ

for f ; g 2 V , while in H by the scalar product

ðf ; gÞH ¼
Z

X
f � gdx ð13Þ

for f ; g 2 H. The symbol ‘‘�’’ means the Euclidean scalar

product in Rr. Then V � H � V� constitute an evolutional

triple with the embeddings being dense, continuous and

compact (Adams and Fournier 2008; Zeidler 1990).

Let

K ¼ fj ¼ ðj1; . . .; jrÞ 2 Rr : j1 þ � � � þ jr ¼ 1;

ki � 0; i ¼ 1; . . .; rg:
ð14Þ

Define the family of linear operators

Aj : 1?7!1?; Ajn ¼
Xr

i¼1

HiðjÞniei � ðHðjÞ � nÞj ð15Þ

for j 2 K, where n 2 1?, ei ¼ ð0; . . .; 0; 1; 0; . . .; 0Þ with 1

in the ith entry, i ¼ 1; . . .; n.

We assume the following conditions.

Assumption H

(H0) .0ðxÞ ¼ ð.01ðxÞ; . . .; .0rðxÞÞ� 0 and

Xr

i¼1

Xi.0iðxÞ
Mi

¼ 1 for x 2 X:

(H1)
R
X .0iðxÞdxþ

R t
0
ji;LðsÞ � ji;RðsÞ
� �

ds� 0 for

t 2 ½0; T �, i ¼ 1; . . .; r.

(H2) Pr
i¼1

Xi ji;LðtÞ
Mi

¼
Pr

i¼1
Xiji;RðtÞ

Mi
for t 2 ½0; T�.

(H3) .0 2 L2ðXÞ.
(H4) ji;L; ji;R 2 L1ð0; TÞ, i ¼ 1; . . .; r.

(H5) Hi, i ¼ 1; . . .; r fulfil the Lipschitz condition and are

bounded.

(H6) The following generalized parabolicity condition

holds:
Z

X
ðAgoxf Þ � oxfdx� lkfk2

V � mkfk2
H ð16Þ

for some l[ 0, m� 0 and for all f 2 V ,

g ¼ ðg1; . . .; grÞ 2 H1ðX;RrÞ, g1 þ � � � þ gr ¼ 1,

gi � 0, i ¼ 1; . . .; r.

�Hið.1; . . .; .rÞox.i þ .i KðtÞ þ
Pr

j¼1

XjHjð.1; . . .; .rÞ
Mj

ox.j


 �
 �
ðt;�KÞ ¼ ji;LðtÞ;

�Hið.1; . . .; .rÞox.i þ .i KðtÞ þ
Pr

j¼1

XjHjð.1; . . .; .rÞ
Mj

ox.j


 �
 �
ðt;KÞ ¼ ji;RðtÞ;

8
>>><

>>>:
ð5Þ
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Note that assumptions (H0), (H2) and formulas (6)–(8)

imply

Xr

i¼1

miðtÞ ¼ 1 ð17Þ

for t 2 ½0;T �. We introduce new variables as follows. The

local deviation of volume fraction from its average value is

wiðt; xÞ ¼
Xi.iðt; xÞ

Mi
� miðtÞ; i ¼ 1; . . .; r; ð18Þ

for ðt; xÞ 2 ½0; T� � X. Put w ¼ ðw1; . . .;wrÞ and

m ¼ ðm1; . . .;mrÞ. For any fixed w 2 L2ð0; T ;VÞ and

t 2 ð0; TÞ, the symbol hw0ðtÞ; iV��V means a linear con-

tinuous functional of the form

hw0ðtÞ; viV��V ¼
Xr

i¼1

hw0
iðtÞ; vii; ð19Þ

where hw0
iðtÞ; i is a linear continuous functional acting on

L2ð0;T ;H1ðX;RÞÞ, v 2 V . Denote the functions

Ci;LðtÞ ¼ KðtÞmiðtÞ �
Xiji;L
Mi

; i ¼ 1; . . .; r;

Ci;RðtÞ ¼ KðtÞmiðtÞ �
Xiji;R
Mi

; i ¼ 1; . . .; r;

ð20Þ

CL ¼ ðC1;L; . . .;Cr;LÞ;
CR ¼ ðC1;R; . . .;Cr;RÞ;
C ¼ ðCL;CRÞ;

ð21Þ

for t 2 ½0; T �.
The original initial-boundary value problem (3)–(5) has

the following weak version.

Problem P Find w 2 L2ð0; T;VÞ such that

w0 2 L2ð0; T ;V�Þ, for a.e. t 2 ð0; TÞ wðtÞ þ mðtÞ 2 K and

hw0ðtÞ; viV��V þ
Z

X
AwðtÞþmðtÞoxwðtÞ
� �

� oxvdx

� KðtÞ
Z

X
wðtÞ � oxvdx

¼ CRðtÞ � vðKÞ � CLðtÞ � vð�KÞ for each v 2 V;

ð22Þ

and the initial condition holds

wð0Þ ¼ w0: ð23Þ

Remark 1 If assumptions (H0), (H2) are fulfilled and w is a

solution of Problem P, then by (17), (18), the Vegard rule

holds

Xr

i¼1

Xi.iðt; xÞ
Mi

¼ 1 for ðt; xÞ 2 ½0; T� � X:

2.3 Known Results

In Sapa et al. (2018b), the following theorems concerning

the existence and uniqueness of solutions to Problem P and

their asymptotic behaviour were formulated and proved.

Theorem 1 If Assumption H is satisfied, then Problem

P has a solution.

Theorem 2 If Assumption H is satisfied, then Problem P

has in L4ð0; T ; V) at most one solution.

Theorem 3 Let w : ½0;1Þ ! H be a solution of Problem

P on each interval [0, T] for T 2 Rþ. If Assumption H is

satisfied with ji;LðtÞ ¼ ji;RðtÞ 	 0, t 2 ½0;1Þ, i ¼ 1; . . .; r

and m ¼ 0 in (16), then w 2 L2ð0;1;VÞ \ L1ð0;1;HÞ,
w0 2 L2ð0;1;V�Þ, the function ½0;1Þ 3 t 7!kwðtÞk2

H is

nonincreasing and limt!1 kwðtÞk2
H ¼ 0.

3 Criterion of Parabolicity

In this main section, we prove Theorem 4 on properties of

the family of automorphisms Aj and Theorem 5, i.e. the

criterion on (16) to be true. They were formulated without

proofs for less general problems in Danielewski et al.

(1994, 2008), Holly and Danielewski (1994). It follows

from the criterion of parabolicity that (16) holds if Hi,

i ¼ 1; . . .; r are not too dispersed. It is true in many real

physical examples (Sect. 4).

Theorem 4 If Hi, i ¼ 1; . . .; r are constant, then

(i) Aj, j 2 K is automorphism of the vector space 1?

and

A�1
j g ¼

Xr

i¼1

gi
Hi

ei �
Pr

k¼1
gk
HkPr

k¼1
jk
Hk

Xr

i¼1

ji
Hi

ei for g 2 1?;

(ii)

min
�
ðAjnÞ � n : j 2 K; n 2 1?; knk ¼ 1

	

¼ dþ mðaÞ
Xr

k¼1

ðHj � dÞ;

ð24Þ

where d ¼ mini¼1;...;r Hi, mðaÞ ¼ 0 if H1 ¼ � � � ¼
Hr or r ¼ 2; mðaÞ ¼ min

n
x\0 : 9j 2 f1; . . .; rg
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4r þ
Pr

k¼1;k 6¼j
ajþðr�1Þak�1

ak�x ¼ 0
o

if Hk 6¼ Hl for

some k 6¼ l and r[ 2, a ¼ ða1; . . .; arÞ,
ai ¼ Hi�dPr

k¼1
ðHk�dÞ

, i ¼ 1; . . .; r,

(iii)

mðaÞ� �
ffiffiffiffiffiffiffiffiffiffiffi
r � 1

2r

r
� 1

2

 !
; ð25Þ

(iv) if r ¼ 3, then

mðaÞ ¼ � 1ffiffiffi
3

p � 1

2


 �
maxfa1; a2; a3g: ð26Þ

Proof

(i) Obviously, Aj is linear.

Let n 2 kerAj. Hence Hini ¼ ðH � nÞji, that is

to say ni ¼ ðH � nÞ ji
Hi

, i ¼ 1; . . .; r. Summing the

last relations, we get 0 ¼ ðH � nÞ
Pr

i¼1
ji
Hi

. In

consequence, h � n ¼ 0, because
Pr

i¼1
ji
Hi

[ 0.

Finally, ni ¼ 0, i ¼ 1; . . .; r and Aj is isomor-

phism.

Now let g 2 1? and n ¼ A�1
j g. We have

Hini � ðH � nÞji ¼ gi, that is to say

ni ¼ gi
Hi
þ ðH � nÞ ji

Hi
, i ¼ 1; . . .; r. Summing the last

formulas, we obtain 0 ¼
Pr

i¼1
gi
Hi
þ ðH �

nÞ
Pr

i¼1
ji
Hi

and from here H � n ¼ �
Pr

i¼1

gi
HiPr

i¼1

ji
Hi

. Hence,

ni ¼ gi
Hi
�
Pr

k¼1

gk
HkPr

k¼1

jk
Hk

wi

Hi
, i ¼ 1; . . .; r.

(ii) Let n 2 1?, knk ¼ 1. It is clear that

ðAjnÞ � n ¼ dþ
Xr

i¼1

ðHi � dÞniðni � j � nÞ:

If H ¼ ðd; . . .; dÞ, then ðAjnÞ � n ¼ d. If r ¼ 2,

then

minfðAjnÞ � n : j 2 K; n 2 1?; knk ¼ 1g ¼ d,

because

ðAjnÞ � n ¼ j2H1 þ j1H2 2 convfH1;H2g.

Assume that H 6¼ ðd; . . .; dÞ and r[ 2. NowPr
k¼1ðHk � dÞ[ 0,

Pr
i¼1 ai ¼ 1 and we can write

ðAjnÞ � n ¼
Xr

k¼1

ðHk � dÞ
 !

dPr
k¼1ðHk � dÞ þ

Xr

i¼1

ainiðni � j � nÞ
 !

:

We can study for simplicity the unit sphere kxk ¼
1 in Rr instead of K ¼ convfei : i ¼ 1; . . .; rg by

setting jk ¼ x2
k , k ¼ 1; . . .; r. Define two functions

fa : R
r � Rr 3 ðn; xÞ7!

Xr

i¼1

aini ni �
Xr

k¼1

x2
knk

 !
2 R;

ð27Þ

g : Rr � Rr 3 ðn; xÞ7! knk2 � 1;
Xr

i¼1

ni; kxk2 � 1

 !
2 R3:

ð28Þ

Observe that the set fg ¼ 0g :¼ fðn; xÞ 2 Rr �
Rr : gðn; xÞ ¼ 0g is the compact intersection of

two unit spheres in 1? and Rr, respectively. Our

goal is to prove that the conditional minimum

m :¼ minffaðn; xÞ : ðn; xÞ 2 fg ¼ 0gg ð29Þ

is equal to mðaÞ. It is obvious that

minfðAjnÞ � n : j 2 K; n 2 1?; knk ¼ 1g

¼ dþ m
Xr

k¼1

ðHj � dÞ:
ð30Þ

Firstly we will consider the case when m is

attained in a point ðn; xÞ 2 fg ¼ 0g such that

a � n 6¼ 0 and j � n 6¼ 0, where jk ¼ x2
k ,

k ¼ 1; . . .; r. It follows from the Lagrange theorem

that there exists k ¼ ðk1; k2; k3Þ 2 R3nf0g such

that dðn;xÞðfa þ kgÞ ¼ 0. We calculate

dðn;xÞðfa þ kgÞðh; yÞ ¼ dðn;xÞðfa þ kgÞ
Xr

k¼1

hkðek; 0Þ þ
Xr

k¼1

ykð0; ekÞ
 !

¼
Xr

k¼1

hkonk faðn; xÞ þ
Xr

k¼1

hkðk � onk gðn; xÞÞ

þ
Xr

k¼1

ykoxk faðn; xÞ þ
Xr

k¼1

ykðk � oxkgðn; xÞÞ

¼ 2
Xr

k¼1

aknkek � ðj � nÞa
 

�ða � nÞjþ 2k1nþ k21Þ � h

þ 2k3x� 2ða � nÞ
Xr

k¼1

nkxkek

 !
� y ¼ 0

for h; y 2 Rr:

Hence, we get a system of two equations
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2
Pr

k¼1 aknkek � ðj � nÞa� ða � nÞjþ 2k1nþ k21 ¼ 0;

k3x ¼ ða � nÞ
Pr

k¼1 nkxkek:

�

ð31Þ

Multiplying the second equation in (31) by x

implies

k3 ¼ ða � nÞðj � nÞ: ð32Þ

In consequence, ðj � nÞx ¼
Pr

k¼1 nkxkek. This

leads to the implication

jk 6¼ 0 ) nk ¼ j � n for k ¼ 1; . . .; r: ð33Þ

Multiplying the first equation in (31) by n and 1,

respectively, implies

k1 ¼ ða � nÞðj � nÞ �
Xr

k¼1

akn
2
k ¼ �m; k2 ¼ j � n� a � n

r
:

ð34Þ

Define two sets of indices

S ¼ fk : jk 6¼ 0g; Z ¼ fk : jk ¼ 0g: ð35Þ

Suppose that Z ¼ ;. Hence jk 6¼ 0, k ¼ 1; . . .; r

and by (33), nk ¼ j � n, k ¼ 1; . . .; r. Then 0 ¼Pr
k¼1 nk ¼ rðj � nÞ what gives j � n ¼ 0, but it is

not true. Thus Z 6¼ ;. The set S 6¼ ; also, because

j ¼ ðj1; . . .; jkÞ 2 K. Therefore, the numbers

jSj :¼ ]S; jZj :¼ ]Z ð36Þ

are positive. It is clear that jSj þ jZj ¼ r. For

k 2 S, we multiply the first equation in (31) by ek
and we get

ðj � nÞak þ 2ðj � nÞk1 þ k2 ¼ ða � nÞjk: ð37Þ

After summing (37), we can write

ðj � nÞ
X

k2S
ak þ jSjð2ðj � nÞk1 þ k2Þ ¼ a � n:

Dividing by j � n and denoting c :¼ a�n
j�n , we obtain

2rjSjmþ ðr þ jSjÞc ¼ jSj þ r
X

k2S
ak: ð38Þ

For k 2 Z , we multiply the first equation in (31)

by ek and we obtain

2nkðak þ k1Þ ¼ ðj � nÞak � k2: ð39Þ

Let n 2 S. Let k 2 S. We subtract the equations

ðj � nÞak þ 2ðj � nÞk1 þ k2 ¼ ða � nÞjk;
ðj � nÞan þ 2ðj � nÞk1 þ k2 ¼ ða � nÞjn

(see (37)) and we have

jn þ
1

c
ðak � anÞ ¼ jk:

After summing over k 2 S , we obtain the relation

jn ¼
1

jSj þ
1

c
an �

1

jSj
X

k2S
ak

 !
for n 2 S:

ð40Þ

Let p be such that Hp ¼ d. Thus ap ¼ 0. Define

a vector n̂ 2 1? as follows

n̂p ¼
ffiffiffiffiffiffiffiffiffiffiffi
r � 1

r

r
; n̂k ¼ � 1

r � 1
n̂p for k 6¼ p:

ð41Þ

Let x̂ 2 Rr be any vector such that x̂p ¼ 0 and let

jk :¼ x̂2
k , k ¼ 1; . . .; r. It easily follows that

faðn̂; x̂Þ ¼
Xr

k¼1

akn̂
2
k �

Xr

k¼1

akn̂k

 !
Xr

k¼1

jkn̂k

 !
¼ 0:

Hence

m
 0: ð42Þ

Suppose that m ¼ 0. Let x0 2 Rr be defined in

the following way

x0p ¼ 0; x0k ¼
1ffiffiffiffiffiffiffiffiffiffiffi
r � 1

p for k 6¼ p ð43Þ

and let j0k ¼ ðx0kÞ
2
, k ¼ 1; . . .; r. We choose a

family of not the same positive numbers j00k , k 2
f1; . . .; rgnfpg and jp ¼ 0 such that

Pr
k¼1 jk ¼ 1,

and let x00k :¼
ffiffiffiffiffi
jk

p
, k ¼ 1; . . .; r. Obviously

ðn̂; x0Þ; ðn̂; x00Þ 2 fg ¼ 0g and as was shown above

faðn̂; x0Þ ¼ faðn̂; x00Þ ¼ m. Moreover, a � n̂ 6¼ 0,

j0 � n̂ 6¼ 0, j00 � n̂ 6¼ 0. Therefore, all earlier found

relations from the Lagrange theorem are true for

ðn̂; x0Þ, ðn̂; x00Þ. In particular, denoting c0 ¼ a�n̂
j0 �n̂,

c00 ¼ a�n̂
j00 �n̂, the relations like (40) hold

j0n ¼
1

jSj þ
1

c0
an �

1

jSj
X

k2S
ak

 !
for n 2 S;

j00n ¼
1

jSj þ
1

c00
an �

1

jSj
X

k2S
ak

 !
for n 2 S;

where S ¼ fk : j0k 6¼ 0g ¼ fk : j00k 6¼ 0g ¼
f1; . . .; rgnfpg. The numbers j0n, n 2 S are the

same, then the numbers an, n 2 S are the same. In
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consequence, the numbers j00n , n 2 S must be the

same. But it is contradiction. Finally,

m\0: ð44Þ

Now we will consider the case when m is

attained in a point ðn; xÞ 2 fg ¼ 0g such that a �
n ¼ 0 or j � n ¼ 0, where jk ¼ x2

k , k ¼ 1; . . .; r.

But in this case m ¼ faðn; xÞ ¼
Pr

i¼1 ain
2
i � ða �

nÞðj � nÞ ¼
Pr

i¼1 ain
2
i � 0 what is not possible, by

(44).

Concluding, m is attained only in points ðn; xÞ 2
fg ¼ 0g such that a � n 6¼ 0 and j � n 6¼ 0, where

jk ¼ x2
k , k ¼ 1; . . .; r.

The equality (39) is equivalent to

2r

j � n nkðak þ jmjÞ ¼ rak þ c� 1 for k 2 Z

and then

2r

j � n nk ¼
rak þ c� 1

ak þ jmj for k 2 Z:

Moreover, it follows from implication (33) that

2r

j � n nk ¼ 2r for k 2 S:

Adding the last two relations, we get

0 ¼
X

k2Z

rak þ c� 1

ak þ jmj þ 2rjSj ð45Þ

and multiplying by ðr þ jSjÞ we have

0 ¼
X

k2Z

rðr þ jSjÞak þ ðr þ jSjÞc� r � jSj
ak þ jmj

þ2rjSjðr þ jSjÞ:
ð46Þ

The relation (38) is equivalent to

ðr þ jSjÞc ¼ jSj þ r
X

k2S
ak � 2rjSjm:

Putting this relation to (46), we calculate

0 ¼
X

k2Z

ðr þ jSjÞak �
P

l2Z al þ 2jSjjmj
ak þ jmj

þ2jSjðr þ jSjÞ:
ð47Þ

Observe that

ðr þ jSjÞak �
X

k2Z
ak þ 2jSjjmj ¼ 2jSjðak þ jmjÞ

þjZjak �
X

k2Z
ak:

Hence, (47) takes the form

0 ¼
X

k2Z

jZjak �
P

l2Z al
ak þ jmj þ 4rðr � jZjÞ: ð48Þ

Let ~Z � f1; . . .; rg be such that 0\j ~Zj\r and

let ~m be a negative root of the equation

0 ¼
X

k2 ~Z

j ~Zjak �
P

l2 ~Z al
ak þ jxj þ 4rðr � j ~ZjÞ: ð49Þ

We will show that if ~m is negative root of equa-

tion (49), then ~m�m. Denote

~S ¼ f1; . . .; rgn ~Z;

~c ¼ 1

r þ j ~Sj
j ~Sj þ r

X

k2 ~S

ak þ 2rj ~Sjj ~mj
 !

;

~jk ¼
1

j ~Sj
þ 1

~c
ak �

1

j ~Sj
X

l2 ~S

al

 !
for k 2 ~S;

~jk ¼ 0 for k 2 ~Z;

fk ¼
rak þ ~c� 1

ak þ j ~mj for k 2 ~Z;

fk ¼ 2r for k 2 ~S:

Note that ~S 6¼ ;, ~c[ 0 and ~jk [ 0 for k 2 ~S. We

calculate

0 ¼
X

k2 ~Z

j ~Zjak �
P

l2 ~Z al
ak þ j ~mj þ 4rðr � j ~ZjÞ

¼
X

k2 ~Z

1

ak þ j ~mj j ~Zjak �
X

l2 ~Z

al

 !

þ 2rj ~Sj þ 2ðj ~Sj þ j ~ZjÞj ~Sj

¼
X

k2 ~Z

1

ak þ j ~mj j ~Zjak �
X

l2 ~Z

al

 !

þ 2rj ~Sj þ 2j ~Sj2 þ 2j ~Sj
X

k2 ~Z

ak þ j ~mj
ak þ j ~mj

¼
X

k2 ~Z

j ~Zjak �
P

l2 ~Z al þ 2j ~Sjðak þ j ~mjÞ
ak þ j ~mj

þ 2j ~Sjðr þ j ~SjÞ

¼
X

k2 ~Z

ðr þ j ~SjÞak � 1 þ
P

l2 ~S al þ 2j ~Sjj ~mj
ak þ j ~mj

þ 2j ~Sjðr þ j ~SjÞ

¼
X

k2 ~Z

1

ak þ j ~mj

ðr þ j ~SjÞak � 1 þ ðr þ j ~SjÞ~c� j ~Sj
r


 �

þ 2j ~Sjðr þ j ~SjÞ:
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Multiplying this equality by r
rþj ~Sj , we get

0 ¼
X

k2 ~Z

rak þ ~c� 1

ak þ j ~mj þ 2rj ~Sj: ð50Þ

Hence immediately
Pr

k¼1 fk ¼ 0: Put

~xk ¼
ffiffiffiffiffi
~jk

p
; ~nk ¼

fk
kfk for k ¼ 1; . . .; r:

It is clear that ð~n; ~xÞ 2 fg ¼ 0g. It follows from

the definition of ~j and f that

~j � ~n ¼ 2r

kfk :

Thus

~nk ¼ ~j � ~n for k 2 ~S:

The definition of f implies the relations

fkðak þ j ~mjÞ ¼ rak þ ~c� 1 for k 2 ~Z;

fkðak þ j ~mjÞ ¼ 2rðak þ j ~mjÞ for k 2 ~S:
ð51Þ

Adding (51) and using the definition of ~c , we have

a � f ¼ j ~Sj þ r
X

k2 ~S

ak þ 2rj ~Sjj ~mj þ j ~Zjj~cj ¼ 2r~c;

what after dividing by kfk gives

a � ~n ¼ ð~j � ~nÞ~c:

But multiplying (51) by fk
kfk2 , we get

ak~n
2

k þ j ~mj~n2

k ¼
1

2
ð~j � ~nÞak~nk þ

~j � ~n
2r

ð~c� 1Þ~nk
for k 2 ~Z;

ak~n
2

k þ j ~mj~n2

k ¼ ð~j � ~nÞ2ak þ ð~j � ~nÞ2j ~mj
for k 2 ~S:

ð52Þ

We add (52) and then we calculate

Xr

k¼1

ak~n
2

k þ j ~mj

¼ 1

2
ð~j � ~nÞ

X

k2 ~Z

ak~nk þ
~j � ~n
2r

ð~c� 1Þ
X

k2 ~Z

~nk

þ ð~j � ~nÞ2
X

k2 ~S

ak þ ð~j � ~nÞ2j ~mjj ~Sj

¼ 1

2
ð~j � ~nÞ

X

k2 ~Z

ak~nk þ
~j � ~n
2r

ð1 � ~cÞ
X

k2 ~S

~nk

þ 1

2
ð~j � ~nÞ

X

k2 ~S

ak~nk

þ 1

2
ð~j � ~nÞ2

X

k2 ~S

ak þ ð~j � ~nÞ2j ~mjj ~Sj

¼ 1

2
ð~j � ~nÞ

Xr

k¼1

ak~nk þ
1

2r
~j � ~n� ð~j � ~nÞ~c
� �

ð~j

� ~nÞj ~Sj

þ 1

2
ð~j � ~nÞ2

X

k2 ~S

ak þ ð~j � ~nÞ2j ~mjj ~Sj

¼ 1

2
ð~j � ~nÞða � ~nÞ þ 1

2r
j ~Sjð~j � ~nÞ ~j � ~n� a � ~n

� �

þ 1

2
ð~j � ~nÞ2

X

k2 ~S

ak þ 2j ~mjj ~Sj
 !

¼ 1

2
� j ~Sj

2r


 �
ð~j � ~nÞða � ~nÞ þ ð~j � ~nÞ2

2

j ~Sj
r
þ
X

k2 ~S

ak þ 2j ~Sjj ~mj
 !

¼ r � j ~Sj
2r

ð~j � ~nÞða � ~nÞ þ ð~j � ~nÞ2

2r
ðr þ j ~SjÞ~c

¼ r � j ~Sj
2r

ð~j � ~nÞða � ~nÞ þ r þ j ~Sj
2r

ð~j � ~nÞða � ~nÞ
¼ ð~j � ~nÞða � ~nÞ:

Hence,
Pr

k¼1 ak
~n

2

k � ð~j � ~nÞða � ~nÞ ¼ �j ~mj ¼ ~m,

that is to say fað~n; ~xÞ ¼ ~m. Thus, ~m�m.

Concluding, if ~Z � f1; . . .; rg, 0\j ~Zj\r and ~m

is a negative root of Eq. (49), then ~m�m.

We will prove that jZj ¼ r � 1. Suppose that

jZj\r � 1: ð53Þ

Let k� 2 f1; . . .; rgnZ and define

~Z ¼ Z [ fk�g: ð54Þ

Define the rational function

R : Rþ 3 y 7!
X

k2 ~Z

j ~Zjak �
P

l2 ~Z al
ak þ y

þ 4rðr � j ~ZjÞ 2 R:

ð55Þ

We calculate

RðjmjÞ ¼
X

k2Z[fk�g

ðjZj þ 1Þak � ð
P

l2Z al þ ak�Þ
ak þ jmj

þ 4rðr � jZj � 1Þ

¼
X

k2Z

jZjak �
P

l2Z al
ak þ jmj þ 4rðr � jZjÞ

þ
X

k2Z

ak
ak þ jmj þ jZj ak�

ak� þ jmj

� 4r � ak�
X

k2Z

1

ak þ jmj �
P

k2Z ak
ak� þ jmj

\0 þ jZj þ jZj � 2r � 2r ¼
� ð2ðr � jZjÞ þ 2rÞ\0:

ð56Þ
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Because limy!1 RðyÞ ¼ 4rðr � j ~ZjÞ[ 0, there is

y[ jmj such that RðyÞ[ 0. It follows from the

Darboux property that there is ~y[ jmj such that

Rð~yÞ ¼ 0. Put ~m ¼ �~y\0. But Rðj ~mjÞ ¼ 0 and

from here ~m is a negative root of (49). The con-

clusion before (53) says that ~m�m. On the other

hand, � ~m ¼ ~y[ jmj ¼ �m what implies ~m\m ,

and we have contradiction.

Because jZj ¼ r � 1, there is k̂ 2 f1; . . .; rg such

that Z ¼ f1; . . .; rgnfk̂g. In consequence,

0 ¼
X

k2Z

jZjak �
P

l2Z al
ak þ jmj þ 4rðr � jZjÞ

¼
Xr

k¼1;k 6¼k̂

ðr � 1Þak þ ak̂ � 1

ak þ jmj þ 4r:

Hence mðaÞ ¼ min x\0 : 9j 2 f1; . . .; rg 4rþf
Pr

k¼1;k 6¼j
ajþðr�1Þak�1

akþjxj ¼ 0g 
m, but according to

the conclusion before (53) we have mðaÞ�m, that

is to say m ¼ mðaÞ.
(iii) Observe that in the proof of point (ii) it is not

important an explicit form of a but a fact that

a 2 K only. So a can be replaced, for example, by

ei and mðaÞ by mðeiÞ, i ¼ 1; . . .; r.

If r ¼ 2, then

�
ffiffiffiffiffiffiffiffiffiffiffi
r � 1

2r

r
� 1

2

 !
¼ 0 ¼ mðeiÞ:

Let r[ 2. Applying (ii) to ei , we see that

mðeiÞ\0 and there is j 2 f1; . . .; rg such that

4r þ
Xr

k¼1;k 6¼j

jj þ ðr � 1Þjk � 1

jk þ jmðeiÞj
¼ 0;

where j ¼ ei. Note that j ¼ i is not possible

because in this case

0 ¼ 4r þ
Xr

k¼1;k 6¼i

ji þ ðr � 1Þjk � 1

jk þ jmðeiÞj
¼ 4r[ 0:

Therefore, j 6¼ i and

0 ¼ 4r þ
Xr

k¼1;k 6¼j

ðr � 1Þjk � 1

jk þ jmðeiÞj

¼ 4r þ
Xr

k¼1;k 6¼i;j

ðr � 1Þjk � 1

jk þ jmðeiÞj
þ ðr � 1Þji � 1

ji þ jmðeiÞj

¼ 4r

jmðeiÞjð1 þ jmðeiÞjÞ
mðeiÞ2 � mðeiÞ þ

2 � r

4r


 �
:

ð57Þ

This implies that mðeiÞ is a negative root of the

quadratic trinomial x2 � xþ 2�r
4r , and obviously

mðeiÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
r � 1

2r

r
� 1

2

 !
:

Let ðn; xÞ 2 fg ¼ 0g and put jk ¼ x2
k ,

k ¼ 1; . . .; r. It is true that

fjðn; xÞ ¼
Xr

i¼1

jiniðni � j � nÞ� min
i¼1;...;r

niðni � j � nÞ

ð58Þ

because
Pr

i¼1 jiniðni � j � nÞ 2 convfniðni � j �
nÞ : i ¼ 1; . . .; rg: Note that j � n ¼

Pr
k¼1 jknk 2

convfnk : k ¼ 1; . . .; rg so nmin 
 j � n
 nmax,

where nmin ¼ mink¼1;...;r nk, nmax ¼ maxk¼1;...;r nk.
Let i 2 fi; . . .; rg be fixed. If ni � 0, then

niðni � j � nÞ� niðni � nmaxÞ� min
j;k¼1;...;r

njðnj � nkÞ

else

niðni � j � nÞ� niðni � nminÞ� min
j;k¼1;...;r

njðnj � nkÞ:

These estimates and (58) give the relations

fjðn; xÞ� min
i¼1;...;r

niðni � j � nÞ�

min
j;k¼1;...;r

njðnj � nkÞ ¼ min
j;k¼1;...;r

fejðn; ekÞ:
ð59Þ

Observe that

fejðn; ekÞ�mðejÞ ¼ mðerÞ: ð60Þ

In consequence, by (59), (60)

mðaÞ�mðerÞ: ð61Þ

(iv) Let x\0 fulfils the equation

12 þ
X3

k¼1;k 6¼j

aj þ 2ak � 1

ak � x
¼ 0 ð62Þ

for some j 2 f1; 2; 3g. Without loss of generality,

we can assume that ak � al, k; l 2 f1; 2; 3gnfjg.

Equation (62) is equivalent to the following one

x2 � ðak þ alÞxþ
16akal � ðak þ alÞ2

12
¼ 0:

Hence

x ¼ al
1ffiffiffi
3

p þ 1

2


 �
� ak

1ffiffiffi
3

p � 1

2


 �
� � amax

1ffiffiffi
3

p � 1

2


 �
;

where amax ¼ maxfa1; a2; a3g. Note that there is

l, k such that al ¼ 0, 0\ak ¼ amax because the

equation

x2 � akx�
a2
k

12
¼ 0
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has a negative root. Thus

mðaÞ ¼ �amax

1ffiffiffi
3

p � 1

2


 �
:

The proof is complete. h

Theorem 5 (criterion of parabolicity) If Hi, i ¼ 1; . . .; r

are constant and dþ mðaÞ
Pr

k¼1ðHk � dÞ[ 0, then the

generalized parabolicity condition (16) is fulfilled with l :

¼ dþ mðaÞ
Pr

k¼1ðHk � dÞ and m ¼ 0.

Proof It follows from Theorem 4 that

ðAjnÞ � n� lknk2
for j 2 K and n 2 1?; ð63Þ

because it is equivalent to

Aj
n

knk


 �
� n
knk � l for j 2 K and n 2 1?:

The inequality (63) implies immediately (16). h

4 Numerical Simulations

To illustrate a class of problems which can be treated with

our method, we consider three examples with constant Hi,

i ¼ 1; 2; 3. In these examples, all the assumptions of our

theorems are fulfilled, with l and m found with the use of

the criterion of parabolicity (see Theorem 5). The results of

numerical simulations are consistent with real experiments

(Sapa et al. 2020; Belova et al. 2005; Dąbrowa et al. 2016;

Bo _zek et al. 2021). The numerical solutions are obtained

with the use of the Galerkin method described in Sapa

et al. (2018b).

Example 1 Consider the ternary mixture of nickel (Ni),

cobalt (Co) and iron (Fe) with constants Hi, i ¼ 1; 2; 3 at

the temperature 1223 [K]. Let the physical data be given:

r ¼ 3; Ni�Co�Fe; K ¼ 0:01 ½cm�;
ðM1;M2;M3Þ ¼ ð58:69; 58:93; 55:85Þ;
ðX1;X2;X3Þ ¼ ð6:59; 6:67; 7:09Þ½cm3=mol�;
ðH1;H2;H3Þ ¼ ð3:9 � 10�13; 8:7 � 10�13; 1:1 � 10�12Þ½cm2=s�;
ð.01; .02; .03Þ ¼ ð4:10; 3:00; 1:58Þ for x\0;

ð.01; .02; .03Þ ¼ ð0:00; 3:00; 5:20Þ for x[ 0:

The constant l ¼ 3:35081 � 10�13 [ 0 in Theorem 5. For

the times 0, 58, 323, 660 h, we obtained the numerical

results displayed in Fig. 1.

Example 2 Consider the ternary mixture of nickel (Ni),

chrome (Cr) and aluminium (Al) with constants Hi, i ¼
1; 2; 3 at the temperature 1473 [K]. Let the physical data be

given:

Fig. 1 The distributions of densities: q1 (red), q2 (blue), q3 (green). The results are after 0, 58, 323 and 660 h, respectively
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Fig. 2 The distributions of densities: q1 (red), q2 (blue), q3 (green). The results are after 0, 6, 12 and 24 h, respectively

Fig. 3 The distributions of densities: q1 (red), q2 (blue), q3 (green). The results are after 0, 6, 12 and 24 h, respectively
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r ¼ 3; Ni�Cr�Al; K ¼ 0:02 ½cm�;
ðM1;M2;M3Þ ¼ ð58:69; 51:10; 26:98Þ;
ðX1;X2;X3Þ ¼ ð7:20; 10:00; 6:00Þ ½cm3=mol�;
ðH1;H2;H3Þ ¼ ð3:2 � 10�10; 2:6 � 10�9; 1:1 � 10�9Þ ½cm2=s�;
ð.01; .02; .03Þ ¼ ð4:10; 2:00; 0:46Þ for x\0;

ð.01; .02; .03Þ ¼ ð0:10; 2:00; 2:47Þ for x[ 0:

The constant l ¼ 1:43641 � 10�10 [ 0 in Theorem 5. For

the times 0, 6, 12, 24 h, we obtained the numerical results

displayed in Fig. 2.

Example 3 Consider the ternary mixture of nickel (Ni),

chrome (Cr) and aluminium (Al) with constants Hi, i ¼
1; 2; 3 at the temperature 1473 [K]. Let the physical data be

given:

r ¼ 3; Ni�Cr�Al; K ¼ 0:02 ½cm�;
ðM1;M2;M3Þ ¼ ð58:69; 51:10; 26:98Þ;
ðX1;X2;X3Þ ¼ ð7:20; 10:00; 6:00Þ ½cm3=mol�;
ðH1;H2;H3Þ ¼ ð3:2 � 10�10; 2:6 � 10�9; 1:1 � 10�9Þ ½cm2=s�;
ð.01; .02; .03Þ ¼ ð3:10; 0:30; 2:30Þ for x\0;

ð.01; .02; .03Þ ¼ ð3:10; 2:50; 0:57Þ for x[ 0:

The constant l ¼ 1:43641 � 10�10 [ 0 in Theorem 5. For

the times 0, 6, 12, 24 h, we obtained the numerical results

displayed in Fig. 3.

In Examples 1, 2, 3, the most interesting is uphill dif-

fusion. Such diffusion was observed in experiments

(Belova et al. 2005; Dąbrowa et al. 2016). The initial

homogenous concentration of cobalt (Co) in Fig. 1 and

chrome in Figs. 2 and 3 (the blue curves) goes out of the

equilibrium at the beginning, and as a result of time evo-

lution, this concentration homogenizes.
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Dąbrowa J, Kucza W, Cieślak G et al. (2016) Interdiffusion in the

FCC-structured Al-Co-Cr-Fe-Ni high entropy alloys: experimen-

tal studies and numerical simulations. J Alloys Comp; 674:

455–462

Danielewski M, Filipek R, Holly K et al (1994) Interdiffusion in

multicomponent solid solutions. The mathematical model for

thin films. Phys Stat Sol A 145:339–350

Danielewski M, Holly K, Krzy _zański W (2008) Interdiffusion in r-
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