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1 Introduction

In recent times, many authors considered Pillai-type problems involving linear recurrence
sequences. For an overview we refer to [5]. Let us note that these problems are inspired
by a result due to S. S. Pillai [9,10] who proved that for given, coprime integers a and b,
there exists a constant c¢o(a, b), depending on a and b, such that for any ¢ > co(a, b) the
equation

a'—b" =¢ @)

has at most one solution (1, m) € Z2>0.

Replacing the powers a” and b by other linear recurrence sequences seems to be a chal-
lenging task which was supposedly picked up first by Ddamulira, Luca and Rakotomalala
[4], where it was shown that

F,-2"=c¢
has at most one solution (7, m) € Z2>0 provided that
c¢{0,1,—1,-3,5 —11,—30, 85).

More generally, Chim, Pink and Ziegler [3] proved that for two fixed linear recurrence
sequences (Uy)neN, (Vi)nen (with some restrictions) the equation

u,—-—V,=c

has at most one solution (1, m) € ZZ>0 for all ¢ € Z, except if ¢ is in a finite and effectively
computable set C C Z that depends on (U},),en and (V) ,eN-
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In more recent years, several attempts were made to obtain uniform results, i.e. to allow
to vary the recurrence sequences (Uy,)sen and (Vy)uen in the result of Chim, Pink and
Ziegler [3]. In particular, Batte, Ddamulira, Kasozi and Luca [1] showed that for all pairs
(p, ¢) € P x Z with p a prime, the Diophantine equation

F,—-p"=c
has at most four solutions (1, m) € N? with n > 2. This result was generalized by Heintze,
Tichy, Vukusic and Ziegler [5]. They proved that for a given linear recurrence sequence
(Un)nen (with irrational simple dominant root & > 1 having a positive Binet coefficient 4,
such that @ and a4 are multiplicatively independent and such that the equation «* — 1 =
a*a? has no solutions with z € N, x4,y € Q and —1 < x < 0), there exist an effectively
computable bound B > 2 such that for an integer b > B the Diophantine equation

u,-bv"=c (2)
has at most two solutions (1, m) € N? with # > Np. Here Ny is an effectively computable
constant depending only on (U},)eN.

In this paper, we want to fix b in (2) and let (U;,) ;e vary over a given family of recurrence
sequences. In particular, we consider the case where (U,),eN varies over the family of
Lucas-Lehmer sequences of the second kind.

2 Notations and statement of the main results
In this paper, we consider Lucas-Lehmer sequences of the second kind, that is we consider
binary recurrence sequences of the form

Vu(A4,B) = Vy =a" + B,
where o and § are the roots of the quadratic polynomial

X? - AX+B
with A% # 4B and ged(A, B) = 1. In the following, we will assume that V}, is non-
degenerate, i.e. that &/ is not a root of unity. More precisely, we assume A% — 4B > 0
and A # 0, since this implies that & and S are distinct real numbers with || # |8]. We
will also assume that A > 0, which results in V,, > 0 for all # € N. Then we consider the
Diophantine equation

V,—b" =g (3)
where b, ¢ € Z with b > 1 are fixed.

Theorem 1 Let 0 < € < 1 be a fixed real number and A, B coprime integers satisfying
A% — 4B > 0. Assume that |B| < A>~ as well as that the polynomial X> — AX + B is
irreducible and A > 32V/¢, Furthermore, assume that b > 2 ifc > O and b > 3 ifc < 0.
Assume that Eq. (3) has three solutions (n1, my), (ny, my), (n3, m3) € N? with ny > ny >
nz > Ny(€) for the bound Ny(€) = % Then there exists an effectively computable constant
C1 = Ci(e, b), depending only on € and b, such that n1 < C. In particular, we can choose

1 4 1 a4
Cp =4.83- 1032@ (log (5.56 10% ¢ ngb) >) ‘
€ €

Let us note that the bound Ny = Ny(¢) in Theorem 1 ensures that V, is strictly increasing
for n > Ny (see Lemma 9 below). Let us also mention that it is essential to exclude the
case that V), = V.
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Although we can bound #; in terms of b and €, our method does not provide upper
bounds for A and |B|. However, in the case that we are more restrictive in the possible
choice of B, we can prove also upper bounds for A and |B|.

Theorem 2 Let k > 1 be a fixed real number and A, B coprime integers satisfying A> —
4B > 0. Assume that |B| < kA as well as that the polynomial X*> — AX + B is irreducible.
Furthermore, assume that b > 2 ifc > 0 and b > 3 if ¢ < 0. Assume that Eq. (3) has
three solutions (ny, m1), (ng, my), (n3, ms) € N2 with ny > ny > n3 > 1. Then there exist
effectively computable constants Co = Cy(«, b), depending only on k and b, and Cs = C3(b),
depending only on b, such that log A < max{Cy, C3}. We can choose

C, = 4.35 - 10'%log(4«) log blog (5.98 - 10" log b)
and
Cs =9.41-10° (log (1.4 -10%(log b)* (log (2.23 - 10¥ (log b)4))4) log b)2 .
A straight forward application of our bounds yields:

Corollary 3 Assume that |B| < A. If the Diophantine equation
V,—2"=c¢ (4)

with ¢ > 0 has three solutions (n1, m), (ny, ms), (nz3, ms) € N2 withny > ny > n3 > 1,
then either

¢ A <1024 or
o 11 <2.3-10° andlogA < 4.48 - 1013,

Another consequence of Theorem 2 together with the results of Chim, Pink and Ziegler
[3] is that there exist only finitely many Diophantine equations of the form of (3) that
admit more than two solutions, provided that |B| < kA. The following corollary gives a

precise statement.

Corollary 4 Let « > 1 be a fixed real number and b > 2 a fixed integer. Then there exist
at most finitely many, effectively computable 9-tuples (A, B, ¢, n1, m1, na, my, n3, m3) € Z°
such that

+ A and B are coprime;

+ A > max{k? 1024}, |B| < kA and A*> — 4B > 0;
o X? — AX + Bis irreducible;

o ifb=2thenc > 0;

o 11 > ny > nz > 1and my, my, mz > 1;

o Vy(A,B)=b" =cfori=1,2,3.

Proof For any fixed value of ¢, we apply Theorem 2 and get an upper bound for A,
independent of c. So there remain only finitely many, effectively computable possibilities
for A and B. Thus we have finitely many possibilities for the recurrence V,,. Chim, Pink
and Ziegler [3] proved that, for two in absolute values strictly increasing linear recurrences
(Xn)n=nN, and (Yy;)m=n, with multiplicatively independent dominant roots, there exists
only finitely many, effectively computable integers ¢ such that X;,, — Y,, = ¢ has more
than one solution. First, we have to ensure that « and b are multiplicatively independent.
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However, « and b are multiplicatively dependent if and only if there exist integers x, y not
both zero such that «* = 5”. But «* cannot be a rational number, unless x = 0, since by
our earlier assumptions A > 0 and A2 — 4B > 0 is not a perfect square. Second, we note
that V;, is strictly increasing for » > 1 by Lemma 10 since A > max{k?, 1024} implies
A > 4k + 4. Therefore we can apply their result in our situation and obtain that there
are only finitely many, effectively computable values for c. Finally, we use Theorem 1 with
€ = % to bound the #;. Clearly, the m; can now be calculated. O

Let us give a quick outline for the rest of the paper. In the next section we establish
several lemmas concerning properties of Lucas sequences V;, under the restrictions that
IB| < A27€ and |B| < KA, respectively, that we will frequently use throughout the paper.
The main tool for the proofs of the main theorems are lower bounds for linear forms in
logarithms of algebraic numbers. In Sect. 6 we establish bounds for #1, which still depend
on log «, following the usual approach (cf. [3]). In Sect. 7, under the assumption that three
solution exist, we obtain a system of inequalities involving linear forms in logarithms
which contain log «. Combining these inequalities we obtain a linear form in logarithms
which does no longer contain log «. Thus we obtain that Theorems 1 and 2 hold or one
of the following two cases occurs:

e N1mMy — Nomy| = 0;

o my — m3 <K logny.

That each of these cases implies Theorems 1 and 2 is shown in the subsequent Sects. 8
and 9.

3 Auxiliary results on Lucas sequences

Let « and S be the roots of X> — AX + B. By our assumptions, « and f are distinct real
numbers ¢ Q. Throughout the rest of the paper, we will assume that « is the larger one,
i.e. |a| > |B|, which we can do since, by our assumptions, we have A > 0. Therefore we
obtain

A+ A% — 4B A — A% — 4B

azf and B = 5

First, note that @ > 1 can be bounded in terms of A:

Lemma 5 Assuming that |B| < A%, we have% <a < 2A.

At some point in our proofs of Theorems 1 and 2, we will use that 8 cannot be to close
to 1. In particular, the following lemma will be needed.

Lemma 6 Let A, B, o, B be as above, in particular X> — AX + B irreducible with real roots.
Assume that A > 4. Then we have

=181l =

2445

Proof First, let us note that the function f(x) = 4=Y4" =4 “;2_4’“ is strictly increasing for all
x < A2/4. Moreover, we have f(A — 1) = 1 and f(—A — 1) = —1. By our assumption that
X? — AX + Bis irreducible, a choice for B such that || = 1 is not admissible. Therefore
we have

|1 —BIl = min{l — f(A —2),f(A) = Lf(-A) + 1, -1 - f(-A - 2)}.
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We compute

—A-) AT 4A—2) 4
2((A—2)+ A2—4(A—2)>

1—f(A—-2)=

2 2

> = ,
TA-24+JA2Z 2441 2A-3

provided that A2 — 24 +1 > A2 — 4A + 8, which certainly holds for A > 7/2. Similar
computations yield

far-l=o

provided that A > 4. O

» fEA)+1=

Next, we show that under our assumptions |B| is not to large.

Lemma 7 Assume that |B| < A2~ and that A€ > 8. Then we have \%I > %AE.
Proof First we note that
a|l |A++A2—4B| |2A4% —4B+2AVA? —4B
B A — A2 —4B 4B
- 2A% — 4|B| +2A\/A? — 4|B]  A? - A? /1 4/B|
= 4/B| ~ 2|B 2|B| A2

From the observation

A2 4|B| A€ 4
11— 1= >2V2>1,
2BV~ Az T 2V T ge =VET

then it follows
o A2 A€
—_— > — > —,
Bl 2|B| 2

Lemma 8 Assume that |B| < kA and that A > 4k. Then we have || < 2k.

Proof We have

Bl — A—VAT—4B| _ 21B]
2 T A+ JAZZ4B|

Let us now consider the function f(x) = This function is strictly increasing

2
A+VA2—4x’

with x since obviously the numerator is strictly increasing with x while the denominator
is strictly decreasing with x. Therefore we obtain

Bl 2k A 2 <9
< =K <2
A+VA2—4KA 1+ /1_4716

since A > 4«. O

Now let us take a look at the recurrence sequence V.

Lemma 9 Assume that |B| < A>~€ and A€ > 8. Then V,, is strictly increasing for n > %
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Proof First, we note that
Vier = Vu =" 4 "1 — o — " = a"(a = 1) + B"(B — 1) > 0
certainly holds if

o(a = 1) > [BI"(IB] + 1),

(i)n i (5)
|8 a—1

Note that % > %AS, by Lemma 7, and, by Lemma 5,

|B| 2A2—6
Bl =— <
o

=247

Moreover, note that the smallest possible value for « is H'Tﬁ Therefore (5) is certainly
fulfilled if

1\ 1o 3Al7¢ 24l7c 41
— >
(2A) > 64 = =1+/5 ~ 1+J§_1'
2 2

Thus V;, is increasing if
n(elogA —log2) > log6+ (1 —¢€)logA

or equivalently

(1 —€)logA +log6
>
€logA —log2

Since the rational function f(x) = Z’x"—is is strictly increasing if ad — bc > 0, strictly

decreasing if ad — bc < 0, and constant if ad — bc = 0, we obtain that for

3 =<log8+log6
n>— —
T 2e log 8 — log2

the Lucas sequence is strictly increasing. O

Lemma 10 Assume that |B| < kA and A > 4« + 4. Then V), is strictly increasing for
n=>0.

1B1+1
a—1

Proof By (5) we know that V}, is increasing for all # > 0 if 1 > ‘£=—=. By Lemma 5, we

have a > % > 2k + 2 > 2 and, using Lemma 8, also |8| < 2«. Therefore we get

Bl+1 2c+1
<
a—1 %_1

<L

O

Remark 1 Note that assuming |[B] < kA and A > «2 implies |[B] < A%? = A>~€ with
€ = 1/2. Therefore all results that are proven under the assumption |B| < A?~€ with
€ = 1/2 also hold under the assumption |B| < kA and A > «2.

In view of this remark and in view of the proofs of the following lemmas, we will assume
for the rest of the paper that one of the following two assumptions holds:

Al: B < A>¢, A€ >32and N = 2,
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A2: |B| <kA,A> max{KZ, 16« + 12,1024} and Ny = 1.

Remark 2 Let us note that the bound A > 2 and A > 1024 in assumption A2 results in
the useful fact that assumption A2 implies assumption Al with € = %, but with Ny = 1
instead of % The assumption A > 16« + 12 is mainly used in the proofs of the Lemmas
12 and 13. Moreover, assumptions Al and A2 both imply |B| < A2.

In view of the assumptions stated above, an important consequence of Lemmas 9 and
10 is the following:

Corollary 11 Let assumption Al or A2 be in force and let us assume that (3) has two
solutions (n1, m1) and (ny, my) with ny > ny > Ny. Then my > mo.

Lemma 12 Let assumption Al or A2 be in force and n > Ny. Then we have %a” >V, >
%o&”.
Proof Assume that Al holds. Then, by Lemma 7, we have
1BIY" 2\" 1
— <|—=) <-.
o A€ 4
If A2 holds, by Lemma 8, we have
181" ac\" 1
— <|—=) <=
o A 4

Therefore in any case we get
3 " n 5
_an = an (1 B <@> ) S an + ﬁn - Vn S an (1 + (@) > = _an‘
4 o (07 4

Another lemma that will be used frequently is the following:

Lemma 13 Let assumption Al or A2 be in force and assume that Eq. (3) has two solutions
(n1, my) and (ny, my) with ny > ny > No. Then we have

5 v 3

> > —.
2 a™ 8

Proof Assuming the existence of two different solutions implies by an application of
Lemma 12 the inequality

5 1 1
Zanl > Vy > Vi — Vi, =™ — "™ =™ (1 — ) > =b"M,

bm—ma | = 3
which proves the first inequality.
For the second inequality, we apply again Lemma 12 to obtain

3, 5
an—Vy,2>Ea1 1- .

S —n2

Since we assume in any case that o > % >4, wegetVy, — Vy, > %a”l and thus

3
ganl < Vi — Vi, =™ — "™ < b'"™,

which yields the second inequality. ]
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Finally, let us remind Carmichael’s theorem [2, Theorem XXIV]:

Lemma 14 Let A, B be coprime integers with A > 0 and A> — 4B > 0. Forany n # 1,3
there exists a prime' p such that p | V,, but p t V,, for all 1 < m < n, except for the case
thatn = 6 and (A, B) = (1, —1).

This lemma can be used to prove the following result:

Lemma 15 Assume that ¢ = 0 and A > 1. Then the Diophantine Eq. (3) has at most one
solution (n, m) withn > 1.

Proof Assume that (3) has two solutions (ny, m1), (112, my) with n; > ny > 1. Then by
Carmichael’s primitive divisor theorem (Lemma 14) we deduce that n; = 3 and n, = 1.
Since V; = A and V3 = A3 — 34B we obtain the system of equations

A=b", A% _34AB=0p™
which yields
¥ — 3B = pMm"m2,

That is b | 3B. Since we assume that gcd(4,B) = 1and A > 1, we deduce b | 3and b = 3.
We also conclude that 3 t B. By considering 3-adic valuations, this yields m; — my = 1
since my = 0 would imply A = 1. Hence we have B = 327271 — 1,

Note that we also assume A> — 4B > 0 which implies that

32}4’12 _ 4(32}’}’12—1 _ 1) — 4 _ 32}’}’!2—1 > 0

holds. But this is only possible for 1, = 1 and we conclude that A = 3 and B = 2. Since
X% —3X 42 = (X —2)(X — 1) is not irreducible, this is not an admissible case. Therefore
there exists at most one solution to (3). O

4 Lower bounds for linear forms in logarithms

The main tool in proving our main theorems are lower bounds for linear forms in loga-
rithms of algebraic numbers. In particular, we will use Matveev’s lower bound proven in
[7]. Therefore let n # 0 be an algebraic number of degree d and let

ag (X - n(l)) o (X - r;(d)) e Z[X]
be the minimal polynomial of 5. Then the absolute logarithmic Weil height is defined by

d

1 .
h(n) = = | loglaa + ;max{o, log [n?}

With this notation, the following result due to Matveev [7] holds:

Theorem 16 (Theorem 2.2 with » = 1 in [7]) Denote by ny, ..., nn algebraic numbers,
neither 0 nor 1, by log n1, . . ., log nn determinations of their logarithms, by D the degree
over Q of the number field K = Q(n1, ..., nn), and by by, ..., by rational integers with
bn # 0. Furthermore let k = 1 if K is real and k = 2 otherwise. For all integers j with
1 <j < N choose

Aj > max{Dh(n;), | log n;|, 0.16},

I'This prime p is called a primitive divisor.
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and set

bilA;
E:max{m

:1§j§N}.
N

Assume that
A:=bilogn + -+ bnlognn #0.
Then
log |A| > —C(N, k) max{1, N /6}CoWoD?>Q
with
Q=A,- -Apn,

C(N k) = A}—!ieN(ZN + 1+ 26)(N + 2)(4(N + 1))NH1 <%eN)K,

Co = log (e4'4N+7N5'5D2 1og(eD)), Wo = log(1.5¢ED log(eD)).

In our applications, we will be in the situation N € {2,3} and K = Q(¢) C R, i.e. we
have D = 2 and ¥ = 1. In this special case Matveev’s lower bounds take the following

form:

Corollary 17 Let the notations and assumptions of Theorem 16 be in force. Furthermore,
assume that K is a real quadratic number field and that A # 0. Then we have
log|A| > —7.26 - 10'° log(13.81E)Q2 forN =3,

(6)
log|A| > —6.7 - 108 log(13.81E)Q forN =2.

Remark 3 Let us note that the form of E is essential in our proof to obtain an absolute
bound for 77 in Theorem 1. Let us also note that in the case of N = 2 one could use the
results of Laurent [6] to obtain numerically better values but with an log(E)? term instead.
This would lead to numerically smaller upper bounds for concrete applications of our
theorems. However, we refrain from the application of these results to keep our long and

technical proof more concise.

In order to apply Matveev’s lower bounds, we provide some height computations. First,
we note the following well known properties of the absolute logarithmic height (see for
example [12, Chapter 3] for a detailed reference):

Lemma 18 Foranyn,y € Qandl € Q we have

h(n £ y) < h(n) + h(y) +log2,
h(ny) < h(n) + h(y),
h(n') = |1lh(n).

Remark 4 Note that for a positive integer b we have 4(b) = log b and, with « and 8 from
Sect. 3, we have

h(a) = % (max{0, log ¢} + max{0, log |8]}}) < log .

51
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This together with the above mentioned properties yields for ¢ € Z- ¢ the bound
h(a' £1) < tloga + log2.

One other important aspect in applying Matveev’s result (Theorem 16) is that the linear
form A should not vanish. We will resolve this issue with the following lemma:

Lemma 19 Assume that the Diophantine Eq. (3) has three solutions (n1, my), (ng, my),
(13, m3) € N2 withny > ny > n3 > 0. Then we have

A;:=mn;loga — m;logh # 0, fori=1,23

T — 1
A :=nyloga — mylog b + log <—> £0,

bm—m — 1
Proof Assume that A; = n;loga —m;logb = 0 for some i € {1, 2, 3}. But A; = 0 implies
a'i — p™i = 0 which results in view of (3) in
i 4 g — P = g =
Since X2 — AX + Bisirreducible, @ and f are Galois conjugates. Therefore, by applying the
non-trivial automorphism of K = Q(«) to the equation 8" = ¢, we obtain «” = ¢ since

¢ € Q. But this implies 8" = «”, hence |«| = |8, a contradiction to our assumptions.

Now, let us assume that

M — 1
A = nyloga — mylogb + log (—) =0.

prmim 1

This implies o™ — o™ = b — p"2 which results in view of (3) in 8 = g"2. But then
B = 0 or B is a root of unity. Both cases contradict our assumption that X> — AX + B is
irreducible and 8 € R. O

Finally, we want to record three further elementary lemmas that will be helpful. The

first lemma is a standard fact from real analysis.

Lemma 20 If|x| < %, then we have |log(1 + x)| <2|x| and

2
§x2 <x—log(l+x)< 2%2,

Proof A direct application of Taylor’s theorem with a Cauchy and Lagrange remainder,

respectively. o
Next, we want to state another estimate from real analysis:
Lemma 21 Letx € R and n € N such that |2nx| < % and n > 1. Then we have
@ +x)" — 1| < e*njx|.

Proof Since the case x = 0 is trivial, we may assume x 7 0. From the mean value theorem,
we then get
1+x)" -1
I( | )| ‘ < n(1+ x)"L < eV,
x

The third lemma is due to Peth6 and de Weger [8].
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Lemma22 Leta,b > 0, h > 1and x € R be the largest solution of x = a + b(logx)". If
b > (e*/h)", then

x < 2" (al/h + bl 1og(hhb))h,
and if b < (e*/h)", then

x < 2 (al/h + Zez)h.

A proof of this lemma can be found in [11, Appendix B].

5 Alower bound for |c| in terms of n1 and o
The purpose of this section is to prove a lower bound for |c|. In particular, we prove the
following proposition:

Proposition 23 Assume that assumption Al or A2 holds and assume that Diophantine
Eq. (3) has two solutions (n1, my) and (ny, my) with ny > ny > Ny. Then we have

|C| - a”l*KO log(27.62n1) __ |I3|n1

with Ky = 2.69 - 10° log b.

Proof Let us first take a look at the case
n
el 1" 1
a™ 2

Here we get immediately

1
el +1BI™ = Ja™ > a7

and are done. Now we can assume
el + 181" 1
_ < -
a™ 2

We consider equation

o+ pM— P =

and obtain
which yields
lel + Iﬂl’”‘

|milogb — niloga| <2 o

The goal is to apply Matveev’s theorem (Theorem 16) with N = 2. Note that withn; = b
and 1y = o we choose A} = 2log b and Ay = 2log«, in view of Remark 4, and obtain

m log b nl}

E = max
{ log o

Due to Lemma 13 we have

m logb S log(5/2) -

2}'21,
log o log «
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Therefore we obtain by Corollary 17 that

2.68 - 10’ log blog o log(27.62n1) > — log }ml logh — m logoz|
> m loga — log(lc| + |8]™) — log 2

which implies the content of the proposition. O

6 Bounds for n in terms of log «

In this section, we will assume that assumption A1l or A2 holds. However, in the proofs
we will mainly consider the case that assumption Al holds. Note that this is not a real
restriction since assumption A2 implies assumption Al with € = % and Ny = 1 instead of
Ny = % (cf. Remark 2). Also assume that Diophantine Eq. (3) has three solutions (1, 711),
(n9, ma), (n3, ms) with n; > ny > n3 > Np. In this section we follow the approach of Chim
et al. [3] and prove upper bounds for #; in terms of «. To obtain explicit bounds and to
keep track of the dependence on log b and log « of the bounds we repeat their proof. This
section also delivers the set up for the later sections which provide proofs of our main
theorems. Moreover, note that the assumption that three solutions exist, simplifies the
proof of Chim et al. [3].

The main result of this section is the following statement:

Proposition 24 Assume that assumption Al or A2 holds and that Diophantine Eq. (3)
has three solutions (n1, my), (ny, my), (n3, ms) with ny > ny > nz > No. Then we have

1 1 2
m < 2.58 - 1022 (log )2 (log (7.12 1023289 100 b)2>) ,
€ €
where we choose € = 1/2 in case that assumption A2 holds.

Since we assume the existence of two solutions, we have
Vi —b™ =c=V,, —b™
and therefore obtain
a4+ g — g — g =" — p2, (7)

Let us write y := min{w, «/|B|}. Note that we have y > %Ae > %ae, by Lemma 7 and
Lemma 5. With this notation we get the inequality

b™ < @M 4 & + M
a - a’l ol '

-1

Note that, depending on whether |8| > 1 or |8] < 1, we have
2 n
i —n i
pIm 1y _ fom = e =1

n - ni
am 9. |13| < zy—nl
ol

if 18] > 1

Therefore, using Lemma 13, we obtain
b™

a”

ma

-1 <ao™™ 4+

+2y

a™
< 2max {Za"2_”1, 2y~ } (8)
- 2

< 7 max {a"z_"l, ym } .
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First, let us assume that the maximum in (8) is ¥ ~". Under our assumptions, we have
A€ > 32 and n; > 3, which implies 7y ™" < % Thus taking logarithms and applying
Lemma 20 yields

—m

|milogh —niloga | < 14y

=A
We apply Matveev’s theorem (Theorem 16) with N = 2. Note that with n; = b and
n2 = o we choose A} = 2log b and Ay = 2log o, in view of Remark 4, to obtain

log b
E:max{m1 o8 ,nl}.
log o
Note that, due to Lemma 13,

m logb S log(5/2)
log o log

< 2mn;y.

Therefore we obtain from Corollary 17 that

2.68 - 10° log blog o log(27.62n1) > —log |A| > nylogy — log 14
> n1(eloga —log4) — log 14

€
> my loga — log 14,
where for the last inequality we used A€ > 32. Thus we have

log b
5.38 - 10° 27 10g(27.62n1) > 1,
€

which, using Lemma 22, proves Proposition 24 in this case. Note that this also proves, in
this specific case, Theorem 1.

Now we assume that the maximum in (8) is «”27"1. By our assumptions on A we have
7a™™M < % and obtain, by Lemma 20,

|mylogh — nyloga | < 14a’™7™,

=:A

As computed before, an application of Matveev’s theorem yields
2.68 - 10° log blog o log(27.62n1) > —log |A| > (1, — n3) log o — log 14
and therefore
2.69 - 10° log blog(27.62n1) > ny — ny. 9)

For the rest of the proof of Proposition 24, we will assume that (9) holds. Since we
assume that a third solution exists, the statement of Lemma 13 also holds for m, and ny
instead of m; and ;. In particular we have

loga log % - log o
logb ' logh — 'logb
loga log % log

3
> 2log —
logh ' logh ~ "logh |~ %83

4 2log
O p—
55

m < ni

mo > My

which yields

loga

log b

my — my < (n1 — np) +log49 < 2.7 - 10° log a log(27.62m,). (10)
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Let us rewrite Eq. (7) again to obtain the inequality

n ny
_1‘5"3' By om

b pm—m ]

a2 gMmTm — ] oM — "2

As previously noted we have 4y =" < % and therefore we obtain

am—n —1

b
mylogb — nylog o + log (—)‘ <8y M.

=:A/

%. Note that, due to Remark

We aim to apply Matveev’s theorem to A’ with 3 =
4 and the properties of heights, we obtain

max{Dh(n3),

,0.16} < 2(my —my + 1)logh + 2(n; — np + 1) log o
< 1.1-10%logblog a log(27.62n;) =: As.

log n3

Thus we obtain E < 2#; as before, and from Matveev’s theorem
3.2-10* (log blog o log(27.62n1))* > ny log y — log 8 > nlg loga — log 8,
which yields
6.42 - 102110$ﬂogblog(27,62n1))2 > . (11)

If we put ' = 27.62n1; and apply Lemma 22 to (11), then we end up with
1 1 2
< 7.12- 105282 (1og b)? (log (7.12 1023282 (jog b)2>)
€ €

which yields the content of Proposition 24.

7 Combining linear forms of logarithms
As done before, let us assume that Diophantine Eq. (3) has three solutions (ny, m1),
(2, my), (n3, ms) with n; > ny > n3 > Np. Again we assume that assumption Al or
A2 holds.

Let us reconsider inequality (8) with n1, m1, na, my replaced by ny, my, n3, ms, respec-
tively. Then we obtain

bm2 m3
— 1l < g™ ™ + + 2)/*”12
o’ - o’
(12)
< 3max {a”3_"2, E19’”3_’”2, 2y } .
- 2
Let us assume for the next paragraphs that
n3—n 15 13— —n ny—n —n 1
My := max {3a’ 7", ?b 372 6y T2, 7T 49T L < 7 (13)

Then, by applying Lemma 20 to (8) and (12), we obtain the system of inequalities

| m1logb — m loga | < max {14a"™ ", 8y "},

=:A1
| mylog b — nylog o | < max {60/‘3*”2, 15572, 12y~ }

=:A2
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We eliminate the term log o from these inequalities by considering Ag = na A1 — n1A2
and obtain the inequality

[Ao| = |(namy — nimy) log bl

(14)
< max {12n1a”3_”2, 30m16"™ 72, 2401y T, 28ny0™ M, 160y M } .

Let us write M for the maximum on the right hand side of (14). If nym; — nymy # 0,
we obtain the inequality logb < M. Since we will study the case that nym; — nymy = 0
in Sect. 8, we will assume for the rest of this section that nym; — nymy # 0, i.e. we have
logb < M. Therefore we have to consider five different cases. In each case we want to
find an upper bound for log « if possible:

The case M = 12n;a”7"2: In this case we get
loglog b < log(12n;) — (ny — n3)log o
which yields
loga < log(12n1/log b) < log(17.4n1),

since we assume b > 2.
The case M = 30n1 537 "2: In this case we obtain

loglog b < log(30n1) — (my — m3)logb

which yields
- log(30m,/ log b)

my — m3 < < 1.45log(43.3m1).

log b

To obtain from this inequality a bound for log « is not straight forward and we will
deal with this case in Sect. 9.
The case M = 24n;y ~"2: This case implies

loglog b < log(24n;) — nylogy < log(24m;) — nzg log o

and we obtain

- 2log (24n;/logh)  2log(34.7m1)

< < .
€ €

log

The case M = 28ny2~": By a similar computation as in the first case, we obtain in this
case the inequality

loga < log(40.4ny) < log(40.4m,).

The case M = 16mpy ~"™: Almost the same computations as in the case that M =
24n1y " lead to

21og(23.1m1)
< —"
€

log

In the case that (13) does not hold, i.e. that My > 1/2, we obtain by similar computations
in each of the five possibilities the following inequalities:

The case My = 3a"37": loga < log6;
The case My = %bm3’m2: my —msz < 3;
The case My = 6y " loga < w;
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The case My = 7a™7": loga < log 14;
The case My = 4y "™M:loga < IOgTM.

Let us recap what we have proven so far in the following lemma:

Lemma 25 Assume that assumption Al or A2 holds and assume that Diophantine Eq. (3)
has three solutions (n1, my), (na, my), (n3, ms) with n1 > ny > n3 > No. Then one of the
following three possibilities holds:

(i) mamy —nimy =0;

(if) my — m3 < 1.45log(43.3n1);

21og(34.7m1)
(iii) loga < ====—1,

Since we will deal with the first and second possiblity in the next sections, we close this
section by proving that the last possibility implies Theorems 1 and 2. Therefore let us plug
in the upper bound for log « into inequality (11) to obtain

logb*
1.29 - 1022 (%) (log(34.7n1))% > .
Writing ' = 34.7m,, this inequality turns into
log b\*
4.48 - 10?3 <£> (log(n))® >
€

and an application of Lemma 22 implies

3

logh\\* log b\ >
m < 1.04 - 10% <£> <log (1.21 -10% (&) )) .
€ €

Thus Theorem 1 is proven in this case.
Now let us assume that assumption A2 holds. By Remark 2 we get the bound
3
n < 4.16 - 102 (log b)? (log (4.84 -10% (log b)2>) .

If we insert our upper bound for #; into the upper bound for log «, we obtain
log A < logo +log2 < 5log(34.7n;)
3
<5log (1.45 -10% (log b)? (log (4,84 -10% (log b)z)) ) ,
This proves Theorem 2 in the current case.

8 Thecaseniymy —nom; =0
We distinguish between the cases ¢ > 0 and ¢ < 0.

8.1 The case ¢ > 0 - bound for nq

In this case we have

0<c=V, —b" <a™ 4+ " <2a™. (15)
Furthermore it holds
bml ny __ c bmz ny __ c
=1+ﬁ as well as —n=1+ﬁ .

a” a”l a2 a2
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Since

pr—c

a2

n
< (@> ’ +2a"m7 < 1
- 2

o

holds under our assumptions, we may apply Lemma 20 to get the two inequalities

2 no_ o\ 2 n_ no_ .\ 2
_<'3 C) 5'3 1C—(m110gb—n110ga)§2(ﬁ C) s

9 ol al o™
2 (B —c 2 B —c B —c 2
5 ( e ) < o (malogh — nyloga) <2 e .

Multiplying the first inequality by #y and the second one by #; as well as forming the
difference afterwards yields

21y (,6”1 —c>2 (,8"2 - 0)2 B™M —¢ B" —c
— —2m <n —n

9 a™ a2 a™ '
(16)
™M —c 2 om B —c 2
<2ny - — .
al 9 o2
Let us note that (z + b)?> < 4max{|a|% |b|?}, and therefore we obtain
no m|BI"™ | mlBl"™ B> ¢
C(m - a—> S gt gm Tlmma o oo
ny CZ
510n1max{|'8| 3 }
a2 Ol2n2
Together with the estimate
ni 7y n < 1) 7 m
—_— > —1l-=) > —
a2 g™ a2 o 8 o™
this implies
2
c<12max{|,3|"2,a—n2}‘ (17)

2
Let us assume for the moment that the maximum is 5. Then we obtain
a™ < 12¢ < 240

which implies ¢ < 24 and thus Theorem 2. Plugging in @ < 24 in Proposition 24 yields
the content of Theorem 1 in this case.
Therefore we assume now ¢ < 12|8|"2. By Proposition 23 we obtain

am,](olog(27‘62ﬂ1) _ |ﬂ|”1 <c| < 12|:3|n2
which yields
(11 — Ko log(27.62n1)) log @ < log 13 + 13 max{log | 8], 0}.

Note that, due to our assumptions, we have the bound

; 2
o 7E > 8ol > 44l 5 22X o g
AG

which implies (1 — §)loga > log|B|. Thus we get

n 2 loga < Koy log o log(27.62n1) + log 13
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and
10logh
n; < 1.08 - 10" —— log(27.62n1).
€

As previously, solving this inequality with the help of Lemma 22 yields
log b logb
m < 21710102872 |og (2.99 : 10“3) (18)
€ €

which proves Theorem 1 in this case.
So we may now assume that assumption A2 holds and the bound for n; with € = % is
valid. This yields

n < 4.34-10"logblog (5.98 - 10" log ). (19)

8.2 Thecasec > 0 — bound for log A
For ¢ > 0 it remains to prove the bound for log A stated in our second theorem. We can
already use the above proven bound (19) for ; since we assume assumption A2. Note that
under assumption A2 we have |§| < 2k, by Lemma 8. Hence the quantities |¢|, | 8]™, | 8]
are bounded by effectively computable constants depending only on « and b.

Let us consider the case |[c — 2| > 2(|c| + | B|™)a"27"1. Note that "2 # c by the usual
Galois conjugation argument. If ¢ > "2, then (16) gives us
lel + 8™ p" —c g —c

<np

= —ni
a™ a a2

BN —c 2 om B —c 2
52’12( o™ 9 a2

ni 2
<oy (Iﬂl +IC|)

a™

(2n1 — n3)

which yields
ot < 2(B1" + lel).

As ¢ < 20" (see inequality (15)) we obtain
0.2a™ < o™ —2¢ < 2|B|™ < 2(2k)™

which yields & < 20«.
If c < B2, then (16) gives us

na

( nz)ﬂﬂ2_6<n1ﬂn2_c_ ﬁnl_c

2 am a2 a™
m_AN\2 9 no_ .\ 2 ny _ .\ 2
<o () -5 () = ()
a2 9 a™ a2
which implies
ny __ ny ny
1<a. B2z BTl o) B WL oakat
a2 a2 a2 o

and hence o < 104«.
Thus we may now assume |c — 8"2| < 2(|c| + |B|")a"2~". Let us note that under the
assumption o > 4(|c| + max{1, |8]}"") we can deduce
ms3 ns3
vl Ian 1

as a3 4’ (20)

|
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and otherwise we would get the constant C; in Theorem 2 (cf. the calculations below).
Then, by Lemma 20, we get
el + 21" _ 24161 +2IBI" _ 26(26)™

o3 - o3 I

| m3logh — n3loga | <

=:A3

Recalling from the beginning of Sect. 7 the bound

| m1log b — niloga| < max {14a"~", 8y},

=\
we can again eliminate the term log o from these inequalities by considering the form
Ay = n3A1 — n1A3 and obtain the inequality
|AG| = |(n3my — nym3)log b
= max {52”1(2’()”10!_"3, 28n3a M, 16713)/_”1} (21)
< max {52}11(2/()”10[_"3) 28n302 7", 167130l_n1/4} '
If n3my — nyms # 0, then we have
log b < max {52m1 (2k)" ™", 28n3a"2 ", 16n30~ " /*}

which yields log e < 5 + log n1 + 11 log(4«), and together with the bound (19) this gives
us constant Cy in Theorem 2.
Hence we can assume n3m; — nym3 = 0 and replace in the discussion above my by m3
as well as ny by n3. Since by (20) we have
BB —c b 1
\
a3 a3

4

we may apply Lemma 20 also to this expression and get an analogous version of (16) with
ny replaced by n3. The consideration of |c — | > 2(|c| + |B|™ )« ™™ yields in the
case ¢ > B, in the same way as above, @ < 20k, and in the case ¢ < "3 we apply the
analogous version of (16), as done above, with the conclusion

n3 _ n3 __
1<q. B2y |PP =

<1,
a3 a3

a contradiction stating that this case is not possible. For this reason we may now assume
lc — B3| < 2(|c| + |B|™ )7, Thus altogether we obtain

|BI" |27 — 1] = |B™ — B3] < 4(jc| + |BI™ a2, (22)

From (22) we deduce that one of the two factors of the left hand side is smaller than
20T el + |B". By thinking of constant C, in Theorem 2, we may assume o >

no—nj

64(|c| + |8]™). So we have 2« % Vel + 181" < %. Let us first assume that

1B < 207 /le| + 1B,

This implies | 8| < % and further

1 1
el < IBI™ +2(jcl + |B" )" < 2+ £ < 1.
Therefore we have ¢ = 0. But Lemma 15 states that there cannot be three solutions for

c=0.
Now we may assume

18727 — 1] < 2077 /el + |BI™.
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Here we get the further bound
1Bl =11 < 1B —1| < |p2" — 1| < 207 /lel + IBI™.

Assuming o > 64n%(lc| + |B|™), we obtain by an application of Lemma 21 that

181 — 1] < 2.6ma = /lc[ + [BI™.
This together with our assumption |[c| — |B]"2| < |c — B"2| < 2(|c| + |8 )2 gives

us

no—n 1
llel =11 < 2.6ma 2 /lel + [BI™ +2lel + ") < 2

provided that
a > 10913 (|c| + |B™).
Thus we may assume ¢ = 1 provided that « is large enough. But this also implies
1= A" <201+ |B"M)e™ ™" < 201+ |p" e
If B < 0, we get

a <21 +1B1") < 2(|c| + 1BI™).

Therefore we may assume 83 = || is positive. Since for any real numbers x > 0 and
n > 1wehave [1 — x| < |1 — x"|, we obtain from Lemma 6 together with Lemma 5
2
< <|1-
4a+5 2A+5
Hence we get

a < 9(lcl + 1BI")

1Bl < 11— B < 2(cl + |BI")a %

in this case.
So it remains to consider the situation

a < 10973 (|c| + |BI™) < 14173 (2i)™.
With (19) and Lemma 5 this implies

log A < n log(4«) + 2log n; + log 2834
< 4.35 - 10'%log(4x) log b log (5.98 - 10" log b)

and Theorem 2 is proven in that case.

8.3 Thecasec <0
The case ¢ < 0 can be treated with similar arguments. Therefore we will only point out
the differences.

We start with the observation

O0<lel=—c=b" =V, <b™

and write again

M n __ pm2 ny _
=1+'3 ¢ as well as =1+'B C.

a™ o™ a2 a2

Note that, using Lemma 13,

ny __ ny m3
e L R e

a2 o a2 16 a™ 16 2 2
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holds under our assumptions if in addition my — m3 > 2. The case my — m3 = 1 is
included in the next section. Thus we get again the inequality chain (16) and furthermore
the bound

2
lc] < 12 max {|/3|"2, ﬂ}

o’

lc[*
o2

If the maximum is , then we have

2
gbm <a™ < 12|c| < 1203

which implies 715 — m3 < 3. This will be handled in Sect. 9. Therefore we may now again
assume |c| < 12|8|".Inthe same way as in the case ¢ > 0 we obtain again the upper bound
(18) proving Theorem 1 also in the case ¢ < 0. Moreover, we get under assumption A2
the same upper bound (19) for #;. In particular, the quantities |c|, | 8", | 8|"* are bounded
by effectively computable constants depending only on « and .

The reader might already have noticed that, in the case ¢ > 0, we sometimes have
written |¢| and sometimes ¢. We did this in order to reuse these calculations now for
the case ¢ < 0. The only adaptions we need for ¢ < 0 when going through the previous
subsection are the following: First, the special case

o < 2(1B1" + lel)

now, by Lemma 13, yields

1 8
—a™ < =" <™ - 20" < a™ —2|c|] <2|B]™ < 2(2k)™
15 45

and thus @ < 60«. Second, we have to consider ¢ = —1 instead of ¢ = 1, which implies
1+ A" < 21+ |BIM)e™ ™ < 2(1 + |B1")ar2
If B > 0, we get

a <21 +1B1") = 2(el + 1BI™)

and if B = —|B|™ is negative, we obtain from Lemma 6 together with Lemma 5

2 2
< |1 — <1 n3 2 1y, —2
da+5 “2aqs ST IBll=T+ A7) < (lel + 181" )ex

and again
a <9l +1B8I™).

The other steps work as above. Hence Theorem 2 is proven in this case as well.
Let us summarize what we have proven so far:

Lemma 26 Assume that assumption Al or A2 holds and assume that Diophantine Eq. (3)
has three solutions (n1, my), (ny, my), (n3, ms) with ny > ny > n3 > Ny. Then at least one
of the following three possibilities holds:

(1) assumption Al holds and

2 2\ \ 3
n < 1.04-10%3 (M) (log (1.21 -10% (@> )) ;
€ €
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(2) assumption A2 holds and
log A < 4.35 - 10'%log(4«) log blog (5.98 - 10" log b)

or
3
logA < 5log <1,45 -10% (log b)* (log (4'84 +10% (log b)2>> ) i

(3) my —m3 < 1.451og(43.3m;).

9 The casemy; — m3 K logn;,
In view of Theorems 1 and 2 and Lemma 26 we may assume that assumption Al or A2
holds and that my — m3 < 1.45log(43.3n1).

First, we reconsider inequality (8) and note that 7 max {a”2_”1, y‘”l} > % implies
either ¢ < 14 or A° < 28. In the first cases we have an upper bound for « and by
Proposition 24 also an upper bound for #;; the second case contradicts assumption Al
and A2 respectively. Thus Theorems 1 and 2 are shown in those situations. Now we may
apply Lemma 20 and obtain, as in Sect. 6, the inequality

| mloga — mylogb| < 14 max {a”r’“, ym } (23)

=:A1
Next, let us consider the inequality

N B TR
s (prma—ms — 1) = pm — pms

<607 412y 7

a™ ‘

pma — pms

< 18 max{a™ ™2,y "},

In particular, note that 4”2 — b > %me > 1—3601”2 by Lemma 13. Assuming that

18772 > % yields @ < 36 which implies by Proposition 24 Theorems 1 and 2. Similarly,
using np > 2, the assumption 18y "2 > % gives us either @ < 6 or A€ < 12 and we are
done as well. Thus we may apply Lemma 20 and obtain

| naloga — mslogb — log(b™ 7" — 1) | < 36 max{a’ "2,y "}, (24)

=:Ay

Eliminating the term log o from the linear forms A; and A by considering A = n1Ap —
ny A1 yields together with (23) and (24) the bound

|A| < 36m; max{a™7", y "} + 141y max{a™™™M, y "}
< 5011 max{a37"2, y 7", 27"} (25)
< 200m1a” ¢,
where
A = (m1ny — many)logb — ny log(b™ 7" — 1).

Now we have to distinguish between the cases A = 0 and A # 0.

9.1 ThecaseA =0

Since 11 # 0 this case can only occur if b and 5273 — 1 are multiplicatively dependent.
This is only possible if b = 2 and my — m3 = 1, i.e. if ¥27 — 1 = 1. Note that our
assumptions imply ¢ > 0 if b = 2. Therefore we obtain
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0<c=Vy —b"™=a"4p"-p"
which implies » < 2a"3.

From Lemma 13 we know that "2 > %a”z. Hence, using the facts b = 2 and my =

m3 + 1, we get the inequality

Sa"z < b = 25" < 4o’

which implies ¢”27" < 11 and thus ¢ < 11. An application of Proposition 24 yields
Theorems 1 and 2.

Remark 5 Let us note that in the case ¢ < 0 the argument above does not work. This is
the reason why we exclude b = 2 if ¢ < 0.

9.2 Thecase A #0
Here we may apply Matveev’s theorem, Theorem 16, to A. Note that the case ¥ 7" —1 =
1 can be excluded by the previous subsection.

First, let us find an upper bound for |miny — msny|. We deduce from (25) the bound

|miny — many|logb < nylog(b" ™" — 1) + 200m;
< n1(my — m3)log b 4+ 200m;
which implies
|m1ny — mani| < 90m; log(43.3m1).

Furthermore, using Lemma 18, we have

max {Dh(b’"z_’"3 -1), ‘log(bmz_m3 -1)

, 0.16} < 2(my —m3 + 1)logh
< 3.5log(43.3n;) log b.

Therefore we may choose E = 52n; in Theorem 16.
Now we obtain by Matveev’s theorem

4.69 - 10° log(719m1) log(43.3m;)(log b)* > —log | A|
and then
4.69 - 10°(log(719n1) log b)? > —log |A|.
Together with the upper bound for |A| this yields
4.69 - 10°(log(719n1) log b)? > € log a — log(2001,)
and thus
loga < 4.7 - logé(log(719n1) log b)2. (26)
Similar as in Sect. 7 we plug in this upper bound for log ¢ into (11) and obtain the
inequality
719m; < 2.17 - 10346_2(Iogblog(719n1))4.

Writing #' = 719#; and applying Lemma 22 gives us an upper bound for #’ and in the
sequel for n1, namely

1 4 1 4N\ 4
n < 4.83- 1032% (log (5.56- 1036 ¢ ngb) )) ‘
€ €

51
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This concludes the proof of Theorem 1.
Now let us assume that assumption A2 holds. Then we put € = % and get

n < 1.94-10%(log b)* (log (2.23 - 107 (log H)*))*,

in particular 77 < 2.3 - 10%° for b = 2 (cf. Corollary 3). If we insert this upper bound into
(26) with € = %, then we obtain

2
logar < 9.4 - 10° (1og (1,4 - 10%(log b)* (log (2.23 - 10¥ (log b)4))4) log b)
which finally proves Theorem 2.
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