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Abstract

Due to Narkiewicz a field F has property (P) if for no polynomial f ∈ F[x] of degree at
least two there is an infinite f -invariant subset of F . We present a new example of an
algebraic extension of Q satisfying (P). This is the first example in which we can find
points of arbitrarily small positive Weil-height. Moreover, we study the possibility of
property (P) for the field generated by all symmetric Galois extensions of Q. In particular
we prove that there are no infinite backward orbits of non linear polynomials in this
field.
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1 Property (P)
In this paper we deal with a definition due to Narkiewicz [14].

Definition A field F has property (P), if there is no infinite subset X ⊆ F , such that
f (X) = X for some polynomial f ∈ F [x] with deg(f ) ≥ 2.

A similar definition, due to Liardet, replaces polynomial by rational function in the
above definition. In this case the field is said to have property (R). It is not known whether
property (P) is equivalent to property (R). This is one of several open questions on property
(P) (see [15,16], and [17, Sects. IX and X]). One of these questions asks for a constructive
classification of all fields with property (P). With a view to the known examples, see
Examples 1.2 and Corollary 1.6 below, this seems to be the most difficult question on
property (P).
This property is obviously closely tied to the theory of dynamical systems. Hence, we

recall the basic definitions from this discipline. Let f ∈ Q(x) be a rational function. With
f n we denote the nth iterate of f , with the usual convention f 0 = x. A point α ∈ Q is
called a periodic point of f , if for some integer n ≥ 1 we have f n(α) = α. The smallest n
with this property is called the exact period of α. The set of all periodic points of f of exact
period n is denoted by Pern(f ) and we set Per(f ) = ∪n≥1 Pern(f ).

Remark 1.1 It follows immediately that a field F has property (P) if and only if F satisfies
the two following properties:

(P1) For every f ∈ F [x], with deg(f ) ≥ 2, there is no infinite sequence α0,α1, . . . of
pairwise distinct elements αi ∈ F , such that f (αi) = αi−1 for all i ∈ N.
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(P2) For every f ∈ F [x], with deg(f ) ≥ 2, there are only finitely many periodic points of
f in F .

In this paperweareonly interested infieldswithproperty (P) lying inside afixedalgebraic
closure Q of the rational numbers. In this case, height functions are an important tool
for proving that a certain F ⊆ Q has property (P). Denote by h the (absolute logarithmic
Weil-)height on Q. An algebraic extension F of Q is said to have the Northcott property
(N) if for every T ∈ R the set {α ∈ F |h(α) ≤ T } is finite. It is easy to see that property (N)
implies property (P), we refer to [4] and [6] for a proof and additional results. In particular,
every number field satisfies property (P). There are only few examples known of algebraic
extensions of Q of infinite degree with property (P).

Example 1.2 LetK denote an arbitrary number field. The following fields satisfy property
(P):

(I) F = ∪i∈NKi, where K = K0 ⊆ K1 ⊆ K2 ⊆ . . . is a nested sequence of number fields,
such that

inf
Ki�M⊆Ki+1

(NKi/Q(DM/Ki ))
1/[M:K0][M:Ki ] −→ ∞, as i → ∞,

where DM/Ki denotes the relative discriminant of the extension M/Ki and NKi/Q is
the norm associated to Ki/Q (see [22, Theorem 3]);

(II) F ⊆ K (μ), whereμ is the set of roots of unity, andL(μ)∩F andL({ζ +ζ−1|ζ ∈ μ})∩F
are finite for all linear polynomials L ∈ Q[x] (see [5, Theorem 2*, Proposition 1]);

(III) F/K Galois, such that infinitely many local degrees of F are finite (see [20, Theorem
4.3, Lemma 4.2]).

A nice example of fields from part (III) are the fields which are generated over Q by
elements of bounded degree (see [20, Corollary 4.5]).

Remark 1.3 The fields from (I) satisfy property (N). Other fields with property (N) are
constructed in [2, Theorems 1 and 2]. Note that the set of examples from [2, Theorem 2]
is non-empty as shown in [3, Theorem 1.3], but they are already covered by the fields in
(III).
Both classes (II) and (III) contain fields which do not satisfy property (N) (see [5, Theo-

rem 3] for the fields in (II), and [3, Theorem 1.7] for the fields in (III)). However, all fields
from Example 1.2 satisfy a gap principle for the height (also known as the Bogomolov
property (B)). This is, for every F from Example 1.2 there is a positive constant cF such
that every α ∈ F satisfies either h(α) = 0 or h(α) ≥ cF . This follows from [2, Theorem 2]
for the fields in (III), from [22, Theorem 3] for the fields in (I), and from [1, Theorem 1.1]
for the fields in (II).

1.1 The construction of Kubota and Liardet

To the best of my knowledge there is only one further class of examples of fields with
property (P), due to Kubota and Liardet [9] (see also [17, Theorem 10.8]):

Construction 1.4 Since Q[x] is countable, we enumerate the polynomials of degree ≥ 2
as f1, f2, . . . Moreover, we choose any infinite sequence p1, p2, . . . of distinct primes. Lastly,
we set En = ∪j≤n Per(fj). Now we construct a sequence
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K0 ⊆ K1 ⊆ K2 ⊆ . . .

such that K0 is an arbitrary number field and for each n ≥ 1 we have [Kn : Kn−1] = pn
and Kn ∩ En = Kn−1 ∩ En. Then F = ∪n≥1Kn has property (P).

Note that the condition Kn ∩ En = Kn−1 ∩ En leads to (P2) for F , and the condition
[Kn : Kn−1] = pn leads to (P1) for F . Dvornicich and Zannier [5, p. 535] noticed that this
construction is rather indirect, and it seems difficult to detect other properties of the field so
obtained. In this note we will use a very similar construction which can produce explicit
fields satisfying property (P) not contained in Example 1.2. In these explicit fields we can
detect other properties. In particular, we can produce a field which satisfies property (P),
but—in contrast to all fields from Example 1.2—does contain points of arbitrarily small
positive height. This answers a question of the author [20, Question 4.8] in the negative.
The precise formulation of this result is as follows.
Let K be a number field, L/K a finite extension, and v a non-archimedean valuation on

K . If w | v is an extension of v to L, then we denote by ew|v , resp. fw|v , the ramification
index, resp. the inertia degree, of Lw/Kv . If F/K is any algebraic extension, then we say
that F has finite inertia degree over v, if there exists a constantCv such that for every finite
subextension F/L/K there is a w | v on L such that fw|v ≤ Cv . Equivalently, F/K has finite
inertia degree over v, if there is an extension w of v to F such that the residue field of Fw
is finite.

Proposition 1.5 Let F ⊆ Q be a field. If for infinitelymany prime numbers p the extension
F/Q has finite inertia degree over p, then F satisfies (P2).

The proof, which follows quite immediately from a result of Morton and Silverman [12,
Corollary B] (see also [19, Corollary 2] for a related result), can be found in Sect. 2.
Note that Proposition 1.5 reproves (P2) for all fields in (III). In what follows n√a denotes

any fixed root of the polynomial xn − a. The proof of the next corollary is the content of
Sect. 3.

Corollary 1.6 Let (pn)n≥1 be a sequence of pairwise distinct prime numbers. Defineα0 = 1
and αn = pn

√pnαn−1 for all n ≥ 1. Then

F = Q(α1,α2, . . .)

has property (P). Moreover, h(αn) → 0 as n tends to infinity.

Note that the degree of Q(α1, . . . ,αn)/Q(α1, . . . ,αn−1) is equal to the prime number pn.
As in Construction 1.4, this will guarantee that the field F satisfies (P1).

1.2 The field Qsym

A hypothetical possibility to prove (P2) for a field F lies in the structure of the Galois
groups of the fields generated by periodic points. Let K be a number field, f ∈ K [x], and
α ∈ Per(f ). Moreover, we denote by Kα the Galois closure of K (α)/K .
We introduce the following hypothesis on f :

for all but finitely many α ∈ Per(f ) the group Gal(Kα/K )

has a normal abelian subgroup of exponent ≥ 25.
(1)
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Morton and Patel [11, Theorem 7.4] proved that for a generic polynomial f ∈ Q[x]
of degree ≥ 2 any α ∈ Pern(f ) is a Galois conjugate of f (α), and that Gal(Kα/K ) has an
abelian normal subgroup of exponent n. In particular, it should be the regular case that a
polynomial satisfies hypothesis (1). We will discuss this in more detail in Sect. 6. Let Qsym

be the compositum of all finite Galois extensions of Q with Galois group isomorphic to
some symmetric group Sn.Wewill give some support for the possibility thatQsym satisfies
property (P).

Theorem 1.7 The field Qsym satisfies (P1). Moreover, every polynomial f ∈ Qsym that
satisfies hypothesis (1) for some number field K has at most finitely many periodic points
in Qsym.

In [7] it was shown that there exists a pseudo algebraically closed (PAC) field which
satisfies property (N), and hence (P). Since Qsym is PAC (see [8, Theorem 18.10.4]), The-
orem 1.7 gives a potential explicit example of a PAC field satisfying (P).
Section 5 contains the proof of (P1) for Qsym. The remaining statement of Theorem 1.7

is proven in Sect. 6. We colse this introduction by noting that property (P) can actually
be defined on any algebraic variety, when we replace polynomials by endomorphisms and
the field F by F-rational points. In this setting, property (R) deals with endomorphisms of
P1. Narkiewicz also introduced the case (in modern language) of endomorphisms of PN

for arbitrary N and called this property (SP). The case of property (P) for elliptic curves
has recently been studied in [13].

2 Ramification and proof of Proposition 1.5
Let K be a number field with ring of integers OK . We use the usual one-to-one corre-
spondence between non-zero prime ideals inOK and non-archimedean valuations on K .
Let v be the valuation corresponding to the prime idealP inOK , and let p be the rational
prime with v | p. The norm ofP is given by

N (P) = |OK/P| = pfv|p (2)

A polynomial f (x) = adxd + ad−1xd−1 + · · · + a0 ∈ K [x] has good reduction at v if
v(ai) ≤ 1 for all i ∈ {0, . . . , d−1}, and v(ad) = 1. For the necessary facts fromvaluation and
ramification theory, we refer to the first three chapters of [18] (or the English translation
thereof), and for information on reduction of polynomials and rational maps, we refer to
[21, Sect. 2.5].
We need the following obvious facts:

• A polynomial in K [x] has good reduction at all but finitely many valuations of K .
• Let L/K be a finite extension with an extension w | v of non-archimedean valuations.

If f ∈ K [x] has good reduction at v, then f considered as a polynomial in L[x] has
good reduction at w.

Proposition 1.5 will follow immediately from the following result (see [21, Corollary
2.26]), where we have applied Equation (2).

Lemma 2.1 Let K be a number field and let v, w be non-archimedean valuations on K .
Assume further that v | p and w | q for distinct rational primes p and q. If f ∈ K [x] has
good reduction at v and w, and if α ∈ Pern(f ) ∩ K, then n ≤ (p2fv|p − 1)(q2fw|p − 1).
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Proof of Proposition 1.5 Let F be an algebraic extension of Q with finite inertia degree
over infinitely many primes. Let f ∈ F [x] and α ∈ Pern(f ) ∩ F be arbitrary. There is
some number field K ⊆ F with f ∈ K [x] and α ∈ K . Moreover, there are necessarily two
distinct primes p and q, such that

• f has good reduction at all valuations on K lying above p and q, and
• F has finite inertia degree over p and q.

Now, we fix v | p and w | q in K such that fv|p and fw|q are bounded from above by
constants Cp and Cq only depending on p, q and F . It follows from Lemma 2.1 that
n ≤ (p2Cp − 1)(q2Cq − 1). Hence, we have bounded the possible period size of an element
from F ∩ Per(f ). In particular, there are at most finitely many periodic points for f in F .
This proves Proposition 1.5. ��

The next result can be seen as a slightly more effective version of Construction 1.4.

Corollary 2.2 Let K0 be a number field and (pn)n≥1 a sequence of distinct prime numbers.
Let K0 ⊆ K1 ⊆ K2 ⊆ . . . be a nested sequence of number fields, such that Kn/Kn−1 is
totally ramified at all valuations lying above p1, . . . , pn. Then F = ∪n≥0Kn satisfies (P2). If
in addition [Kn : Kn−1] = pn for all n ≥ 1, then F satisfies property (P).

Proof Let n ≥ 1 be arbitrary, and let vn−1
1 , . . . , vn−1

k be the extensions of pn to Kn−1. That
the extensionKn/Kn−1 is totally ramified above all vn−1

1 , . . . , vn−1
k implies that for all vn−1

i ,
i ∈ {1, . . . , k}, there is precisely one extension vni to Kn, and this satisfies fvni |vn−1

i
= 1.

Inductively it follows that in any KN with N ≥ n the extensions of pn are given by some
vN1 , . . . , vNk , with fvNi |vN−1

i
= 1 for all i ∈ {1, . . . , k}. Since the inertia degree ismultiplicative,

we have fvNi |pn = fvn−1
i |pn . In particular, F = ∪n≥0Kn has finite inertia degree above all

primes p1, p2, . . .. Hence, by Proposition 1.5 the field F satisfies (P2).
Now we assume that we have [Kn : Kn−1] = pn for all n ≥ 1. Then (P1) for F follows

precisely as in the work of Kubota and Liardet [9]. For completeness we recall the simple
argument here. The assumption on the degree implies that there is no proper intermediate
field in the extension Kn/Kn−1. Equivalently, the field Kn is the smallest proper field
extension of Kn−1 lying in F . Let f ∈ F [x] be of degree d ≥ 2, and let β0 ∈ F be arbitrary.
Fix any integern such thatβ0 ∈ Kn, f ∈ Kn[x], and such thatpn > d. Construct (if possible)
pairwise distinct elements β1, . . . ,βk ∈ Kn such that f (βi) = βi−1 for all i ∈ {1, . . . , k}.
Since any number field satisfies property (P) – and hence (P1) – such a sequence must
necessarily be finite. Assume that k is maximal, and that there is some βk+1 ∈ F , with
f (βk+1) = βk . Then 1 = [Kn(βk+1) : Kn] ≤ d < pn, which gives a contradiction. Hence,
F satisfies (P1), which implies that F satisfies property (P). ��

3 Proof of Corollary 1.6
Let (pn)n≥1 be a sequence of pairwise distinct primes. We define

α0 = 1 and αn = pn
√pnαn−1 for n ≥ 1.

Moreover, we set

F = Q(α1,α2, . . .).
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We consider F as the union of number fields. Define K0 = Q and Kn = Kn−1(αn) for all
n ≥ 1, then F = ∪n≥0Kn. We have

α
p1···pn
n = (p1) · (pp12 ) · · · (pp1···pn−1

n ). (3)

Hence, αn is the root of the p1-Eisenstein polynomial xp1···pn −α
p1···pn
n ∈ Z[x]. This implies

that [Kn : Q] = p1 · · · pn, which in turn yields

[Kn : Kn−1] = pn for all n ≥ 1. (4)

Note that all primes pk , with k > n, are unramified in Kn. We need one further result on
ramification in radical extensions.

Lemma 3.1 Let K be a number field, α ∈ K, and p a prime number. Assume that the
fractional ideal αOK decomposes as pa11 · · · parr for certain prime ideals p1, . . . , pr in the
ring of integersOK . If p � ai, then pi is totally ramified in the extension K ( p√α)/K.

Proof The short proof can be found in [10, p. 132]. ��
Proof of Corollary 1.6 In order to prove that F has property (P), thanks to Corollary 2.2
and (4), we are left to prove that the valuations (or equivalently: prime ideals) above
p1, . . . , pn are totally ramified in Kn/Kn−1.
We first handle the prime pn separately. LetP be any prime ideal inOKn−1 lying above

pn. Since pn is unramified inKn−1, we have eP|pn = 1.Moreover, by (3),P does not appear
as a factor in αn−1OKn−1 . Hence, the exponent of P in the ideal pnαn−1OKn−1 is equal to
eP|pn = 1. By Lemma 3.1 we conclude thatP is totally ramified in Kn/Kn−1.
Next we prove the desired statement that all prime ideals above p1, . . . , pn are totally

ramified in Kn/Kn−1. We prove this by induction, where the induction base is the well-
known statement that p1 is totally ramified in Q( p1

√p1).
Let n ≥ 1 be arbitrary and assume that the claim is correct for all positive integers

n′ ≤ n. Let i ∈ {1, . . . , n + 1} be arbitrary, and let p be any prime ideal in OKi−1 above
pi. We already know that pn+1 is totally ramified in Kn+1/Kn, hence we may assume that
i ≤ n. Since pi is unramified in Ki−1, we have ep|pi = 1. Moreover, by our induction
hypothesis, the prime ideal p is totally ramified in Kn/Ki−1. Let P be the unique prime
ideal inOKn above p. Then eP|p = [Kn : Ki−1] = pi · · · pn. Combining this with ep|pi = 1,
gives

eP|pi = pi · · · pn. (5)

Since, by (3), we know

pn+1αnOKn | (pn+1 · p1pp12 · · · pp1···pn−1
n )OKn ,

the exponent ofP in pn+1αnOKn must be a divisor of

p1 · · · pi−1 · eP|pi
(5)= p1 · · · pn.

Hence, pn+1 is not a divisor of this exponent and by Lemma 3.1 it follows, thatP is totally
ramified in Kn+1/Kn. This concludes the induction and applying Corollary 2.2 yields that
F has property (P).
It remains to prove that the height of the elements αn tends to zero as n tends to infinity.

We have h(α1) = h( p1
√p1) = 1

p1 log(p1) < 1, and by elementary properties of the height it
follows

h(αn+1) = 1
pn+1

h(pn+1αn) ≤ 1
pn+1

(log(pn+1) + h(αn)) (6)
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for all n ≥ 1. A trivial induction shows that h(αn) < 1 for all n ≥ 1, but this implies by (6)
that h(αn) indeed tends to zero as n tends to infinity. ��

4 Some facts about Qsym

Definition For k ∈ Nwe define the fieldQk,sym to be the compositum of all number fields
K , such that K/Q is Galois with Galois group isomorphic to some symmetric group Sn,
with n ≤ k . Then Qsym = ∪k∈NQk,sym.

Remark 4.1 The field Qk,sym is generated by elements of degree bounded from above by
k !. Hence, for every k the field Qk,sym and all its finite extensions have property (P) by
Example 1.2 (III).

Lemma 4.2 Let k ≥ 4 be a rational integer and let K/Q be a finite Galois
extension. If Q(α)/Q is Galois, with Galois group isomorphic to Sn, then the group
Gal(Qk,symK (α)/Qk,symK ) is either trivial or isomorphic to the alternating group An, for
n ≥ k.

Proof Obviously, we have α ∈ Qk,sym for n ≤ k . Hence, we assume for the rest of this
proof n > k ≥ 4. It is

Gal(Qk,symK (α)/Qk,symK ) ∼= Gal(Q(α)/Q(α) ∩ Qk,symK ) =: H ⊆ Sn.

Moreover, (Q(α) ∩ Qk,symK )/Q is Galois and hence H is normal in Sn. Since n > 4, it
follows H ∈ {id, An, Sn}, and we are left to show H = Sn.
The field Qk,sym contains all quadratic field extensions of Q. In particular, Qk,symK

contains Q(α)An , the field fixed by An ⊆ Gal(Q(α)/Q). Hence, Q(α) ∩ Qk,symK = Q and
H = Sn. ��

Proposition 4.3 LetK/Q be a finiteGalois extension and let F be a subfield of KQsym such
that F/Qk,symK is also a finite Galois extension for some k ≥ 4. Then either F = Qk,symK
or

Gal(F/Qk,symK ) ∼= An1 × · · · × Anr ,

with r ∈ N and n1, . . . , nr > k.

Proof By definition of Qsym there are α1, . . . ,αr′ such that Q(αi)/Q is Galois with group
Sni for all i ∈ {1, . . . , r′}, and such that F ⊆ Qk,symK (α1, . . . ,αr′ ).
We may assume that none of the α1, . . . ,αr′ can be omitted. This implies ni > k

for all i ∈ {1, . . . , r′}. By Lemma 4.2 we have Gal(Qk,symK (αi)/Qk,symK ) ∼= Ani for all
i ∈ {1, . . . , r′}.
Let i ∈ {1, . . . , r′ − 1} be arbitrary. It is

(Qk,symK (α1, . . . ,αi) ∩ Qk,symK (αi+1))/Qk,symK

a Galois extension, and the Galois group is a proper (since αi+1 cannot be omitted)
normal subgroup of Gal(Qk,symK (αi+1)/Qk,symK ) ∼= Ani+1 – hence it is trivial and
Qk,symK (α1, . . . ,αi) ∩ Qk,symK (αi+1) = Qk,symK . Basic Galois theory gives the result

Gal(Qk,symK (α1, . . . ,αr′ )/Qk,symK ) ∼= An1 × · · · × Anr′ .
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Therefore, Gal(F/Qk,symK ) � An1 ×· · ·×Anr′ . By Goursat’s lemma, the normal subgroup
Gal(F/Qk,symK ) must be either trivial or a direct product of some of the factors of An1 ×
· · ·×Anr′ . Hence, after a possible renumbering, we haveGal(F/Qk,symK ) ∼= An1 ×· · ·×Anr
for some r ≤ r′. ��

Corollary 4.4 Let K/Q be a finite Galois extension, and let K ′ ⊆ Qsym be a number field
such that K ′K/K is Galois and abelian. Then it is K ′ ⊆ Q4,symK.

Proof The groupGal(K ′KQ4,sym/Q4,symK ) is abelian. Hence, Proposition 4.3 implies that
this group is trivial, proving the claim. ��

5 Qsym satisfies (P1)
We will prove that Qsym satisfies (P1). Hence, we pick an arbitrary f ∈ Qsym[x] of degree
d ≥ 2. Let α0,α1, . . . ∈ Q be pairwise distinct elements such that f (αi) = αi−1 for all i ∈ N,
and such that α0 ∈ Qsym. We will prove that this sequence is not contained in Qsym. To
this end, let K/Q be a finite Galois extension with K ⊂ Qsym, f ∈ K [x], and α0 ∈ K . Set
k = max{deg(f ), 4}, and consider the field Qk,symK . Since Qk,symK has property (P), there
are only finitely many elements from {αi}i∈N0 in Qk,symK . Let n ∈ N0 be maximal such
that αn ∈ Qk,symK . We will show that αn+1 /∈ Qsym.
Assume for the sake of contradiction that αn+1 ∈ Qsym. Let F be the Galois closure of

Qk,symK (αn+1) over Qk,symK . Then F ⊆ Qsym, and by Proposition 4.3 it is

Gal(F/Qk,symK ) ∼= An1 × · · · × Anr , (7)

with n1, . . . , nr > deg(f ). However, the minimal polynomial of αn+1 over Qk,symK divides
f (x) − αn. Hence Gal(F/Qk,symK ) is a subgroup of Sdeg(f ), contradicting (7).
It follows that αn+1 /∈ Qsym and hence the sequence α0,α1, . . . cannot be fully contained

in Qsym, proving the proposition.

6 Periodic points in Qsym

Let K be a number field, f ∈ K [x] of degree ≥ 2, and α ∈ Pern(f ). For any σ ∈ Gal(Q/K ),
we have

α = f k (α) ⇐⇒ σ (α) = σ (f k (α)) = f k (σ (α)),

and hence σ (α) ∈ Pern(f ). Obviously, it is also f (α) ∈ Pern(f ). It follows that the set of
Galois conjugates of α over K is contained in a finite union of periodic orbits of length n.
Say

Gal(Q/K ) · α ⊆ O1 ∪ . . . ∪ Or, (8)

where Oi = {f k (αi)|0 ≤ k ≤ n − 1} for some αi ∈ Pern(f ). Denote by Kα the Galois
closure of K (α)/K . If τ ∈ Gal(Kα/K ) maps αi to some f k (αj) ∈ Oj , for some integer k ,
then τ (f �(αi)) = f �(τ (αi)) = f �+k (αj) ∈ Oj . This means that any element in Gal(Kα/K )
permutes the orbits O1, . . . , Or . Set

Nα,K = {σ ∈ Gal(Kα/K )|σ (Oi) = Oi ∀ i ∈ {1, . . . , r}}. (9)

Then Nα,K is a normal subgroup of Gal(Kα/K ), which injects into (Z/nZ)r . This follows
precisely as in the proof of [11, Theorem 4.1].
Morton and Patel [11, Theorem 7.4] proved that in the generic situation, there is a

σ ∈ Gal(Kα/K ) such that for all β ∈ Gal(Kα/K ) · α we have σ (β) = f (β). In particular,
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this σ is an element in Nα,K of order n. Hence, for an arbitrarily given f ∈ K [x] and
an α ∈ Pern(f ), one expects that the exponent of Nα,K grows linearly in n. The 25 in
our hypothesis (1) is particularly chosen for our purposes. We will need below that the
exponent of a normal abelian subgroup of Gal(Kα/K ) is greater than the exponent of
Gal(Q4,sym/Q), which is precisely 4! = 24.

Remark 6.1 Let f (x) = xd , d ≥ 2, be a power map, and ζ ∈ Pern(f ). Then ζ is a prim-
itive (dn − 1)-st root of unity. Now, for every number field K/Q at least one of the
elements ζ d, . . . , ζ d[K :Q] is a Galois conjugate of ζ overK . This means that one of themaps
f, f 2, . . . , f [K :Q] induces a K -automorphism on K (ζ ). In particular, for any n ≥ 25[K : Q]
and any α ∈ Pern(f ) the exponent of Nα,K is greater than 25.
The same argument is also valid if f is a Chebyshev polynomial. Hence, every power

map and every Chebyshev polynomial satisfies hypothesis (1).

Proposition 6.2 Let f ∈ Qsym[x] be of degree≥ 2, such that f satisfies hypothesis (1), then
Per(f ) ∩ Qsym is a finite set.

Proof Let f be as in the statement and let K ⊆ Qsym be a number field with f ∈ K [x].
Let α be an element from Qsym ∩Per(f ), such that Gal(Kα/K ) contains an abelian normal
subgroup N with exponent ≥ 25. Denote with KN

α the fixed field of N . Then Kα/KN
α and

KN
α /K are Galois extensions, where Gal(Kα/KN

α ) ∼= N is abelian.
By Corollary 4.4 we have Kα ⊆ Q4,symKN

α . Therefore,

Gal(Kα/KN
α ) ∼= N � Gal(Q4,symKN

α /KN
α ).

However, the exponent of Gal(Q4,symKN
α /KN

α ) is 4!, contradicting the choice of N . If f
satisfies hypothesis (1), thenwe can conclude that f contains atmost finitelymany periodic
points in Qsym, proving the claim. ��
Together with Sect. 5 this proves Theorem 1.7.
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