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1 Introduction

Given a number field K, let @, Cl, and CI* denote its ring of integers, its class group, and
its narrow class group, respectively. We will prove certain density theorems for number
fields K satisfying the following conditions:

(C1) K/Qis Galois with cyclic Galois group;
(C2) [K:Q] > 1isodd;

(C3) Kt =|CI"|is odd;

(C4) the prime 2 is inert in K/Q.

Recall that CI™ is the quotient of the group of invertible fractional ideals of K by the
subgroup of principal fractional ideals that can be generated by a totally positive element;
in other words, CI is the ray class group of conductor equal to the product of all real
places. If ¢ € K is totally positive, i.e., if o (o) > 0 for all real embeddings o : K — R, we
will sometimes write ¢ > 0. If 4t is odd for a totally real field, then

0% i={ue 0% :ux 0} = (0% (1)

Notice that if K/Q is an odd degree Galois extension, then K/Q is totally real. Since
[CIT : CI] is always a power of 2, the condition (C3) implies that CI™ = Cl. Therefore the
conditions that K/Q is Galois, satisfying (C2) and (C3) together imply the following:

(P1) K/Qis Galois, K is totally real, and CIT = CL.
/ y
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If K is totally real, then CI™ = Cl if and only if every totally positive unit in O is a square;
see Lemma 1. Hence, property (P1) can be restated as

(P1) K/Qis Galois, K is totally real, and OF := {u € O* :u > 0} = (OX)Z.

Number fields satisfying property (C1) and (P1) were studied by Friedlander, Iwaniec,
Mazur, and Rubin [5]. More precisely, Friedlander et al. proved that if o is a (fixed)
generator of Gal(K/Q), then the density of principal prime ideals 7 O that split in the
quadratic extension K (m) /K is equal to 1/2. Koymans and Milovic [6] extended the
results of Friedlander et al. in two different aspects. First, the number field K now needs
to satisty only property (P1), i.e., K/Q need not be cyclic; second, density theorems about
the splitting behavior of principal prime ideals are proved for multi-quadratic extensions
of the form K({m : 0 € X})/K, where ¥ is a fixed subset of Gal(K/Q) with the
property that o ¢ ¥ whenever o ! € X.

Our main goal is to further extend these results to a certain setting where ¥ =
Gal(K/Q) \ {1}; in this setting, we in fact have 0 € = whenever o ~! € %, and so our work
features a new interplay of the Chebotarev Density Theorem and the method of sums
of type I and type II. In particular, the densities appearing in our main theorems are of
greater complexity than those appearing in [5] or [6].

Another innovation in our work is that by assuming property (C3), we are now also able
to study the splitting behavior of all prime ideals, and not only those that are principal.
While our generalization of “spin” to non-principal ideals may appear innocuous (see
Definition 3), it is of note that it still encodes the relevant splitting information as well as
that the study of its oscillations requires new ideas, carried out in Sect. 6.

Let K be a number field satisfying properties (P1) and (C3), and let p be a rational prime
that splits completely in K /Q. We will now define an extension K (p)/Q where p ramifies;
this extension was first studied by McMeekin [8]. Let p be an unramified prime ideal of
degree onein O. Let R; denote the maximal abelian extension of K unramified at all finite
primes other than p; in other words, R; is the ray class field of K of conductor poo, where
oo denotes the product of all real places of K. There is a unique subfield K(p) C Rg' of
degree 2 over K when p is prime to 2 (see Lemma 2). Finally, we define K(p) to be the
compositum of K (p) over all primes p lying above p, i.e.,

K(p)=]]K®).
plp
As K(p)/Q is Galois, the residue field degree fi(,),q(p) of p in K(p)/Q is well-defined.
Our goal is to study the distribution of fx(,),q(p) as p varies. Note that because p splits
completely in K/Q, fx(»),0(p) is equal to the residue field degree fx )k (p) of p in K (p)/Q
for any prime p of K lying above p. Furthermore, fx(,),0(p) = fk(p)/x (p) must divide 2
since [K(p) : K] is a power of 2 and there are no cyclic subgroups of Gal(K (p)/K) of order
greater than 2.
To state our main results, we now introduce the relevant notions of density. For sets of
primes A C B, we define the density of A restricted to B to be
d(A|B) := lim w
N—oo #B|N
where A|n := {p € A : N(p) < N} and B|y is defined similarly. When IT consists of all but
finitely many primes, then d(A) := d(A|I1) is the usual natural density of A. (The notation
d(A|B) is chosen to highlight an analogy to conditional probability.)
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Let :@é denote the set of rational primes co-prime to 2. For a fixed sign, u € {£}, we
define the following sets of rational primes.

S ={pe ﬁé : p splits completely in K/Q},
Sy ={p €S :p=pl mod4Z},

F Zz{p eS ﬁ((p)/Q(p) = 1},

F,:=S,NF.

Our main results are conditional on the following conjecture, a slight variant of which
appears in both [5] and [6]. In the following conjecture, the real number n € (0, 1] plays
the role of 1/ from [5, Conjecture Cy,, p. 738-739].

Conjecture 1 (C, [5]) Let n be areal number satisfying0 < n < 1. Then there exists a real
number § = §(n) > 0 such that for all € > 0 there exists a real number C = C(n,¢) > 0
such that for all integers Q > 3, all real non-principal characters x of conductor g < Q,
all integers N < Q", and all integers M, we have

Y. xl@| = Qi

M<a<M+N

We note that Conjecture C, is known for n > 1/4, as a consequence of the classical
Burgess’s inequality [2], and remains open for n < 1/4. Moreover, for sums as above
starting at M = 0, Conjecture C, (for any 7) is a consequence of the Grand Riemann
Hypothesis for the L-function L(s, x). We are now ready to state our main results.

Theorem 1 Let K be a number field of degree n satisfying conditions (C1)-(C4). Assume

Conjecture C,, holds for n = ﬁ For k # 1 dividing n let dy be the order of 2 in (Z/k)*.

Then for a fixed sign u € {£},

. Sp Sy s
d(F,|S,) = 25172’ and d(F|S) = 2GD/2
where
4 (k)
sS4 = 1_[ (21+ K — 1) 2
k|n
dyodd
k#1
and
di /2 ol d g
so= []e*?+n% [ % -1,
kln k|n
dyeven drodd
k#1 k#1

where ¢ denotes the Euler’s totient function. In particular, when n is prime, writingd = dy,
((21+d )%, (24— 1)”2;011) ifd is odd,

(54,8-) = .
" (1, (2% + 1)71) ifd is even.

The density d(F|S) is determined by the product of densities d(F|R) and d(R|S) where R
is the set of primes satisfying a certain Hilbert symbol condition. Toward computing the
density d(R|S), the terms s,, arise from counting the number of solutions to this Hilbert
symbol condition over (O/4)* /((O/4)*)?.
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Table 1 Densities from Theorem 1, computed for K of degree n satisfying the necessary hypotheses

n d(F1154) d(F_1S-) d(F1S)

3 1/8 3/8 1/4

5 1/64 5/64 3/64

7 15/512 7/512 11/512

9 1/4096 27/4096 7/2048

11 1/32768 33/32768 17/32768
13 1/262144 65/262144 33/262144
15 1/2097152 375/2097152 47/262144

In the cubic case, we have the following unconditional theorem.

Theorem 2 Let K/Q be a cubic cyclic number field and odd class number in which 2 is
inert. Then

1
d(F|S) = 7

1 3
d(FelSy) =5 and d(F-IS-) = .

For our main results, we have assumed that K satisfies properties (C1)-(C4). To start,
we need properties (P1) and (C3) to define the extensions K (p)/K for primes p that split
completely in K/Q. Coincidentally, as mentioned above, property (C3) also allows us to
study the splitting behavior of all (not necessarily principal) prime ideals. Property (C2)
ensures that Gal(K/Q) contains no involutions. While methods to deal with involutions
do exist (see [5, Section 12, p. 745]), incorporating them into our arguments is non-trivial
and may pose interesting new challenges in our analytic arguments. Properties (C1) and
(C4) simplify our combinatorial arguments and allow us to give explicit density formulas.
Removing the assumptions of properties (C1) and (C4) would pose new combinatorial
challenges.

To end this section, we give some examples of number fields satisfying (C1)-(C4) so as
to convince the reader that our theorems are not vacuous. First, many such fields can be
found within the parametric families given by Friedlander et al. in [5, p. 712] and originally
due to Shanks [14] and Lehmer [7], namely

{Qlayy) : meZ}y and {Q(By): m e Z}
where «,, and B, are roots of the polynomials
finx) =23 + mx® + (m —3)x — 1.
and
gnx) = x° 4+ m2x* — 2(m® + 3m* + 5m + 5)
+(m* + 5m® + 11m?* + 156m + 5)x* + (m® + 4m® + 10m + 10)x + 1,

respectively. Such fields always satisfy properties (P1), (C1), and (C2). We also note that
one can use the law of cubic reciprocity to show that the fields Q(«;,) always satisfy
property (C4). For small 7 one can check the remaining properties using Sage or another
similar mathematical software package. For instance, if 87 is any root of

g7(x) = x° + 49x* — 1060x> + 4765x> + 619x + 1,
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then Q(B7) is a totally real cyclic degree-5 number field of class number 1451 where 2
stays inert.

More generally, we can look for special subfields of cyclotomic fields. Let m be a prime
number and ¢, a primitive m-th root of unity, so that Q(&,,)/Q is a cyclic extension
of degree ¢(m), and suppose that # is an odd integer such that ¢(m) = 0 mod 2x. For
instance, we can take # to be a Sophie Germain prime and then take m = 21 + 1 to also
be a prime. Suppose also that 2 is inert in Q(¢,), i.e., that 2 is a primitive root modulo
m. We then define K to be the unique subfield of Q(¢,, + {,;1) of degree n over Q; K
readily satisfies properties (C1), (C2), (C4), while for small # the property that CI" = CI
and property (C3) can be checked using Sage. For instance, the unique degree-5 subfield
of Q(&191) has class number 11; it is isomorphic to Q(82) with B, a root of the polynomial
g2 as above.

2 Two families of number fields
We say a modulus m is narrow whenever it is divisible by all real infinite places. We say a
modulus is wide whenever it is not divisible by any infinite place. We say a ray class group
or ray class field is narrow or wide whenever its conductor is narrow or wide respectively.
For m an ideal of O, let CI/, denote the narrow ray class group of conductor m. That
is, CI}, is the ray class group with conductor divisible by all real infinite places with finite
part m.
The following lemma leads to several equivalent formulations of property (P1).

Lemma 1 K is any number field.

1. The following are equivalent.

(a) CIT =CL
(b) Every principal ideal has a totally positive generator.
(c) All signatures are represented by units.

2. Ifh* is odd, then CIT = CL.
3. K is totally real with CIT = Cl ifand only if O = (OX)Z.

Here, if K is not necessarily totally real, an element is said to be totally positive when
it is positive in all real embeddings, and the signature of an element is determined by the
signs of the element in each real embedding.

Proof Let K be an arbitrary number field with r; real embeddings and r pairs of complex
embeddings. That (a) and (b) are equivalent follows from the definitions of the narrow
and wide Hilbert class fields. By the exact sequence and canonical isomorphism in [10,
Theorem V.1.7] applied to the narrow modulus with trivial finite part, condition (a) is true
exactly when O /O = (Z/2)"". Noting that there are r; signatures and the signatures
of two units are equal exactly when these units are equivalent modulo the totally positive
units, (a) is equivalent to (c). Since [CI* : Cl] is always a power of 2, if 4% is odd, then
property (a) holds.

As noted above, condition (a) is true exactly when O* /O = (Z/2)". By Dirichlet’s
unit theorem, O /(O0*)* = (Z/2)"1"2. Therefore if (a) holds and in addition K is totally
real, then r, = 0 and O* /O = 0> /(0*)2. Containment of (0*)? in O gives equality.
Conversely, if we assume O} = ((’)X)Z, then O*/OF = (Z/2)"*" by Dirichlet’s unit



1 Page6of 29 Chan et al. Res. Number Theory (2022) 8:1

theorem. By the exact sequence and canonical isomorphism in [10, Theorem V.1.7], there
is an injection from O* /O7 into a group isomorphic to (Z/2)". Therefore r, = 0 and
O* /O =Z(Z/2)". Thatis, K is totally real and condition (a) holds. O

Lemma 2 Let K be a totally real number field with odd narrow class number h™. Let p
be an odd prime of K. Then the narrow ray class field over K of conductor p has a unique
subextension that is quadratic over K.

Proof Let (’); 1 denote the totally positive units of K that are congruent to 1 modulo p.
The exact sequence from class field theory as in [10, V.1.7] induces the following short
exact sequence on the 2—torsion subgroups, where surjectivity of the final map is due to
the assumption that 4™ is odd.

1— 0%/0; 2] — (Z/2)" x (O/p)*[2%] — CI;[2°] — 1.

By Lemma 1, all signatures are represented by units. Letting #(O™/ (9; 1[2%°]) = m2k
for odd m, for u any unit, 7 € O/ 0;1[200] and " shares the same signature as
u. Therefore the first map is surjective onto the projection to (Z/2)". Since Clg[2°°] is
isomorphic to the quotient of (Z/2)" x (O/p)*[2°°] by OX/O;J[ZOO], this shows that
CI;'[ZOO] is cyclic.

The first map in this short exact sequence is not surjective because any element of
(Z/2)" x (O/p)*[2*°] of the form (0, x) must come from a square because O} = (O* )2 by
Lemma 1. Then the size of Cl;r [2°°] is nontrivial, so since these are all 2-groups #Cl;r [2%°]

is even. o

We may now define the multi-quadratic extension K (p)/K as in Sect. 1. In addition, we
define another family of number fields parameterized by prime numbers p for which our
results also hold. For both families of number fields, we consider a totally real number
field K with odd narrow class number 4#*. Furthermore, we now impose the condition
that K/Q is a Galois extension. Equivalently, we are assuming conditions (P1) and (C3).

In Definition 1, we apply Lemma 2 to ensure the existence of a unique quadratic subex-
tension of the narrow ray class field over K of conductor p. In Definition 2 we will use the
fact that for such K, a principal ideal always has a totally positive generator; see Lemma 1.

Definition 1 Given an odd rational prime p that splits completely in K/Q and a prime
ideal p C O lying above p, define K(p) to be the unique quadratic subextension of the
narrow ray class field over K of conductor p.

Define K (p) to be the compositum of the fields K(p?) as o ranges over Gal(K/Q).

Definition 2 Given an odd rational prime p that splits completely in K/Q, a prime ideal
p C O lying above p, and a totally positive generator « of the principal ideal p”, we define

K (p):=K(Va).

Define K (p) to be the compositum of the number fields Ky (p°) as o ranges over
Gal(K/Q).

Since K is totally real and /. is odd, Lemma 1 implies that O} = (O*)?, 50 K (p) does
not depend on the choice of totally positive generator «.
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We note that while each of the fields K (p°) need not be Galois over Q, their compositum
K (p) certainly is. Similarly, K (p)/Q is Galois, and each of the extensions K (p°)/Q need
not be.

For an abelian extension of number fields L/E and a prime p of E, let f; /£(p) denote the
residue field degree of p in L/E and ey /e(p) the ramification index of p in L/E. In particular,
the ramification indices and residue field degrees ex ()0 (), fk(p)/0(®); €k, (»),0P), and
Jx. ()0 (p) are well-defined.

Since p is assumed to split completely in K/Q, there are n distinct primes in K lying
above p, and they are of the form p°, where p is one such prime and o ranges over
Gal(K/Q).

By Lemma 2, K(p?)/K is a quadratic extension, and since « generates a prime ideal,
K4 (p?)/K is also a quadratic extension. Since K(p?) is a subfield of the narrow ray class
field over K of conductor p?, the extension K(p?)/K is unramified at p* for all t # o
in Gal(K/Q). Since it is odd, K(p?)/K is ramified at p°. Therefore ex(,)/0(p) = 2 and
[K(p) : Q] = n2" wheren = [K : Q].

Since p? is an odd prime, p® divides the discriminant of K, (p°)/K and so this extension
is ramified at p°. Since p* does not divide the discriminant for any t # o in Gal(K/Q),
K (p?)/K is unramified at p* for all such 7. Therefore e (,),0(p) = 2 and [K4(p) : Q] =
n2”".

The residue field Z/p is cyclic and injects into Ok ,) /B where i3 is a prime of K (p) above
p- Therefore fr(,),0(p) | 2 because there are no cyclic subextensions of K (p)/K of degree
greater than 2, and p is assumed to split completely in K/Q. Similarly, fx, (,),0®) | 2. We
summarise in the following Lemma.

Lemma 3 Let K be a totally real number field of degree n that is Galois over Q with odd
narrow class number and let p be a prime that splits completely in K /Q. For L = K (p) and

for L = K4 (p),

1. L/Q is a Galois extension of degree n2".
2. erpp) =2
3. fL/Q(p) | 2.

We will see in Corollary 1 that for a fixed odd rational prime p splitting completely in
K /Q, the residue field degrees of p in K(p)/Q and in K, (p)/Q are equal. Hence, to prove
Theorem 1, we will prove the analogous results for the family of extensions Ky (p)/Q.

3 The spin of prime ideals

Throughout this section, we will assume K satisfies (P1) and (C3). By Lemma 1, this is
equivalent to assuming that K is a totally real number field that is Galois over QQ with odd
narrow class number, and these conditions imply that O = (O* )2. We give the following
definition of spin, which extends the definition of spin from [5, (1.1)] in a natural way so

that it applies to all odd ideals (not necessary principal).

Definition 3 Let 0 € Gal(K/Q) be non-trivial. Given an odd ideal a, we define the spin
of a (with respect to o) to be

spin(a, o) = (:—0) ,
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where « is any totally positive generator of the principal ideal a”, and where (-) denotes
the quadratic residue symbol in K.

The assumption O = (Ox)z is important for two reasons. First, Lemma 1 ensures
that the principal ideal a” has a generator « that is totally positive. Second, any two totally
positive generators of a” differ by a square, so the value of the quadratic residue symbol
defining the spin does not depend on the choice of totally positive generator «.

If a is an odd principal ideal and «y is a totally positive generator of a, then alg is a totally
positive generator for a. As h is odd, we have

()-(2)

so our definition coincides with that of Friedlander et al. in [5] for odd principal ideals a.

3.1 Known results

The main result in [5] can be stated as follows.

Theorem 3 ([5, Theorem 1.1]) Suppose K is a number field satisfying properties (P1) and
(C1). Supposen = [K : Q] = 3. Assume Conjecture C,) holds forn = 1/nwiths = 8(n) > 0.
Let o be a generator of the Galois group Gal(K/Q). Then for all real numbers x > 3, we
have

Z spin(p, o) K K10+

p principal
prime ideal
N(p)=<x

where 0 = 0(n) = Here the implied constant depends only on € and K.

)
m(2n+1)"

Friedlander et al. also proved an analogous result for the case when the summation is
restricted to principal prime ideals p with totally positive generators satisfying a suitable
congruence condition.

By Burgess’s inequality, Conjecture C,, holds for n = 1/3 with § = ﬁ, so Theorem 3
holds unconditionally for [K : Q] = 3 where 6 = ﬁ.

In [5, Section 11], Friedlander et al. pose some questions about the joint distribution
of spin(p, o) and spin(p, ) as p varies over prime ideals, where o and t are two distinct
generators of the cyclic group Gal(K/Q). In [6], Koymans and Milovic prove that such
spins are distributed independently if n > 5, i.e., that the product spin(p, o) spin(p, )
oscillates similarly as in Theorem 3. In fact, they prove that the product of spins

[ [ spin(, o)

oeS
oscillates as long as the fixed non-empty subset S of Gal(K/Q) satisfies the property that
o ¢ S whenever 0! € S. Moreover, their result holds for number fields K satisfying
property (P1) and having arbitrary Galois groups, i.e., not necessarily satisfying property
(C1).

The assumption in [6] that ¢ ¢ S whenever o~}

€ S is made because spin(p, o) and
spin(p, o ~!) are not independent in the following sense. For a place v of K, let K, denote
the completion of K at v. For a4, b € K coprime to v, the Hilbert Symbol (4, b), is defined
to be 1 if the equation ax? + by?> = z? has a solution x, y, z € K, with at least one of , ¥,
or z non-zero and —1 otherwise.
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Proposition 1 ([5, Lemma 11.1]) Suppose K is a number field satisfying properties (P1)
and (C3). Suppose p C O is a prime ideal and o € Gal(K/Q) is an automorphism such
that p and p° are relatively prime. Then

spin(p, o) spin(p, 0 1) = [ (@ )y,
v|2
where « is a totally positive generator of ph and the product is taken over places v dividing
2.

Proof This is essentially Lemma 11.1 in [5]. The proof uses the fact that
H(fx, a’)y =1
14

Since & > 0, (o, «?), = 1 for all infinite places v.
Consider v, a finite place not equal to p or p°, and not dividing 2. Since v # p, p°, we
have a and a? are non-zero modulo v. Consider the equation

a®x* =1 —ay® mod v.

The right hand side and the left hand side each take on (91(v) 4+ 1)/2 values, so there is
a solution by the pigeon hole principle. It can not be the case that both x and y are 0.
Suppose x # 0 mod v. Since v is prime to 2 and x # 0, Hensel's Lemma implies there
exists a solution in the completion at v. Therefore («, «), = 1. If y is non-zero, a similar
argument works.

Since @ and «” are relatively prime, (o, «”)p = spin(p, o and (o, a®)pe = spin(p, o).
Then since ]_[V(oz, «?), = 1, we are done. O

In this paper, we study the joint distribution of multiple spins spin(p,¢), 0 € S, in a
setting where there are in fact many o € S such that 0 ~! € S as well. From the discussion
above, we see that this might involve combining the work of Koymans and Milovic with
the study of the products spin(p, o) spin(p, o ~!) for various o.

3.2 Factorization and spin
The spin of prime ideals is related to the splitting behavior of p in both K4 (p) and K (p) as
we will see in Proposition 3 and Corollary 1.

Let R denote the narrow ray class field over K of conductor m. Let p be an odd prime of
K. Recall from Definition 1 that Lemma 2 gives the existence of a unique quadratic subex-
tension of R; /K, denoted by K(p). We have the following proposition for K satisfying
properties (P1) and (C3).

Proposition 2 Assume the number field K satisfies properties (P1) and (C3). Letp C O be
an odd prime ideal splitting completely in K /Q. Let o € O be a totally positive generator
of p". Then

K(p) = K(Vux)

for some unit u € O well-defined modulo (0*)%. We denote the unit class of u by
ug (p) € O /(O*)2. Furthermore, ug (p°) = ux (p)° for any o € Gal(K/Q).
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Proof The assumptions that K satisfies (P1) and (C3) ensure that we can define K(p).
Write K(p) = K(+/B) for B € O. The polynomial discriminant d(1, /B) satisfies

d(1,\/B) = 4p = disc(OL/O)(O : OB

where O denotes the ring of integers of K (/B).

If ord(4p) is odd for some prime q of K, then ord(disc(Or/O) (O} : O[V/B))?) is odd
so ordq(disc(Or/0)) is odd. Then q| disc(Or /O) so q ramifies, and therefore q = p. Since
kT is odd and K (p)/K is quadratic, p ramifies in K(p) so p| disc(Or/O). Since B is not a
square in O, ordy (disc(Or/0)) is odd. Therefore (8) = pa? for some ideal a of O.

Raising to the power of the class number, (8)" = p”a?". Then since a” is principal,
writing a” = (8), we have (B)" = («)(8)%. Then B = uas? for some unit u € O*. Since h
is odd, K(v/B) = K(v/B") = K(Jua).

If K(p) = K(Jva) = K(Jua) for u,v € O, the Kummer pairing associates to this
field the subgroup of K< /(K*)? given by (K* N (L*)?)/(K*)?, a cyclic subgroup of order
2. Both ua and va generate this group so they are congruent modulo (K *)2. Therefore u
and v are equivalent in O /(0*)2. O

Lemma 4 Suppose K is a number field and h is an odd number. Suppose a and b are
distinct odd primes of K, and suppose o and f are totally positive generators of a” and b",
respectively, such that any prime above 2 is unramified in K(/B)/K. Then

o B
(5)-(5)
where (-/-) denotes the quadratic residue symbol in K.

Proof Since h is odd and b and a are coprime, we have

()-(=(&)- ()

Similarly,

B _ (B _(B\_(”

==(=) =(5)=(%) 3)

a a a o
By the law of quadratic reciprocity for K [12, Theorem VI1.8.3, p. 415], we have

o B

(B) = <;> 1_[ (, B)vs
v|200

where (-, -), is the Hilbert symbol on K and the product above is over all places v lying
above 2 and infinity.

For each infinite place v, we have (¢, 8), = 1 since « is totally positive (and thus also
positive in the embedding of K into R corresponding to v). For any place v lying above 2,
we have (&, B), = 1 since « is coprime to 2 and any even prime is unramified in K (y/B)/K
(see [3, Exercise 2.8, p.352]). We thus deduce that

B [«
al B ’
which in combination with (3) and (2) yields the desired result. O

Given a rational prime p, fix a prime p above p and a totally positive generator o of
p”. Recall from Definition 2 that K (p) is the composite of K (p°) as o varies over all
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elements of Gal(K /Q), where K, (p°):=K (/). As before, denote by K(p?) the unique
quadratic subextension of the narrow ray class field over K of conductor p°.

The factorization of p in K (p) or K(p) is determined by the factorizations of p in each
K4 (p?) or K(p?) respectively, which is in turn determined by the spin of p with respect to

1

o or 0, respectively.

Proposition 3 Assume K satisfies properties (P1) and (C3). For a fixed odd prime p of K
that splits completely in K /Q and o non-trivial in Gal(K /Q), the following are equivalent.

1. spin(p,0) =1,
2. frpeyx®) =1
3 fepwe k@ =1

Proof Let q # p be an odd prime of K with 8 € O a generator of q” where  is the class
number of K. Let L = K(/B). We will prove that (8/p) = 1 if and only if f x (p) = 1. The
result will then be established by choosing suitable 8 and g.

If m > 0 is the minimal positive integer such that q” is principal and if q” is principal
for any r > 0, then we can write r = @ + ml for ] > 0and 0 < a < m. Then q" = ¢%q"
and since q" and g” are principal, so is q*. Since m is the minimal such positive integer,
a = 0so m|r. That is, any power of q that is principal must be a power of q™. In particular
since / is odd, m is odd and if g is principal, then ¢’ is principal.

Write ¢" = q”q? where m is the minimal positive integer such that g™ is principal.
By Lemma 1, we can write (y) = q” for y € O with the same signature as 8. Then
q" = q"¢% becomes (8) = (y)(8)? for & a generator of p’. Since the signatures of 8 and y
match, B = y 8% Therefore L = K(/B) = K(/7).

Here O denotes the ring of integers of K and O, denotes the ring of integers of L. The
polynomial discriminant d(1, ,/y) = 4y so

4y = disc(Or/O) Oy : Ol V)

If q|(Or : O[/¥]) then since (Of : O[,/y]) is an integer, t:= ordq (O : O[,/y]) must be
such that g is principal. Then m|t but since q is odd,

ordg(disc(Or/O) Oy : (9[\/7])2) > 2t > m = ordq(4y).

This is a contradiction, so q 1 (Or : O[/¥]). Therefore (O; : O[,/¥])2. Then since
p = N(p) is odd and O[,/¥]/p and O /p are both vector spaces over Z/p, these two
rings are isomorphic. As the quotient of (O/p)[x] by the polynomial x> — y considered in
(O/p)[x] is isomorphic to O[,/y]/p,

(O/p)lx]/(x* = y) = Or/p. (4)

The quadratic residue (y /p) is equal to 1 exactly when the polynomial x> — y factors
in (O/p)[x]. Since p 1 (y), the polynomial x> — y cannot factor into the square of an
irreducible polynomial. The irreducible factors of x> —y in (O/p)[x] correspond bijectively
to the maximal ideals of (O/p)[x]/(x?> — y). Then since p 1 (y), we may deduce that
(v/p) = 1 if and only if there are exactly two maximal ideals of (O/p)[x]/(x*> — y).
Applying the isomorphism in line (4), this is true if and only if O /p has exactly two
maximal ideals. Maximal ideals of Oy /p correspond bijectively to the irreducible factors
of p in Or. Therefore (y /p) = 1 if and only if f; x (p) = 1. Since B = v82, (B/p) = (v /p).
This concludes the first part of the proof, showing that (8/p) = 1 ifand only if f7 x (p) = 1.



1 Page12of29 Chan et al. Res. Number Theory (2022) 8:1

Setting 8 = (uw)? for u in the unit class ux(p) and q = p°, by Proposition 2, L =
K(/B) = K(/(ua)®) = K(p°). Since K(,/(ua)?) is contained in R;,, no prime above 2
is ramified in the extension K (/(ux)?)/K, so applying Lemma 4,

(B/p) = ()’ /p) = (a/p°) = spin(p, o),

proving (2.) is equivalent to part (1.).
Alternatively, if we set 8 = a® andq=p° ', then L = K(v/B) = K(p° ') and since
(a"fl/p) = (a/p?) = spin(p, o), this proves that part (3.) is equivalent to part (1.). O

Corollary 1 For a fixed odd rational prime p splitting completely in K/Q, the residue
field degrees of p in the extensions K(p)/Q and Ki(p)/Q are equal to 1 if and only if
spin(p, o) = 1 for all non-trivial 0 € Gal(K/Q) for p a prime of K above p. Otherwise these
residue field degrees are equal to 2.

Proof fx (o) = 1 exactly when fxo)x(p) = 1 for all 0 € Gal(K/Q). Similarly,

Jr.p)yop) = 1 exactly Whean+(pU—l)/K(p) = 1forall 0 € Gal(K/Q). Apply Proposition
3. If the residue field degrees are not equal to 1 then they are equal to 2 by Lemma 3. O

4 A consequence of the Chebotarev Density theorem

In this section, we use the Chebotarev Density Theorem to prove that the primes of K
are equidistributed in My as defined below, where the mapping takes primes to a totally
positive generator considered in M. This contributes toward the density d(R|S) of rational
primes p that satisfy the spin relation,

spin(p, o) spin(p, 0 1) =1 for all non-trivial 0 € Gal(K/Q),

where p is a prime of K above p, restricted to the rational primes splitting completely in
K/Q. We will also give this density restricted modulo 4Z. Theorem 4 and Proposition 5
together give the density of such primes satisfying the spin relation.

Definition 4 For g a power of 2, define
M, = (0/40)*/ ((0/q0)*)*.
Note that My is a group with a natural action from Gal(K/Q).

Proposition 4 Let K be a number field satisifying (C1) and (C4). Then

1. My = (Z/2)" as a Z/2-vector space,
2. the invariants of the action of Gal(K /Q) on My are exactly +1.

Proof Let U,:=(O/m)*.

1. Fix a set of representatives R for O/2 in O. Let R* be a subset of R containing
representatives for (0/2)*. Observe that {x + 2y : x € R*,y € R} is a set of
representatives for Uy and #Uy = 2"(2"” — 1). Therefore elements of LIE are of the
form (x +2y)? = x? mod 4O forx € R* and y € R. Since #(00/2)* = 2" —1is odd,
the squaring map on U = (O/2)* is surjective and so #Uf = 2" — 1. Therefore
#My = #U,/#U> = 2". Since My is formed by taking the quotient of /4 modulo
squares, My is a direct product of cyclic groups of order 2.

For any ¢ € O coprime to 2, write [«] as the projection of ¢ O in My. Since every
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x € R* is a square in Uy, we can write down the isomorphism explicitly as
My — O/2=Fo  [x4+2y] =[1+2x 1y > 1y (5)

We see that My = {[1+2y] : y € O/2}.

2. Let o be a generator of Gal(K/Q). The action of o on [1 + 2y] € My, simply maps y
to y°. Then we see that y = y° mod O/2 if and only if y = 0 or 1 mod O/2. These
correspond to £1 in My.

O

Lemma 5 Let K be a number field such that 2 is inert in K /Q. The Hilbert symbol (-, - )2
is well-defined on My,

Proof We show that (o, 8)2 = (@ + 4B, 8)2 for any B € O coprime to 2, which implies
that (-, -)9 is well-defined on (O /40)* x (O/40)*. Suppose B € O is coprime to 2. It
suffices to show that (o, 8)2 = 1 implies (o + 4B, B)2 = 1. Assuming («, B)2 = 1, we can
take %, 5, z € O not all divisible by 2 satisfying x> — ay*> = Bz> mod 8. Since all elements
of (0/2)* are squares in ((0/2)*, there exists C, D € O such that C?> = !B mod 2 and
D? = a7 !'871B mod 2. Take X = x + 2Cz, y = Y and Z = z + 2Dx, then one can check
that X2 — (a 4+ 4B)Y? = BZ% mod 8. Therefore (& + 4B, ), = 1 by Hensel’s lifting the
solution (X, Y, Z). O

Lemma 6 Let K be a number field such that 2 is inert in K /Q. The Hilbert symbol (-, )2
is non-degenerate on M.

Proof Fix some o € O coprime to 2. We claim that (¢ + 4B,2); = 1 for some B € O.
Since (O/2)* contains all its squareroots, there exist some y,z € O such that « =
y? — 2z% mod 4. Write x = y + 2x’ for some &’ € O, set B =&’y + x> and y = 1. Then
%% — (o + 4B)y* = 2z% mod 8. This proves our claim.

Now suppose (¢, 8)2 = 1forall B € O coprime to 2. Then taking B from the above claim,
(e 4+4B, B)2 = 1 holds for all 8 € O coprime to 2 by Lemma 5, and for all 8 € O divisible
by 2, by the above claim. Since the Hilbert symbol is non-degenerate on K, /(K,)? [13,
Chapter XIV, Proposition 7], this implies that o + 4B € (0%, Hence [a] = [« + 48] is

trivial in My. O

For m an ideal of K, let ¢ denote the set of prime ideals of O co-prime to m. For K a
totally real number field satisfying (C3), we can define the following map.

Definition 5 For g a power of 2, define the map

Cap?
rg: P — My

P o
where o € O is a totally positive generator of the principal ideal p”.

By Lemma 1 since K is totally real with odd narrow class number, all principal ideals
have a totally positive generator and O = (OX)Z. Since squares are trivial in My by
definition the map r, is well-defined. We also note that r, commutes with the Galois
action, i.e. r4(p”) = ry(p)° forallo € Gal(K/Q).

For m an ideal of O, let J I?‘ denote the group of fractional ideals of K prime to m.
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Lemma 7 [[9, Lemma 3.5]] For K totally real with h* odd, the homomorphism ]12< - My
induced by v, induces a surjective homomorphism,

@q: Cl;’ — My.

Proof This result is proven in [9, 3.5] and while stated with more assumptions there, the
same proof holds with only the assumptions stated here. For clarity, we expand upon the

proof of surjectivity. Let

Ky :={a € K* :ordy(a) =0}, and
K1 :={a € K* :ordy(a — 1) > orda(g), a = 0}

We have the following commutative diagram of homomorphisms. The homomorphism
Yo and the isomorphism i are induced by the exact sequence and canonical isomorphism
from class field theory as given in [10, V.1.7].

Yo @q
(K /Kin,1)/(Kin /Kin,1)* —— CIF /(CIT)> —— My

e

(Z/2)" x My

Fix X € M. Consider (0, X) € (Z/2)" x My. Since i is an isomorphism, there exists an
element in (Ky /K, 1)/(Km/Km,1)? represented by 8 € K* such that i(8) = (0, X). Since
i(B) maps to 0 in the projection to (Z/2)", B is totally positive. Since 8 > 0, we can choose
a, b € O totally positive such that 8 = a/b. (Writing 8 = a/b for any a, b € O, one could
then consider 8 = a?/ab). Then X = [ab™!] by the canonical isomorphism in [10, V.1.7].

The map o takes f to the class in Cl; /(CI;)* represented by the fractional ideal
(a)(b)~!. Factoring the ideal (c) for any totally positive element ¢ € O and applying the
homomorphism ¢, gives ("] e M, which is equivalent to [c] € My since / is odd. Then
since a and b are totally positive, (pq((a)(b)_l) = [ab~!] = X and so @q is surjective. O

Let §” denote the set of odd primes p of K with inertia degree fi/q(p) = 1.
Lemma 8 [[9, Lemma 4.3]] Assume K satisfies (P1), (C3), and (C4).

1. Forany a € My, the density of primes p of K such that p4(p) = « is 2%1 That is,

1 1
dr;! =—=—

(r4 () #M, o
2. Furthermore, the density does not change when we restrict to primes of K that split

completely in K /Q. That is,
1

1
-1 nen _
d(r, (a)ﬂS|S)—# L= o

Proof See [9, Lemma 4.3]. There the result is stated with more assumptions, but the same

proof holds more generally. O
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Definition 6 Assume K satisfies (P1), (C3). Let « € My. Let p be an odd prime of K such
that r4(p) = . The map

N:My — (Z/4)*
a = Nk (p) mod 4Z

is well-defined and N(«) = N(«?) for all 0 € Gal(K/Q).

Proof ByLemma7,the mapry : 2% — My from Definition 5 induces a surjective group
homomorphism

@4 Cl;f — My.

Define H:= Art(ker(ps)) where Art denotes the Artin map from CII to Gal(R;f /K) with
RZ denoting the narrow ray class field over K of conductor 4.

Define L to be the fixed field of H in Gal(R;L|r /K). Then ¢4 induces a canonical isomor-
phism

Gal(L/K) = M.

Then for any « € My, by applying the Chebotarev Density Theorem to the element of
Gal(L/K) corresponding to « via this isomorphism, there exists a prime p € 3212( with
pa(p) = a.

Let p and q be odd primes of K such that rs(p) = ra(q). Let o be a totally positive
generator of p” and let 8 be a totally positive generator of q”, where / is the odd class
number of K, which is odd by assumption. Since r4(p) = ra(q), ® = B in My. Then o =
By? mod 4O for some y € O. Since a® = B°(y?)?> mod 40O forall o € Gal(K/Q), taking
norms N(e) = N(B)N(y)? mod 40O. Since the norms are in Z, N(w) = N(B) mod 4Z. O

We now state an extended version of Lemma 8 that handles the densities restricted to
primes of a fixed congruence class modulo 4Z.

For a fixed sign u € {%},let S}, denote the set of primes p € S’ with N(p) = 11 mod 4Z.
In other words S, is the set of primes of K laying above rational primes in S,.

Lemma 9 Assume K satisfies conditions (C1)-(C4). For any @ € My and for a fixed sign
1 € {£), the density of p € S}, such that ¢4(p) = o is given by

51 i N(@) = u1 mod 4

d(r;l(oz) n S’/‘|S‘/‘) - {O otherwise.

Proof Let Ky1:={a € K* : orda(@ — 1) > 2, > 0} and (9;1:=K4,1 N O*. Since OF =
(0%)?,

(0% : 0f)) = (0% : 0X)(OF : 0F)) = 2"(0%)*: OF,).

Therefore by [10, V.1.7], the order of Gal(RZ/K) divides #2"(2" — 1).

As in the proof following Definition 6 and with L as defined there, recall that r4 induces
a canonical isomorphism Gal(L/K) = My. Then [L : K] = 2" by Proposition 4. Therefore
[RI : L] is odd. Let F denote the composite of K and Q(¢s). Since [K : Q] is odd,
[F:K]=2.SinceK CF C R} and [R] : L]isodd, F € Land [L: F] =2""L.
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For T /E a Galois extension of conductor dividing m, let p be a prime of E, and let 7 €
Gal(T /E). Let (p, T /E) denote the conjugacy class of Gal(T'/E) containing the Frobenius
of p where p is a prime of T above p. Let

Ap(0r=lp € PP+ (p, T/E) = (1)},
A%E(r)::{p € PT :pliesabovep € A%E(r)},

Fix u € {£}. Let 7_ denote the nontrivial element of Gal(F/K) and let 7, denote
the trivial element of Gal(F/K) so that 91(p) = w1 mod 4 exactly when p € AIF<|1<(TM)~
Furthermore S;L =5nN Ag[((t,t).

Fix @ € My and let 0 € Gal(L/K) corresponding to « via the isomorphism induced by
r4 given in the proof following Definition 6. Then r;l(a) = .A[L(l (o).

Letting o denote the image of ¢ in the natural surjection to Gal(F/K),

Afjxc(0) N AR e (T) = Ao if7 = o
0 otherwise.
By the Chebotarev Density Theorem, d (Aﬁ x(0) = 2%, Since S’ has density 1, restricting
densities of primes in K to those that split completely in K /Q does not change the density.
Therefore

d(ry (@) NS}, IS') = d(Afj (o) N Af () N S'IS)
= d(Af (o) N AF (7))
_ 2%, ifo =14,
~ | 0 otherwise
and similarly d(S;L|S/) = d(AIF<|1<(TM) Nns'|8) = d(.AﬁK(ru)) which is equal to % by the
Chebotarev Density Theorem. Therefore

d(r;l(amsmS’)_{ L ifg =1,

d(r; (@) NS,1S,) =

zn—l
da(s;,1s) 0  otherwise.

Forp € r;l(a), the condition that N(«) = u1 mod 4 means that 91(p) = p1 mod 4.
This is equivalent to the condition that p € .Af_f‘ x(Tw). Since p € r;l(oc) = Allj x(0), the
condition that p € Aﬁ (1) is true exactly when & = ;.. This completes the proof. O

Recall that Proposition 1 states that for p a prime of K with totally positive generator
o € O, and for o € Gal(K/Q) such that p and p® are relatively prime,

spin(p, o) spin(p, 0 ') = (&, %)

This motivates the following definition.

Definition 7 ( [9, Theorem 5.1] ) Assume K is Galois with abelian Galois group and
satisfies (C4). Let « € O denote a representative of [«] € My. Define the map

*: My — {£1)

1 if (o, %) = 1 for all non-trivial o € Gal(K/Q),
—1 otherwise.

la] —
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Observe that « is a well-defined map by Lemma 5. If (6) holds for some o € O, then it
holds for a? for any o € Gal(K/Q). Therefore (o) = x(a?) for all 0 € Gal(K/Q).
Recall the map N : My — +£1 from Definition 6. Let x denote the restriction of x to

M :={a € My : N(a) = 1}
and let x_ denote the restriction of x to

M, :={a € My : N(o) = —1}.

Recalling that S, = {p € § : p = pulmod4Z} and R = {p € S
spin(p, o) spin(p,0 1) = 1forallo # 1 € Gal(K/Q)}, for a fixed sign p, define
R,:=RNS,.

Theorem 4 Assume K satisfies properties (C1)-(C4). Then

#ker(x
aris) = 7K,
#ker(x4) # ker(x_)
d(R4|S4) = 271—_1+ and d(R_|S_) = T

Proof That d(R|S) = #ker(x)/2" is proven in [9, Theorem 6.2], though it will also follow
from the proof that d(R,|S,) = #ker(m)/Z”_1 since d(S,|S) = 1/2 and ker(x) is the
disjoint union of ker(x) and ker(x_) and R is the disjoint union of R and R_.

Recall the map ry from Definition 5. As shown in Definition 7, x(«) = »(«”) for any
o € Gal(K/Q) so * o ra(p) = * o r4(p?) for any o € Gal(K/Q). By Proposition 1, for each
fixed sign w,

R, ={p €S, :*xors(p) =1 forp aprime ofKabovep}.

ForN e Zi,let Ryn:={p € R, : p < N}and S, n:={p € S, : p < N}. We will prove
that
#ker(x,)
A(R,|S)) = ——=
Then since K is cyclic of odd degree and 2 is inert in K/Q, we can apply Proposition 4
to get that #My = 2”. Then since half the elements of My are in M, and half in M,
M) = #M, =2""1

Let u denote a fixed sign. Let S;L) n denote the set of primes of K laying above primes in
SN and let R;L, n denote the set of primes of K laying above primes in R, . Since primes
in S split completely,

#R;/_,N _ #RL,N
#S,N #S;L,N'

Let rg y denote the restriction of r4 to Sl/L ~- Then R;L  is the disjoint union
/ / -1
Roy= || (SM,N n 1’4,N(°‘)>f
aeker(x,)

taken over elements o € ker(x,), i.e. elements of « € My such that N(«) = p1 mod 4
and () = 1. Therefore

-1
4R # (S0 NEzn(@)
#S Z #S'
N aeker(x,) wN
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By Lemma 9, for all o € ker(x,),

1 1
—1 ! !
d(ry (@) NS,IS,) = _#MZ = St

Therefore

# (S, NN @)
#S, N

d(Ry|Sy) = d(R),IS,) = lim 3

acker(x,)

# (87,0 NEgr(@)

= Z lim P
aeker(*ﬂ)N_)OO wN
= Y da;'@ns)ls))
aeker(x,)

Z 1 #ker(*u)'

n-1 " on-1

aeker(x,)

5 Counting solutions to a Hilbert symbol condition
In this section, we assume that K/Q satisfies (C1)-(C4) and prove formulae for # ker(x,,).
Throughout, the degree n := [K : Q] to taken as an odd integer.

Fix 7 to be a generator of Gal(K/Q). For any @ € K, write a(k):za’k for k € Z.

Lemma 10 (—1,—-1)y = —1.

Proof Assume for contradiction that (—1, 1) = 1. Consider a homomorphism ¢ : My —
{1} given by [«] — (, —1)3. Since the Hilbert symbol is non-degenerate, and —1 is not
a square modulo 4 in K, ¥ is not identically 1. Therefore # ker = #My/#im ¢ = 21,

For any [a] € My \ {£1}, we have (e¢x), —1)2 = (&, —1)2 for any k. Therefore v is stable
under the Galois action. The size of each Galois orbit is 7 except the orbit of +1. But then
n divides both #{[a] € Mg \ {1} : (o) =1} = #{[a] e My : Yr(a) =1} —2=2""1_-2
and #{[a] € My : ¥(a) = —1} = 2”1, which is a contradiction. m|

Our aim is to count the number of elements in My with a representative o € Ok satisfying
the spin relation

(o, )9 = 1 for all non-trivial o € Gal(K/Q). (6)

By Lemma 6, the property (6) only depends on the class of [¢] € Ma.

5.1 The Hilbert symbol as a bilinear form on M4

By the Kronecker—Weber theorem, K is contained in the cyclotomic field Q(¢j), where
f is the conductor of K. The conductor f is odd since we assumed that 2 is unrami-
fied in K. By [4, Theorem 4.5], there exists a normal 2-integral basis of Q(¢j), i.e. we
can find some @ € Og(;) such that the localization of Og(;) at 2 can be written as
OQ(;f),z = DgeGal(QUy) /@) Zz)a8. Similar to the classic result for integral bases [11, Propo-
sition 4.31(i)], taking y = Trg()/k (@), then {3, 5%, ..., y™"'} gives a normal 2-integral
basis of K. Since Z)/2 = Z/2 and Ok;3/2 = Ok /2, we know that y, y7, .. .,yTVH also
form a normal Fy-basis of O /2.
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Set @ = 1 + 2y. It follows from the isomorphism in (5) that

n—1
M4 = H[O{(i)]ui : (Lt(), ey l/tn_l) € Fg} .
i=0

Write (o, or;))2 = (=1)%, ¢; € {0,1}. Note that («(;, Oé(]'))z = (a, C((]',i))z. The Hilbert

symbol is multiplicatively bilinear, so we can represent (-, - )2 by the matrix

) Cy—1Cyp—2 ...C1
C1 )y Cy—1...0Cy

Cn—1 Cp—2 Cp—-3 ... €O

with respect to the basis [e¢(3],0 <i <n—1.
Define the n x n Fy-matrix

01 0 0 ... 0

001 0 ... 0

o 0 o0 1 ... O
nLy={. . . . . e

00 0 0 ...

1 0 0 0 ... 0

Ty =Tkand To = 1.
Lemma 11 Let A be the matrix representation of (-, - )2 on My with respect to a normal

basis, as given in (7). Define a map

U FY — Folx]/(x" — 1)
u = (o, ..., Un_1) — Fa(x):=1ig + u1x + tox® + - - + 12" L.
Also define
®:F) — F) u— @' Tou, ' Tiw, ..., ' T, ju).
Let B:=V o @, so
B:F) — Folx]/(x" —1)  ur> & Fy(x)Fu(1/x) mod (x" — 1).

Then #Xker(x,) = #B~1(0) and # ker(x_) = #B~ 1 (h(x)), where h(x) = W(A~1(1,0,...,0)).

Furthermore
h(x) = x"h(1/x) mod (x" — 1). 8)
Proof Foranyu = (ug, ..., up—1),v=(vo, ..., vy—1) € F5, we have
u; Vi _(_1yula
[Te@ [Teg | =nm
i j 9

Since (-, -)2 is non-degenerate on My by Lemma 6, the matrix A has rank # and is
invertible. Note also that A is symmetric.
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Now [; oezg, u = (U, ..., up—1) € ) satisfies (6) if and only if
w/ATiu=uTATyu=-.. =uTAT,_ju=0. 9)

Notice that from (7), we can write

n—1
A= ZC,’T,’, ¢; € Fs.
i=0

Then (9) becomes
u? Tyu 0 1
ulTiu 0 0
Acow=a| el []. |} (10)
ulT, ju 0 0

Since A is invertible, we can set i(x) = W(A71(1,0,...,0)). Notice that W is a one-to-
one correspondence. Then (10) can be rewritten as B(u) = W o ®(u) € {0, i(x)}. Since A
is symmetric, A~ is also symmetric, so (8) holds. Also (&, )2 = (a, —1)2 = (@, -1)7 =
l_[i(ot(i), —1)2 = (Mg gla), —1)2, which is 1 if Nx @) = 1 mod 4 and —1 if Nk () =
—1 mod 4 by Lemma 10. Therefore # ker(x,) = #B71(0) and # ker(x_) = #B~(h(x)). O

5.2 The counting problem
Our aim is to obtain the size of the preimage of 0 and /(x) under B. For any polynomial f,
let f* denote its reciprocal, i.e. f*(x) = x9°8/ . £(1/x).

Lemma 12 For any positive factor k # 1 of n, let dy. be the order of 2 in (Z/k)*. Also set
d1 = 1. Consider the following factorisation in Fy[x],

-1 :fl(x) . ﬁ(x)fr;k+1(x) .. fr*(x);

where f; are irreducible and f; = f* for i = 1, ..., m. Let my be the number of i such that
Ji = f and degf; = di and let 2ry — my be the number of i such that degf; = di. Then

Si_idegfi =Y i, rxdx andr =Yy, ri and m =Y, my, where ry = my = 1, and
( | (%kk), 0) if dy. is odd,

Vi, My ) =
(%’:), %) if dy is even,

fork # 1.

Proof Take f to be an irreducible factor of x” — 1 in Fy[x]. Let y be a root of f in an
extension of 5. Then y is a primitive k-th root of unity, where k is some integer dividing
n. Galois theory on finite fields shows that Gal(F(y)/F2) is generated by the Frobenius
¢ x> x2.Since ¢ : x > x2 for anyi € Z,we see that the order of ¢ must be d, the order
of2in (Z/k)*. Therefore deg f = dj. The set of roots of f is {y, o(y), 9*(¥), - . ., 0% 1(y)},
which is closed under inversion precisely when d is even. Therefore f is self-reciprocal if
and only if dy, is even.

Let Ay be the set of distinct irreducible factors of x” — 1 in F3[x] which has a primitive
k-th root of unity in an extension of Fy, and My be a subset of Ay containing elements
which are self-reciprocal, so 2ry — my = #Ay and my = #My. If dy is even, then all f € Ay
are self-reciprocals, so Ay = My and ry = my. If dy is odd, then M = @ and my = 0.
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There are ¢(k) roots of x” — 1 which are primitive k-th root of unity, so (2ry — my)dy =
¢(k). Now the statement of the Lemma follows from r;, = my; when dy is even, and m; = 0
when d, is odd. O

We are now ready to prove the formulae for # ker(x4 ) and # ker(x_).

Proposition 5 For each k # 1 dividing n, let dy be the order of 2 in (Z/k)*. Then

k
#ker(xy) = ]‘[ (1t _ 1)%2,
k|n, drodd, k#1
and
(k) (k)
#ker(x_) = l—[ (2%/% 4 1) % 1_[ (% — 1),
k|n, dieven, k#1 k|n, dyodd, k#1

If nis a prime, then writing d = d,,
((2l+d ), 24— 1)‘%) if d is odd,

(# ker(x4), #ker(x_)) = d el o
(1, 22 +1) 4 ) ifd is even.

In particular, when n = 3, # ker(x4) = 1 and # ker(x_) = 3.

Proof The first case we make use of # ker(xy) = #871(0) from Lemma 11. Here B(u) = 0
implies (x"” — 1) | Fu(x)E(x). Obtain the following factorisation in F,[x] as described in
Lemma 12,

¥ —1=f) .. @)1 (). (%) (11)

Then foreachk =1,...,r, we have fi | Fy or f;* | Fu.
By the Chinese Remainder Theorem,

Fola) /" — 1) = [ [ Falxl/() x [ (Fz[x]/(f?*)>'

i=1 j=m+1
Fork =1,..., m, the image of F,, in F[x]/(f) is 0. For k = m + 1, ... r, the image of Fy
is 0 in at least one of F2[x]/(fi) and Fa[x]/(f"). Therefore

r
#B710)= [ @'tdei — ).
j=m+1

Now applying Lemma 12,

)
#ler(xy) = [ @4 — 1y = [T @*%-1%. (12)
kin kin, dy 0dd, k#1
The second case # ker(x_) we consider B(u) = /(x). We count the number of u € 7
such that
x" - Fu(x)Fu(1/x) = h(x) mod (x" — 1). (13)

Since A has full rank and (1,0,0,...0),(0,1,0,...,0),(0,0,...,0,1) are linearly indepen-
dent, we know that /(x), xh(x), - - -, ¥~ h(x) are linearly independent in Fo[x]/(x"" — 1).
This implies that i(x) € (Fo[x]/(x" — 1))*.

Fix a primitive complex n-th root of unity ¢,. Consider the isomorphism

(Fa[x]/(=" — 1)) — (Z[£al/2)* Fu(x) /> Fu(£n) mod 2.
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Now (13) becomes

Fu(gn)Fu(Cn) = h(é‘n) mod 2.

Notice from (8) that h(¢,) = h(¢, ') = h(Z,) is real. We compute from (11),

#(Z[5nl/2) = #(Fa[x]/(x" — 1))

r

=TT#@u0* T #(Falw/gn)” = [k - 2.
i=1

j=m+1 kln
Take g € Fa[x] such that

x"—1
x—1

n—1
2

="l "2 i x sl =x g(x+x*1).

We can factorise g(x) = g2(x) ... g-(x), where x¢% - g (x +x7") = fi(w) for 2 < k < m
and x1°88 . gt (x + x 1) = fr(@)fy (x) for m + 1 < k < r. Then since (Z[¢, + ¢t 2 =
(F2[x]/(g))*, we compute

#(Zlen+¢,11/2)" = #(Falx]/(©)"
=[T# ®u@)* = [T @ -1 @d -1y,

i=2 Kln, k#1

Our goal is to compute the size of the kernel of the homomorphism

¥ (216 /2) — (Zlgn + ¢, 1/2) B — BB

We claim that v is surjective. Since (Z[¢, + ¢, 1]/2)* has odd order, every element is a
square, so suppose 82 € (Z[¢y + ¢, 11/2)%, then V(B) = B2 for any lift B € Z[¢, + o
of B. Therefore

#ker(x_) = #B 1 (h(x)) = #ker ¢
_ 2L/

Fim v [] @%?+1ym@% -1y, (14)

kln, k#1
Putting in (12) and (14) the values of 7 and m in terms of n and d as in Lemma 12 proves
the proposition. o

6 Joint spins

Fix a sign p € {%}. Recall that S, is the set of rational primes p = 11 mod 4 that split
completely in K/Q, i.e., unramified and of residue degree 1 in K/Q, and that F,, is the set
of p € S, of residue degree 1 in K(p)/Q. By Corollary 1, a prime p € S, belongs to F, if
and only if spin(p, o) = 1 for all non-trivial o € Gal(K/Q) and any prime ideal p of K lying
above p. Recall that R, is the set of primes p € S, such that spin(p, o) spin(p, 0 ) = 1 for
all non-trivial o € Gal(K/Q) and all prime ideals p of K lying above p, so that F,, C R,,.
In this section, we will prove the following formula for the relative density of F,, in R,
denoted by d(F,,|R,).

Theorem 5 Assume Conjecture Cy for n = ﬁ Then

d(F,R,) =277 .
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Since each p € S, splits into exactly the same number of prime ideals in O, and since R,
is a set of primes of positive natural density, it suffices to show that

o o1=27% Y 1+0(X(logX) ). (15)
N(p)<X N(p)<X
p lies over peF, p lies over peR;,

Let 7 bea generator of Gal(K /Q), a cyclic group of order n. Then, by definition of the set R ,,
aprimep € R, belongs to the set F,, if and only if spin(p, rk) = 1forallk € {1,2,..., ”T_l}.
The product

n—1

2

1—[ 1 + spin(p, 7¥)
2
k=1
is the indicator function of the property that spin(p, 7€) = 1 for all k € {1,2,..., ”T_l}.
Expanding this product gives

277 Y [ spin(vo), (16)

n—-1 oeH
Hclr,.t 2 )7

where the sum is over all subsets H of {7, 72, ..., "7 }. When H = ¢, the product is 1 by
convention.

Let L/K be any abelian extension whose Galois group is isomorphic to M}, and let A
denote the set of disjoint Gal(K/Q)-orbits of elements of Mﬁf , so that we can write

My =| A
AcA

Each Gal(K/Q)-orbit A is then a collection of invertible congruence classes modulo 40
that are distinct modulo squares. Let Ay C A be the set of Gal(K/Q)-orbits A such that
spin(p, o) spin(p, 0 1) = 1 for all non-trivial & € G and for all prime ideals p such that
r4(p) € A. Note that a prime ideal p in O lies over a prime p € R, if and only if r4(p) € A
for some A € Ay.

Summing (16) over all prime ideals p of norm 9i(p) < X, we get that

Yo=Y T(GHA),

N(p)<X n-1
peF, HC{;}-E-XO 2}
where
SGHA) = Y []spint o).
N(p)<X oeH
ra(p)ed

Being able to split the sum of interest into sums of the type X(X; H, A) as above is what
partially motivates introducing L/K and orbits 4, as it is unclear how one could cleanly
define an analogue of ¥ (X; H, A) for just one congruence class modulo 40O at a time (as
opposed to one orbit A).

The sums X (X; ), A) feature no cancellation and provide the main term in (15). It then
remains to show that

S (X; H, A) = o(X/log X) (17)

for each non-empty subset H of {z, ..., t Lgl} and each A € Ay. To this end, we will use a
slight generalization of Theorem 1 of [6].
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We cannot apply the results of [6] directly for two reasons. First, the class number / of
K need not be 1 — this forces us to relate spin(a, o) to quadratic residue symbols involving
elements “smaller” than the totally positive generators of a”. Second, the sums X (X; H, A)
feature the additional restriction that rs(p) € A. Since A is a collection of congruence
classes modulo 40O, the restriction that r4(p) € A is reminiscent of the restriction to a
congruence class as in [5, Theorem 1.2, p. 699]. Despite the similarity, there is a technical
difference that we will explain.

Fix once and for all a set C consisting of /7 unramified degree-one prime ideals in O that
is a complete set of representatives of ideal classes in the class group of K; its existence
is guaranteed by an application of the Chebotarev Density Theorem to the Hilbert class
field of K.

Now suppose that a is a non-zero ideal in O coprime to ]_[p cc Np), and let o denote a
totally positive generator of a”. As / is odd, the set {p? : p € C} is also a complete set of
representatives. Hence there exists p € C such that ap? is a principal ideal. Let 7 denote a
totally positive generator of the ideal p”. Let o denote a totally positive generator of ap?.
Then otg and a7 are both totally positive generators of the ideal (ap?)”, so we have

. N o _ Ol7T2 . . 2 N Olg N (e 7))
wineo) = (55) = (agm) = oo = (m) = (i) 09

since /1 is odd. Note that for each p € C there is a bijection

{a C O:N(a) < x ap? is principal}
~ {ag € D : Nleg) < xN(p)%, 29 = 0 mod p?} (19)
given by a = «g as above, and where D is a set of totally positive elements in O defined
in [5, (4.2), p.713]. Moreover, ra(a) is the class in My of a totally positive generator of a”,

i.e., the class of « in My. Since squares vanish in My, the classes of & and am?, and so also
of aé’ , coincide in My. Hence, if A is a Gal(K'/Q)-orbit, then

rs(a) € A ifand only if aé’ €A (20)
We will now prove the following adaptation of [6, Theorem 1, p. 2].

Theorem 6 With notation as above, let H be a non-empty subset of {t, ..., T = }. Assume
Conjecture Cy holds true for n = 1/(|H|n) with § = 8(n) > 0 (see [6, p. 7]). Let e > 0 be a
real number. Then for all X > 2, we have

8
S(GHA) < X' s

where the implied constant depends only on € and K.

Note that the set H above is of size at most ”—51 Since Conjecture C,,; implies Conjec-
ture C,, whenever 71 < 17, we see that, conditional on Conjecture C, for n = ﬁ,
Theorem 6 implies (17) for each Gal(K/Q)-orbit A € Ap and each non-empty subset
Hcr,...,T o }, and hence also Theorem 5. It thus remains to prove Theorem 6.

For a non-zero ideal a C O and a Gal(K/Q)-orbit A, let

1 ifrg(a) € A

r(a;A) =
0 otherwise,

and let

sqa =r(a;A) 1_[ spin(a, o).
oeH
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Then we have

SOGHA) = ) s
N(p)<X
where the summation is over prime ideals p C O of norm at most X.

Let F be the integer defined in [6, (2.2), p. 5]; it depends only on K. Moreover, we can
choose the sets C¢, and C¥j, in [6, p. 5] so that their elements are coprime to Hpec N(p).
Note that F is divisible by 32.

To deduce Theorem 6, it suffices to prove that

10
Z Sp <<e,KX 54\1r1\2n(12n+1)Jrg

N(p)<X
ptF

because F has only finitely many prime ideal divisors.
The proof of Theorem 6 proceeds via Vinogradov’s method, with suitable estimates
necessary for the sums of type I

Anx) = Z Sa

Na<x
(a,F)=1, m|a

where m is any non-zero ideal coprime to t(m), and sums of type II

B, y;v,w) = Z Z VaWpSab,

N(a)<x N(b)<y
(a,F)=1 (b,F)=1

where v = {vq}4 and w = {wp}p are arbitrary sequences of complex numbers of modulus
bounded by 1. By [5, Proposition 5.2, p. 722] applied with ¢ = M;SW and 0 = %, the
following two propositions imply Theorem 6.

Proposition 6 Let§ = 5(|H|n) > 0 be as in Conjecture Ci|,. Let € > 0. For any non-zero
ideal m C O, we have

1——9 _
3 saxx w 1)

MN(a)<x
(a,F)=1,m|a

where the implied constant depends only on K and .

Proposition 7 Let € > 0. For any pair of sequences of complex numbers {vy} and {wp}
indexed by non-zero ideals in O and satisfying |vq|, |ve| < 1, we have

1 1
VaWpSa ety en e,
DD vawesan < (7% 575 ) () (22)

N(a)<x N(b)<y
(a,F)=1 (b,F)=1

where the implied constant depends only on K and €.

6.1 Proof of proposition 6

The proof is very similar to the proof of [6, (2.5), p. 7], so we will outline the additional
arguments necessary to prove Proposition 6. For each non-zero ideal a, there exists a
prime ideal p € C such that ap? is principal. We can thus write

An@®) = An(xp)

peC
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where
Anlxp) = Z Sa-
N(a)<x
(a,F)=1, m|a

ap? is principal

Since C depends only on K, it now suffices to prove that

1——90 _
Amfsp) = Y sa<x sani? ¢

N(a)<x
(a,F)=1, m|a
ap? is principal

for each p € C, where the implied constant depends only on K and €. We now use the
bijection (19), the formula (18), and the equivalence (20) to write

Am(xip) = 3 ]"[( 0 )

o (g
a0€D, N(ag)<aN(p)? 0€H (o)
(@0,F)=1, g=0 mod [m,p?]
océ’eA

where [m, p?] denotes the least common multiple of m and p2. Again, since C and so also
the norms {M(p)}pec depend only on K it suffices to prove that

A;n(JC) = Z 1_[ (%O()) LKe x 54n|]—[‘2 +€ (23)

a€D, M(w)<x o€H
(a,F)=1, «=0 mod m
aleA
uniformly for all non-zero ideals m. We have thus removed the issue of summing terms
involving spin(a, o) for non-principal ideals a. It remains to handle the condition o” € A.
To this end, we split the sum into congruence classes modulo F, and we emphasize that
F is a multiple of 4. We get
Al (x) = Z AL (%5 0),

p mod F
pe(A)

where

o= ¥ () @

aeD, N(a)<xoeH
a=p mod F
a=0 mod m

and where ©;(A) is the set of congruence classes p modulo F such that (p, F) = 1 and
such that

a=pmod F = d" € A.

Note that |[2;(A)] < F" <k 1.

The sumAj, (x; p) in (24) is identical to the sum A(x, p) in [6, (3.2), p. 9]. Hence, the bound
for A(x, p) proved in [6, Section 3] carries over to A, (x; p), which, in conjunction with the
fact that F depends only on K, implies the bound (23) and hence also Proposition 6.

6.2 Proof of proposition 7

The proof is very similar to the proof of [6, (2.6), p. 7], so we will outline the additional
arguments necessary to prove Proposition 7. Given %, y > 0 and two sequences v = {v4}q
and w = {wy }b of complex numbers bounded in modulus by 1, recall that we defined

B(x, y;v, w Z Z VaWpSabs (25)

NM(a)=<x J(b)<y
(Cl,F):l (b,F):l
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and that our goal is to prove that
1 1
B(w, y3v w) KKe (x’@ + y’@> (xy) '+ (26)
for all € > 0, uniformly in v and w. We can write

By, w)= D Y Blxyiv, wipL p2),

p1€C paeC

where, for (p1, p2) € C x C, we set

B yvwipup) = Y Y VaWeSap
N(a)=<x N(b)<y
(a,F)=1 (b,F)=1

ap? is principal bp? is principal

It suffices to prove the desired estimate for each of the 4> sums B(x, y; v, w; p1, p2). So
fix (p1, p2) € C x C. Writing 1, 72, avg, and By for the totally positive generators of the
principal ideals pi’, pé’, ap%, and bp%, respectively, we obtain in a similar way to (18) the

formula
) 0o (%) Bo a0
oo -2 () )
a(aopo) o (@0)/ \a(Bo)) \o (Bo)o ~1(Bo)
Using the bijection (19), the formula (27), and the equivalence (20), we deduce that
B yvwipup) = Y D Vi Whd(ao fo) (28)
apgeD BoeD
N(aro) <xN(p1)* MN(Bo) <yMN(p2)?
(ao,F)=1 (Bo,F)=1
=0 mod p% Bo=0 mod p%
(@oBo) eA
where
’ o0 / ,30
Vo = Vo2 | | <_) and wp, = wigy e | ] (_>
OrPr 2 \o (o) oz >y \o(Po)

and where ¢(;, -) is the same function as the one defined in [6, p. 19], i.e.,

Qg
dlao fo) =[] <a<ﬂo>o—1<ﬁo)>'

oeH
We further split the sum B(x, y; v, w; p1, p2) into congruence classes modulo F. As F is
divisible by 4, this will have the effect of separating the variables g and B in the condition
(@oBo)" € A. We have

B y;v,wipp2) = Y > Bl yv, wipy, b2 o1 02),
p1 mod F py mod F
(p1,p2)€Q1(A)

where
B(x, y; v, wi p1, p2; o1, 02) = > > v whdlao o).
apg€D BoeD
M) <xM(p1)? N(Bo)<yMN(p2)?
ao=p1 mod F By=p; mod F
Here

vy, = 1(2o = 0 mod p?) . Vi
and

wi = 1(Bo = 0 mod pd)- W

1
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where 1(P) is the indicator function of a property P, and €2;;(A) is the set of (p1, p2) €
(O/(F))* x (O/(F))* such that

oo = p; mod F and By = pp mod F —> (aoﬁo)h €A

Note that |Q2;;(A4)| < F2.
The sum B(x, y; v, w; p1, p2; p1, p2) has the same shape as the sum B;(x, y; ao, Bo) in [6, p.
19], and so the bound [6, (4.5), p. 19] implies that

1 1
B(x, y; v, w; p1, P2; 01, 02) KKe (x_ﬁ + y_@> (xy)tre.

This finishes the proof of Proposition 7 and hence also of Theorem 6.
7 Proof of main results
We now prove Theorem 1.

Proof By Theorem 4, for each sign n € {£}, d(R,|S,) = #l<er(*M)/2(”_1). Then
d(R,|IS,) = SM/Z("_I) by Proposition 5. By Theorem 5, d(F,|R,) = 2=(=1)/2 There-

fore
N
d(F,|Su) = d(FuIR)AR,|S,) = 23(,1—1‘1)/2
Since d(F|S) = d(F1|S1)d(S4+1S) + d(F-|S-)d(S-|S), and d(S,|S) = 1/2,
. S+ +s_

O

Theorem 1 settles Conjecture 1.1 in [9]. This conjecture was originally stated for num-
ber fields K which in addition to satisfying properties (C1)-(C4), were also assumed to
have prime degree. While as originally stated, this assumption is necessary, it is artificial
here. In [9], m is defined as the number of non-trivial Gal(K /Q)-orbits of My with rep-
resentative « € O such that (o, «?); = 1. Let s denote the number of elements of M4 with
representative @ € O such that («, %) = 1. When # is prime, s = mgn + 1.

Let E denote the set of rational primes p such that for p a prime of K above p, spin(p, o) =
1for all non-trivial o € Gal(K/Q). For a fixed sign u € {£}, let E, denote the set of primes
of E congruent to 11 mod 4.

Conjecture 1.1 in [9] made two assertions, one regarding the density d(E|S) of such
primes restricted to those splitting completely in K/Q and one regarding the overall
density d(E) of such primes. The assertion regarding the restricted density is correct and
the assertion regarding the overall density is slightly off due to a very simple error in the
case in which p is not assumed to split completely in K /Q. Theorem 7 proves conditionally
a slight modification of Conjecture 1.1 in [9]

Theorem 7 [9] Let K be a number field with prime degree satisfying properties (C1)-(C4).

Assume Conjecture C, holds for n = ﬁ withn = [K : Q]. Then

S S
AES) = o 4B = SEs
AELS)) = —P— and d(E,) = —1
( ul “) ~ 93(n—-1)/2’ an ( M) T Bn-1)/2°

When n is prime, s = mgn + 1.
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Proof Ifpisaprime of K that does not split completely in K /Q, then for some non-trivial
o € Gal(K/Q), p® = p so spin(p, o) = 0. Therefore E C S so this E is exactly the F
studied in Theorem 1 and E,, = F,.

Then d(E) = d(F) = d(F|S)d(S) and d(E,,) = d(F,) = d(F.|S.)d(S,). Since d(S) =
1/n by the Chebotarev Density Theorem and d(S,) = 1/(2#n), the result follows from
Theorem 1. |

In Theorem 2, K satisfies (C1), (C2), and (C4) directly from the assumptions. When K
is a cyclic cubic number field with odd class number, by [1, Theorem V] all signatures
are represented by units so condition (C3) is satisfied by Lemma 1 because / is odd. It
is a consequence of the classical Burgess’s inequality [2] that Conjecture C, is true for
n = ﬁ = %, as is shown in Section 9 of [5]. Therefore Theorem 2 follows from

Theorem 1 and is unconditional.
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