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Abstract

There are several formulas for the number of orbits of the projective line under the
action of subgroups of GL2. We give an interpretation of two such formulas in terms of
the geometry of elliptic curves, and prove a more general formula for a large class of
congruence subgroups of Bianchi groups. Our formula involves the number of walks
on a certain graph called an isogeny volcano. Underlying our results is a complete
description of the group of extensions of a pair of CM elliptic curves, as well as the
group of extensions of a pair of lattices in a quadratic field.
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1 Introduction
We begin with some motivation from two well-known and elegant formulas. The first
formula is for the number of orbits of P1(Q) under the action of the congruence subgroup
�0(N ) ⊂ GL2(Z),1 acting by fractional-linear transformation [3, §II.1]:

#�0(N )\P1(Q) =
∑

d|N
φu (gcd(d,N/d)) . (1.1)

Here φu is the reduced totient function

φu(n) = #
(
(Z/nZ)×

{±1}
)

=
⎧
⎨

⎩

φ(n)
2 if n ≥ 3,

1 if n = 1, 2.

If we replace φu by φ, then the right hand side of (1.1) also counts the number of cusps on
the modular curve X0(N ).
The second formula is for the number of orbits of P1(K ) under the action of GL2(OK ),

where K is a number field andOK is its ring of integers:

#GL2(OK )\P1(K ) = h. (1.2)

Here, h = h(K ) is the size of the class group Pic(OK ). When K is an imaginary quadratic
field, (1.2) counts the number of cusps on the corresponding Bianchi orbifold and is due
to Bianchi himself. A formula counting the number of orbits of P1(K ) under the action of
congruence subgroups analogous to �0(N ) is given in [2].

1Our definition of �0(N ) is not the traditional one, as we allow elements of determinant −1.
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We can connect these two formulas using the theory of elliptic curves. For this, we let E
and E′ be elliptic curves overC, and we consider the numberN (E, E′) of elliptic curves on
the abelian surfaceA = E×E′ up to the action of Aut(A). This number is finite by [5], and
in fact N (E, E′) = 2 unless there exists an isogeny λ : E → E′. This raises the question:
how do we compute N (E, E′) if E and E′ are isogenous?
If End(E) = Z, then Hom(E, E′) = Zλ, for a certain minimal isogeny λ, whose degree

we will denote by N . Then Aut(A) � �0(N ) and we have N (E, E′) = #�0(N )\P1(Q) [9,
Prop. 3.7]. So the number N (E, E′) is given by (1.1). On the other hand, if E has complex
multiplication (CM) by an imaginary quadratic field K , we may think of Aut(A) as a
subgroup of GL2(K ). As before, we have N (E, E′) = #Aut(A)\P1(K ); see Lemma 3.1. In
the special case where E = E′ and End(E) = OK , we have Aut(A) � GL2(OK ) and
Bianchi’s formula (1.2) gives N (E, E) = h.
Our main result is a formula forN (E, E′) for any two elliptic curves E, E′ with CM by K .

Equivalently, we compute #Aut(M)\P1(K ) for any latticeM ⊂ K 2. To state the result, we
follow Kani [4] and define the e-conductor of an elliptic curve E with CM by K to be the
index [OK : End(E)]. Thus, if E has e-conductor c, then End(E) is isomorphic to Oc, the
unique subring of index c insideOK . Concretely, if E � C/a, for some lattice a in K , then
c is the index of the ring of multipliers {α ∈ K : αa ⊂ a} inOK .

Theorem 1.1 Let K be an imaginary quadratic field whose only roots of unity are ±1.2

Suppose E and E′ are elliptic curves with complex multiplication by K and with e-
conductors c and c′, respectively. Define f = lcm(c, c′) and f ′ = gcd(c, c′). Then

N (E, E′) =
∑

d|f
hd · φu (f /d)

∑

k|d
2ω(d/k)rK

(
f ′, k, f /d

)
.

Here,

• hd = #Pic(Od) = #Pic(OK ) · d
∏

p|d
(1 − χK (p)/p) ,

• χK is the quadratic Dirichlet character associated to K ,
• ω(n) is the number of distinct prime factors of n, and
• rK (a, b, N ) is the number of cyclic subgroups of order N of a fixed elliptic curve of

e-conductor a such that the quotient has e-conductor b.

The mysterious quantity in our formula is the function rK (a, b, N ). This is a 3-variable
multiplicative function which is made completely explicit in Corollary 4.3. For each prime
p, the values of rK on powers of p depend only on how p splits inK , so the numberN (E, E′)
depends only on the two integers c and c′ and the values of χK on primes dividing cc′. The
explicit formulas for rK (a, b, N ) are derived by interpreting these numbers as counting
certain walks on graphs called p-isogeny volcanoes. The structure of the p-isogeny volcano
then allows one to compute rK (a, b, N ) simply by looking at the graph (see Theorem4.2).
We also provide a Sage script for computing the numbers N (E, E′) [10].
As a corollary of Theorem 1.1, we obtain orbit counting formulas for a large class

of subgroups of GL2(K ) which are commensurable with the Bianchi group GL2(OK ).

2There are analogous formulas for the two imaginary quadratic fields with more roots of unity, but we omit these cases
for simplicity.
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Explicitly, if E = C/a and E′ = C/a′, for lattices a and a′ in K , then Aut(E × E′) is
isomorphic to the group:

�(a, a′) :=
{

γ ∈
(

Oc ca(f ′a′)−1

c′a′(f ′a)−1 Oc′

)
: det γ = ±1

}
.

We then have the following orbit counting formula:

Corollary 1.2

#�(a, a′)\P1(K ) =
∑

d|f
hd · φu (f /d)

∑

k|d
2ω(d/k)rK

(
f ′, k, f /d

)
.

In favorable cases, the formula in Corollary 1.2 simplifies. For example, if a = a′ = Of
for some f ≥ 1, then �(a, a′) = GL2(Of ) and the right hand side becomes a simple
Dirichlet convolution:

Corollary 1.3 For any f ≥ 1,

#GL2(Of )\P1(K ) =
∑

d|f
hd · φu(f /d).

Proof See Sect. 4. �	

These results have application to other counting problems in geometry. For example,
#�(a, a′)\P1(K ) is the number of cusps on the hyperbolic 3-manifold �(a, a′)\H3. It is also
the number of equivalence classes of contractions of the abelian surfaceA = E×E′, in the
sense of the minimal model program. Our formula can be used to study the asymptotics
of these quantities as A varies, and should be helpful in individual computations as well.
The proof of Theorem 1.1 involves a careful study of Ext-groups in the category of prod-

ucts of elliptic curves with complex multiplication by K , or equivalently, in the category
of lattices in imaginary quadratic fields. These results, found in Sect. 2, are interesting in
their own right and should find other applications.

2 Extensions of CM elliptic curves
Fix an imaginary quadratic number field K ⊂ C. A K-lattice of rank n is a free abelian
subgroup L ⊂ Kn of rank 2n. The quotient Cn/L is a complex torus, which is known to
be algebraic.

2.1 Singular abelian surfaces

For context, we recall a basic fact about the abelian surfaces we are considering.

Proposition 2.1 [6] Let A be a complex be an abelian surface over C. Then the following
are equivalent:

(1) A � C
2/	, with 	 a K-lattice of rank 2.

(2) A is isomorphic to a product of two elliptic curves, both having CM by K .
(3) A is isogenous to a product of two elliptic curves, both having CM by K .

If these equivalent conditions hold, we say that A is singular and that A has CM by K .
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2.2 Rank 1 K -lattices

Recall that an order in K is a subring R ⊂ OK such that Frac(R) = K . Every order has the
form R = Z + fOK for a unique positive integer f , called the conductor of R. For each
lattice L ⊂ Kn, the ring of multipliers R(L) is the order {α ∈ K : αL ⊂ L}. The conductor
of L is defined to be the conductor of R(L).
If a is a rank 1 K -lattice, then a is projective as an R(a)-module. Two rank 1 K -lattices a

and a′ are homothetic if a = γ a′ for some γ ∈ K×. The set of homothety classes of lattices
of conductor f forms a group under multiplication of lattices, which is denoted Pic(Of ).
The set of homothety classes of lattices in K is therefore in bijection with

∐
f ≥1 Pic(Of ).

If E = C/a, then we define the e-conductor of E to be the conductor of a.

Proposition 2.2 Let A be a singular abelian surface with CMbyK . Then there is a positive
integer f and a lattice a ⊂ K of conductor f ′ dividing f such that

A ∼= C/Of ⊕ C/a.

Moreover, the integers f , f ′ and the class [a] ∈ Pic(Of ′ ) are uniquely determined by these
conditions. In particular,

A �→ (f /f ′, [a])

is a bijection between the set of isomorphism classes of singular abelian surfaces with CM
by K and pairs (g, [a]), where g ≥ 1 and [a] is a homothety class of lattices in K .

Proof Since A is singular with CM by K , we may write A = E × E′ with E = C/a and
E′ = C/a′ for rank 1 K -lattices a and a′. Let c and c′ be the e-conductors of these elliptic
curves. Then E × E′ � C/Of × C/aa′, where f = lcm(c1, c2). Moreover, if two lattices
a, b ⊂ K have multiplication byOf , then C

2/(Of ⊕ a) � C
2/(Of ⊕ b) if and only if a and

b are homothetic (see [6] or [4]). �	

2.3 Extensions of rank 1 lattices

Let L1, L2 ⊂ K be K -lattices of conductors f1 and f2, and let Ei = C/Li (for i = 1, 2) be
the corresponding elliptic curves. Suppose also that L1 = Z + Zτ1 and L2 = Z + Zτ2 for
elements τ1 and τ2 of K ; up to homothety, we may always choose such a basis.
We wish to classify the extensions of E1 by E2, i.e. the short exact sequences

0 → E2 → S → E1 → 0,

where S is a complex torus. Another extension

0 → E2 → S′ → E1 → 0,

is said to be equivalent to the first if there is an isomorphism S → S′ which induces the
identity on E2 and E1. There is a natural group operation on the set of equivalences classes
of extensions, and this group is denoted Ext1an(E1, E2). The subgroup of extensions with S
an abelian surface, i.e. an algebraic complex torus, is denoted Ext1alg(E1, E2). We refer to
[1, §I] for more details regarding extensions of complex tori.
The following result shows that the extensions of E1 by E2 are controlled by a third

elliptic curve Ẽ := C/L1L2.
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Proposition 2.3 [1, I.5.7 and I.6.2] The association

z �−→ C
2

(
τ2 1 z 0
0 0 τ1 1

)

induces an isomorphismbetween the group Ẽ = C/L1L2 and the groupExt1an(E1, E2). Under
this bijection, the torsion points in Ẽ corresponds to the subgroup Ext1alg(E1, E2) of algebraic
extensions.

Remark There is a similar result in [8, Thm. 6.1], attributed to Lichtenbaum, but the
result is not stated correctly there.

Proposition 2.3 shows that Ext1alg(E1, E2) � (Q/Z)2 as a group. But it is not clear which
(or howmany) extension classes correspond to somefixed abelian surface S. The following
theorem gives this extra information.

Theorem 2.4 Let P ∈ Ẽ be a torsion point of order n, and let

0 → E2 → S → E1 → 0

be the corresponding extension given by Proposition 2.3. Then

S � C/Onf × Ẽ/〈P〉,
where f = lcm(f1, f2).

In the proof, we consider several different notions of extension.

• For any integer c divisible by f , the latticesL1 andL2 can be considered asOc-modules,
and we have the group Ext1Oc (L1, L2) of extensions ofOc-modules;

• The group Ext1(L1, L2) of extensions of K -lattices;
• The group Ext1alg(C/L1,C/L2) of extensions of abelian varieties;
• The group Ext1an(C/L1,C/L2) of extensions of complex tori.

An extension of modules determines an extension of K -lattices, which determines an
extension of abelian varieties, which determines an extension of complex tori, so there is
a sequence of group homomorphisms

Ext1Oc (L1, L2)
γ1−→ Ext1(L1, L2)

γ2−→ Ext1alg(C/L1,C/L2)
γ3−→ Ext1an(C/L1,C/L2). (2.1)

It is not hard to see that γ1, γ2, and γ3 are injective. Moreover, γ2 is an isomorphism, as
there is an equivalence of categories between the category of K -lattices and the category
of abelian varieties isogenous to a product of elliptic curves with CM by K . The latter
equivalence of categories can be deduced from the main results of [4] or [7]. Finally,
Proposition 2.3 implies the image of γ3 is the torsion subgroup of Ext1an(C/L1,C/L2).

Proposition 2.5 For any c divisible by f = lcm(f1, f2), there is an isomorphism of Oc-
modules

Ext1Oc (L1, L2) ∼= HomOc (L1, L2)
c
f HomOc (L1, L2)

.
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Proof Choose an algebraic integer ω withOK = Z+ ωZ; thenOc = Z+ cωZ. Tensoring
with Of1 induces a surjection Pic(Oc) → Pic(Of1 ), so we can find a sublattice L̃1 ⊂ L1
with ring of multipliers Oc such that Of1 · L̃1 = L1. Consider the following resolution of
L1 by projectiveOc-modules:

0 ←− L1
ϕ0←−− L̃21

ϕ1←−− L̃21
ϕ2←−− . . . ,

with

ϕ0 = [1,−kω] and ϕ1 = ϕ2 = · · · =
[
cω −f1cω2

c
f1 −cω

]
.

We apply the functor Hom(−, L2) and examine the first coordinate to obtain

Ext1Oc (L1, L2) =

{
α ∈ HomOc (̃L1, L2) : Of1α ⊂ Homf (̃L1, L2)

}

{
c
f1Of1 · HomOc (̃L1, L2)

}

= HomOc (L1, L2)
c
f HomOc (L1, L2)

,

where the second line follows from [4, Lem. 15]. �	
Remark Proposition 2.5 holds if K is a real quadratic field as well.

Corollary 2.6 The map γ1 of (2.1) takes Ext1Oc (L1, L2) isomorphically onto the (c/f )-
torsion in Ext1(L1, L2).

Proof Note that as an abelian group,HomOc (L1, L2) is free of rank 2.Hence, by Proposition
2.5, Ext1Oc (L1, L2) is an (c/f )-torsion group of size (c/f )2 and γ1 maps into the (c/f )-
torsion in Ext1(L1, L2). Proposition 2.3 implies that the (c/f )-torsion in Ext1alg(C/L1,C/L2)
has cardinality (c/f )2, hence the (c/f )-torsion in Ext1(L1, L2) also has cardinality (c/f )2

because γ2 is an isomorphism. As γ1 induces an injective map between two sets of the
same cardinality, it must be an isomorphism onto the (c/f )-torsion of Ext1(L1, L2). �	

Lemma 2.7 Suppose

0 → L2 → L → L1 → 0

is an extension of K-lattices, where Li has conductor fi (for i = 1, 2). If the corresponding
element of Ext1(L1, L2) has order n, then L has conductor nf .

Proof The conductor of L is the minimal c such that the class in Ext1(L1, L2) representing
L is in the image of Ext1Oc (L1, L2). Corollary 2.6 implies that this value is nf . �	
Proof of Theorem 2.4 By Proposition 2.2, the abelian surface S is isomorphic to C/ON ×
C/a for some integer N and some lattice a ⊂ K with ON ⊂ R(a). Since the conductor of
ON ⊕ a isN , we must haveN = nf by the previous lemma. Thus, it remains to show that
C/a � Ẽ/〈P〉. We do this by computing the exterior power of the lattice corresponding
to S in two different ways.
On the one hand, we can recover a as the quotient of the group

∧2

ON
(ON ⊕ a) ∼=

∧2

ON
a ⊕

∧2

ON
ON ⊕ (ON ⊗ON a

) ∼=
(∧2

ON
a

)
⊕ a
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modulo its torsion. On the other hand, we have S � C
2/L, where L is the Z-span of

the period matrix in Proposition 2.3, with z ∈ C any lift of the order n torsion point
P ∈ Ẽ = C/L1L2. The torsion-free part of

∧2
ON

L is spanned by the 2 × 2-minors of
the period matrix. Thus, a is the lattice in K generated by these minors, i.e. the lattice
generated by L1L2 and the element z. This is precisely the lattice corresponding to the
elliptic curve Ẽ/〈P〉. �	

3 Proof of Theorem 1.1 and Corollary 1.2
LetA = E×E′ be a product of two elliptic curveswithCMby the same imaginary quadratic
field K . Then we may think of Aut(A) as a subgroup of GL2(K ). Explicitly, choose an
isogeny λ : E → E′, and identify Hom(E, A) ⊗Z Q with K 2 via the basis (1, 0) and (0, λ).
Then Aut(A) acts faithfully on this 2-dimensional K -vector space by post-composition.
On the other hand, GL2(K ) acts on P

1(K ) by fractional linear transformation.

Lemma 3.1 The orbits of P1(K ) under the action of Aut(A) ⊂ GL2(K ) are in bijection
with the Aut(A)-orbits of elliptic curves contained in A.

Proof Every elliptic curve onA = E×E′ is isogenous toE, so is the image of somenon-zero
map E → A. Twomaps a, b : E → A have the same image if and only if there are non-zero
x, y ∈ End(E) with ax = by. In other words, a and b have the same image if and only if
they determine the same class in the K -projectivization PK (Hom(E, A) ⊗Z Q) = P

1(K ).
So we have constructed an injective map from the set of elliptic curves on A to P

1(K ),
which is also surjective since every non-zero element of Hom(E, A) ⊗Z Q is a K -multiple
of an element of Hom(E, A). This bijection is evidently compatible with the pushforward
action of Aut(A) on elliptic curves and the action of Aut(A) on P

1(K ) defined above, so
the lemma follows. �	

Corollary 1.2 follows from Lemma 3.1 and Theorem 1.1, so we focus for the rest of this
section on the proof of Theorem 1.1. In other words, we will count the number N (E, E′)
of Aut(A)-equivalence classes of elliptic curves on the abelian surface A = E × E′. By
Proposition 2.2, we may assume E = C/Of and E′ = C/a, where a has conductor f ′

dividing f . If E0 ⊂ A is an elliptic curve contained in A, then both E0 and the quotient
A/E0 are elliptic curves with CM by K , and one has a short exact sequence of abelian
varieties:

0 → E0 → A → A/E0 → 0. (3.1)

If E1 ⊂ A is another elliptic curve with corresponding sequence

0 → E1 → A → A/E1 → 0, (3.2)

thenE0 ⊂ A andE1 ⊂ A areAut(A)-equivalent if and only if (3.1) and (3.2) are isomorphic
as short exact sequences.

Lemma 3.2 If E1 ⊂ A is an elliptic curve, then the e-conductor of E1 divides f .

Proof Choose a map ι : E → A such that E1 = ι(E). Write ι = (ι1, ι2) for maps ι1 : E → E
and ι2 : E → C/a. Since Of acts on both E and C/a, we have ker ι1 = E[I1] and
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ker ι2 = E[I2] for certain ideals I1 and I2 of Of , by a result of Kani [4, Thm. 20(b)]. Here,
E[I] is the subgroup of points that lie in the kernel of α : E → E, for every α ∈ I . Thus,

ker ι = ker ι1 ∩ ker ι2 = E[I1] ∩ E[I2] = E[I1 + I2].

It follows that E1 � E/ ker ι � E/E[I1 + I2], and so E1 has complex multiplication byOf .
�	

Proposition 3.3 N (E, E′) is equal to the number of isomorphism classes of short exact
sequences

0 → E1 → A → E2 → 0,

with E1 and E2 elliptic curves of e-conductor dividing f .

Proof The previous lemma shows that any elliptic curve E1 ⊂ A has e-conductor dividing
f . Dualizing, we see that E2 = A/E1 is also an elliptic curve in Â � A, so has e-conductor
dividing f as well. �	

We continue the proof of Theorem 1.1. Suppose that E1 and E2 are elliptic curves with
e-conductor dividing f . Observe that if γ1, γ2 ∈ Ext1(E2, E1) correspond to extensions

0 → E1 → A1 → E2 → 0, (3.3)

0 → E1 → A2 → E2 → 0, (3.4)

then (3.3) and (3.4) are isomorphic as short exact sequences if and only if γ1 and γ2 are
in the same orbit of Aut(E1) × Aut(E2) on Ext1(E2, E1). By assumption, K contains no
non-trivial roots of unity, so Aut(E1) = Aut(E2) = {±1}. Combining this observation
with Proposition 3.3, we obtain

N (E, E′) = #Aut(A) P1(K ) =
∑

f1 ,f2|f

∑

[L1]∈Pic(Of1 )
[L2]∈Pic(Of2 )

#Ext1Of
(L2, L1)A/{±1},

where Ext1Of
(L2, L1)A is the set of extensions classes 0 → L1 → L → L2 → 0 in

Ext1Of
(L2, L1) such that A � C

2/L.
Now fix integers f1 and f2 dividing f , and set k = gcd(f1, f2), d = lcm(f1, f2). Recall that

an isogeny of elliptic curves is cyclic if its kernel is a cyclic group. We call a cyclic isogeny
based if the kernel is equipped with a distinguished generator. By Theorem 2.4, classes
in Ext1Of

(L2, L1)A correspond to based cyclic isogenies C/L1L2 → C/a of degree f /d.
Dualizing, we find that these are equinumerous to based cyclic (f /d)-isogenies C/a →
C/L1L2.
Recall that rK (a, b, N ) is the number of cyclic subgroups of order N of a fixed ellip-

tic curve of e-conductor a such that the quotient has e-conductor b. Thus, there are
rK (f ′, k, f /d) cyclic subgroups G ⊂ C/a of order f /d such that the quotient has e-
conductor k . For each such subgroup, there are hf1hf2/hk = hd pairs [L1] ∈ Pic(Of1 ),
[L2] ∈ Pic(Of2 ) with (C/a)/G ∼= C/L1L2. Given such G, L1, and L2, there are φu(f /d)
based cyclic (f /d)-isogenies C/a → C/L1L2 with kernel G, up to the action of {±1}. So
we conclude that
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#Aut(A)\P1(K ) =
∑

f1 ,f2 |f
k :=gcd(f1 ,f2)
d:=lcm(f1 ,f2)

hd · φu (f /d) · rK
(
f ′, k, f /d

)

=
∑

k | d |f
2ω(d/k) · hd · φu (f /d) · rK

(
f ′, k, f /d

)
,

completing the proof of Theorem 1.1.

4 Computation of rK (a, b, c)
To make Theorem 1.1 explicit, we need to compute the number rK (a, b, c) of cyclic sub-
groups C of order c of a fixed CM elliptic curve E of e-conductor a such that E/C has
e-conductor b. We will see that this does not depend on the choice of the elliptic curve E
of e-conductor a. First we reduce to the case where a, b, and c are powers of a prime p:

Lemma 4.1 The function rK (a, b, c) is multiplicative : if we factor a, b, and c into prime
powers a = ∏

p pap , b = ∏
p pbp , and c = ∏

p pcp , then

rK (a, b, c) =
∏

p
rK

(
pap , pbp , pcp

)
.

Proof If E is an elliptic curve, then giving a cyclic subgroup of order c is the same as giving
a cyclic subgroup of order pcp for every prime p. Furthermore, if E → E′ is an isogeny of
CM elliptic curves of p-power degree, the ratio of the e-conductors of E and E′ is a power
of p. To see this, it suffices to show that if a ⊂ b is an inclusion of rank 1K -lattices of index
pa, then the conductors of a and b are off by a power of p. And indeed, if  is any prime,
then the -part of the conductor of a lattice can be computed locally at . In particular, if
 �= p, then a ↪→ b induces an isomorphism a ⊗ Z � b ⊗ Z. It follows then that

rK (a, b, c) =
∏

p
rK

⎛

⎝a, pbp
∏

�=p
a , pcp

⎞

⎠ .

To prove the lemma it now suffices to show that

rK

⎛

⎝a, pbp
∏

�=p
a , pcp

⎞

⎠ = rK (pap , pbp , pcp ),

or, equivalently, that rK
(
pam, pbm, pc

) = rK
(
pa, pb, pc

)
, for any integerm, prime to p.

First note that if E has e-conductor pam, then there exists an elliptic curve E′ of e-
conductor pa and an isogeny φ : E → E′ of degree prime to p. Indeed, it is enough to show
that E admits an isogeny to C/Opam of degree prime to p. For this, write E = C/a and
choose an ideal λ ofOpam in the class of a−1 in Pic(Opam), and whose norm is prime to p.
Then the map

E → E/E[λ] � C/aλ−1 � C/Opam

is such an isogeny. The equality rK (pam, pbm, pc) = rK (pa, pb, pc) now follows since cyclic
subgroups of E size pc are in bijection with cyclic subgroups of E′ of size pc, viaC �→ φ(C).
Moreover, ifE/C has e-conductor pbm, thenE′/φ(C) has e-conductor pb, by the argument
in the first paragraph of this proof. �	
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Next, we fix a prime p and show how to compute rK (pa, pb, pc). We will use p-isogeny
volcanoes [11], a tool typically used in the study of elliptic curves over finite fields. We
define a graphGp, whose vertex set is the set of isomorphism classes of elliptic curves E/C

with CM by K (we omit the dependence on K from the notation). The edge set of Gp is
the set of isomorphism classes of p-isogenies between two such elliptic curves. For each
isogeny φ : E → E′ there is a dual isogeny φ̂ : E′ → E, so we identify these two edges and
consider Gp as an undirected graph.
For our purposes we need only consider connected components of Gp containing a

vertex representing a curve of e-conductor 1. IfHp is such a component, then the vertices
of H are partitioned into levels Hp,0, Hp,1, . . . , Hp,k , . . ., one for each k ≥ 0, where Hp,k
consists of the curves inHp with e-conductor pk .We call the subgraph onHp,0 the surface.
The key fact is that all such connected components are isomorphic, and each is a volcano.
In particular, if Hp is the connected component of a curve of e-conductor 1, then Hp has
the following properties [11, §2]:

• Hp is (p + 1)-regular.
• The surface Hp,0 is a (1 + χK (p))-regular graph on t vertices, where t is the order of

the class [p] in Pic(OK ), for any prime ideal p above p.
• For k ≥ 1, each vertex in Hp,k has a unique edge leading to Hp,k−1, and this accounts

for every edge not in the surface.

We note that for this description of Hp to be accurate, we must require that K contain
no roots of unity other than {±1}.
Figures 1, 2 and 3 depict examples ofHp in the case p = 3, for each of the three splitting

types. In p is inert in K then everyHp is of the form in the Fig. 1. If p is ramified, eachHp,0
either has two surface vertices with a unique edge connecting them (as in the Fig. 2), or
a single vertex with a self-loop. If p is split, each component either has an n-cycle at the
surface with n ≥ 2 (the case drawn in Fig. 3 is n = 3), or there is a unique vertex with two
self loops.
Recall that if G = (V, E) is a graph, and v, v′ ∈ V are vertices, then a walk from v to v′ of

length c is a sequence

v = v0, e1, v1, e2, . . . , vc−1, ec, vc = v′,

where each ei ∈ E is an edge connecting vi−1 and vi.

Definition A walk is called non-backtracking if ei �= ei+1 for all i.

Theorem 4.2 Let a, b, c be non-negative integers. Then rK (pa, pb, pc) is the number of non-
backtracking walks of length c in Hp starting at a fixed vertex of level a and ending at a
vertex of level b.

Fig. 1 Connected component of H3, inert case
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Fig. 2 Connected component of H3, ramified case

Fig. 3 Connected component of H3, split case

Proof Suppose E is an elliptic curve with CM by K of e-conductor pa. Then isomorphism
classes of p-isogenies out of E are in bijection with subgroups of E of order p, since
we work in characteristic 0, and since Disc(K ) < −4. It follows that subgroups of E of
order p are in bijection with length 1 walks on Hp starting at E. An isogeny of degree
pc is a composition of p-isogenies, and thus corresponds to a walk along Hp of length c.
Backtracking amounts to composingwith the dual of the previous p-isogeny, whichwould
make the the composite isogeny divisible by p and hence not cyclic. The theorem follows.

�	

Theorem 4.2 allows us to compute rK (pa, pb, pc) explicitly:

Corollary 4.3 Let χK (p) equal −1, 0 , or 1, depending on whether p is inert, ramified, or
split in K . Then

rK (pa, pb, pc) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if a = b = c = 0

1 + χK (p) if a = b = 0 and c > 0

0 if a < b and c < b − a

pc if 0 < a ≤ b and c = b − a

(p − χK (p)) pc−1 if 0 = a < b and c = b

(p − 1)p(b−a+c)/2−1 if a ≤ b and b − a < c < b + a

(p − χK (p) − 1)pb−1 if a ≤ b and c = b + a > 0

(1 + χK (p)) (p − χK (p)) pb−1 if a ≤ b and c = b + a + 1 > 1

(χK (p) + |χK (p)|) (p − 1)pb−1 if a ≤ b and c > b + a + 1 > 1

rK (pb, pb, pc−a+b) if a > b.
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Here, we use the convention that ps = 0 if s is not an integer. Note that the formula in the
last case reduces to one of the earlier cases.

Proof The key point is that non-backtracking walks on Hp are very constrained: once a
non-backtrackingwalk begins to descenddown the volcano, it cannot reascend.Moreover,
the only ‘horizontal’ edges onHp are at the surface. It follows that a non-backtrackingwalk
on Hp consists of (at most) three stages in the following order: ascend up the volcano,
move horizontally at the surface, and then descend down the volcano.
We give the proof of the corollary in the case a ≤ b and c > b + a + 1, and leave

the proofs of the other cases to the reader, as they are similar. We must choose a vertex
in level a and count the number of non-backtracking walks of length c to a vertex of
level b. Note that b ≥ 1 in this case. Since c > a + b, any non-backtracking walk from
level a to level b of length c on Hp must begin by ascending via the unique path to the
surface. Then the walk must take c − b − a ≥ 2 horizontal steps along the surface before
descending down to level b. This is only possible, without backtracking, if p splits in K ,
and in that case there are exactly two ways to traverse across the n-cycle at the surface.
There are then (p − 1)pb−1 ways to descend to level b. Thus, in the split case there are
a total of 2(p − 1)pb−1 non-backtracking walks, whereas in the non-split cases there are
0 = χK (p) + |χK (p)| such walks, as claimed. �	
As an example of how to compute these numbers “by eye”, we now give the proof of

Corollary 1.3. This is the special case where A = C
2/O2

f , and hence Aut(A) = GL2(Of ).

Proof of Corollary 1.3 We need to show that if k | d | f , then

rK (f, k, f /d) =
⎧
⎨

⎩
1 if k = d

0 otherwise.

By Lemma 4.1, we may assume f = pa, k = pb, and d = pc, with a ≥ c ≥ b. Then if b < c,
a vertex in level a cannot walk to level b in a − c steps. But if b = c, there is a unique
(ascending) walk from a vertex of level a to a vertex of level b of length a − b, as claimed.

�	
In the general case, the formula for N (E, E′) obtained by combining Theorem 1.1 and

Corollary 4.3 does not seem to simplify much further.
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