Friedberg and Ginzburg Res. Number Theory(2016)2:16 H
DOI 10.1007/540993-016-0046-6 @ Resea rCh In N um ber Theo ry

RESEARCH Open Access

Criteria for the existence of cuspidal e
theta representations

Solomon Friedberg! ® and David Ginzburg?

"Correspondence:
solomon friedberg@bc.edu Abstract

; A
Department of Mathematics, Theta representations appear globally as the residues of Eisenstein series on covers of
Boston College, Chestnut Hill, ; . ) ] .
MA 02467-3806, USA groups; their unramified local constituents may be characterized as subquotients of
Full list of author information is certain principal series. A cuspidal theta representation is one which is equal to the
available at the end of the article local twisted theta representation at almost all places. Cuspidal theta representations
are known to exist but only for covers of GL;, j < 3.In this paper we establish necessary
conditions for the existence of cuspidal theta representations on the r-fold metaplectic

cover of the general linear group of arbitrary rank.

Keywords: Metaplectic group, Eisenstein series, Residual representation,
Theta representation, Cuspidal theta representation, Unipotent orbit

Mathematics Subject Classification: Primary 11F27; Secondary 11F55, 11F70

1 Introduction and main results

Let r > 2, let F be a number field containing a full set of r-th roots of unity u,, and let A
denote the adeles of F. For n > 2, let GLEI)(A) denote an r-fold cover of the general linear
group, as in Kazhdan-Patterson [12]. This group is a cover of GL,(A) with fibers given by
i and multiplication defined by a certain two-cocycle o. The group GLﬁ,r) (A) is obtained
by piecing together local metaplectic groups GLff) (F)) over the places v of F [the group
GL&,V)(FV) is, however, not the F, -points of an algebraic group]. Following Takeda [17], we
shall use the local cocycle given by Banks-Levy-Sepanski [1], which is block-compatible,
and adjust it by a coboundary to construct a global cocycle. Kazhdan and Patterson work
with a different cocycle than Takeda but the groups are isomorphic. The choice of twisting
parameter ¢ in the sense of [12] is arbitrary.

Let @5,’) denote the theta representation on the group GL;V)(A). This representation
was defined in Kazhdan-Patterson [12] using the residues of Eisenstein series, as fol-
lows. Let B, be the standard Borel subgroup of GL,, and T,, € B, denote the maximal
torus of GL,. Let s be a multi-complex variable, and define the character us of T,,(A) by
us(diag(ay, . .., a,)) = [1; la:|*. If H is an algebraic subgroup of GL,, let H"(F,) (resp.
H™(A)) denote the full inverse image of H(F),) (resp. H(A)) in GLﬁ,r) (F,) (resp. GLﬁ,r) (A)).
Let Z (T,(,r) (A)) denote the center of T,(,r) (A). Let ws be a genuine character of Z (T,(,r) (A))
such that ws = usop on {(¢',1) | ¢ € T,(A)}, where p is the canonical projection from
T,(,r)(A) to T,(A). Choose a maximal abelian subgroup A of T,gr)(A), extend this character
to a character of A, and induce it to T,(,r) (A). Then extend trivially to Bﬁf) (A) using the
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canonical projection from Bg,r)(A) to T,(,r)(A), and further induce it to the group GLﬁ,r)(A).

(r)
We abuse the notation slightly and write this induced representation Indgé)”(gf)us. It fol-

n
lows from [12] that this construction is independent of the choice of A and of the extension
of ws. Forming the Eisenstein series E(g, s) attached to this induced representation, it fol-

r+l
lows from [12] that when us = & Bi’ (with ép, the modular function of B,), this Eisenstein

. . . P . r
series has a nonzero residue representation. This is the representation @fq ).

Let v be a finite place for F such that |r|, = 1. Defining similar groups over the local
field F), it follows from [12] that the local induced representation Indg(:r)ﬁ’z ;(S") 8 ;%T’l
unique unramified subquotient which we again denote by @ﬁ,r). This representation is
dzfﬁ?)({;(j)) 8 ];Z;Tl .If x,, denotes an unram-

has a

also the unique unramified subrepresentation of In

r—1

(r) 1 r=1
n (F”)XJ 831’ is also

ified character of FX, then the twisted induced representation Ind;L,) )
n v

reducible, and one can define the local twisted theta representation @f&v as the unique
unramified subrepresentation. Here the twisting means that the induction is from a gen-
uine character of the group Z (T,(,r) (Fv)) such that

11 r—1
X 8331’ (£, 1)) = xu(dett) SB: (t) forall t e T,(F,).

The group {(t",¢) | t € T,(F),), ¢ € pr} is in general a proper subgroup of Z (T,Er)(Fv)),
1

so this condition does not uniquely specify the twisting character /. Since the local
calculations below are independent of this choice, we do not indicate it in the notation.
Returning to the global case, we have

Definition 1 An automorphic representation 7 of GLSI) (A) is called a theta representa-
tion if for almost all places v there are unramified characters x,, such that the unramified
constituent of 7 is equal to 6(2@. If = is cuspidal, we say that 7 is a cuspidal theta
representation.

The interesting cases of such theta representations are when the local characters y, are
the unramified constituents of a global automorphic character x. We shall write @5,’2( for
such a representation.

Examples of such representations may be constructed as follows. Suppose that y = x{
for some global character x;. Then one can construct theta representations @”,} by means
of residues of Eisenstein series, by [12] (the case x = 1 was described above). However,
these representations are never cuspidal.

In Flicker [6], a classification of all theta representations for the covering groups GL({) (A),
r > 2,with ¢ = 0 in the sense of [12] was given using the trace formula. Thecasen =r = 2
was also studied by Gelbart and Piatetski-Shapiro [7]. When n = r = 3, Patterson and
Piatetski-Shapiro [15] constructed a cuspidal theta representation @E& for any x whichis
not of the form Xf, again for the cover with ¢ = 0. This construction applied the converse
theorem. This approach was used when n = r = 4 by Wang [18], and results were obtained
subject to certain technical hypotheses. No other examples of such representations are
known.

The basic problem is then to understand for what values of r and n, and for what
characters y, there exists a cuspidal theta representation @EI)X We shall give a necessary



Friedberg and Ginzburg Res. Number Theory(2016)2:16 Page 3 of 16

condition for the existence of such a representation. However, we do not determine
whether or not these conditions are sufficient.

First, if r < n such cuspidal representations do not exist. This follows trivially since
every cuspidal automorphic representation of GL;V)(A) must be generic, but the local
unramified representation @)%)XU is not generic if » < n. Hence we may assume that r > n.

Our main result is

Theorem 1 Fix a natural number r, and an automorphic character x of GL1(A). Then
there is at most one natural number n such that there is a nonzero cuspidal theta represen-
tation @51’1( Moreover, if such n exists, then n divides r. If a cuspidal theta representation
®£,r§( exists for some n which divides r, n > 3, then x # x{ for any character x1.

For n = 2 and twisting parameter ¢ = 0, this result follows from [6]. This includes the
last assertion: if a cuspidal theta representation @g; exists for some even r, then x # x{
for any character ;. In [6], a character x such that y # x; is called an odd character for
the number 7.

To establish the Theorem, we need to prove three things. First that # divides r. We
prove this in Sect. 3. Second, the uniqueness property of the number n. We prove this
in Sect. 4. Then in Sect. 5 we prove the condition on the character x when n > 3.
The basic tool in these sections is the study of Eisenstein series obtained by inducing
copies of cuspidal theta representations, and their residues. There is a unipotent orbit
attached to the automorphic representation generated by these residues, and we determine
this. However, if any of the conditions of the Theorem are violated then this leads to a
contradiction. For example, if there are two cuspidal theta representations @ﬁf,,)x and @ﬁ,r;
attached to the same character x with m < n, a suitable Eisenstein series obtained by
mixing them in the inducing data has a residue. The Fourier coefficient of this residue
attached to its unipotent orbit can be analyzed in two different ways, with contradictory
vanishing properties. The contradictory properties are due to a lack of symmetry for this
representation under the outer automorphism of the Dynkin diagram, which takes the
relevant parabolic used in making the induction to its associated parabolic, in terms of the
constant terms that it supports.

We will establish Theorem 1 using residues of Eisenstein series, but parts of it follows
easily if one accepts Conjecture 1.2, which is a local statement, in Bump and Friedberg [3].
To see this, suppose that for some character x, there is a cuspidal theta representation
@ﬁr}( defined on the group GLY)(A). Assume that for some m < r, one can define a
theta representation @%)X which need not be cuspidal, but corresponding to the same
character x. Then, assuming Conjecture 1.2 in [3], the following identity follows from [3],
Proposition 2.1

) [ & —rom
A G e

GLy(F)\GL(A)

r—1 _
= Zs(x, )L® (rs X '® Q%?x) : (1)

Here Or(r)z is a vector in the space of @5,’"}, and similarly for Qr(ri)x« Also, S is a set of places,

including the archimedean places, such that outside of S all data is unramified. Finally, LS
is the partial L-function interpreted as in [3], and Zs(x, s) is a product of local integrals
defined on the places in S.
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Now from the definition of the partial L-function, it follows that this term contributes
a finite product of partial zeta functions to the right-hand-side of (1). Hence for suitable
s the term LS (rs — ’5—1, x'® @52,))() has a simple pole. Since the integrals involved in
Zs(x,s) are all Whittaker type integrals, it is not hard to prove that given any complex
number s, there is a choice of data such that Zg(y, s) is not zero at s. Hence, for suitable
s and suitable data, the right hand side of (1) has a simple pole. But the left hand side
of (1) is holomorphic for all s since @5,’% is cuspidal. This is a contradiction, and hence
for all m < r the group GL%) (A) has no cuspidal theta representation associated with .
Moreover, if x = x{ for some character 1, then for any m < r, we can consider the theta
representation @)5:,,))( as constructed in [12]. Since the left-hand side of (1) still represents
a holomorphic function even if ®£Z;)x is not cuspidal while the right-hand side has a pole,
we once again derive a contradiction. Hence x # x7.

We thank Erez Lapid for helpful conversations.

2 Residues of Eisenstein series

Given [ natural numbers n; > ny > --- > n; > 0, let @5,? , denote theta representations
attached to a fixed character x.Letk = ny +-- -+ ny, 80 A := (11, ny, . . ., ny) is a partition
of k. Let Py, ., be the standard parabolic subgroup of GL; whose Levi part My, ., is
GLy,; x -+ x GLy, embedded diagonally

Qv .. &) > diag(gL g ...8&) : g € GLy,

and let Uy, .., denote the unipotent radical of Py,,.. .
Let s = (s,...,8)) be a multiple complex variable. Then one may form an

Eisenstein series E/(\r:((g, s) on the group GL,(:)(A) attached to the representations
(@ﬁfl) s (954’2) PTR @ffl)x) by a variant of standard parabolic induction. Once one has a

representation of M,(fl)nl (A) the construction is the standard ‘averaging’ one (see, for
example, Moeglin-Waldspurger [13], I1.1.5); we frequently suppress the dependence of
this series on the test vector used in the averaging from the notation for the Eisenstein
series. However, since the inverse images of the groups GL,,(A) in M,(fl),_,_,n,(A) do not
commute, one must restrict to a smaller subgroup and then induce or extend from that.
Let

GLayo(A) = {g € GLy(A) | detg € (AX)’FX].

Then the inverse images of these groups in M,(fl)nl (A) commute, and the group S that

they generate is thus isomorphic to the fibered direct product of the GL;:?O(A) over [iy.

Accordingly, one first restricts each representation @%?X |det(-)[% to GLZ?O(A), and takes
the usual tensor product to obtain a genuine representation of S. One may then proceed
to extend this representation to Mﬁ,r]),,l (A), either by extending functions by zero (as
in Suzuki [16], Section 8), by inducing to Mﬁ,rl),,l (A) (as in Brubaker and Friedberg [2],
though that paper is written in the language of S-integers as a substitute for the adeles), or
by first extending to a larger subgroup of M 31) ...n;(A), under certain hypotheses, and then
inducing from that subgroup to Mﬁ,rl),_,_,nl(A) (as in Takeda [17]). Our main computations
will take place in the subgroup generated by S and by unipotent subgroups, which split
via the trivial section u — (4, 1), hence any of these (slightly different) foundations are
sufficient for the arguments given here. We will sometimes abuse the notation (as we
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already did in the case of induction from the Borel subgroup) and describe E)(Lr; (g s) asthe
Eisenstein series attached to the induced representation

(r)
Ind ke ) (@“ |det()["t ® O

P o (b) \ X "X

det()[? @ -+ @ OF), |det(-)|*). @)

npx

As a representation, this induced space is the vector space spanned by the functions
E)(Lr; (g s) as one varies over all test vectors.

The Eisenstein series Ey; (g s) has a simple pole, similarly to the case n; = 1 for all i

which is described in Sect. 1. Indeed, by Definition 1, the unramified constituent at a place

GLY(F,) 1 .
(’()) v SBif , where x =[], xv. This

means that the unramified Constltuent of the 1nduced representation (2) is an induced
()

B! (Fv)

Z (T,Er (FV)) defined as follows. Let ¢ = diag(Ay, ..., A;) where each A; is a diagonal

v of the representation @ i x is a quotient of Ind

1
representation of the form Ind Xy s where g is a genuine character of the group

matrix in GL,, (F,) which consists of 7-th powers. Letf = (4 ¢) € Z ( (Fv)). Then we
define

ns(B) = ¢ 857 (Ar)... 657 (A’)H A%,
L

Arguing as in [12], one sees that the Eisenstein series Eyz((g, s) has a simple pole at the
point ug =6 ;:71 .

We remark that the existence of this pole does not depend on whether some of the
representations @ﬁ,l, » are cuspidal or not. A similar construction with all of the represen-
tations being cuspidal was studied by Suzuki [16], Sections 8 and 9. In that reference, the
author also assumes that the Shimura lifts of the cuspidal representations in question are
also cuspidal. In our case this does not happen, but the argument about the existence of
the pole is the same.

Let L;:;LX denote the residue representation of the above Eisenstein series at the

above point. Then the construction of the representation L;:;)\X is inductive in the
following sense. For 1 < j < [ let A; be a partition of #;. Form the representa-

tions En ik Then we can form the Eisenstein series attached to the representations
(nsﬁqul)h’xj ,75551’2),)\2’)(, e '75551, w X) where 75 is an unramified character of Py, .. We

shall denote this Eisenstein series by Eirl).__ X (g s). As in the above, and also as in Sect. 1,
r+l
we deduce that this Eisenstein series has a simple pole at s = &, L and the represen-
[Tl

()

tation generated by the residues is £ ; e

3 The divisibility condition

Suppose that @,,, % is a cuspidal theta representation defined on GL(r)( A) and that » does

not divide r. We shall derive a contradiction. First, we construct the residue representa-

tion E;rz“ on GLSZ) (A) where [ is a natural number and A = (1!). For convenience we

sometimes omit A from the notation, writing Ef:l) instead of L' l)x 4+ Thus E%( = (r)
In general, if ¢ is an automorphic function on a group H(A) and U is any umpotent

subgroup of H, we write ¢! for the constant term of ¢ along U

ol (h) = / o(uch) du
UF)N\U(A)
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Also, if ;s is a character of U(F)\U (A), we write

o = [ gt put du
UEN\U(A)
We shall be concerned with the case that I = U(;_,,), s, the unipotent radical of the
maximal parabolic subgroup of GL,,; whose Levi part is GL(;_ ), X GLyyu, with1 < m < I
We start with the following

Proposition 1 Fixm, 1 < m < [, let P = Py_,y),, yun and U = U(_ ), mn-

(i) Let <p( l) be a function in the space of E( ) . Then there are functions go((l) mynx in the

space ofﬁ and wmn,x in the space ofﬁmn,X such that

(I—m)n, x
@0 ) e v2) = 87 0065, )9l () 3)
¢”1X L V2)) = 9p go(l—m)n,)( P, x \V2
Sfor all unipotent elements vi € GL(j_,)n(A) and vy € GLjyu(A) and all t which are
r-th powers and in the center of the Levi subgroup of P.
(ii) Let V7 (resp. V3) be the group of upper triangular unipotent elements in GL(j_ ), (A)
(resp. GLyyu(A)), and for i = 1,2, let Yy, be characters of Vi(F)\Vi(A). Then the
integral

(tp,,l x) ((v1, v2)) Yy (v1) Vv, (v2) dv dvy
VI(F)\V1(A) Va(F)\ V2 (A)

is zero for all ¢;(qu)x in the space of /.’,(r) zf (P (e y) Wi or (ol )V2 Vs s zero for

(r)

all functions - in the space ofﬁ orall <pmn y in the space ofﬁm,,,x.

(I—m)n,x

When r = 1 and @g, % is a cuspidal representation of GL,(A), a similar statement is
given in Offen-Sayag [14], Lemma 2.4 and Jiang-Liu [11], Lemma 4.2.

Proof The proofis based on a standard argument using unfolding of the Eisenstein series,
and closely follows [11,14], and [13] II.1.7. We sketch it briefly. Let Ef’rl)x (g s) denote the
Eisenstein series attached to the induced representation

(r) (r) s
n d (=) (A) (‘Cmn X £(1 m)n, X) Spmn,(l—m)n'
Then, as explained in Sect. 2 above, ‘CE:Z) L s the residue of this Eisenstein series at s = %

Consider the constant term Egl,);(u(g s) for Re(s) large. Unfolding this constant term as
in [4,11,13,14], we obtain a sum of Eisenstein series (and degenerate Eisenstein series),
where the sum is over Weyl elements that give a complete set of representatives for the
double cosets Py, 1y (F)\GLy1(F)/P(i—smyn,mn(F) [(see for example Bump—Friedberg—
Ginzburg [4], Eq. (1.2)]. Let

WO — Imn
Lg—myn

Then as in the references above, for every Weyl element not equal to wp which contributes
a nonzero term, the corresponding Eisenstein series is holomorphic at s = % The

contribution from wy is just the intertwining operator M,,, s which clearly has a simple

r+1

pole ats = , and as a function of (v, v;) is as in (3).
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(r)
nlx

representation of the induced representation

The claim about the dependence of (¢ )¥(t(vy, v2)) on ¢ follows since E;rl,)x is a sub-

GLy) () ) (r) s
e =y (®) <£’”"’X ©L U*mmx) L

: _r—1
at the point s = —=. O

We next give an application of Proposition 1.

Lemma 1 The representation Eilrl)x is square integrable.

Proof We use Jacquet’s criterion as stated in [13], the Lemma in [.4.11. Note that [’fqu)x
consists of automorphic forms so the Lemma there is applicable. Let I/ denote a unipotent

radical of a maximal parabolic subgroup P of GL,;. Let U, , = wl, ., w L. Here w is

n
the longest Weyl element in GL,;.
Suppose first that U is such that there is no Weyl element w of GL such that wliw=! C

U, .- Then astandard unfolding argument implies that the constant term

()
Enl, X

(g s) du
U(F)\U(A)
is zero for all choices of data.

On the other hand, if & = U(_»)y,mn for some m, then it follows from Proposition 1,
=1 o1
part (i), that for all £ in the center of P = P(;_,),, ,u» We obtain the exponent 8, = 8" 8.

Here B is the Borel subgroup of GLj,. Lemma 1 follows. O

The above Proposition and Lemma can be extended to the general case. That is, both

statements hold for the representation E,(:/)\ Pt well.

Since we are in the case r > #u, the representation Efqrz( = @3,’3( is clearly generic. On

the other hand if / is chosen so that n/ > r, then ES}X is not generic. Hence, there is a
r)

a+1)mx
is not. Notice that since # does not divide r then an < r. Let b be the smallest natural

minimal natural number, which we denote by 4, such that /35{,2 5 is generic, but ,CE

number so that abn > r.

For the proof of the next Proposition we need to modify our construction. Let SL(;Z) X
denote an irreducible generic summand of the representation ﬁﬁ,’,ﬁ x- The existence of such
asummand follows from Lemma 1 and from the assumption that L’% » is generic. Forming

the Eisenstein series on GL;’;(A) attached to (EL(IQ ¥ 5‘(;,) xo e s t(zi,) x)11s then it follows as
r+l
in the previous section that this series has a simple pole at the point ng = § Pi’ - Denote

the residue representation by 8;2)}1 - 1tis clear from this construction that Proposition 1

holds if we replace the representation EEZ,)X with the representation £ l(':,)x'

Given an automorphic representation 7 defined on a reductive group H(A), let O(r)
be its set of unipotent orbits as defined in Ginzburg [9] (For information about unipotent
orbits see Collingwood and McGovern [5]). A unipotent orbit O is in the set O(r) if first,
7 has no nonzero Fourier coefficients attached to any unipotent orbit which is greater
than O and second, 7 has a nonzero Fourier coefficient corresponding to the unipotent
orbit O. Since unipotent groups split in any covering group, this definition extends with-
out change to representations of metaplectic groups. Moreover, for the general linear
group the unipotent orbits are parametrized by partitions, a manifestation of the Jordan
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decomposition. If O(rr) consists of a single unipotent orbit parametrized by a partition A
we write O(;r) = A. In our case, we have:

Proposition 2 Ifn{r, then O (5;2)”’)() = ((an)?).

Proof This proof is similar to Jiang and Liu [11]; see also the proof of Proposition 5.3 in
Ginzburg [9].

We need to prove two things. First, let O = (n1n3 ... n,) be a partition of abn. Assume
that this partition is greater than or is not related to the partition ((an)h). Then we need
to prove that any Fourier coefficient of 5;2)”))( associated with this partition is zero. As
explained in [9] at the beginning of the proof of Proposition 5.3, it is enough to prove that
the functions in 5;2)71,;( have no nonzero Fourier coefficients associated with the partitions
(m19bm=m) for all m > an.

The proof of this statement about the Fourier coefficients is similar to [9,11]. In [9] this
was proved by local means, and this was replaced in [11] by a version of Proposition 1.
To indicate the approach, suppose that m is even. The case that m is odd is similar and
will be omitted. If m is even, then the Fourier coefficient associated with the unipotent
orbit (m140"—) jg given as follows. Let P, denote the parabolic subgroup of GL ;,, whose
Levi part is GLY" X GLg4py—n,. We embed the Levi part in GL,y, as all matrices of the form
diag(ay, . . ., @my2 1 b1, . .., byya), with a;, by € GL1, h € GLgpy—py. Let V,?l denote the
unipotent radical of Py, and V;;, denote the subgroup of V,2 which consists of all matrices
v = (v;;) such that Viabn-2+1 = 0 forall & +1 < i < abn — 5. Let yry,, denote the
character of V), defined as follows. For v = (v;;) € Vj, set

m/2—1

¥v,, =y V%,abn7%+1 + z (Vi,i+1 + Vabnf%Jri,abnf%ﬁ»Hl)
i=1

Then, the Fourier coefficient corresponding to the partition (71?"~") is given by

ES )b, (V) dv.
Vin(E\\Vin(A)

Let w; denote the Weyl element of GL,;,, defined by

Iabnfm

Conjugating by w1 and performing some Fourier expansions, one deduces that the van-
ishing of the above integral for all choices of data is equivalent to the vanishing of

El). ()Y, () du (4)
U (F\Um(A)
for all choices of data. Here U, is the unipotent radical of the standard parabolic subgroup
of GL,y,, whose Levi part is GL;”_1 X GLgpy—ma1, with the Levi part embedded in GL,y,
as diag(ay, ..., am—1,h) (a; € GL1,1 <i <m—1,and h € GL,py_py41), and Yy, is the
character

Yu, () = Y(ure +uz3z + - + tm—1,m).
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Note that when m = abn, the group U, is the maximal upper triangular unipotent
subgroup of GL .
Let o = () m<i<abn—1 With a; € {0, 1} for all i and define

abn—1

I/fLI oc(” ZMLH—I“‘ Z Ol i+1

Then performing Fourier expansions, one sees that the vanishing of the integral (4) is
equivalent to the vanishing of all the integrals

EU) () Yt 0(10) du (5)
Uabn (F)\Uabn (A)

Ifa; = 1forall i, then the integral (5) is the Whittaker coefficient of E;rb)n,X which is zero.
Ifinstead o; = O for some i, let k > m be the first integer such thato; = 1forallm <i <k
and aj41 = 0. If k # np for some natural number p, then the corresponding integral (5)
is zero. Indeed, since @fq % is a cuspidal representation, the constant term E;'Z . X(g s) is
zero if U is not equal to U,p—p), 1, for some [. (Note that it is precisely at this point in the
argument that we use the cuspidality hypothesis.) On the other hand, if k = np, then it
follows from Proposition 1 that integral (5) is zero if the residue representation S,SQ 5 is
not generic. But since np = k > m > an, it follows from the definition of 4 that E,S;,), i is
indeed not generic. This completes the proof that 56(12)’1’)( has no nonzero Fourier coefficient
corresponding to any unipotent orbit which greater than or not related to ((an)b ).

The last step is to prove that 5;2)%)( has a nonzero Fourier coefficient corresponding to
the partition ((an) ) This is proved similarly to [9] pp. 338—339; see also [11] and [14]. Let

E‘(Zb)n X be a Vector in the space of 5 ( Then it follows from [9], p. 338, that the Fourier
coefficient of E” ab o with respect to the orbit ((an)b) is given by the integral
£y = / ED )y )y, ©)
V(E)\V(A)
Here we let the Vj , be the unipotent subgroup of GLy, consisting of all matrices of the
from
Ik X1]2 * * *
I X23 * *
Ik X3,4 *
A « 7)
*
Iy

with I; appearing p times and each X;; a matrix of size k. The group V in the integral
(6) is the group Vi, with k = b and p = an. Also, define a character Y, , on Vi, by
Vv, (v) = ¥ (tr(Xy,2 + X3 + - - - + Xp—1,p)). Then the character v in (6) is Yy, -
Let U, denote the maximal upper unipotent subgroup of GL,;,, and let U’ = U, x
- X Uy, where the group U,, appears b times. This group is embedded in GL,,;, as
(u1, ..., up) — diag(uy, . . ., up). Let Yy be the character given by

v ) = Yu,, () . .. Yu,, (up)
where 7, is the standard Whittaker character of U,,. Then as in [9] p. 338, the integral
(6) is nonzero for some choice of data if and only if the integral
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E(”)

O ) Y () dv (®)

L[’(F)\L[’(A) Vb,an(F)\Vb,an(A)

is not zero for some choice of data. Using (3) inductively and the irreducibility of the
representation 5‘(;,) x» we deduce that the integral (8) is not zero for some choice of data
if the representation &SZ,) » is generic. This last assertion follows from our assumption on
the number a. ]

We can now prove the first part of Theorem 1.

Proposition 3 Let n < r be a natural number, and suppose there exists a cuspidal theta
representation @5,’; on GLEIr) (A). Then n divides r.

Proof Suppose instead that n does not divide r. Construct the representation £ )

abn, x on
the group GLZZH(A) as above. It follows from Proposition 2 that O (S‘(lrb)n x) = ((an)b).
Let Efl;) iy be a vector in the space of 56(12) oy Then the Fourier coefficient of E‘(zrb)n,x with

respect to the orbit ((an)b) is given by the integral (6) above.

Since an < r and b > 2, the Fourier coefficient (6) defines a genuine automorphic
function on some covering group of GL,(A) of degree greater than one. Hence f (/) cannot
be the constant function. Note that at this step we are using the hypothesis that # does
not divide r. Indeed, this assumption implies that an # r. By contrast, if an = r, then it
might happen that the above embedding of the group GLj, splits under the r-fold cover,
and we would not be able to assert that f (%) is not constant.

Let o denote the representation generated by all functions f (/) as above. Since a non-
constant automorphic function cannot equal a constant term along any unipotent sub-
group, it follows that the integral

/f(x(l)) w(l)dl where x(I) =1, + ley 9)
F\A
is not zero for some function f in o (here and below e;; denotes the (i j)th elementary
matrix). Using this nonvanishing, we will show that the representation 56(12)”’)( has anonzero
Fourier coefficient corresponding to the unipotent orbit ((an + )(an)?2(an — 1)).

To do so, we introduce two families of unipotent subgroups of GL,;,. First, let Z;,
1 <i < an — 1, denote the unipotent subgroup with

Zi(A) = {riep1 +roepa+ -+ rp_1epp_1: 1€ A} C Xjia
and let Zy denote the group with
Zo(A) = {}”262,1 +r3e31+ -+ rp1ep-11: Fj € A} C X1,2.

Here each X;;; is embedded in GL,y, as in (7). Notice that Zy and Z; are two distinct
subgroups of X15. Second, for 1 <i <an — 1 let

Yi(A) = {I, + hewp + heyp+ -+ lprep_1p: [ € A}
and let
Yo(A) = {Ip + heya + lzerz + -+ lpyeyp_1 : [ € A}

These groups are embedded in GL,y,, as diag(Yo, Y1, . .., Yau—1)- Also, let Z be the unipo-
tent subgroup of GL,;, generated by all Z; with 0 < i < an—1, and let Y be the unipotent
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subgroup of GL ;,, generated by the Y;,0 < i < an — 1, together with the one dimensional
unipotent subgroup x(/) defined in (9).

Substituting (9) into (6) we then expand the integral along the unipotent subgroups Y;
where 0 < i < an — 1. Then using the unipotent subgroups X;, we obtain that the integral
(9) is equal to

/ / abn X (vizh) Yv (v1) dvi dz, (10)

Z(A) Vi(F)\V1(A)

where V7 is the subgroup of all upper triangular unipotent matrices in GL,j, generated
by Y and all the one-parameter unipotent subgroups {x,(¢)}, @ a positive root, that are in
V but not in Z. The character vy, matches ¢y on the one-parameter subgroups {x,(¢)}
in V that are not in Z and is ¥ (y1,5) on Y (A).

To conclude the proof, we note that the inner integration over Vj in (10) is a Fourier
coefficient corresponding to the unipotent orbit ((an + 1)(an)?=2(an — 1)). Since it is not
zero this contradicts Proposition 2. O

4 The uniqueness property
In this section we prove the uniqueness property given in Theorem 1. To do so, suppose
that there are two natural numbers, n and m, m < n, with cuspidal theta representations
(H)(rg( and () X attached to the same character x. We shall derive a contradiction.

As above, let a > 1 be the smallest natural number such that 5;(1};1) x is an irreducible
generic representation. From Sect. 3 we know that # divides r, and hence, using [12], we
have an < r. Choose the smallest integer b > 1 such that abn + m > r. Construct the

residue representation gw) as in Sect. 2. This representation is the residue of the

abn+m X
Eisenstein series on GL (A) attached to the induced representation
d nl+m(A) 5 5(}") 5(r) (r)
In nm(A)( an, ® an)( - ® an, x ®®m,x) Ns

Denote by U, ., the transpose of the unipotent group Uj,..,»,m defined in Sect. 2.
The following Lemma is standard.

Lemma 2 Let U denote the unipotent radical of a maximal parabolic subgroup of
GL by If there is no Weyl element w in GLgppim sSuch that wlw=' is a subgroup of
u,

. then the constant term E, ") (g) is zero for all choices of data.

abn+m X

With this we have the following analogue of Proposition 1.

Proposition 4 Let U denote the unipotent radical of the maximal parabolic subgroup
of GLpy+m Whose Levi part is GL,, x GL,, with riy = m + kn and ry = (ab — k)n for
some k > 0. Suppose that wliw ™! is a subgroup of U, . ymfor some Weyl element w. Let
()
E

abn+m,x

r(,r)x such that

(nu V1 _ )
Eabn+m,)( (( VZ)) - Em+kn,)( (VI)E (ab—k)n, x (VZ)

Sor all unipotents v; € GL;,(A). Moreover a statement similar to Proposition 1, part (ii),

be a vector in the space of £, " . Then for i = 1, 2 there exist Eﬁlr)x in the space

abn+m, x*

holds in this case as well.
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With these properties we can prove
Proposition 5 Under the hypotheses of this section, O (SZJ)H o X) = ((an)bm)‘

Proof There are two things to establish. The first is the vanishing property of the Fourier
coefficients with respect to orbits that are greater than or incomparable with ((an)b m)
This vanishing is established similarly to the proof of Proposition 2 above. We omit the
details.

The second part of the assertion is the nonvanishing of a Fourier coefficient attached
to the partition ((an)b m). We now describe such a coefficient. The description depends
on the parity relation between an and m. We shall give the details in the case where both
numbers are odd. The other cases are similar.

Let V' denote the unipotent subgroup of GL,j,,, consisting of all matrices of the form

V2 V5 VI, V3 € Vb,(an—m)/Z: V) € Vb+1,m-

Here the groups Vj, were defined in (7) above, and vy, vs, v are general suitably-sized

* %
matrices. Write v4 = ( , ) where v, € Matyj, and let ¥y (v4) = ¥ (tr v,). Similarly,

v, %
* %
write vs = | v, « | with v € Maty,;, and v € Mat;,;, and let ¥2(vs) = ¥ (tr vg). Let
/!
vl ok

Yy be the character
YV (V) = YV, s VD) YVt (V2) YV o (V3) Y1 (va) Y2 (v5).

Then a Fourier coefficient associated with the partition ((om)h m) is given by

EQ) o )Yy () dv. .
V(E)\V(4)
Let v1 be the Weyl element of GL,4,,+,, defined as follows. Write
wo

w1
V1 = . wo € Maty,  (anb+m) wj € Maty,x(anbymy 1 <j < b.

Wp
Here the matrix wq has (i, b(i + £)) entries equal to 1, 1 < i < m, and all other entries 0,
where t = (an — m)/2. The matrices w;, 1 < j < b, have entries of 1 at the (i, j + (i1 —
D), (t+ioj+th+is(b+1))and (t+m~+iz+1,j+th+m(b+ 1)+ ish) positions for all
1<ip<t+1,1<ip<mandl <i3 <t—1,and all other entries 0. This Weyl element
may be characterized as follows. As explained in [9], to any unipotent orbit O one can
attach a one dimensional torus {/#»(£)}. In our case, for the unipotent orbit O = ((cm)b m),

ho(t) = diag (tanillb, l’aniglh, e thrl]b, tmillb_;_l, e ti(mil)fb_i_l,
ti(erl)[b, ey ti(“nil)lb) .

The Weyl element v; is the shortest Weyl element in GL 3,1, which conjugates the torus
{hO(t)} to the torus {h(t)} with h(t) = dlag(dm(t), dan(t); e dan(t)); where foralli > 0
we have d;(t) = diag (ti_l, ti_3, o t—(i—b’), t_(i_l)),
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Using the invariance of EY

- by v; and moving it rightward via conjugation, the

integral (11) is equal to

(r)
Eabn+m,x

(yu'zvih) Yy (o) dydu’ dz. (12)
Z(ENZ(A) U(EN\U'(A) Y(F)\Y (A)

The notation here is as follows. Let U denote the maximal unipotent subgroup of GLy

consisting of upper triangular matrices. Then U’ = U, x U,, x -+ x U,, where the

group U, appears b times. This group is embedded inside GL ;p4, as (uo, 41, - . ., up) —

diag(uo, #1, . . ., up). The character Yy is given by

Yo W) = Yu, (o) Vi, (u1) . . . Y, (up),

where ¥y, is the standard Whittaker character of Uy. The group Y is the upper triangular
unipotent group defined by ¥ = v1 Vv~ In Uman,..,an- The group Z is the lower triangular

unipotent group consisting of all elements v € V such that vyvv;° Yeu,

man,...,an where

the group U,

an,..,an 18 the transpose of the unipotent group Uy,ap,..,an- Another way of

characterizing these groups is by means of the torus {4(¢)}. The group Y is generated by
the matrices y; (k) = Ipuim + keij € U an,...an Such that h(t)y,;j(k)h(t)_1 = y,;j(tek) for
some £ > 0. Similarly, the group Z is generated by all matrices z;;(k) = Ipytm + keij €
Uy am...an SUCh that h(£)z;j(k)h(t) ™' = z;;(¢'k) for some ¢ > 0.
The next step is to perform certain Fourier expansions on the integral (12), using root
exchange (as in Ginzburg—Rallis—Soudry [10], Section 7.1) and the vanishing of the Fourier
. . (r)
coefficients of the representation £, . oy
greater than or not comparable to ((om)h m) This process is fairly standard—see for exam-

corresponding to unipotent orbits which are

ple the proof of Ginzburg—Rallis—Soudry [8], Lemma 2.4—and so we only sketch the
ideas. View Uy ap,..,.an as the group of matrices generated by u;;(k) = Lpuim + kejj.
Similarly for the groups Y and Z. Consider the subgroup u,,+m—1,4bn+m(k). Since
R g tm—1,abnrmKRE) ™ = thgysim—1 abnrm(k), this one dimensional unipotent group
is not in Y. Similarly, conjugating by /(¢) we deduce that u; 4p,4,,(k) is in Y for all
1 <i<an+m—2,and that z,4,1,—1,4n+m—1(k) is in Z. We may continue this process,
going from the last to the first column in Uy, 4y, ,2n- When we encounter a unipotent
group of the form u;;(k) in Uyy,an,..,an which is not in ¥ we look for a suitable unipotent
subgroup of Z. If such a subgroup exists, we perform a root exchange. If not, we check that
the Fourier coefficient obtained corresponds to a unipotent orbit which is greater than
or not related to ((an)bm). This implies that all non-trivial characters of the expansion
contribute zero, and we are left with only the trivial character.

By this argument, we see that integral (11) is not zero for some choice of data if and only
if the integral

(r)
Eabn+m,x

(uid'h) Yy (w') dudu’ (13)
U'(ENU'(A) Unan,....an(F)\Um,an,...,an(A)
is not zero for some choice of data.
Notice that U,, 43, is a subgroup of Uyan,..,an, and it is the unipotent radical of the
maximal parabolic subgroup Py, ,5,. Hence we can apply Proposition 4 inductively with

k = 0to deduce that the integral (13) is not zero for some choice of data if the two integrals

o), (u) Yru, (1) du (14)
U (F)\Upn(A)
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and

ED () Yu,, (u) du (15)

an, x

Ugpn (F)\Uuhn (A)

are each nonzero for suitable data. The integral (14) is not zero since @5:,) x isanirreducible

cuspidal representation, and hence generic. It follows from the irreducibility of &(J,) x and
from the definition of & that the second integral (15) is also nonzero for some choice of
data. O

With the above we can now prove

Proposition 6 Fix r and x. Then there is at most one natural number n such that a

cuspidal theta representation @fﬁ( exists.

Proof Recall that we are supposing that m < n and there exist cuspidal theta represen-
tations @ffg( and ®£,r,) - We will derive a contradiction. Form the residue representation

)
gﬂbn+m,x

that this implies that the integral

as above. Then the integral (11) is not zero for some choice of data. We claim

(r)
Eabn+m,x

(uid'h) Yy (w') dudu’ (16)
U(EN\U'(A) Uan,...,anm(E)\Uan,...anm (L)
is not zero for some choice of data. Notice the difference between the integrals (16) and
(13). In (13) the integration is over Uy, an,..,an(F)\Uman,..,an(A), while in (16) it is over
Usn,...anmEN\Uay, .. .anm (D). These are two different groups.
To prove that the integral (16) is not zero for some choice of data, we start with the
integral (11), which we have already shown is nonzero for some choice of data. Let vy be

the Weyl element
w1
Vy = ’ wo € Maty,x (anb+m)y Wi € Matyx(anbimy 1 <j < b,
Wp
wo

where the matrices w; are as above. Inserting v into (11) and performing similar Fourier
expansions, we deduce that the integral (16) is not zero for some choice of data. Here U’ =
Ugn X - - - X Ugy X Uy, and the character v is defined accordingly. But notice that U, ,,,
is a subgroup of Uy, anm which is also the unipotent radical of a maximal parabolic
subgroup. However, there is no Weyl element w such that wii,,, ,,w™! is contained in
U
This is a contradiction. ]

_nm- Hence, by Lemma 2 we obtain that the integral (16) is zero for all choices of data.

5 The condition on the character x
Let n > 3. Suppose that @ﬁ,rg( is a cuspidal theta representation and y = x{ for some
character x;. We shall derive a contradiction. The idea is similar to the one we used in
Sect. 4.

Similarly to [12], we may construct the theta representation @g; by means of a residue
of an Eisenstein series. This is possible since x = x{. This representation has a nonzero
constant term and so is not cuspidal. Define a and b as in Sect. 4 above and let m defined
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in that section equal 2 in the present case. Then construct the residue representation

5:2n oy = flz)n 4o,y 38 above. Although the representation @g; is not cuspidal, most
of the results stated in Sect. 4 go through with small adaptations. In particular, we

have

Proposition 7 Under the hypotheses of this section, O(S;Z)n o x) = ((an)b 2).

Then we obtain a contradiction as in Sect. 4. Indeed, from Proposition 7 we obtain that
the Fourier coefficient

(r)
Eabn+2, X

(ud'h) Yy (w') dudu

U/(F)\U/(A) uan..4.,an,2(F)\uan,“.,an.Z(A)
is not zero for some choice of data. Notice that U, - is a subgroup of Uy, .. an2. However,
even though ®g; is not cuspidal, the constant term of Et(;Zn 2y
for all choices of data. Indeed, it is not hard to check that there is no Weyl element

along U,y is still zero

w in GLgp,4 such that wll,,, ,w™! is contained in U . The vanishing of this

,anm2’
constant term then follows as in Lemma 2. However, this is a contradiction, and the result

follows.
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