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Abstract To study borehole deformation under non-
uniform horizontal principal stress in the deep strata, 
a prediction method for horizontal principal stress 
was developed based on the morphological param-
eters of boreholes, the deformation trajectory equa-
tion for the standard circular borehole was derived 
based on elasticity theory, and the morphological 
characteristics of boreholes were analyzed. Addition-
ally, a quantitative relationship between the geomet-
ric parameters of elliptical boreholes and horizontal 
principal stress was established. Subsequently, uni-
axial tests on borehole deformation were conducted 
to verify elliptical deformation under non-uniform 
horizontal principal stress. A combined deductive, 
experimental, and numerical simulation approach 
to borehole deformation analysis was adopted, and 
the impact factors of borehole deformation were 

obtained. The results indicated as following: (1) the 
deformation morphology of borehole under non-uni-
form horizontal principal stress was elliptical; (2) for 
the given lithology, the greater the difference in hori-
zontal principal stress, the greater were the ellipticity 
and elliptical deformation of borehole; (3) for given 
stress background, rock strength was inversely pro-
portional to ellipticity. Additionally, the smaller the 
Young’s modulus and compressive strength, the larger 
was the Poisson’s ratio and the larger was the elliptic-
ity. For example, the ellipticity of mudstone and coal 
was greater than that of limestone and sandstone; (4) 
with an increase in load, the displacement of borehole 
wall exhibited three stages: initial micro-deformation, 
accelerated deformation, and stable deformation; (5) 
horizontal principal stress can be calculated by using 
the morphological parameters (long and short axes) 
of an elliptical hole. Furthermore, a horizontal prin-
cipal stress method theory can be developed based 
on the morphological parameters of boreholes. The 
results of our study can provide new ideas and meth-
ods for the measurement of in situ stress in deep bore-
holes and a theoretical basis for the development of 
equipment for measuring elliptical boreholes.

Highlights 

• Deducing the elliptical deformation morphology 
of borehole under non-uniform horizontal princi-
pal stress
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• Establishing quantitative relationship between the 
geometric parameters of elliptical boreholes and 
horizontal principal stress

• Conducting the uniaxial tests and numerical sim-
ulation to verify the relation between elliptical 
deformation of borehole and horizontal principal 
stress

Keywords Non-uniform horizontal principal 
stress · Ellipticity · Borehole · Rock deformation · 
Morphological structure · Mechanical test

1 Introduction

Drilling is indispensable for the exploitation of oil 
gas resources (Guglielmi et al. 2014; Cui et al. 2021; 
Liu et  al. 2019; Fang et  al. 2022a, b). When the bit 
breaks rock, the original mechanical balance system 
in the deep strata is broken and the borehole is in the 
complex state with multiple loads, resulting in the 
redistribution of stress around the borehole, which 
changes the morphology of borehole and leads to 
borehole deformation (Oh et al. 2020; Liu et al. 2022; 
He et al. 2023; Fang et al. 2023). In particular, during 
gas drilling, the release of stress around the borehole 
can easily form an elliptical borehole. The resulting 
elliptical morphology provides abundant in situ stress 
information (Ghosh et  al. 2015; Ziegler et  al. 2021; 
Fang et al. 2022a, b; Liu et al. 2023). However, few 
theoretical, experimental, or numerical studies have 
been conducted on the mechanisms and modes of 
borehole deformation under horizontal principal 
stress and even fewer studies have been conducted on 
the quantitative relation between horizontal principal 
stress and elliptical morphology. This relationship 
could be used for the calculation of horizontal princi-
pal stress, but it has received very little attention.

Extensive tests on the deformation of pre-drilled 
boreholes under the loading have been conducted. 
For example, Eyal et al. (2021) investigated borehole 
breakouts in arkose and granite rocks through trial 
experiments to assess stability of borehole morphol-
ogy. Sheosei et al. (1986) analyzed the failure defor-
mation of the boundary of borehole in an experiment 
to determine the states of in-situ stress and material 
properties of complex geological formations. Li et al 
(2018) and Ma (2022) analyzed the mechanical failure 

and evolution of the rocks as well as impact factors on 
sand erosion rate around wellbore during the experi-
ment of sand production. Wang et al. (2008) studied 
the failure modes of borehole bottoms and walls, and 
established a mechanical model of borehole instabil-
ity. Bahrehdar et al. (2022) dealt with the numerical 
analysis of elliptical boreholes under a nonisotropic 
in  situ stress field using the Mogi–Coulomb nonlin-
ear failure criterion. Setiawan et al. (2022) simulated 
the borehole breakout initiation, progression, and 
stabilization using semi-analytical method. He et  al. 
(2022) studied the deformation characteristics of a 
gas extraction borehole under the influence of princi-
pal stress, pore pressure, and aperture using numeri-
cal simulations. The abovementioned studies have not 
built the quantitative the relation between deforma-
tion of borehole and in-stress.

A borehole deforms to some certain extent under 
in-situ stress, particularly beyond the specific depth 
(> 500  m). Several studies have been conducted on 
borehole deformation under in-situ stress through 
theoretical deduction. Ge et  al. (2011) proposed the 
relationship between borehole deformation and stress 
under local stress relief. Hou (2007) deduced the 
quantitative relationship between the depth and diam-
eter of a relieved core and analyzed the influence of 
stress concentration caused by an annular relieving 
groove on the stress distribution of the local bore-
hole wall. Zoback et  al. (1985) analyzed the varia-
tion characteristics of borehole structures during the 
entire process of caving and proposed a variation 
criterion for stress during caving. Kirsch (1898) pro-
posed a solution for rock stress and borehole defor-
mation, which laid the theoretical foundation for an 
in-situ stress measurement method based on borehole 
deformation. Jaeger et al. (2009) derived an analytical 
solution for the borehole wall displacement of circu-
lar boreholes under far-field stress. Wang et al. (2008) 
conducted analysis on borehole deformation under 
plane and three-dimensional stress states and deduced 
the calculation formula for borehole wall displace-
ment under two stress states. Brudy et  al. (1997) 
analyzed the relationship between the variations in 
the diameter and stress of the KTB Borehole and 
concluded that variations in diameter exhibit certain 
correlation with crustal stress. Zhang et  al. (2010) 
deduced an analytical solution for the displacement of 
deep buried circular roadways in transverse isotropic 
rock masses. These researchers have focused on the 
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relationship between the displacement of borehole 
wall and stress. But this quantitative relation ignored 
the geometric morphological parameters of borehole 
deformation under in-situ stress. Additionally, the in-
situ stress could not be computed by these quantita-
tive equations.

In this study, based on elasticity theory, the geo-
metric morphology of circular borehole formed under 
the action of two-dimensional stress was determined 
to be elliptical and the relationship between the stress 
and geometric parameters of the borehole ellipse was 
established. The deformation, cracking, and displace-
ment of the borehole under uniaxial loading were 
studied using rock samples with pre-drilled boreholes 
to determine the relationship between horizontal prin-
cipal stress and borehole deformation, and to con-
firm the morphology characteristics of deformation. 
Finally, numerical simulation of borehole deforma-
tion under horizontal principal stress was conducted 
to confirm the deformation morphology of borehole 
and the key factors affecting the elliptical deforma-
tion of the borehole were determined. This study 
provides new ideas and methods for solving the prob-
lem of in  situ stress measurement in deep complex 
environments.

2  Theoretical analysis of borehole morphology 
under horizontal principal stress

2.1  Borehole deformation under plane stress

Let the Young’s modulus of an infinite elastic thin 
plate be E and the Poisson’s ratio be v. A standard cir-
cular borehole exists in the thin plate with radius a. 
At infinity, the plate is subjected to the tensile force in 
the x direction, which is uniformly distributed and of 
magnitude P (Fig. 1). A planar polar coordinate sys-
tem (r, θ) is used to represent any point on the thin 
plate. The displacement at any point on the plate can 
be decomposed into the radial displacement s (i.e., 
increasing direction of r is defined as positive), cir-
cumferential displacement g (i.e., increasing direction 
of θ is defined as positive), and displacement in the 
thickness direction d. Let the tension be positive and 
pressure be negative.

The stress components are �r , �� , �r� , �r , �� , and 
�r� . If only the effect of tension P at infinity is con-
sidered and the physical force is not considered, 

then the following equations and conditions are 
valid.

(1) The relationship between displacement and strain 
is

(2)  The compatibility equation for deformation is

(3)  The relationship between stress and strain is

(4)  The equilibrium equation is

(5) The boundary conditions are as follows.

Boundary conditions of stress:

(1) On the borehole wall, if r = a, �r = 0, �r� = 0 , 
then the following statements holds.

(1)
�r =

�s

�r

�� =
s

r
+

1

r

�g

��

�r� =
1

r

�s

��
+

�s

�r
−

s

r

⎫⎪⎬⎪⎭
.

(2)

1

r

��r

�r
−

1

r2

�2�r

��2
−

1

r

�2
(
r��

)
�r2

+
1

r2

�2
(
r�r�

)
�r��

= 0.

(3)
�r =

�r−v��

E

�� =
��−v�r

E

�r� =
2(1+v)

E
�r�

⎫⎪⎬⎪⎭
.

(4)
r
��r

�r
+

��r�

��
+ �r − �� = 0

��r�

�r
+

1

r

���

��
+

2�r�

r
= 0

}
.

Fig. 1  Mathematical expressions near a borehole
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(2) The stress state is not significantly different from 
that in a circular plate without borehole at a cer-
tain distance from the circular hole.

Boundary conditions of the displacement:

(1) When � = 0◦, g = 0; then the following state-
ment holds.

(2) s||�=0◦ = s||�=180◦.

A circular ring plate is concentric with the bore-
hole and has radius b ≫ a , as shown in Fig.  2. 
According to Saint–Venant’s principle, there is little 
difference in the stress states between a perforated 
plate and an unperforated plate subjected to the 
same tension at infinity. Therefore, at (b, θ) on the 
plate without borehole, the stress state is expressed 
as

Equation (5) also defines the outer boundary con-
dition of the circular ring plate.

According to the boundary conditions in Eqs. 
(1)–(5), as b increases to infinity, the annular plate 
becomes an infinitely perforated plate. The stress 
distribution in the annular plate is equivalent to that 
in an infinitely perforated plate, which is expressed 
as

Further, the displacement distribution in an infinite 
plate with large borehole is obtained as follows:

If r = a , then the displacements of each point on the 
borehole wall can be obtained as

When the infinite plate is subjected to tension forces 
�1 and �2 in the directions of x and y simultaneously 
(i.e., P is equal to �1 and �2 ), the radial displacement of 
the borehole wall can be derived through superposition, 
as shown in Fig. 3.

Assume that s1 is the radial displacement of the thin 
plate at point B when subjected to pressure only in the 
x direction and s2 is the radial displacement of the thin 
plate at point B when subjected to pressure only in the 
y direction.

According to Eq. (8), we can obtain
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Fig. 2  Infinite plate with a circular borehole and large circular 
ring plate
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where a is the radius of the circle in which point B is 
located and � denotes the angle between the radial of 
point B and the positive x and y axes according to the 
following relationship:

Therefore, substituting Eq.  (11) into Eq.  (10) 
yields

Based on the principle of superposition, the radial 
displacement of the borehole wall under the com-
bined action of the two external forces is equal to the 
sum of the radial displacements of the borehole wall 
generated by the separate action of each tension force, 
which can be written as
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Equation (13) expresses the displacement variation 
of any point in the borehole under stress.

2.2  Theoretical derivation of the morphology of a 
borehole under horizontal principal stress

Based on the foregoing theoretical analysis, the dis-
placement at any point F on a borehole wall can be 
expressed by applying Eq.  (13). Assume that point 
F with coordinates (x, y) is deformed to point F

′

 , as 
shown in Fig. 4.

(14)
x = a ∗ cos � + s ∗ cos � − g ∗ sin �

y = a ∗ cos � + s ∗ sin � + g ∗ cos �

}

Fig. 3  Superposition of principal stresses

Fig. 4  Deformation of any point on a borehole wall
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Then, substituting Eq.  (13) into Eq.  (14) yields 
Eq. (15) after simplification.

If we assume that

then Eq. (15) can be rewritten as

Finally, based on this deduction, the geometric 
equation for borehole morphology can be expressed 
as shown in Eq.  (18). This is the standard elliptical 
equation, which indicates that the characteristics of 
borehole deformation under the maximum and mini-
mum horizontal principal stresses are elliptical.

3  Experiments on borehole deformation

In this section, based on the influence of the variation 
in the stress state on the morphology of a borehole, 
deformation tests on rock samples with pre-drilled 
boreholes are conducted systematically to determine 
the morphological characteristics of boreholes under 
horizontal principal stress. The experiments help clar-
ify the evolution law and testify the elliptic morphol-
ogy of borehole being acted by the external loading.

3.1  Experimental instruments and rock samples

(1) Rock mechanics testing machine and monitoring 
equipment for borehole deformation.

The experimental device used to test rock mechani-
cal properties was an RMT-150C mechanics testing 
machine developed by the Wuhan Institute of Rock and 
Soil Mechanics of the Chinese Academy of Sciences. 
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B2
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This device uses digital control and an electrohydrau-
lic servo with high controllability, easy operation, and 
a high level of digitization. This device is suitable for 
mechanical tests of rock and concrete materials and 
can be used to conduct many types of rock mechanics 
tests, including uniaxial compression and tensile, tri-
axial compression, and shear tests. The technical speci-
fications of the device are listed in Table 1.

One can see that the maximum axial load is 
1000 kN and the maximum horizontal load is 500 kN, 
which met the requirements for our tests. The great-
est advantage of this device is its ability to conduct 
fatigue tests under periodic loads during rock sample 
compression and direct shearing. The RMT-150C 
mechanical testing machine is illustrated in Fig. 5.

During the loading tests, high-precision drilling 
imaging equipment was used to conduct real-time 
dynamic monitoring of the deformation of the bore-
hole wall and observe the deformation characteristics 
of the borehole, as shown in Fig. 6.

(2) Test process.
To evaluate the deformation of pre-drilled bore-

holes of different geometric sizes caused by differ-
ent stress states, the entire test process consisted 
of the following seven steps. 1) Cubic rock sample 
creation: the selected rock samples were sandstone, 
limestone, and coal, and the dimensions of the cubic 
rock samples were 150 × 150 × 150 mm. (2) Drilling 
boreholes: based on our experimental requirements, 
four different diameters were tested for each lithology 
(40, 51, 63, and 74 mm), as presented in Table 2. (3) 
Stick strain gauge measurement was performed. (4) 
The confining pressure was set to conduct deforma-
tion experiments utilizing displacement control. 5) A 
high-precision camera was used to collect real-time 
deformation information from the borehole. (6) The 

Table 1  Technical specifications of the RMT-150 mechanics 
testing machine

Technical specification Value

Vertical maximum output 1000.0 kN
Horizontal maximum output 500.0 kN
Vertical piston stroke 50.0 mm
Horizontal piston stroke 50.0 mm
Maximum confining pressure 50.0 MPa
Rate of deformation 0.0001 ~ 1.0 mm/s (Lv.13)
Rate of loading 0.001 ~ 100.0 kN/s (Lv.13)
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experimental data were recorded. (7) The data were 
analyzed, stress–strain curves were plotted, and the 
deformation characteristics of the borehole structures 
were obtained.

Stick strain gauge measurement is an important 
and critical step in this process, particularly for small 
boreholes. Therefore, a small-scale strain gauge was 
selected for our tests. The specific measurement 
process was as follows. (1) We used a cotton swab 
dipped in alcohol to clean the borehole and then let 
it dry. (2) The strain gauge and wire were welded 
together. (3) A layer of epoxy resin glue was applied 
to the connection point and back position of the strain 
gauge for fixing. (4) Glue was applied to the bottom 
of the strain gauge and it was lowered to the desig-
nated point for attachment. (5) A small round rod was 
used to roll the strain gauge back and forth to ensure 
that it was firmly attached to the borehole. A mechan-
ical test of rock sample with a pre-drilled borehole is 
illustrated in Fig. 7.

4  Numerical simulation of borehole deformation 
caused by horizontal principal stress

4.1  Geometric model

Based on our theoretical analysis of borehole defor-
mation caused by horizontal principal stress, it can 
be concluded that the deformation morphology of a 
standard circular borehole under non-uniform hori-
zontal principal stress is elliptical. The ABAQUS 
numerical simulation software was used to simulate 
borehole deformation to verify our theoretical deduc-
tions and the relevant settings are described in this 
section.

For numerical simulation, the formation around 
borehole was assumed to be isotropic and homogene-
ous, and the problem was simplified to a plane. The 
geometric model of the formation was 0.2 m × 0.2 m 
in size and the radius of the borehole was 0.015  m 

Fig. 5  RMT-150C mechan-
ics testing machine

Fig. 6  Camera equipment 
used for measuring bore-
hole deformation
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Table 2  Cubic sample 
parameters and strain gauge 
layout

Sample number Cube sample and strain 
gauge layout

Sample number Cube sample and strain 
gauge layout

Sandstone Φ40 mm Sandstone Φ51 
mm

Sandstone Φ63 mm Sandstone Φ74 
mm

Limestone Φ40 mm Limestone Φ51 
mm

Limestone Φ63 mm Limestone Φ74 
mm

Coal Φ40 mm Coal Φ51 mm
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(see Fig. 8). Typically, the deformation near a bore-
hole is of significant concern. Therefore, a structured 
grid was adopted in our analysis. Grids with differ-
ent node densities were established in different areas. 
The grid near the borehole was a denser grid and rela-
tively sparse grids were used far away from the cir-
cular borehole. Boundary constraint conditions were 
defined with the displacement in the y direction set 
to zero to ensure that the circular borehole could not 
rotate or move under stress.

4.2  Parameter sets

The materials selected for numerical simulation were 
mudstone, sandstone, coal, and limestone. Based on 
the differences in the compressive strengths of these 
four materials, different maximum and minimum hor-
izontal principal stresses were considered. The maxi-
mum horizontal principal stress was set to 50  MPa 
and the initial value of the minimum horizontal 
principal stress was set to 30  MPa, which gradually 
increased in steps of 5 MPa, as shown in Table 3.

Table 2  (continued) Sample number Cube sample and strain 
gauge layout

Sample number Cube sample and strain 
gauge layout

Coal Φ63 mm Coal Φ74 mm

Fig. 7  Schematic diagram of the testing of borehole deforma-
tion for rock samples with pre-drilled boreholes

Fig. 8  Grid structure of the numerical model
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5  Results

5.1  Analysis of borehole deformation tests

5.1.1  Variation in borehole displacement

Loading tests were conducted on rock samples with 
pre-drilled boreholes. The deformation and strain val-
ues of the boreholes were measured at 0°, 45°, 90°, 
135°, 180°, 225°, 270°, and 315°. The loading direc-
tion was defined as 0°. Angles of 0° and 180° were 
consistent with the direction of the maximum princi-
pal stress, which was also consistent with the direc-
tion of the short axis. Angles of 90° and 270° cor-
responded to the direction of the stable confining 
pressure, which was consistent with the direction of 
the minimum principal stress and direction of the 
long axis.

The results revealed that the deformation laws and 
characteristics of boreholes were the same for angle 
pairs of 0° and 180°, 45° and 225°, 135° and 315°, 
and 90° and 270°.The variation trends of borehole 
displacement over time were consistent. Therefore, 
the strain gauge data in one direction were selected 
for each of the four aforementioned pairs for analysis. 
As the directions of the long and short axes can best 
reflect the variation of the morphological structure of 
a borehole, the strain and displacement data along the 
long and short axes were selected to analyze the vari-
ation characteristics of the morphological structures 
of boreholes. We defined the compression direction 
of the load as positive and the tensile direction as 
negative.

(1) Coal
When the diameter of the coal borehole was 

40 mm, as depicted in Fig. 9a, the displacement and 
deformation in the directions of the long and short 
axes of the borehole were both positive. In other 
words, the confining pressure states of the long 
and short axes were the same. Both were positive 

compressions that generated compressive deforma-
tion and strain. After loading was implemented for 
25 s, borehole deformation occurred instantaneously 
and the displacement in the long-axis direction var-
ied from 0 to 0.05 mm. Additionally, the slope in the 
long-axis direction was greater than that in the short-
axis direction. Furthermore, the deformation in the 
long-axis direction was greater than that in the short-
axis direction. In the time of 25 to 260 s, the deforma-
tion in the direction of the short axis was relatively 
stable and the slope remained unchanged. After 
260  s, the deformation in the direction of the short 
axis accelerated and the slope was greater than that 
in the previous stage. In the period of 260 to 350 s, 
the deformation in the direction of the short axis was 
relatively stable until rupture occurred in the direc-
tion of the short axis.

When the diameter was varied from 40 to 51 mm, 
as shown in Fig.  9b, positive compression deforma-
tion occurred in the short-axis direction, whereas 
negative tensile deformation occurred in the long-
axis direction. Deformation occurred immediately in 
the short-axis direction when a load was applied and 
the displacement of the borehole varied from 0.00 
to 0.11 mm. The rate of increase in the deformation 
in the long-axis direction was smaller than that in 
the short-axis direction. In other words, the slope of 
the displacement–time curve in the long-axis direc-
tion was lower than that in the short-axis direction. 
As displayed in Fig. 9b, the variation in the borehole 
displacement exhibits three different stages: initial, 
stable, and accelerated deformation. The variation 
curves in each stage are approximately linear. The 
deformations in these three stages were approxi-
mately linear elastic deformations.

When the borehole diameter was 63 mm, as indi-
cated in Fig.  9c, the variation trend of the displace-
ment along the long and short axes with time was 
similar to that when the diameter was 51  mm. The 
difference was that the duration of the initial and 

Table 3  Parameter sets Lithologies Maximum horizontal 
stress ( �

H
)/MPa

Minimum horizontal 
stress ( �

h
)/MPa

Young’s modulus 
(E, GPa)

Poisson’s 
ratio (v)

Limestone 50 30, 35, 40, 45 50 0.21
Sandstone 50 30, 35, 40, 45 38 0.29
Mudstone 50 30, 35, 40, 45 21 0.33
Coal 50 30, 35, 40, 45 9 0.48
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stable deformation stages was shorter than that for the 
diameter of 51 mm. Additionally, the long-axis direc-
tion exhibited negative tensile deformation and the 
short-axis direction exhibited positive compressive 
deformation. The deformation process exhibited an 
approximately linear elastic deformation mode.

Compared with the borehole diameters of 51 and 
63  mm, when the diameter was 74  mm, as shown 
in Fig.  9d, the short axis did not rupture as result 
of the established confining pressure. When unload-
ing was performed, the deformation along the long 
axis was restored and the displacement of the bore-
hole returned to zero. This can be explained by the 
deformation of the borehole before the ultimate fail-
ure stage, which is an elastically recoverable defor-
mation. After a stable deformation was reached, 
the borehole displacement, deformation, and time 

exhibited an approximately linear relationship, 
which is an iconic feature of elastic deformation.

(2) Sandstone.
When the diameter of the sandstone borehole 

was 40  mm, as shown in Fig.  10a, the deformation 
of the borehole exhibited three stages: initial, stable, 
and accelerated deformation. The long-axis direc-
tion exhibited negative tensile deformation, whereas 
the short-axis direction was characterized by positive 
compression deformation. When the maximum con-
fining pressure was reached, the loading equipment 
began to relieve the pressure. The borehole did not 
crack or exhibit any significant damage because the 
compressive strength of sandstone is relatively large 
and the diameter of the borehole was relatively small, 
allowing it to resist damage from the external load.

Fig. 9  Real-time monitoring of borehole displacement in coal samples: (a) Φ40 mm, (b) Φ51 mm, (c) Φ63 mm, and (d) Φ74 mm
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When the diameter was 51  mm, as shown in 
Fig.  10b, deformation occurred immediately when a 
load was applied. Before reaching the maximum con-
fining pressure, the variation in borehole displace-
ment along the long and short axes with time exhib-
ited an ideal linear relationship, indicating that the 
deformation was elastic. When the maximum confin-
ing pressure was reached, the borehole did not reach 
an ultimate failure state because the compressive 
strength of sandstone is greater than that of coal.

When the diameter was 63  mm, as depicted in 
Fig.  10c, negative tensile deformation occurred in 
the long-axis direction, whereas positive compres-
sive deformation occurred in the short-axis direction. 
Initial, stable, and accelerated deformations occurred 
in the short-axis direction, eventually leading to 

fracture. However, the long axis did not break when 
the rock reached the maximum confining pressure.

When the diameter was 74  mm, as presented in 
Fig. 10d, the borehole deformation was similar to that 
at 63  mm, where the borehole displacement in the 
short-axis direction was characterized by three stages: 
initial, stable, and accelerated deformation.

When the maximum confining pressure was 
reached, fracture occurred in the short-axis direction, 
but no ultimate fracture occurred in the long-axis 
direction. The deformation in the short-axis direction 
was approximately elastic, whereas that in the long-
axis direction was completely elastic. The variation in 
the deformation displacement with time for different 
diameters was characterized by linear relationships 
in the long- and short-axis directions. The sandstone 

Fig. 10  Real-time monitoring of borehole displacement in sandstone samples: (a) Φ40 mm, (b) Φ51 mm, (c) Φ63 mm, and (d) Φ74 
mm
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boreholes experienced elastic deformation under the 
confining pressure, but the deformation returned to 
zero with pressure relief. In contrast to coal, fractures 
along the short axis were generated in sandstone with 
different borehole diameters when the maximum load 
was reached, whereas the long axis did not fracture as 
a result of the high compressive strength and Young’s 
modulus of sandstone.

(3) Limestone.
When the diameter of borehole of the limestone 

was 40 mm, as shown in Fig. 11a, a negative tensile 
deformation appeared in the long-axis direction and 
a positive compressive deformation appeared in the 
short-axis direction at the initial application of the 
load. The displacement of the borehole in both direc-
tions was initially linear with time. In the direction of 
the short axis, when the load reached a certain stage, 

the displacement of the borehole varied abruptly and 
the deformation rate was greater than that in the ini-
tial stage. However, no rupture occurred when the 
maximum load was reached. In the long-axis direc-
tion, the displacement of the borehole continued to 
exhibit a linear relationship with time from the begin-
ning of loading until the maximum load value was 
reached.

When the diameter was 51  mm, as displayed in 
Fig.  11b, the borehole deformation trend was simi-
lar to that of the 40 mm diameter, but the values of 
deformation were larger. For the diameter of 63 mm, 
as shown in Fig.  11d, when the initial load was 
applied, deformation was generated immediately and 
was characterized as stable and linear. When loading 
reached a certain stage, abrupt deformation occurred 
until the rock fractured. The deformation rate was 

Fig. 11  Real-time monitoring of borehole displacement in limestone samples: (a) Φ40 mm, (b) Φ51 mm, (c) Φ63 mm, and (d) Φ74 
mm
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greater than that in the previous stage, as indicated 
by the slopes of the two stages. When the diameter 
was 74 mm, the deformation mode differed from that 
in the other cases. In this case, the time from loading 
to the appearance of displacement of borehole wall 
was longer than that for the previous three diameters. 
This indicates that the greater the borehole diameter, 
the longer the time from loading to deformation. As 
shown in Fig.  11c and d, the displacement of the 
borehole remained at zero after loading for approxi-
mately 200 s.

For the diameters of 40 and 51 mm, when the max-
imum load was reached, the borehole did not break 
and only minor damage appeared. In the unload-
ing stage, deformation was restored to zero. When 
the borehole diameters were 63 and 74  mm, ulti-
mate fracture occurred when the maximum load was 
reached. The strain and displacement of the borehole 
were characterized as having a linear relationship 
with time. Based on our experimental results, it can 

be concluded that during the loading process, bore-
hole deformation in the limestone exhibited elasticity 
and that the greater the diameter, the longer the time 
from loading to deformation.

5.1.2  Deformation morphologies of boreholes

The deformation morphologies of rock samples 
with pre-drilled boreholes were obtained by fitting 
the displacements of the boreholes collected by sen-
sors along the long and short axes. The deforma-
tion morphology of the standard circular borehole 
was characterized as elliptical deformation caused 
by the maximum and minimum horizontal princi-
pal stresses (see Figs. 12, 13 and 14). For the same 
borehole diameter, the ellipticity of coal was greater 
than that of limestone. For the same lithology, the 
ellipticity of rock samples with diameters of 51 and 
63 mm was greater than that of rock samples with 
diameters of 41 and 74 mm.

Fig. 12  Deformation 
trajectories of boreholes in 
coal: (a) Φ40 mm, (b) Φ51 
mm, (c) Φ63 mm, and (d) 
Φ74 mm
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Generally, the deformation obtained in our 
experiments was consistent with that obtained 
through our theoretical deductions and numerical 
simulations, which confirmed the elliptic deforma-
tion mode of a standard circular borehole under an 
external load. This indicates that borehole defor-
mation is related to horizontal stress to a certain 
extent and that the stress value can be reflected in 
the deformation of a borehole. Therefore, from the 
three perspectives of numerical simulations, experi-
ments, and theoretical deductions, developing the 
method for calculating horizontal principal stress 
based on borehole deformation forced should be 
logical and feasible. These findings can provide a 
theoretical basis for a set of systematic calculation 
methods and techniques for horizontal principal 
stress.

5.2  Analysis of numerical simulations

(1) Factors affecting elliptical deformation: non-uni-
formity of horizontal principal stress.

After appropriate parameters were set, numerical 
simulations of different stress levels were con-
ducted on geometric models of different materi-
als to analyze borehole deformation (see Figs. 15, 
16, 17 and 18). The elliptical characteristics of 
borehole can be expressed by its ellipticity, which 
is generally characterized by the ratio of the long 
axis (A) to the short axis (B) of a borehole as 
� = A∕B . As shown in Figs.  15, 16, 17 and 18, 
the morphologies of standard circular boreholes 
tend to become elliptical under the maximum and 
minimum horizontal principal stresses.

Fig. 13  Deformation 
trajectories of boreholes in 
sandstone: (a) Φ40 mm, (b) 
Φ51 mm, (c) Φ63 mm, and 
(d) Φ74 mm
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For a given lithology, the ellipticity of the stand-
ard circular borehole gradually increases with 
increasing horizontal principal stress differences.

When the horizontal principal stress difference ( Δ� ) 
is greater than 10 MPa, ellipticity becomes more 
pronounced, as shown in Fig.  19. Furthermore, 
stress concentration along the long axis of a bore-
hole becomes more evident. Thus, the ellipticity 
of a borehole is mainly influenced by the non-uni-

formity of the horizontal principal stress. When 
the maximum and minimum horizontal principal 
stresses were equal (i.e., �H = �h = 50MPa ), the 
boreholes remained circular and the stress dis-
tributions around the holes were uniform, which 
further indicates that the non-uniformity of 
horizontal principal stress is an important factor 
influencing the ellipticity of a borehole.

Fig. 14  Deformation 
trajectories of boreholes of 
limestone: (a) Φ40 mm, (b) 
Φ51 mm, (c) Φ63 mm, and 
(d) Φ74 mm

Fig. 15  Numerical simulation of borehole deformation in coal under different horizontal stresses
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Figures  15, 16, 17 and 18 reveal that under a given 
amount of stress, the ellipticity of circular bore-
holes in coal and mudstone is relatively high 
and the ellipticity of coal is the most significant, 
which can be attributed to the small Young’s 
modulus and large Poisson’s ratio of coal. In con-
trast, limestone exhibited the smallest deforma-
tion under a given stress level as result of its large 
Young’s modulus and small Poisson’s ratio.

Ellipticity was calculated based on the lengths of the 
long and short axes of the elliptical boreholes 
under different horizontal principal stress differ-
ences. As shown in Fig. 19, the horizontal prin-
cipal stress difference had a significant influence 
on the ellipticity of the standard circular bore-

holes. However, the degree of influence on dif-
ferent materials varied significantly. Based on 
the effect of the horizontal principal stress dif-
ference on elliptical deformation, deformation 
can be divided into three stages: initial, stable, 
and accelerated deformation. With an increase 
in the horizontal principal stress difference 
( Δ� ), the ellipticity gradually increases. When 
0.0 ≤ Δ� ≤ 5.0 , ellipticity gradually increases 
and elliptical deformation remains in the initial 
stage. A standard circular borehole then tends to 
undergo elliptical deformation under the action 
of horizontal principal stress.

When the pressure difference is greater than 5.0 MPa 
( Δ𝜎 > 5.0 ), the ellipticity increases significantly 

Fig. 16  Numerical simulation of borehole deformation in mudstone under different horizontal stresses

Fig. 17  Numerical simulation of borehole deformation in sandstone under different horizontal stresses

Fig. 18  Numerical simulation of borehole deformation in limestone under different horizontal stresses
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and the borehole enters the accelerated defor-
mation stage. When the pressure difference is 
greater than 10.0  MPa ( Δ𝜎 > 10.0 ), although 
ellipticity continues to increase, this increase is 

smaller than that in the previous stage and the 
borehole enters the stable deformation stage. 
Among the four tested materials of coal, mud-
stone, sandstone, and limestone, the ellipticity 
of coal was the greatest, followed by mudstone 
and limestone, which is related to their mechani-
cal properties. The initial deformation time of 
coal was short and the coal directly entered the 
accelerated deformation stage, whereas the corre-
sponding initial stages of the other three materi-
als lasted for a period before entering the acceler-
ated deformation stage. The numerical simulation 
results indicated that the elliptical deformation of 
coal is easier than that of the other three materi-
als.

(2) Factors affecting elliptical deformation: Young’s 
modulus.

The foregoing analysis was mainly focused on bore-
hole deformation caused by the non-uniformity 
of horizontal principal stress. It was determined 
that the greater the non-uniformity of horizontal 
principal stress, the greater the ellipticity of a 
standard circular borehole. In strata with strong 
tectonic movement and sedimentary differences, 

Fig. 19  Relationships between the ellipticity of a borehole and 
differences in horizontal principal stresses for different materi-
als

Fig. 20  Influence of differ-
ence of Young’s modulus 
on elliptical deformation 
under the same horizontal 
principal stress
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the heterogeneity of strata is also greater, which 
leads to significant differences in rock mechani-
cal parameters such as Young’s modulus and 
Poisson’s ratio.

To investigate the influence of the heterogeneity of 
rock mechanical parameters on the elliptical 
deformation of a circular borehole, we consid-
ered the following conditions: 1) the maximum 
and minimum horizontal principal stresses were 
equal (i.e., �H = �h ); 2) Poisson’s ratio was con-
sistent, but the variation in the Young’s modulus 
in the x- and y-axis directions was controlled to 
simulate the borehole deformation correspond-
ing to different ratios of  Ex and  Ey, as shown in 
Fig.  20. One can see that when  Ex and  Ey are 
equal (i.e.,  Ex:  Ey = 1), the borehole maintains a 
circular shape. In contrast, as this ratio increases 
from one to four, the standard circular borehole 
gradually becomes more elliptical. Therefore, 

the greater the heterogeneity of rock mechanical 
parameters, the greater is the ellipticity.

Next, the maximum horizontal principal stress ( �H ) 
was set to 50 MPa and the minimum horizontal 
principal stress ( �h ) was set to 30 MPa. Poisson’s 
ratio was set to 0.3. In this manner, simulations of 
borehole deformation under the same stress and 
different Young’s modulus were conducted, as 
shown in Fig. 21. As presented in Fig. 22, under a 
given stress level, when the circumference angle 
remains unchanged, the greater the Young’s mod-
ulus, smaller the borehole strain, and smaller the 
deformation. This further confirms that a forma-
tion with a larger Young’s modulus is more dif-
ficult to deform. The smaller the Young’s modu-
lus, the greater is the ellipticity. Among the four 

Fig. 21  Borehole deformation simulations corresponding to different Young’s moduli under the same stress level

Fig. 22  Variations in borehole strain at different circumfer-
ence angles with the same stress and different Young’s modu-
lus

Fig. 23  Relationship between Young’s modulus and ellipticity
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tested materials, coal had the smallest Young’s 
modulus and was characterized as having the 
greatest capacity for elliptical deformation. In 
contrast, limestone exhibited the largest Young’s 
modulus and its deformation was relatively small 
under a given stress level.

As shown in Fig.  23, a negative exponential vari-
ation relationship exists between the Young’s 
modulus and ellipticity. With an increase in 
the Young’s modulus, the ellipticity gradually 
decreases. When Young’s modulus is less than 
15 GPa, ellipticity varies rapidly and the ellip-
tical deformation of standard circular holes is 
significant. When Young’s modulus is greater 
than 15 GPa, the ellipticity varies slowly and the 
elliptical deformation of standard circular holes 
is relatively stable. The Young’s moduli of soft 
rocks are generally less than 10 GPa, whereas 
the Young’s moduli of hard rocks are generally 
relatively large. For example, the Young’s mod-
ulus of hard limestone can reach 100 GPa. Our 

numerical simulations indicate that for relatively 
soft rocks with Young’s modulus lower than 15 
GPa, the elliptical deformation of standard cir-
cular boreholes is relatively easy, which is more 
conducive to the formation of elliptical bore-
holes.

(3)  Factors affecting elliptical deformation: Pois-
son’s ratio.

Next, we considered a maximum horizontal principal 
stress ( �H ) of 50  MPa and minimum horizontal 
principal stress ( �h ) of 30  MPa with a Young’s 
modulus of 16.8 GPa. Therefore, borehole defor-
mation under a given stress level with differ-
ent Poisson’s ratios was analyzed, as shown in 
Fig. 24. The results in Fig. 25 indicate that under 
a given stress level, the borehole strain gradually 
increases with Poisson’s ratio, confirming that 

Fig. 24  Simulations of borehole deformation with different Poisson’s ratios at the same stress level

Fig. 25  Variations in borehole strain at different circumfer-
ence angles with the same stress and different Poisson’s ratios

Fig. 26  Relationship between Poisson’s ratio and ellipticity
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strata with larger Poisson’s ratios are more prone 
to deformation. Deformation is maximized at 
angles of 0° and 180°, and minimized at angles 
of 90° and 270°. The deformations at 0° and 180° 
are identical, as are those at 90° and 270°, which 
is conducive to generating elliptical deformation 
of a borehole. Among the four materials of mud-
stone, limestone, coal, and sandstone, the Pois-
son’s ratio of coal was the greatest at nearly 0.5. 
Therefore, its ellipticity was also the greatest.

As shown in Fig.  26, the Poisson’s ratio and 
ellipticity exhibit a positive exponential variation 
relationship. With a gradual increase in the Pois-
son’s ratio, the ellipticity also increases synchro-
nously. When Poisson’s ratio is less than 0.3, the 
increase in ellipticity is smaller than that when 
Poisson’s ratio is greater than 0.3. Based on the 
relationship between hardness and Poisson’s ratio, 
rock is commonly characterized as hard rock when 
its Poisson’s ratio is less than 0.3. For example, 
the Poisson’s ratio of relatively hard limestone is 
approximately 0.1, whereas the Poisson’s ratio of 
soft coal is greater than 0.3. Therefore, Poisson’s 
ratio is another key factor affecting the elliptical 
deformation of standard circular boreholes.

6  Discussion

6.1  Relationship between the non-uniformity 
of horizontal principal stress and elliptical 
deformation of boreholes

For soft coal seam or gas drilling, a standard circular 
borehole is prone to elliptical deformation. Because 
the thickness of soft coal seams varies significantly 
and the mechanical strength of coal is low, under 
the rotational disturbance of the bit and drill pipe, a 
borehole for gas extraction gradually deforms from 
a standard circle to an ellipse. In the Sichuan and 
Xinjiang areas of China, gas drilling is common and 
the deformation of boreholes in soft rock caused by 
weakening as a result of mud erosion is rare. There-
fore, elliptical boreholes are mainly created by non-
uniform horizontal principal stress.

The results of our numerical simulations indicate 
that for given lithology, when the horizontal principal 
stress difference is 0 MPa, the borehole morphology 

maintains a standard circular shape, whereas when 
the horizontal principal stress difference is greater 
than zero and gradually increases, the morphology 
of a borehole deforms gradually from a circle to an 
ellipse. When the horizontal principal stress differ-
ence is large, elliptical deformation is also large. Our 
numerical simulation results indicate that horizontal 
principal stress is the key factor affecting the ellip-
ticity of boreholes and that a horizontal principal 
stress difference has a positive relationship with the 
ellipticity of a borehole. Figure  19 revealed that the 
influence of the horizontal principal stress difference 
on ellipticity exhibited staged features. Specifically, 
when the horizontal principal stress difference is 0 
to 5 MPa, the increase in ellipticity is relatively slow, 
which defines the initial stage of micro-deformation. 
When the horizontal principal stress difference is 5 
to 10 MPa, the ellipticity rate increases rapidly; this 
defines the accelerated elliptical stage. When the 
horizontal principal stress difference is greater than 
10 MPa, the increase in ellipticity slows and enters a 
stage of stable elliptical deformation.

Our test results for borehole deformation further 
confirmed that for a given lithology, with an increase 
in the difference in horizontal principal stress, the 
morphology of boreholes deforms from circular to 
elliptical.

When the minimum horizontal principal stress 
remains constant, the load and ellipticity gradually 
increase. The law derived from our tests is consist-
ent with the results of our numerical simulations and 
theoretical deductions. All results indicated that hori-
zontal principal stress was closely related to and was 
a key factor affecting the elliptical deformation of 
boreholes.

6.2  Relationship between the non-uniformity of 
horizontal principal stress and lithology

Experimental analysis of different materials with pre-
drilled boreholes revealed that the ellipticity values of 
different materials differ under a given stress level, as 
shown in Figs. 15, 16, 17 and 18. The strength param-
eters (compressive strength and Young’s modulus) of 
coal and mudstone are smaller than those of limestone 
and sandstone, and their ellipticity values are also rel-
atively small. The influence of differences in materi-
als on elliptical deformation mainly depends on the 
physical characteristics of rock, including its mineral 
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composition, microscopic pore structure, and strength 
(compressive strength and Young’s modulus).

Scanning electron microscopy (SEM) observations 
of soft mudstone clearly revealed its mineral crystal 
arrangement and cementation structure characteris-
tics, as shown in Fig. 27. The quartz particles in the 
soft mudstone are tightly packed, clay particles can 
occasionally be observed in the rock, there are few 
expansive clay mineral areas, and a large number of 
intergranular pores are present, which provide a flow 
channel for drilling fluid to invade the formation. The 
intrusion of drilling fluid into a formation through 
intergranular pores may not only induce hydraulic 
fracturing and aggravate borehole deformation, but 
also cause hydration expansion and dispersion of clay 
minerals after they contact the drilling fluid, which 
may reduce the strength of a formation. These two 
factors lead to an increase in the probability of ellip-
tical deformation of boreholes. The hydration of soft 
mudstone leads to the deterioration of rock strength 
and this deterioration exhibits aging characteristics. 
Therefore, the pore structure of soft mudstone exhib-
its elliptical deformation with aging characteristics 
(i.e., periodic elliptical deformation).

The effects of the physical and chemical proper-
ties of coal and limestone on borehole deformation 
can be ignored considering their low swelling when 
exposed to water. Therefore, the factor of in situ stress 
was analyzed to study the microscopic mechanisms 
of borehole deformation in these two types of rocks. 
In the well-diameter log curve displayed in Fig.  28, 
the elliptical deformation of the limestone section 
is apparent, mainly because high formation pressure 
at extremely deep depths generates an obvious non-
equilibrium in the in-situ stress. This phenomenon 
is commonly observed during gas drilling in eastern 
Sichuan. In gas drilling, there is no drilling fluid in 

the borehole. Therefore, the borehole is not affected 
by the hydration of the drilling fluid and borehole 
deformation is mainly caused by in situ stress. When 
the borehole stress remains within the range of the 
shear strength of the wall rock, borehole deforma-
tion is typically elliptical and manifests as tensile 
deformation. When the shear strength of the rock is 

Fig. 27  SEM image of 
mudstone

Fig. 28  Diameter log curve from eastern Sichuan
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reached or exceeded, the block collapses, which man-
ifests as shear deformation.

6.3  Feasibility of constructing a calculation method 
for horizontal principal stress based on the 
structural parameters of borehole deformation

According to our theoretical analysis, the morphol-
ogy created by horizontal principal stress is elliptical 
and can be derived from Eq.  (18). Then, �H and �h 
can be derived by working backward from Eq.  (16), 
as follows:

Therefore, a relationship between the principal 
stress and geometric parameters of an elliptical bore-
hole (major semi-axis A0, minor semi-axis B0, and ini-
tial radius a) has been established, which is the theo-
retical basis for an in-situ stress measurement method 
based on the elliptical morphology of a borehole.

As shown in Eq. (19), the maximum and minimum 
horizontal principal stresses are primarily related 
to the long and short axes of the elliptical borehole. 
For standard elliptical boreholes, multi-arm bore-
holes can be measured directly, whereas for nonob-
vious ellipses, the elliptical deformation trajectory 
can be approximated through fitting, which requires 
only three borehole diameter values. Therefore, only 
three diameters in different directions are required to 
determine the geometric parameters of an ellipse and 
a set of measurement technologies can be developed 
to obtain no less than three diameters in different 
directions simultaneously. Contact-type micro-optical 
aperture deformation measurement technology has 
been developed to solve the problem of measuring 
the elliptical shapes of boreholes and corresponding 
measurement devices have been designed. Key sub-
technologies include aperture deformation sensing, 
micro-optical imaging measurement, and azimuth 
measurement. Such tools can provide technical sup-
port for in situ stress measurement methods based on 
borehole morphology.

The numerical simulation and experiments indi-
cated that the borehole deformation dominantly 
depended on the in-situ stress in the formation. The 
morphology of borehole could be quantitatively char-
acterized with borehole diameter values. With the 

(19)
�H =

3B0+A0−4a

8a
E

�h =
B0+3A0−4a

8a
E

}

advanced measurement equipment, the morphologic 
parameters of borehole could be obtained precisely. 
Compared with the method based on borehole defor-
mation, the method based on wellbore breakout uses 
the collapses of deep wellbore wall and falling of rock 
around the wellbore to compute the in-situ stress. 
Though this method was characterized as fast meas-
urement speed and can obtain information in deep 
strata or even ultra-deep strata, the dominant direc-
tions of wellbore breakout could not be determined 
precisely. In addition, the anisotropy of the surround-
ing formation medium would also impact the domi-
nant caving orientation, thereby impairing the valid-
ity of the information obtained.

7  Conclusions

(1) Our theoretical deductions indicate that the mor-
phology of a deformed standard circular borehole 
created by the maximum and minimum horizon-
tal principal stresses is elliptical and that reverse 
calculation for the horizontal principal stress can 
be realized based on elliptical borehole morphol-
ogy parameters.

(2) Numerical simulations indicate that the factors 
affecting the ellipticity of a borehole are the dif-
ference in horizontal principal stress, Young’s 
modulus, Poisson’s ratio, and lithology. For a 
given lithology, the greater the difference in hori-
zontal principal stress, the greater are the elliptic-
ity and elliptical deformation. For a given stress 
level, rock strength is inversely proportional 
to the ellipticity of a borehole. The smaller the 
Young’s modulus and compressive strength and 
the greater the Poisson’s ratio, the greater is the 
ellipticity of a borehole. Therefore, the ellipticity 
of mudstone and coal is greater than that of lime-
stone and sandstone.

(3) Borehole deformation tests reveal that with an 
increase in load, the displacement of a borehole 
wall exhibits three stages: initial micro-deforma-
tion, accelerated deformation, and stable defor-
mation. Additionally, under non-equilibrium hor-
izontal principal stress, a borehole deforms from 
a standard circle to an ellipse. Therefore, from an 
experimental perspective, the geometric equation 
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of borehole morphology derived under horizon-
tal principal stress is confirmed to be an ellipti-
cal equation. Furthermore, calculating horizontal 
principal stress based on elliptical morphology 
parameters is feasible.
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