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Abstract  Large-scale karst caves are the principal 
storage spaces for hydrocarbon resources in frac-
ture–cavity carbonate reservoirs. Drilling directly into 
these caves is considered the ideal mode of devel-
opment, but many wells do not effectively penetrate 
karst caves. Therefore, acid fracturing is employed 
to generate artificial fractures that can connect with 
these caves. However, there are no appropriate well 
test methods for fracturing wells in fracture–cav-
ity reservoirs. This study establishes a novel pres-
sure transient analysis model for such wells. A new 
mathematical model is proposed that couples linear 
flow in acid fracturing cracks with radial flow in the 
oil drainage area. The Laplace transform and Stehfest 
numerical inversion provided analytical solutions for 

the bottomhole pressure. Typical log–log well testing 
curves were plotted to analyze oil flow, which occurs 
in ten stages. During the flow stage in fracturing 
cracks, the pressure and pressure derivative curves 
are parallel lines with a slope of 0.5. In the stage of 
karst cave storage, the pressure derivative curve is 
a straight line with a slope of 1. A comparison with 
previous models confirmed the validity of the pro-
posed model. The influence of key parameters on the 
behavior of typical curves is analyzed. A field case 
study of the proposed model was carried out. Param-
eters related to fracturing cracks and karst caves, such 
as the crack length and cave radius, were successfully 
estimated. The proposed model has great potential for 
determining formation parameters of fracture–cavity 
reservoirs.

Article highlights 

•	 A new mathematical model for fracturing wells 
in fracture-cavity reservoirs is established by cou-
pling the linear flow in fracturing cracks with the 
radial flow in oil drainage area.

•	 The cave flow stage characterized by a concave 
shape on pressure-derivative curve, which help the 
estimation of volume and location of large karst 
caves.

•	 A filed case shows the great potential of the pro-
posed method to the fracture-cavity reservoirs 
with fractured wells.
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Abbreviations
PTA	� Pressure transient analysis
RTA​	� Rate transient analysis

List of symbols
Af	� Cross-sectional area of acid 

fracturing cracks (m2)
Bo	� Formation volume factor of 

oil (m3/m3)
C	� Wellbore storage constant 

(m3/Pa)
Cflu	� Fluid compressibility (m3/Pa)
Cr,fr	� Compressibility of natural 

fractures (m3/Pa)
Cr,f	� Compressibility of fracturing 

cracks (m3/Pa)
Cft	� Total compressibility of acid 

fracturing cracks (m3/Pa)
Cfrt	� Total compressibility of natu-

ral fractures (m3/Pa)
Cr,vr	� Compressibility of dissolved 

vuggy pores (m3/Pa)
Cvrt	� Total compressibility of dis-

solved vuggy pores (m3/Pa)
Cct	� Total compressibility of the 

karst cave (m3/Pa)
Ct	� Total compressibility (m3/Pa)
h	� Formation thickness (m)
Hf	� Thickness of acid fracturing 

cracks (m)
I0(x)	� Modified zero-order Bessel 

function of the first kind
I1(x)	� Modified first-order Bessel 

function of the first kind
K0(x)	� Modified zero-order Bessel 

function of the second kind
K1(x)	� Modified first-order Bessel 

function of the second kind
Kfr	� Permeability of natural frac-

tures (m2)
Kf	� Permeability of fracturing 

cracks (m2)
Lf	� Length of fracturing cracks 

(m)

pf	� Pressure in fracturing cracks 
(Pa)

pfr	� Pressure in natural fractures 
(Pa)

pvr	� Pressure in dissolved vuggy 
pores (Pa)

pc	� Pressure in cave (Pa)
ps	� Bottomhole pressure without 

considering wellbore storage 
and skin effects (Pa)

pw	� Bottomhole pressure (Pa)
pi	� Initial pressure (Pa)
r	� Radial coordinate of karst 

cave drainage area (m)
rc	� Radius of karst cave (m)
rw	� Radius of wellbore (m)
re	� Radius of external boundary 

(m)
s	� Laplace operator
S	� Skin factor, dimensionless
t	� Time (s)
Wf	� Width of fracturing cracks 

(m)
x	� Positional coordinate of frac-

turing cracks (m)
xf	� Length of fracturing cracks 

(m)
α	� Shape factor (m−2)
φf	� Porosity of fracturing cracks 

(decimal)
φfr	� Porosity of natural fractures 

(decimal)
φ	� Average porosity (decimal)
ρ	� Density of oil (kg/m3)
π	� Circular constant
μo	� Viscosity of oil (Pa s)

Subscripts
c	� Cave
D	� Dimensionless
e	� External boundary
f	� Fracturing cracks
fr	� Natural fractures in area of 

radial karst cave drainage
vr	� Vuggy pores in area of radial 

karst cave drainage
w	� Wellbore
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Overbar
‾	� Laplace transform

1  Introduction

Carbonate reservoirs play an important role in the 
exploitation of global oil and gas resources (Flügel 
and Munnecke 2010). China has abundant hydrocar-
bon resources in carbonate rocks, which are primar-
ily located in the Tahe oilfield, Puguang gas field, and 
Anyue gas field. Over the past few years, there has 
been significant growth in the production of crude oil 
and gas from these vast carbonate oil and gas fields. 
This has made carbonate reservoirs a crucial area for 
the exploration and development of domestic oil res-
ervoirs and reserves growth (Li et al. 2018).

Fracture–cavity carbonate reservoirs have unique 
characteristics that distinguish them from traditional 
carbonate reservoirs (Golfier et  al. 2015). Typi-
cal fracture–cavity reservoirs have a complex pore 
network that includes karst caves of various sizes, 
natural fractures, dissolved vuggy pores, and a tight 
matrix (Jiao 2019; Li et  al. 2016). In general, the 
size of karst caves ranges from several meters to tens 
of meters, and these constitute the principal storage 
spaces for crude oil. Natural fractures and dissolved 
vuggy pores are widely distributed in reservoirs, 
while matrix pores are underdeveloped (Berre et  al. 
2019; Flemisch et al. 2018; Tian et al. 2019). Conse-
quently, the complex pore structure characteristics of 
fracture–cavity carbonate reservoirs lead to difficul-
ties in describing seepage characteristics (Fang et al. 
2019; Sun et  al. 2018). In the development of frac-
ture–cavity reservoirs, it is common to estimate phys-
ical properties related to large-scale caves and frac-
tures using pressure transient analysis (PTA) or rate 
transient analysis (RTA). Calculating these param-
eters accurately can provide valuable guidance for 
achieving more efficient and stable production from 
oil and gas wells (Wei et al. 2022).

Throughout the history of the development of 
well testing theory with regard to carbonate reser-
voirs, theoretical models can be mainly divided into 
two categories. One of these comprises theoreti-
cal models of multiple continuous-porosity systems, 
such as the classic fracture–matrix double-continuum 
and vug–fracture–matrix triple-continuum mod-
els (Abdassah and Ershaghi 1986; Warren and Root 

1963). Multiple-continuum theoretical models are 
based on the assumptions that the dimensions of 
pores and fractures are small, usually below the mil-
limeter scale, and that all types of pores are continu-
ously and widely distributed in the reservoir (Berre 
et  al. 2019). Over the past half-century, numerous 
well testing models based on dual and triple media 
have been established and have been widely used in 
carbonate reservoirs with microscale natural fractures 
and dissolved vuggy pores (Abdassah and Ershaghi 
1986; Camacho-Velázquez et  al. 2005; Gómez et  al. 
2014; Guo et al. 2012; Jia et al. 2013; Kazemi 1969; 
Warren and Root 1963). However, in the case of frac-
ture–cavity reservoirs multiple-continuum models are 
no longer applicable because of the presence of large-
scale karst caves and fractures, whereby the reser-
voir pore structure does not conform to the idealized 
continuum assumption. The location and volume of 
large-scale karst caves are the most significant param-
eters, but these cannot be determined by the conven-
tional multiple-continuum reservoir models (Du et al. 
2020).

Another type of well testing model is the discrete 
cavity–fracture model, which is no longer constrained 
by the assumption of continuous porosity and con-
siders that fractures and cavities can exist discretely 
in the reservoir (Yao et  al. 2010). The connectivity 
between karst caves and fractures is different in each 
fracture–cavity reservoir, which is one of the main 
reasons for the diversity of pressure and production 
performance (Berre et  al. 2019; Zhu et  al. 2015). 
Although research on the discrete cavity–fracture 
model is in the initial stage, some researchers have 
established corresponding well testing models based 
on different connectivities between large-scale karst 
caves and fractures (Du et  al. 2022, 2020, 2019; He 
et  al. 2018; Li et  al. 2021, 2020; Nie et  al. 2021; 
Wei et al. 2022; Xing et al. 2018; Xiong et al. 2017). 
Xiong et al. (2017) determined the transient-pressure 
response of a single fracture–cavity physical combi-
nation model by experimental testing. A mathemati-
cal model of a single fracture–cavity combination was 
established, and the analytical solution was obtained. 
Li et al. (2021) and Wei et al. (2022) proposed PTA 
models of wells drilled into beads-on-string caves, in 
which the flow in large-scale karst caves is assumed 
to correspond to free flow and the effect of gravity is 
considered. Li et al. (2020) and Li et al. (2022) stud-
ied RTA models of horizontal fracture–cavity systems 
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connected in series or parallel and carried out analy-
ses of sensitivity and field case applications.

If large-scale karst caves are considered as regions 
of discrete pore systems and natural fractures and dis-
solved vuggy pores are considered as double-contin-
uum regions, coupling the oil flow in the two types 
of regions is another option for establishing a well 
testing model. Xing et  al. (2018) developed an ana-
lytical well testing model for wells drilled into karst 
caves. In their model, the isopotential body assump-
tion is adopted for the karst cave regions, while the 
outer zone of the reservoir is considered to be a 
fracture–vug dual-porosity system. Du et  al. (2019) 
presented a new analytical well testing model that 
considers the coupling between oil flow and wave 
propagation. Their model adopts the wave equation to 
describe the fluid flow in a large-scale cave. By fit-
ting measured pressure data to the type curve, reser-
voir parameters such as the cave volume can be calcu-
lated. Du et al. (2022) and Du et al. (2020) proposed 
a well testing model of multiple radial fracture–cavity 
regions, and the corresponding solutions of PTA and 
RTA were given.

It is worth mentioning that some researchers 
have investigated numerical well testing models 
of fracture–cavity reservoirs and have obtained 
some results (Chen et  al. 2016; Gao et  al. 2016; 
Wan et  al. 2018, 2020; Wang et  al. 2018; Yao 
et al. 2010). Because of the advantages of numeri-
cal solutions, numerical well testing models of 

fracture–cavity reservoirs can simulate the reser-
voir pressure and production characteristics of com-
plex discretely distributed large-scale fractures and 
cavities, which cannot be solved easily in analyti-
cal models. Yao et al. (2010) developed a model of 
a discrete fracture–vug network based on the finite 
element method, in which the flow in porous rock 
and macrofracture systems obeys Darcy’s law. In 
contrast, the flow in macroscale vug systems obeys 
the Navier–Stokes equation. Chen et  al. (2016) 
established a pressure analysis model by regarding 
caves as equipotential bodies and used the bound-
ary element method to solve the mathematical 
model. Gao et  al. (2016) maintained that the flow 
in karst caves corresponds to Barree–Conway high-
speed non-Darcy flow and established a numerical 
well testing model for wells drilled into caves by 
the finite difference method. Wan et al. (2018) and 
Wan et  al. (2020) developed a numerical pressure 
transient model for fracture–cavity reservoirs with 
unfilled cavities, in which the finite element method 
is applied in solving the mathematical model. The 
characteristic curves for two typical cases, namely, 
a well drilled into a karst cave and a well not drilled 
into a karst cave, are analyzed. Although numeri-
cal well testing models have various benefits, they 
also encounter certain problems, such as intricacies 
in geological modeling, meshing difficulties, and a 
lack of convergence in numerical solutions. These 
problems hinder the widespread use of such models.

Fig. 1   Schematic of the 
geological model with acid 
fracturing well: a Seismic 
features of a karst cave; b 
Schematic of the geological 
model
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As was previously stated, in fracture–cavity car-
bonate reservoirs oil and gas are stored in large-scale 
karst caves. Consequently, drilling wells directly into 
these caves is the optimal method of development 
(Li et al. 2016). Despite the increasing rate at which 
wells are drilled into karst caves, many wells are still 
not effectively drilled into such caves, as depicted in 
Fig. 1a. In this situation, acid fracturing is commonly 
used to create artificial fractures that connect with 
karst caves (Wang et al. 2018). In addition, small nat-
ural fractures and dissolved vuggy pores are formed 
within the area of the reservoir unaffected by fractur-
ing cracks and larger karst cavity regions (as shown in 
Fig. 1b).

A novel analytical model for PTA is developed in 
this study for reservoirs with fracture–cavity systems 
in which fracturing wells have not penetrated karst 
caves. The model considers the cracks produced by 
acid fracturing that connect the wellbore to a karst 
cave. The area where oil drains radially is centered 
around a large karst cave, and the surrounding region 
outside the cave contains two types of pore spaces: 
natural fractures and dissolved vuggy pores. Firstly, 
we establish and solve a mathematical model by cou-
pling the linear seepage equation for artificial cracks 
formed by acid fracturing with the radial seepage 
equation for the area of radial oil drainage. Then, the 
typical log–log well testing curve is plotted, and the 
effects of controlling parameters on the behavior of 
this curve are demonstrated in detail. Finally, a field 
case application of the proposed model is presented. 
This study introduces a new approach that combines 
linear flow in fractures produced by acid fracturing, 
free flow in karst caves, and radial flow in natural 
fractures and vuggy pores. This enables the simulta-
neous interpretation of multiple parameters, including 
fractures formed by acid fracturing, large-scale karst 
caves, natural fractures, and dissolved vuggy pores.

2 � Physical model

2.1 � Geological model

In the geological structural model, which is shown 
in Fig.  1, the wellbore is drilled near a karst cave, 
with which it is connected via acid fracturing cracks. 
Moreover, microscale natural fractures and dissolved 

vuggy pores are also developed in the region of mac-
roscale cavities and fracturing cracks. The fluid flow 
in such fracture–cavity reservoirs represents a com-
plex multiscale flow problem (Sun et  al. 2018). To 
make this problem more manageable, some reason-
able assumptions are essential. On the basis of these 
assumptions, the physical model is established.

2.2 � Simplified physical model and assumptions

Figure  2 presents the physical model of a fracturing 
well in a fracture–cavity carbonate reservoir. Figure 2a 
illustrates the planar distribution characteristics of the 
pore system, including acid fracturing cracks, a large 
karst cave, natural fractures, and dissolved vuggy pores. 
Figure 2b shows the area of radial oil drainage formed 
with the cave as its center. In this model, the shape of 
the karst cave is assumed to be cylindrical, and the acid 
fracturing cracks are assumed to be horizontal plates. 
Figure 2c shows that the region outside the karst cave 
can be regarded as a dual-porosity reservoir comprising 
natural fractures and dissolved vuggy pores. Figure 2d 
shows the fluid flow of oil in the reservoir. Driven by 
a decrease in pressure, oil flows into natural fractures 
from dissolved vuggy pores, then flows from natural 
fractures to the karst cave, and finally flows into the 
wellbore from the karst cave through fracturing cracks. 
The basic assumptions of the physical model are as 
follows:

(1)	 The vertical well produces oil at a constant rate. 
The fluid is single-phase slightly compressible 
crude oil, and the compressibility, viscosity, and 
formation volume factor of crude oil are assumed 
to be constants.

(2)	 The effective thickness of the reservoir is con-
stant, and a large-scale karst cave is developed 
near the wellbore, with which it is connected via 
the fracturing cracks. The fluid flow in the frac-
turing cracks corresponds to one-dimensional lin-
ear isothermal Darcy flow.

(3)	 The karst cave is filled with crude oil, and the 
flow in the cave corresponds to isothermal free 
flow. The propagation of the pressure wave in 
the cave occurs very rapidly so that the pressure 
reaches equilibrium instantaneously at any posi-
tion. Therefore, we ignore the flow process and 
dynamic changes inside the karst cave, the pres-
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sure at all points in the cave is equal (Du et  al. 
2019).

(4)	 An area of radial drainage is formed with the cave 
as its center, and the flow in this area corresponds 
to isothermal Darcy flow. Natural fractures and 
dissolved vuggy pores are radially distributed 
in the region outside the karst cave, which is 
regarded as a double-continuum porous system 
(Xing et al. 2018). The matrix is so tight that its 
porosity and permeability are much smaller than 
those of dissolved vuggy pores and natural frac-

tures, and therefore in this study matrix flow is 
ignored (Li et al. 2020).

(5)	 At the initial time point, the reservoir pressure is 
equal at all positions and is equal to the original 
reservoir pressure.

(6)	 The physical properties of the reservoir, such as 
permeability, porosity, and rock compressibility, 
are all constants.

(7)	 The influences of the skin factor and wellbore 
storage constant are considered, while the effects 
of capillary force and gravity are ignored.

Fig. 2   Schematic diagram of the physical model: a The well-
bore is connected to the karst cave via the fracturing cracks; 
b The area of radial oil drainage is formed with the cave as 

its center (Lf = length of fracturing cracks; Rc = radius of karst 
cave); c The fracture–vug double-continuum outer formation; 
d Schematic diagram of the fluid flow process
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3 � Mathematical model

3.1 � Establishment of the mathematical model

Schematic diagram of coupling the linear seepage 
equation in artificial acid fracturing cracks with the 
radial seepage equation in the radial oil drainage area 
is shown in Fig. 3. Firstly, a linear seepage equation for 
artificial acid fracturing cracks was established with the 
wellbore as the origin, where the inner boundary condi-
tion is the wellbore boundary condition and the outer 
boundary condition is the karst cave condition. Then, a 
radial seepage equation was established with the center 
of the karst cave as the origin, with the inner boundary 
condition being the karst cave condition. The karst cave 
connects the fractured area and the dual porosity area, 
whose flow rate and pressure serve as continuity condi-
tions. By establishing a continuity equation between the 
flow rate and pressure of the karst cave, coupled with 
the seepage of the two zones, we ultimately established 
a comprehensive mathematical model.

On the basis of Darcy flow, the seepage velocity v 
in the fracturing cracks can be expressed as follows (Li 
et al. 2020):

There is no source term for the fracturing cracks, 
and the governing equation of the fracturing cracks can 
be written as:

(1)v = −
Kf

𝜇o

𝜕pf

𝜕x
(rw < x < Lf )

(2)
�(��f )

�t
+ ∇ ⋅ (�v) = 0

Considering the compressibility of fluid and rock, 
the equation of state of fluid and rock in the fracturing 
cracks can be expressed as:

where ρ0 is the density of oil at the reference pres-
sure pref and φf0 is the porosity of fracturing cracks at 
the reference pressure pref. By substituting Eq. (1) and 
Eq. (3) into Eq. (2), the one-dimensional differential 
governing equation for the fracturing cracks can be 
obtained:

where Cft is the total compressibility of the fracturing 
cracks and is defined as:

The inner boundary condition of the wellbore is 
defined as:

The external boundary of the acid fracturing cracks 
is connected to the karst cave, and therefore the pres-
sure here is equal to the pressure in the cave:

On the basis of the assumption of fracture–vug 
double-continuum porous media (Jia et  al. 2013), 
taking the center of the karst cave as the coordinate 
origin, the governing equation of natural fractures in 
the area outside the karst cave can be expressed as 
follows:

where Cfrt is the total compressibility of natural frac-
tures and is defined as:

(3)
� = �0

[
1 + Cflu

(
p − pref

)]

�f = �f0

[
1 + Cf

(
p − pref

)]

(4)
Kf

𝜑f𝜇oCft

𝜕2pf

𝜕x2
=

𝜕pf

𝜕t
(rw < x < Lf )

(5)Cft = Cflu + Cr,f

(6)−
KfWfHf

�o

⋅

�pf

�x

|||x=rw = qoBo

(7)pf
|||x=Lf = pc

(8)

Kfr

�o

�2pfr

�r2
+

Kfr

�o

�pfr

�r
+ �

Kvr

�o

(Pvr − Pfr)

= �frCfrt

�pfr

�t
(rc ≤ r ≤ re)

(9)Cfrt = Cflu + Cr,fr

Fig. 3   Schematic diagram of coupling mathematical model
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The differential governing equation of the dis-
solved vuggy pore system can be expressed as follows 
(Jia et al. 2013):

where Cvrt is the total compressibility of the natural 
dissolved vuggy pore system and is defined as:

The external boundary condition of the area of 
radial drainage is as follows:

The pressure at the internal boundary of natural 
fractures is equal to the pressure in the karst cave:

(10)−�
Kvr

�o

(Pvr − Pfr) = �vrCvrt

�pvr

�t

(11)Cvrt = Cflu + Cr,vr

(12)pfr(∞, t) = pi for the infinite reservoir

(13)
�pfr

�r

|||||r=re
= 0 for the closed boundary

(14)
pfr(re, t) = pi for the constant - pressure boundary

The rate of flow out of the karst cave through the 
fracturing cracks equals the elastic expansion plus the 
rate of flow from the natural fractures. Therefore, the 
flow continuous equation for flow out of the karst cave 
can be expressed as:

The initial condition is defined as:

3.2 � Dimensionless variables and solutions of the 
model

For the convenience of analysis, dimensionless vari-
ables were defined as presented in Table 1.

The following Laplace transform based on tD is used 
to solve the partial differential equations:

(15)pfr
|||r=rc = pc

(16)

−
KfWfHf

�o

�pf

�x

|||x=Lf = −�r2
c
hCct

dpc

dt
− 2�rch

Kfr

�o

�pfr

�r

|||||r=rc

(17)pfr
|||t=0 = pvr

||t=0 = pv
||t=0 = pf

|||t=0 = pi

Table 1   Definitions of dimensionless variables

Parameter Definition

Dimensionless time tD =
Kf t

�o�f Cftr
2

w

Dimensionless length of fracturing cracks xD =
x

rw
, LfD =

Lf

rw

Dimensionless thickness of formation hD =
h

rw

Dimensionless pressure in fracturing cracks, karst cave, natural fractures, and vuggy 
pores

pfD =
Kf h

qo�oBo

(pi − pf ) , pcD =
Kf h

qo�oBo

(pi − pc)

pfrD =
Kf h

qo�oBo

(pi − pfr) , pvrD =
Kf h

qo�oBo

(pi − pvr)

Dimensionless radius of drainage area, karst cave, and external boundary rD =
r

rw
 , rcD =

rc

rw
 , reD =

re

rw

Dimensionless cross-sectional area of fracturing cracks AfD =
Wf Hf

h⋅rw

Dimensionless wellbore storage constant CD =
C

�f Cfthr
2

w

Mobility ratio between fracturing cracks and natural fractures MD =
Kf

Cft

⋅

Cfrt

Kfr

Storage ratio between natural fractures and vuggy pores �fr =
�frCfrt

�vrCvrt+�frCfrt , �vr =
�vrCvrt

�vrCvrt+�frCfrt

Crossflow coefficient � = �
Kvr

Kfr

r2
w

Compressibility ratio between karst cave and fracturing cracks �
1
=

�Cvt

�f Cft

Permeability ratio between fracturing cracks and natural fractures �
2
=

2�Kfr

Kf
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By applying the dimensionless variables and 
Laplace transform, the mathematical model in 
Laplace space can be obtained.

The governing equations for natural fractures and 
dissolved vuggy pores in the area of radial oil drain-
age are expressed as:

The external boundary condition of the area of 
radial drainage is defined as:

The internal boundary condition of the area of 
radial oil drainage is defined as:

The governing equation of the fracturing cracks is 
as follows:

The inner boundary condition of the wellbore is 
defined as:

The external boundary condition of the fracturing 
cracks is as follows:

(18)f (rD, s) =

∞

∫

0

f (rD, tD)e
−stDdtD

(19)
d2pfrD

dr2
D

+
1

rD

dpfrD

drD
+ �(pvrD − pfrD) = �MDspfrD

(20)(1 − �)spvrD + �(pvrD − pfrD) = 0

(21)pfrD(∞, s) = 0 for the infinite reservoir

(22)
dpfrD

drD

|||||rD=reD
= 0 for the closed boundary

(23)
pfrD(reD, s) = 0 for the constant - pressure boundary

(24)pfrD
|||rD=rvD = pcD

(25)
d2pfD

dx2
D

= spfD

(26)AfD

dpfD

dxD

|||xD=1 = −
1

s

The flow continuous equation for the karst cave is:

Equations  (19)–(27) represent the mathematical 
model in Laplace space. The process of solving the 
mathematical model in Laplace space is shown in 
Appendix 1.

When xD = rwD = 1, the bottomhole pressure in 
Laplace space can be written as:

where A1 and B1 are the coefficients of the solution. 
The expressions for A1 and B1 under different exter-
nal conditions are given in Appendix 1. Note that the 
expression for the bottomhole flow pressure psD does 
not consider the influence of the wellbore storage 
effect and skin effect. We can calculate the bottom-
hole pressure pwD according to Duhamel’s principle 
to take the wellbore storage effect and skin effect into 
account (Ozkan and Raghavan 1991; Van Everdingen 
and Hurst 1949):

The Stehfest method (Stehfest 1970) is used to 
convert the dimensionless bottomhole pressure or 
dimensionless production in Laplace space into the 
values in real space. The Stehfest numerical inversion 
method can be expressed as:

where

(27)pfD
|||xD=LfD = pcD

(28)

−AfD

dpfD

dxD

|||xD=LfD = −r2
cD
�1spcD − rcD�2

dpfrD

drD

|||||rD=rcD

(29)psD = A1e
√
s + B1e

−
√
s

(30)pwD =
spsD + S

s + CDs
2(spsD + S)

(31)pwD
(
tD
)
=

ln 2

tD

N∑
i

LipwD(s)

(32)

Li = (−1)
N

2
+i

min
(
i,
N

2

)
∑

k=
[
i+1

2

]
k

N

2
+1
(2k)!(

N

2
− k

)
!k!(k − i)!(i − k)!(2k − i)!
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4 � Pressure transient analysis and validation

4.1 � Typical curves

The typical curves for the dimensionless pressure and 
pressure derivative can be obtained from the above 
semianalytical solution for the bottomhole pressure. 
Figure  4 shows a typical log–log curve obtained by 
PTA for a fractured well in a fracture–cavity reser-
voir. This typical curve can be divided into ten flow 
stages, and the flow characteristics of each stage can 
be recognized.

•	 Flow stage I is the stage corresponding to the 
wellbore storage effect, in which the curves for 
the pressure and pressure derivative are coincident 
straight lines with a slope of 1.

•	 Flow stage II is the stage corresponding to the skin 
effect. The slope of the pressure curve decreases 
because of the influence of the skin coefficient, 
and the pressure derivative curve bends downward 
to form a smooth convex shape.

•	 Flow stage III is the stage of linear flow in the acid 
fracturing cracks, in which the curves for the pres-
sure and the pressure derivative are parallel lines 
with a slope of 0.5.

•	 Flow stage IV is the first transitional flow stage. 
At this stage, the flow transitions from linear flow 

to cave storage, and the pressure derivative curve 
drops rapidly.

•	 Flow stage V is the period of storage in the large 
karst cave, which is similar to the stage of wellbore 
storage. The slope of the pressure derivative curve 
is equal to 1. Flow stages IV and V are caused by 
the large karst cave, and therefore we refer to these 
two flow stages as corresponding to the karst cave 
storage effect. Here, the pressure derivative curve 
bends downward to form a smooth concave shape. 
The characteristics of flow stages IV and V can be 
identified to judge whether there are caves in the 
reservoir.

•	 Flow stage VI is the second transitional flow stage. 
At this stage, the flow of crude oil transitions from 
cave storage to radial flow in natural fractures in 
the outer region. This stage is characterized by a 
drop in the pressure derivative curve, which grad-
ually transitions to a horizontal line.

•	 Flow stage VII is the stage of radial flow in natu-
ral fractures in the outer region, and the pressure 
derivative curve is a horizontal line.

•	 Flow stage VIII is the stage of interporosity flow 
from the dissolved vuggy pores to the natural frac-
tures in the outer region. At this stage, the pres-
sure derivative curve drops to form a second con-
cave shape.

Fig. 4   Typical curves for bottomhole pressure and pressure derivative
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•	 Flow stage IX is the stage of total radial flow in 
the oil drainage area of the system, and the pres-
sure derivative curve is a horizontal line.

•	 Flow stage X is the stage of boundary-dominated 
flow. The characteristics of the curves at this stage 
are determined by the different external boundary 
conditions. For the infinite reservoir, the pressure 
derivative curve is a horizontal line. For the closed 
boundary, the curves for the pressure and pres-
sure derivative rise rapidly and have a slope of 1. 

For the constant-pressure boundary, the pressure 
derivative curve drops rapidly.

4.2 � Validation of the model

As was stated in the introduction, Xing et al. (2018) 
established a well testing model for wells drilled into 
karst caves. In order to compare the results of this 
study with their results, the length of the fracturing 

Fig. 5   Simplified diagrams 
of the proposed model: a 
Model of well drilled into 
karst cave; b Single frac-
ture–cavity model

Fig. 6   Comparison between our typical curves and those obtained by Xing et al. (2018)
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cracks in the proposed model is set to zero. This 
means that there are no fracturing cracks in our 
model and the well is directly drilled into the karst 
cave. As shown in Fig. 5a, by setting the parameters 
of the fracturing cracks, the model in this study can 
be reduced to the model of a well drilled into a karst 
cave established by Xing et al. (2018). Figure 5 shows 
a comparison between the typical curves obtained 
using the proposed reduced model and the results of 
Xing et al. (2018). Although different dimensionless 
methods are used in this paper and the study by Xing 
et al. (2018), the results in this paper are highly con-
sistent with those of the model established by Xing 
et al. (2018) when the same physical parameters are 
used. Furthermore, as also shown in Fig. 6, when the 
dimensionless length of the fracturing cracks is set to 
30, in the typical curve an additional stage of linear 
flow in fracturing cracks is added in comparison with 
the model established by Xing et  al. (2018). Under 
the influence of linear flow, the concave segment 
of the pressure derivative curve formed by the cave 
storage effect becomes shallower, but the subsequent 
flow stages are completely identical. This indirectly 

proves the correctness of the PTA model devised in 
this study.

Li et al. (2020) developed a well testing model for 
connections between multiple fractures and multiple 
karst caves. When the cave radius is set to a value 
equal to the radius of the outer boundary in the pro-
posed model, this means that there is no reservoir out-
side the karst cave. In this case, the proposed model 
is identical to the single fracture–cavity model estab-
lished by Li et  al. (2020). As shown in Fig.  5b, by 
setting the radius of the outer boundary, the proposed 
model can be reduced to the single fracture–cavity 
model established by Li et al. (2020).

Figure  7 compares the typical curves obtained 
using the proposed model and the results obtained 
by Li et al. (2020). Our typical curve obtained using 
the reduced model is highly consistent with those 
obtained by Li et  al. (2020) when the same physi-
cal parameters are employed. In addition, in a more 
general case, the boundary radius is not equal to the 
radius of the karst cave. In comparison with the typi-
cal curve obtained by Li et  al. (2020), the model in 
this study has an additional stage of radial flow in the 

Fig. 7   Comparison between our typical curves and those obtained by Li et al. (2020)
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outer region and a stage of interporosity flow around 
the karst cave.

5 � Sensitivity analysis

Engineers primarily focus on identifying the parame-
ters that define caves and artificial fracturing cracks in 
fracture–cavity carbonate reservoirs. In this section, 
the characteristic parameters of the proposed model 
are analyzed in detail, including the radius of the cave 
(rcD), the length of fracturing cracks (xfD), the cross-
sectional area of fracturing cracks (AfD), the storage 
ratio of natural fractures (ωfr), and the crossflow coef-
ficient (λ). These parameters have different influences 
on the shapes of the curves in different stages. The 
proposed model includes some basic parameters, such 
as CD, S, and reD, whose effects on typical curves are 
widely understood. Hence, we will not discuss these 
parameters in detail.

5.1 � Effect of cave radius

Figure 8 illustrates the influence of differences in the 
radius of the karst cave (rcD) on the typical well test-
ing curves obtained using the proposed model. The 
values of the karst cave radius and other relevant 
parameters are shown in Fig.  7. It can be observed 

that the karst cave radius mainly affects the stages of 
cave storage, i.e., stages IV and V. With an increase 
in the karst cave radius, the first concave segment 
of the pressure derivative curve in stages IV and V 
is deeper, and the transition from flow stage V to the 
stage of radial flow in natural fractures occurs later. 
This is mainly because the larger is the karst cave, 
the greater is the crossflow from the karst cave to the 
fracturing cracks, which results in a greater decrease 
in the pressure derivative curve.

5.2 � Effect of length of fracturing cracks

Figure  9 illustrates the influence of differences in 
the length of fracturing cracks (LfD) on the typi-
cal well testing curves obtained using the proposed 
model. The values of the fracturing crack length and 
other relevant parameters are shown in Fig. 8. It can 
be observed that the fracturing crack length mainly 
affects flow stage III. With an increase in the frac-
turing crack length, the longer is the area where the 
curves for the pressure and pressure derivative are 
parallel lines with a slope of 0.5, and the later is the 
time at which the first concave segment appears. This 
is mainly because the longer is the fracturing crack 
length, the longer is the duration of linear flow of 
crude oil in the fracturing cracks, and the later is the 
time at which the first transitional flow stage occurs.

Fig. 8   Typical curves 
obtained by pressure tran-
sient analysis (PTA) with 
different values of rcD
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5.3 � Effect of cross‑sectional area of fracturing cracks

Figure  10 illustrates the influence of differences in 
the cross-sectional area of fracturing cracks (AfD) on 
the typical well testing curves obtained using the pro-
posed model. The values of the cross-sectional area 
of fracturing cracks and other relevant parameters 
are shown in Fig. 9. It can be observed that the cross-
sectional area of fracturing cracks mainly affects flow 
stages III and IV. Both the dimensionless pressure 
and the pressure derivative decrease with an increase 
in the cross-sectional area of fracturing cracks. The 
reason for this effect is that the greater is the cross-
sectional area of the fracturing cracks, the faster is 

the flow through the fracturing cracks. Therefore, 
the dimensionless pressure and pressure derivative 
decrease. The value of AfD also has a slight effect on 
the transitional flow stage IV.

5.4 � Effect of storage ratios

Figure  11 illustrates the influence of differences in 
the storage ratio of natural fractures (ωfr) on the typi-
cal well testing curves obtained using the proposed 
model. The values of the storage ratio of natural 
fractures and other relevant parameters are shown 
in Fig.  10. It can be observed that the storage ratio 
of natural fractures mainly affects flow stage VI and 

Fig. 10   Typical curves 
obtained by PTA with dif-
ferent values of AfD

Fig. 9   Typical curves 
obtained by PTA with dif-
ferent values of LfD
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stage VIII. Undoubtedly, the storage ratio of natural 
fractures indicates the amount of oil accumulated in 
the natural fracture subsystem, and the range of the 
storage ratio must be 0–1. The smaller is the value of 
ωfr, the wider and deeper is the concave segment of 
the pressure derivative curve in crossflow stage VIII, 
which indicates that more oil accumulates in the dis-
solved vuggy pore subsystem. In addition, the value 
of ωfr has a slight effect on the second transitional 
flow stage VI.

Note that the storage ratio of natural fractures 
(ωfr) has a reciprocal relationship with the storage 
ratio of vuggy pores (ωvr), which can be expressed as 
ωfr + ωvr = 1. Therefore, the effect of the storage ratio 
of vuggy pores on the behavior of typical well test-
ing curves is opposite to that of the storage ratio of 
natural fractures, and hence we will not analyze it in 
detail. In particular, when ωfr = 1, the model of dual-
porosity media in the outer region is reduced to the 
model of a homogeneous reservoir.

5.5 � Effect of crossflow coefficient

Figure 12 illustrates the influence of differences in the 
crossflow coefficient (λ) on the typical well testing 
curves obtained using the proposed model. The val-
ues of the natural crossflow coefficient and other rel-
evant parameters are shown in Fig. 11. It can be seen 
from the characteristic curves that the crossflow coef-
ficient mainly affects the stage of interporosity flow 
from the vuggy pore subsystem to the natural fracture 

subsystem. The larger is the crossflow coefficient, the 
earlier is the time at which interporosity flow of oil 
occurs. The crossflow coefficient only influences the 
initial time, but not the oil flow rate, of interporosity 
flow, which is different from the case of the storage 
ratios.

6 � Field application

To demonstrate the application of the proposed 
model, an oil production well in the Tahe oilfield was 
selected for analysis. The drilling records, core analy-
sis, and geological data for the sample well indicate 
that the reservoir is a typical fracture–cavity carbon-
ate reservoir. Figure 13 shows the seismic response of 
the sample well. There is a large-scale karst cave near 
the well. The reservoir was reformed by acid fractur-
ing with a total volume of fracturing fluid of 2589 m3. 
A pressure drop test was conducted for the sample 
well after fracturing fluid flowback was completed. 
Before the test, the bottomhole pressure was stabi-
lized at 87.80 MPa, and the oil production rate was 
49.8 m3/day. In this case, we assumed that the total 
compressibility was equal to that of acid fracturing 
cracks, the karst cave, natural fractures, and dissolved 
vuggy pores, i.e., Ct = Cfrt = Cvrt = Cct = Cft. Table  2 
lists the basic reservoir properties of the sample well.

Figures 14, 15 and 16 present the results of fitting a 
log–log typical curve, a semilog pressure drop curve, 
and a pressure history curve to the measured pressure 

Fig. 11   Typical curves 
obtained by PTA with dif-
ferent values of ωfr and ωvr
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data using the proposed model. Because the duration 
of the pressure drop test was insufficient, there is only 
one concave segment in the pressure derivative curve 
fitted to the field data, which is presented in Fig. 15. 

The log–log typical well testing curve was fitted 
closely in all flow stages, especially in the stage of 
linear flow in the acid fracturing cracks. In addition, 
both the pressure history curve and the semiparamet-
ric curve match the field data very well. The physical 
parameters of the reservoir can be calculated by using 
the proposed analytical model and are presented in 
Table 3. According to the seismic data, the estimated 
volume of the large karst cave is between 20,000 and 
40,000 m3, which is consistent with the result of the 
interpretation 30,997.6  m3. The well test analysis 
shows that the acid fracturing cracks of the example 
well directly connect to the large-scale karst cave, 
allowing the crude oil in this cave to be effectively 
extracted. This is an important guarantee for the high 
oil production of this well, and also indicates that the 

Fig. 12   Typical curves 
obtained by PTA with dif-
ferent values of λ 

Fig. 13   Seismic response of the sample well

Table 2   Reservoir properties of the sample well

Parameter Symbol Value Units

Wellbore radius rw 0.0746 m
Average porosity � 10 %
Effective thickness of forma-

tion
h 29 m

Oil viscosity �o 1.36 mPa s
Oil formation volume factor Bo 1.551 rm3/sm3

Fluid compressibility Cflu 2.57 × 10−3 MPa−1

Total compressibility Ct 4.39 × 10−3 MPa−1
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acid fracturing effect is significant. It is important 
to point out that in this particular case study does 
not reflect the dual porosity flow characteristics in 
the surrounding area of the cave, that is, the second 
concave shape does not appear in the pressure deriv-
ative curve because of the short testing time. It can 
be observed from this case study that the proposed 

model can simulate the problem of complex transient 
flow for fracturing wells in fracture–cavity carbonate 
reservoirs. The matches between the field data and 
the typical curves are highly satisfactory, and hence 
we can calculate the most significant parameters, such 
as the cave volume.

Fig. 14   Semilog fitted 
curve for pressure drop in 
sample well

Fig. 15   Fitted curves 
for pressure and pressure 
derivative in sample well
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7 � Conclusions

In this study a PTA model was established for frac-
turing wells in fracture–cavity carbonate reservoirs. 
On the basis of the results presented in this paper, the 
main conclusions are summarized as follows:

(1)	 A novel well testing model for fracturing wells in 
fracture–cavity reservoirs was established. The 
well is connected to a large karst cave via frac-
turing cracks. An area of radial oil drainage is 

formed with the cave as its center, and the area 
outside the cave is a dual-porosity region com-
prising natural fractures and dissolved vuggy 
pores.

(2)	 The typical well testing curves for the pressure 
and pressure derivative were plotted and analyzed 
in detail. Oil flow in the proposed model can be 
divided into ten stages, and two characteristic 
concave segments can be observed in the pres-
sure derivative curve. In particular, the curves 
for the pressure and pressure derivative are char-

Fig. 16   Fitted curve for pressure history of sample well

Table 3   Results of the 
interpretation

Parameter Symbol Value Units

Skin factor S 1.47 Dimensionless
Wellbore storage constant C 1.82 m3/MPa
Permeability of fracturing cracks Kf 48.58 md
Cross-sectional area of fracturing cracks Af 0.12 m2

Length of fracturing cracks Lf 52.4 m
Karst cave radius rc 18.45 m
Karst cave volume Vc 30,997.6 m3

Mobility ratio MD 2.86 Dimensionless
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acterized by parallel lines with a slope of 0.5 in 
the stage of flow in fracturing cracks. The stage 
of cave storage is similar to the stage of wellbore 
storage, in which the slope of the pressure deriva-
tive curve is equal to 1.

(3)	 For an analysis of its validity, the proposed model 
was reduced to a single fracture–cavity model 
and a model of a well drilled into a karst cave. 
The results are consistent with those of the mod-
els established by Xing et al. (2018) and Li et al. 
(2020).

(4)	 The influences of key parameters on the behav-
ior of the typical curve were analyzed, especially 
those of parameters related to pressure fractures 
and karst caves. It can be concluded that the 
longer are the fracturing cracks, the longer is the 
duration of flow stage III. With an increase in the 
cave radius, the first concave segment of the pres-
sure derivative curve becomes deeper.

(5)	 As a field application, actual pressure drop data 
for a sample well in the Tahe oilfield were ana-
lyzed. The results of fitting the pressure and its 
derivative were satisfactory. According to the 
results of our interpretation, the fracture length 
is 52.4 m, and the cave volume is 30,997.6 m3, 
which are consistent with geological data. These 
results indicate that the proposed model is practi-
cal and suitable for PTA analysis.

In this model, we focus on the scenario of a sin-
gle acid fracturing crack. The proposed model has the 
potential to be expanded to a more complex model 
of multiple fractures. In the future, we will further 
investigate the flow behavior with regard to complex 
flow in multistage fracturing cracks in fracture–cavity 
reservoirs.
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Appendix 1: Solution of the mathematical model

In this section, a detailed derivation of the solution of 
the mathematical model in Laplace space is provided, 
and the expression for the solution is given. Equa-
tions  (19)–(27) represent the mathematical model 
in Laplace space. We can substitute Eq.  (20) into 
Eq. (19) to obtain:

where f(s) is the characteristic function:

To simplify the equation, we introduce the follow-
ing intermediate variables:

The general solution of Eq. (28) in Laplace space 
is:

(33)
�2pfrD

�r2
D

+
1

rD

�pfrD

�rD
= MDsf (s)pfrD

(34)f (s) =
� + �(1 − �)s

� + (1 − �)s

(35)�0 =
√
MDsf (s)

(36)�1 =
√
s

(37)�1 = r2
cD
hD�1

(38)�2 = r
cD
hD�2
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The derivation of Eq. (39) gives:

The substitution of Eq. (39) into Eq. (26) gives:

The substitution of Eqs.  (39) and (40) into 
Eqs. (21)–(23) gives:

The general solution of Eq. (25) in Laplace space 
is:

The derivation of Eq. (45) gives:

The substitution of Eq. (46) into Eq. (26) gives:

The substitution of Eq. (46) into Eq. (27) gives:

Finally, the substitution of Eqs.  (40) and (47) 
into Eq. (28) gives:

Our mathematical model has five linear equa-
tions, namely, Eqs.  (41), (47), (48), (49), and any 
of the external boundary equations, i.e., (42), (43), 
or (44). In addition, we need to solve five undeter-
mined parameters, namely, A0, B0, A1, B1, and pvD. 

(39)pfrD = A0I0(rD�0) + B0K0(rD�0)

(40)
dpfrD

drD
= A0�0I1(rD�0) − B0�0K1(rD�0)

(41)A0I0(rvD�0) + B0K0(rvD�0) = pcD

(42)
A0I0(∞) + B0K0(∞) = 0 for the infinite reservoir

(43)
A0�0I1(reD�0) − B0�0K1(reD�0) = 0 for the closed boundary

(44)

A0I0(reD�0) + B0K0(reD�0) = 0 for the constant

− pressure boundary

(45)pfD = A1e
�1xD + B1e

−�1xD

(46)
dpfD

dxD
= �1A1e

�1xD − �1B1e
−�1xD

(47)AfD(�1A1e
�1 − �1B1e

−�1 ) = −
1

s

(48)A1e
�1LfD + B1e

�1LfD = pcD

(49)

−AfD(�1A1
e�1LfD − �

1
B
1
e−�1LfD) = �

1
spcD

− �
2
(A

0
�
0
I
1
(rcD�0)

− B
0
�
0
K
1
(rcD�0))

Therefore, the solutions of the model in Laplace 
space can be obtained by using linear algebra. The 
solution for the bottomhole pressure is only related 
to the parameters A1 and B1, and therefore only the 
expressions for A1 and B1 are given in this paper. 
To simplify the formula, the following intermediate 
variable parameters are introduced:

The expressions for A1 and B1 under differ-
ent external boundary conditions can be written as 
follows:

For the infinite reservoir:

For the closed boundary:

(50)

a1 =
(
s�1 − AfD�1

)
K0(rcD�0) + �2�0K1(rcD�0)

a2 = s�1K0(rcD�0) + �2�0K1(rcD�0)

a3 =
(
s�1 + AfD�1

)
K0(rcD�0) + �2�0K1(rcD�0)

a4 = sinh(�1 − LfD�1)

a5 = cosh(�1 − LfD�1)

a6 = AfD�1K0(rcD�0)

a7 = e−LfD�1

a8 = AfDs�1

a9 = e�1−2LfD�1

a10 = AfD�1
[
I1(reD�0)K0(rcD�0) + I0(rcD�0)K1(reD�0)

]

a11 =
[(
s�1 − AfD�1

)
I0(rcD�0) − �2�0I1(rcD�0)

]
K1(reD�0)

a12 =
[
s�1I0(rcD�0) − �2�0I1(rcD�0)

]
K1(reD�0)

a13 =
[
s�1K0(rcD�0) + �2�0K1(rcD�0)

]
a14 =

[(
s�1 + AfD�1

)
I0(rcD�0) − �2�0I1(rcD�0)

]
K1(reD�0)

a15 = I1(reD�0)

a16 = eLfD�1

a17 =
[(
s�1 − AfD�1

)
I0(rcD�0) − �2�0I1(rcD�0)

]
K0(reD�0)

a18 =
[
−s�1I0(rcD�0) + �2�0I1(rcD�0)

]
K0(reD�0)

a19 = I0(reD�0)

a20 = AfD�1
[
−I0(reD�0)K0(rcD�0) + I0(rcD�0)K0(reD�0)

]

a21 =
[(
s�1 + AfD�1

)
K0(rcD�0) + �2�0K1(rcD�0)

]

(51)

⎧⎪⎨⎪⎩

A1 =
a1a7

2a8(−a2a5+a6a4)

B1 =
1

a8e
−�1+

a9a1a8

a3

(52)

{
A1 =

a7(a15a1+a11)

2a8[−(a13a15+a12)a5+a10a4]

B1 =
a16(a15a3+a14)

2a8[(a13a15+a12)a5−a10a4]
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For the constant-pressure boundary:

When xD = rwD = 1, the bottomhole pressure can be 
written as:
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