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Abstract It is significant to clarify the reasonable 
value range of damage stress in the brittle failure 
process of rock to predict rock instability, such as 
collapse and landslide. Previous studies on damage 
stress were mostly limited to the statistical analysis 
of results obtained through laboratory rock mechan-
ics experiments, and relevant theoretical studies are 
urgently needed. This study first derived the theo-
retical expression of the ratio of the rock damage 
stress to the peak stress σcd/σf by combining the three 
dimensional renormalization group model established 
by the proper stress transfer mechanism with the rock 
damage constitutive model, and obtained its theo-
retical range. Then, the rationality of the theoretical 
results was tested by analyzing the statistical results 

obtained through laboratory rock mechanics experi-
ments for samples with different lithologies under 
different confining pressures. The reasonable value 
range of σcd/σf for describing the brittle failure of 
rock under compression is [0.76, 0.93]. The reasons 
for some experimentally obtained σcd/σf values fall-
ing outside of the reasonable range are discussed. The 
findings of this study can be useful for the investiga-
tion of disaster mechanisms and the development of 
rock mass instability prediction models.

Article highlights 

1. A three-dimensional renormalization group 
model of the brittle failure of rock was estab-
lished.

2. Reasonable ratio range between damage stress 
and peak stress during rock brittle failure was 
derived in theory.

3. The reasonable ratio range was tested by 470 sets 
of laboratory rock mechanics experimental data.

Keywords Brittle failure · Damage stress · Peak 
stress · Renormalization group theory · Stress transfer 
mechanism
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1 Introduction

Elucidating the mechanical behavior characteristics 
of the brittle failure of rock under uniaxial or triax-
ial compression is essential for revealing the disaster 
mechanism of rock instability and predicting rock 
instability such as collapse and landslide (Peng et al. 
2013a, b; Kong et al. 2018; Liu et al. 2019; Geng and 
Cao 2020; Yang et al. 2022a; Wang et al. 2022, 2023). 
Numerous studies (Bieniawski 1967; Martin 1997; 
Cai et al. 2004; Xue et al. 2014b; Taheri et al. 2020; 
Liu et al. 2022) have shown that the evolution of the 
deformation damage of rock under uniaxial or triaxial 
compression can be divided into five stages, namely, 
the crack closure, elastic region, stable crack growth, 
unstable crack growth, and onset of post peak region; 
the corresponding stress thresholds are the crack clo-
sure stress (σcc), crack initiation stress (σci), crack 
damage stress (σcd), and peak stress (σf) (Fig. 1). As 
a stress threshold, σcd has been widely used in rock 
mass engineering practice in different ways: (1) as an 
effective indicator for characterizing the long-term 
strength of rock mass, and for predicting and evalu-
ating the long-term stability of rock mass engineer-
ing, such as tunnel and slope engineering (Martin and 
Chandler 1994; Cai et al. 2004; Chandler 2013; Kong 
et al. 2018); (2) as an effective parameter for calculat-
ing rock burst proneness, and assessing the rock burst 
risk of underground rock mass (He et al. 2010; Chen 
et al. 2014; Zhang et al. 2017; Li and Zhou 2018).

Over the years, many studies have investigated 
the range of σcd values. Based on Griffith’s theory 
and results obtained through multiaxial compression 
experiments on norite samples, Bieniawski (1967) 
reported that σcd is approximately 0.8 times equal 
to σf in the brittle failure of rock. Martin and Chan-
dler (1994) conducted uniaxial and triaxial compres-
sion experiments on granite, and reported that the 
σcd value was related to rock damage accumulation; 
the value of σcd/σf ranged from 0.7 to 0.9. Katz and 
Reches (2004) conducted macroscopic mechanics 
experiments and made microscopic crack observa-
tions to analyze the rock damage and failure mecha-
nisms under triaxial compression. They reported that 
spontaneous rock failure occurred near the stress 
threshold of 0.95σf. Ranjith et al. (2010) investigated 
the effect of  CO2 adsorption on the σcd value of coal 
based on acoustic emission detection technology, 
and found that the increase of  CO2 saturation led to 
the decrease of σcd/σf. Xue et  al. (2014a) analyzed 
the statistical results obtained through 251 sets of 
uniaxial compression experiments on rock samples, 
and found that the σcd/σf values of low porosity mag-
matic rock, sedimentary rock, and metamorphic rock 
were 0.78 (± 0.11), 0.85 (± 0.11), and 0.73 (± 0.18), 
respectively. Ning et  al. (2017) proposed a method 
for determining σcd based on the energy dissipation 
principle, and calculated the σcd/σf of coal under tri-
axial compression conditions as 0.8087–0.8677. Pepe 
et al. (2017) analyzed the main physical and mechani-
cal parameters of 480 sets of rock samples and 

Fig. 1  Schematic diagram 
of stress–strain curve during 
brittle failure of rock under 
compression
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established equations for predicting σcd. Peng et  al. 
(2018) surveyed 926 sets of uniaxial and triaxial com-
pression test data and obtained the distribution range 
of σcd/σf for rock brittle failure under compression 
conditions within a relatively small range. Li et  al. 
(2020) conducted granite compression experiments 
using the GB-FDEM method, and found that the end-
friction, slenderness ratio, loading rate, and confining 
pressure greatly affect the σcd and σf values, while the 
impact on the range of σcd/σf is small. Previous stud-
ies have enriched our understanding of the reasonable 
range of σcd/σf and clarified that the range of σcd/σf 
is relatively small. However, previous methods have 
mainly relied on laboratory rock mechanics experi-
ments to analyze the range of σcd/σf values based 
on statistics and the analysis of the results obtained 
through uniaxial or triaxial compression tests on a 
limited number and certain types of rock samples at 
specific sampling locations. Owing to limitations 
related to the sampling locations, lithology, and sam-
ple quantities, the reasonable range of σcd/σf values 
remains unclear. Therefore, relevant theoretical stud-
ies are urgently needed.

This study used the renormalization group model 
and the rock damage constitutive model to derive the 
reasonable range of σcd/σf values. Then, the rational-
ity of the theoretical derivation results was confirmed 
through laboratory rock mechanics tests at differ-
ent locations with different lithologies and confining 
pressure. The findings of this study have significant 
practical implications for rock mass engineering.

2  Theoretical study on reasonable range of σcd/σf 
values

Essentially, the brittle failure process of rocks under 
compression is the evolution of damage, from local 
damage to complete failure, caused by stress. This 
process can be studied using percolation theory 
(Otsuka 1972; Shao and He 2001; Alkan 2009; Liu 
and Regenauer-Lieb 2021; Lv et  al. 2022). Percola-
tion theory explains that the properties of a system 
undergo a sharp change at a critical point, leading to 
a transformation of some form of long-range correla-
tion (Broadbent and Hammersley 1957). This sudden 
change of long-range system correlation is called per-
colation transition, and the threshold corresponding 
to the percolation transition is called the percolation 

threshold. Previous studies have shown that, when 
rock damage accumulates to σcd, the long-range sys-
tem correlation suddenly changes, resulting in the 
spontaneous evolution of rock failure instability under 
constant external loading. Therefore, the rock damage 
value corresponding to σcd is the system’s percola-
tion threshold (Qin et  al. 2010; Xue et  al. 2013; Lv 
et al. 2022). Further research (Sahimi 1996; Guéguen 
et al. 1997) found that physical systems at the critical 
state near the percolation threshold have infinite free-
dom, which is difficult to describe using traditional 
mathematical methods. The renormalization group 
method (Chen et  al. 2002; Hristopulos 2003; Yang 
et al. 2022a) uses the scale-invariant property of the 
rock system at the percolation threshold to calculate 
the critical failure probability, which is an effective 
method for studying percolation problems.

The essence of renormalization group theory is 
upscaling, which involves changing the scale of the 
investigated object to emphasize a certain physi-
cal quantity that remains invariant at the percolation 
threshold, thus revealing its governing law (Hris-
topulos 2003; Wei et al. 2019; Xie et al. 2023). This 
approach has been widely used in studies investi-
gating critical phenomena of rock damage evolu-
tion (Shao et al. 2009; Xue et al. 2014b; Pan and Lü 
2018). Therefore, this study used the renormalization 
group method to derive the reasonable range of σcd/σf.

2.1  3D renormalization process

Numerous studies (Qin et  al. 2010; Huang 2012; 
Chen et al. 2021; Dong et al. 2021; Yang et al. 2022b) 
have shown that a locked segment is a large-scale 
slab-shaped rock structure along a potential slip sur-
face in a locked-segment-type slope to resist instabil-
ity, which is a key geological structure subjected to 
stress concentration and dominant slope stability. As 
shown in Fig. 2, the locked segment was divided into 
n levels of cubic blocks, each block comprising eight 
lower-level blocks, and each second-level block com-
prising eight first-level blocks. The locked segment is 
the n + 1 level block, which comprises eight n level 
blocks. Based on the scale invariance characteristics 
near the critical threshold of renormalization group 
theory, the general rules around σcd can be determined 
by investigating the failure probability of arbitrary 
scale blocks. Therefore, this study first investigated 
the relationship between the failure probability of the 
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second and first-level blocks to establish a connection 
between the n + 1 and n level blocks.

It is assumed that the failure criterion of a second-
level block in the renormalization group model is 
that all its first-level blocks break (Xue et al. 2014b; 
Yang et al. 2022a). Figure 3 shows all possible com-
binations for second-level block failure (where b rep-
resents a broken block and u represents an unbroken 
block). Considering b3u5 as an example, there are 
three broken first-level blocks and five unbroken first-
level blocks in the second-level block. Depending 
on the spatial locations of the broken and unbroken 
blocks, b3u5 can be further divided into three sub-
cases, namely, b3u5-1, b3u5-2, and b3u5-3. Except 
for b0u8 in Fig. 3, all other combinations of first-level 
broken and unbroken blocks can cause second-level 
block failure, as a result of the stress transfer among 
them. Therefore, the stress transfer mechanism 
between the first-level blocks must be clarified before 
calculating the critical failure probability of a second-
level block.

2.2  Stress transfer mechanism

Yang et  al. (2022a) proposed a new stress transfer 
mechanism between blocks in the renormalization 
group model, where the stress borne by a block is 
only proportionally transferred to the coplanar adja-
cent blocks. This mechanism has been successfully 
applied to in-situ direct shear experiment of rock 
mass and slope instability evolution. On this basis, 
this study extended the stress transfer mechanism 

between two-dimensional blocks to three-dimensional 
blocks, and the following stress transfer mechanism is 
proposed.

(1) When a block fails, the stress it bears is pro-
portionally transferred to the coplanar adjacent 
blocks; otherwise, it is not transferred to other 
blocks. In the b1u7 case shown in Fig.  4a, the 
eight first-level blocks are labeled A, B, C, D, a, 
b, c, and d. The stress borne by the broken block 
B is proportionally transferred to the coplanar 
adjacent blocks A, C, and b.

(2) The broken block does not have bearing capacity, 
but can be used as a stress transfer path between 
blocks. For case b2u6-1 in Fig.  4b, the stresses 
borne by block B are proportionally transferred 
to the coplanar adjacent blocks A and C, and to 
blocks a and c that are coplanar with the broken 
block b.

(3) Failure occurs when all lower-level blocks consti-
tuting that block are broken.

A three-dimensional renormalization group model 
can be established by combining the possible failure 
combinations shown in Fig. 3 with the stress transfer 
mechanism between the blocks is shown in Fig. 4.

2.3  Unstable fixed point solution method

Assuming that the strength of the first-level block 
in the renormalization group model conforms to the 

Fig. 2  a Geological profile of typical locked-segment-type slope; b 3D renormalization group schematic of locked segment
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Fig. 3  Possible combinations for second-level block failure: blue blocks are broken blocks and white blocks are unbroken blocks



 Geomech. Geophys. Geo-energ. Geo-resour.           (2024) 10:32 

1 3

   32  Page 6 of 18

Vol:. (1234567890)

Weibull distribution (Weibull 1951), the failure prob-
ability (Pα) can be expressed as follows:

where σf′ is the strength of the micro-element, α is 
a scaling coefficient, σ is the stress of the micro-ele-
ment, σ0 is the statistical mean stress of the micro-ele-
ment, and m is the Weibull shape parameter.

When α is equal to 1, Eq.  (1) can be written as 
follows:

where P1 is the probability of the block breaking 
when σf′ is less than σ.

By combining Eqs. (1) and (2), the following equa-
tion is obtained:

The flowing conditional probability Pe,f, which 
represents the probability of an unbroken block 
with local stress fσ failing under an additional stress 
(e − f)σ transmitted from another broken block, is 
expressed as follows:

(1)P
𝛼
= P

(

𝜎
�

f
< 𝛼𝜎

)

= 1 − e

[

−

(

𝛼𝜎

𝜎0

)m]

(2)P1 = P
(

𝜎
�

f
< 𝜎

)

= 1 − e

[

−

(

𝜎

𝜎0

)m]

(3)P
�
= 1 −

(

1 − P1

)

�
m

where e and f are scale parameters, Pe is the probabil-
ity of the block breaking when σf′ is less than eσ, and 
Pf is the probability of the block breaking when σf′ is 
less than fσ.

As shown in Fig. 3, there are 21 possible combina-
tions that can cause second-level block failure; there-
fore the failure probability of a second-level block, 
P(2), can be expressed as follows:

where Pb1u7 is the failure probability for the b1u7 
case, Pb2u6-1 is the failure probability for the b2u6-1 
case, Pb2u6-2 is the failure probability for the b2u6-2 
case, Pb2u6-3 is the failure probability for the b2u6-3 
case, Pb3u5-1 is the failure probability for the b3u5-1 
case, Pb3u5-2 is the failure probability for the b3u5-2 
case, Pb3u5-3 is the failure probability for the b3u5-3 
case, Pb4u4-1 is the failure probability for the b4u4-1 
case, Pb4u4-2 is the failure probability for the b4u4-2 
case, Pb4u4-3 is the failure probability for the b4u4-3 
case, Pb4u4-4 is the failure probability for the b4u4-4 
case, Pb4u4-5 is the failure probability for the b4u4-5 
case, Pb4u4-6 is the failure probability for the b4u4-6 
case, Pb5u3-1 is the failure probability for the b5u3-1 
case, Pb5u3-2 is the failure probability for the b5u3-2 

(4)Pe,f =
P
(

f𝜎 < 𝜎
�
f
< e𝜎

)

P
(

𝜎
�
f
> f𝜎

) =
Pe − Pf

1 − Pf

(5)
P(2) = Pb1u7 + Pb2u6 - 1 + Pb2u6 - 2 + Pb2u6 - 3 + Pb3u5 - 1 + Pb3u5 - 2 + Pb3u5 - 3

+ Pb4u4 - 1 + Pb4u4 - 2 + Pb4u4 - 3 + Pb4u4 - 4 + Pb4u4 - 5 + Pb4u4 - 6 + Pb5u3 - 1

+ Pb5u3 - 2 + Pb5u3 - 3 + Pb6u2 - 1 + Pb6u2 - 2 + Pb6u2 - 3 + Pb7u1 + Pb8u0

Fig. 4  Illustration of stress 
transfer mechanism between 
blocks: a case b1u7; b case 
b2u6-1. The red arrows 
indicate the stress transfer 
paths of the broken block B; 
the blue arrows indicate the 
stress transfer paths of the 
broken block b
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case, Pb5u3-3 is the failure probability for the b5u3-3 
case, Pb6u2-1 is the failure probability for the b6u2-1 
case, Pb6u2-2 is the failure probability for the b6u2-2 
case, Pb6u2-3 is the failure probability for the b6u2-3 
case, Pb7u1 is the failure probability for the b7u1 case, 
Pb8u0 is the failure probability for the b8u0 case.

Figure 5 shows the process of deriving the failure 
probability for Pb3u5-1. As shown in Fig. 5, the three 
broken blocks are B, b, and c, and the stresses they 
bear are proportionally transferred to the four blocks 
A, C, a, and d that are coplanar with them, such that 
they all bear 7/4σ stresses. The unbroken blocks A, 
C, and d, and the broken block a are considered as an 
example to explain the stress transfer process between 
blocks. After block a fails, the stress is transferred 
to blocks A, C, and d and each block is subjected to 
7/3σ stress. Then, there are three cases of second-
level block failure being triggered as follows: 1) the 
A, C, and d blocks break, the stress is transferred to 
block D and causes its failure; 2) the A and C blocks 
break, the d block does not break, and the stress is 
transferred to the D and d blocks and causes them to 
bear 10/3σ and 14/3σ stresses, respectively. Next, the 
D and d blocks break simultaneously, or either block 
D or d breaks, and the stress is transferred to the other 
block and causes it to break; 3) the A block breaks, 
and stress is transferred to the C, D, and d blocks and 
makes them bear 28/9σ, 16/9σ, and 28/9σ stresses, 
respectively. If any of these three blocks break, the 
stress will be transferred to the remaining unbroken 
blocks, and a combination of the following cases will 
exist: 1) the C, D, and d blocks break; 2) the C and 
D blocks break and the d block does not break, and 
the stress is transferred to the d block and causes it 
to break, or the D and d blocks break and the C block 
does not break, and the stress is transferred to the C 
block and causes it to break; 3) the C and d blocks 
break and the D block does not break, and the stress 
is transferred to the D block and causes it to break; 4) 
the C block breaks, the D and d blocks do not break, 
and the stress is transferred to blocks D and d and 
causes them to bear 10/3σ and 14/3σ stresses, respec-
tively; after the end of this round of stress transfer, the 
D and d blocks break simultaneously, or either block 
D or d breaks and the stress is transferred to the other 
block and causes it to break (consistent with block d 
breaking and blocks C and D not breaking); (5) the D 
block breaks, the C and d blocks do not break, and the 

stress is transferred to the C and d blocks and causes 
them to bear 4σ stresses; after the end of this round 
of stress transfer, the C and d blocks break simultane-
ously, or either block C or d breaks and the stress is 
transferred to the other block and causes it to break.

Using the method described above, a total of 
1596 possible combinations causing second-level 
block fracture were calculated, and the expression of 
P(2) was obtained after substitution into Eq.  (5), as 
follows:

where P(1) is the failure probability of a first-level 
block, which is equal to P1. Additional file 1: Appen-
dix 1 shows the equation between P(2) and P(1).

By extending Eq. (6) to n level blocks, the follow-
ing equation is obtained:

where P(n+1) is the n + 1 level block failure prob-
ability, and P(n) is the n level block failure probabil-
ity. The specific details of the equation are given in 
Additional file 1: Appendix 2, and it can be seen that 
Eq. (7) is only related to the value of m.

Considering that renormalization group theory 
has scale invariance characteristics near the critical 
threshold, the following equation can be established:

By combining Eqs. (7) and (8), the values of the 
unstable fixed points (P*) corresponding to different 
m values can be calculated.

As shown in Fig. 6, the curves P(n+1) = f(P(n)) and 
P(n) = P(n+1) have three intersection points, where 
0 and 1 are stable fixed points and P* is an unstable 
fixed point.

Yang et  al. (2021) proposed that the reasonable 
range limit of the m value for describing the brittle 
failure behavior of rock is [1, 6] by establishing the 
quantitative relationship between the Weibull shape 
parameter and the fractal dimension of crack distribu-
tion for a stressed rock. By fitting the P* values calcu-
lated in Fig. 6, the relationship between m and P* can 
be obtained as follows (Fig. 7):

(6)P(2) = f
(

P(1)
)

(7)P(n+1) = f
(

P(n)
)

(8)P(n)=P(n+1)

(9)P∗ = 0.659e
−0.7879m + 0.049
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2.4  Theoretical solutions for value range of σcd/σf

Qin et al. (2006) and Xue et al. (2013) proposed that 
the failure probability P1 in the renormalization group 
model is expressed as follows:

where ε is the strain of the micro-element, and ε0 is 
the statistical mean strain of the micro-element.

By substituting Eq. (9) into Eq. (10), the following 
equation is obtained:

where εcd is the strain at σcd.
By combining the Weibull distribution and the 

damage constitutive model, Lemaitre (1984) pro-
posed the following rock damage constitutive model:

where E is the elastic modulus.
Considering that the first-order derivative of the 

stress–strain curve at the peak stress point during the 
brittle failure of rock is zero, the first-order derivative 
of Eq. (12) with respect to ε is as follows:

(10)P1 = 1 − e

[

−

(

�

�0

)m]

(11)
�cd

�0

=
[

−ln(1 − P∗)
]

1

m

(12)
� = E�e

[

−

(

�

�0

)m]

where εf is the strain at σf.
By substituting Eqs.  (11) and (13) into Eq.  (12), 

the following equation is obtained:

As shown in Fig.  8, the value range of σcd/σf 
obtained from Eq. (14) is [0.76, 0.93] when m is [1, 
6]. Hence, the theoretical solution for the reason-
able value range of σcd/σf in the brittle failure of rock 
under compression is [0.76, 0.93].

3  Experimental investigation of reasonable range 
of σcd/σf values

To confirm the rationality of the theoretical solution, 
470 sets of uniaxial compression and triaxial com-
pression experimental data for magmatic, sedimen-
tary, and metamorphic rocks were collected from 
previous studies. Specifically, 178 datasets for mag-
matic rocks, 104 datasets for sedimentary rocks, and 
188 datasets for metamorphic rocks were collected 
(Table 1). The methods for determining σcd in Table 1 
include the crack volumetric strains method (CVS; 
Martin and Chandler 1994), lateral strain response 
method (LSR; Nicksiar and Martin 2012), moving 

(13)
�f

�0

=

(

1

m

)

1

m

(14)

�cd

�f

=
�cd

�f

(1 − P∗)e
1

m =
[

−mln(1 − P∗)
]

1

m (1 − P∗)e
1

m

Fig. 5  Schematic diagram of failure probability stress trans-
fer in Pb3u5-1 case; the yellow boxes are broken blocks and the 
white boxes are unbroken blocks

◂

Fig. 6  Relationship 
between P(n), P(n+1), and P* 
for different m values based 
on 3D renormalization 
group theory
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point regression technique (MPR; Eberhardt et  al. 
1998), and acoustic emission method (AE; Ranjith 
et al. 2010).

Based on the experimental data in Table  1, the 
σcd/σf values were calculated for rock samples with 
different lithologies under different confining pres-
sure (Fig.  9). As can be seen, most σcd/σf values lie 
in the range of [0.76, 0.93], which is consistent with 
the theoretical results. The mean value of σcd/σf for all 
rock samples is 0.83, and the mean values of σcd/σf for 
the magmatic, sedimentary, and metamorphic rocks 
are 0.82, 0.83, and 0.82, respectively, with variances 
of 0.0037, 0.0107, and 0.0058, respectively. Com-
pared with the other two rock types, the range of the 
σcd/σf values of sedimentary rocks is more discrete, 
possibly owing to the rock anisotropy caused by the 
bedding structures of sedimentary rocks.

The plots in Figs.  10, 11, and 12 can be used to 
further analyze the range of σcd/σf values for the mag-
matic, sedimentary, and metamorphic rocks with 

different lithologies. The σcd/σf values for the mag-
matic rock specimens with different lithologies are 
shown in Fig. 10. As can be seen, the σcd/σf values of 
seven magmatic rocks, namely, granite, diorite, peg-
matite, granodiorite, quartz monzodiorite, rhyolite, 
and tonalite, are mostly in the range of [0.76, 0.93], 
and the mean values are 0.82, 0.92, 0.77, 0.81, 0.82, 
0.83, and 0.83, respectively. All mean values are 
within the theoretical range and confirm the rational-
ity of the theoretical solution. The variance of σcd/σf 
for these seven magmatic rocks is 0.0034, 0.0030, 
0.0045, 0.0048, 0.0017, 0.0012, and 0.0005, respec-
tively. The variance of pegmatite and granodiorite is 
significantly larger compared with that of other rock 
samples, indicating that the range of σcd/σf for these 
two rocks has stronger discreteness.

Figure  11 shows the σcd/σf values of sedimentary 
rock samples with different lithologies. As can be 
seen, the σcd/σf values of the five sedimentary rocks, 
namely, sandstone, limestone, argillaceous limestone, 
calcareous shale, and shale, are mostly in the range 
of [0.76, 0.93], and the mean values are 0.88, 0.84, 
0.77, 0.90, and 0.80, respectively. All mean values are 
within the range of the theoretical solutions, and con-
firm the rationality of the theoretical solutions. The 
σcd/σf variances of these five sedimentary rocks are 
0.0050, 0.0118, 0.0078, 0.0050, and 0.0033, respec-
tively. The variance of σcd/σf for limestone is signifi-
cantly larger than that of other rock samples, indicat-
ing that its σcd/σf value is more discrete.

Figure 12 shows the σcd/σf values for the metamor-
phic rock samples with different lithologies. As can 
be seen, most data for the six metamorphic rocks, 
namely, marble, schist, coal, mica gneiss, amphibo-
lite, and metagranite, are in the range of [0.76, 0.93], 
and the mean values are 0.83, 0.86, 0.81, 0.82, 0.80, 
and 0.83, respectively. All mean values are within 
the theoretical range, which confirms the rationality 
of the theoretical solutions. The σcd/σf variances of 
these metamorphic rocks are 0.0045, 0.0084, 0.0161, 
0.0019, 0.0107, and 0.0039, respectively. Among 
them, the variances of σcd/σf for the coal and amphib-
olite rocks are significantly higher compared with the 
other rock samples, indicating that the σcd/σf range of 
the coal and amphibolite rocks is more discrete.

The plots in Figs.  13 and 14 can be used to fur-
ther analyze the effect of different confining pres-
sures on the range of σcd/σf values. The σcd/σf values 
of the rock samples under the confining pressures of 

Fig. 7  Relationship between P* value and m value

Fig. 8  Relationship between σcd/σf values and m values
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0 MPa, 5 MPa, 10 MPa, 15 MPa, 20 MPa, 25 MPa, 
30 MPa, 35 MPa, and 40 MPa are mostly in the range 
of [0.76, 0.93]. The mean values are 0.82, 0.85, 0.84, 
0.86, 0.83, 0.84, 0.80, 0.80, and 0.80, respectively, all 
of which are within the theoretical range, confirm-
ing the rationality of the theoretical solution. The 
variances of σcd/σf under different confining pressures 
are 0.0053, 0.0027, 0.0055, 0.0069, 0.0079, 0.0171, 
0.0068, 0.0033, and 0.0027, respectively. For the 
confining pressure of 25  MPa, the variance is sig-
nificantly higher compared with the other confining 

pressures, indicating that the range of the σcd/σf val-
ues under this confining pressure is more discrete.

In summary, most σcd/σf values in 470 sets of rock 
samples are in the range of [0.76, 0.93], and the mean 
values of σcd/σf for rocks with different lithologies 
under different confining pressure conditions are in 
the range of [0.76, 0.93]. The experimental results are 
consistent with the theoretical results, and reveal that 
the range of σcd/σf values for the brittle failure process 
of rock is [0.76, 0.93].

Table 1  Results of uniaxial and triaxial compression experiment for different rock types

No Lithology Site Amount 
of data

Data sources Determina-
tion method

Experimental type

1 Granite Korea Hwangdeung 5 Chang and Lee (2004) AE Triaxial
2 Granite Singapore 1 Ranjith et al. (2004) AE Uniaxial
3 Diorite Sweden 7 Andersson et al. (2009) CVS Uniaxial
4 Pegmatite Sweden 12 Nicksiar (2013) LSR Uniaxial
5 Granodiorite Sweden 14 Nicksiar (2013) LSR Uniaxial
6 Tonalite Sweden 9 Nicksiar (2013) LSR Uniaxial
7 Granite Sweden 46 Nicksiar (2013) LSR Uniaxial
8 Granodiorite Sweden 11 Nicksiar (2013) LSR Uniaxial
9 Quartz monzodiorite Sweden 33 Nicksiar (2013) LSR Uniaxial
10 Rhyolite Sweden 5 Nicksiar (2013) LSR Uniaxial
11 Granite China 19 Wang et al. (2015) LSR Triaxial
12 Granite China 1 Li and Zhou (2018) LSR Uniaxial
13 Granite China 9 Zhou et al. (2019) AE Triaxial
14 Granite China 6 You et al. (2021) LSR Triaxial
15 Sandstone China 10 Peng et al. (2013b) CVS Triaxial
16 Argillaceous limestone Canada 21 Nicksiar (2013) LSR Uniaxial
17 Calcareous Shale Canada 4 Nicksiar (2013) LSR Uniaxial
18 Shale Canada 6 Nicksiar (2013) LSR Uniaxial
19 Limestone China 60 Zhao et al. (2021) LSR Triaxial
20 Sandstone China 3 Liang et al. (2023) CVS Uniaxial
21 Coal Australian 6 Ranjith et al. (2010) AE Uniaxial
22 Marble China 18 Yang and Liu (2012) LSR Triaxial
23 Marble China 17 Wang et al. (2012) AE Uniaxial
24 Mica gneiss Finland 53 Nicksiar (2013) LSR Uniaxial
25 Amphibolite America 6 Nicksiar (2013) LSR Uniaxial
26 Metagranite Sweden 38 Nicksiar (2013) LSR Uniaxial
27 Marble China 20 Zhang et al. (2016) LSR/CVS Triaxial
28 Coal China 6 Ning et al. (2017) \ Triaxial
29 Schist China 9 Huang et al. (2021a) LSR Uniaxial
30 Coal China 15 Hao et al. (2021) MPR Uniaxial
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4  Discussion

Among the 470 sets of data collected in this study, 
most σcd/σf values are in the range of [0.76, 0.93], 
while individual data are not within this range. The 
reasons for this phenomenon are analyzed below.

(1) The m values of some rocks may fall outside of 
the range of [1, 6], owing to factors such as the rock 
properties and loading conditions. Yang et al. (2021) 
proposed that the reasonable value range for the m 
value is [1, 6] when the Weibull distribution is used 
to describe the brittle failure of rock. This range limit 
of the m value has been verified by a large number of 

experiments (Gao et  al. 2020; Yang et  al. 2021; Shi 
et al. 2023). On this basis, this study derived the rea-
sonable value range of σcd/σf. Previous studies have 
shown that the rock properties (Maheshwari et  al. 
2009; Li et al. 2017; Zhang et al. 2022) and loading 
conditions such as the confining pressure (Cao and 
Zhang 2005; Cao et al. 2013; Yang et al. 2014; Huang 
et  al. 2021b), loading rate (Yang et  al. 2005; Naka-
mura et al. 2007; Cao et al. 2015; Li et al. 2023), and 
temperature (Jia et al. 2010; Yang et al. 2018; Pathi-
ranagei and Gratchev 2022) can affect the m value 
during the brittle failure of rock. Under the influence 
of the above-mentioned factors, when the m value of 

Fig. 9  σcd/σf values for dif-
ferent rock types

Fig. 10  σcd/σf values for 
magmatic rock samples 
with different lithologies
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rock samples is not in the range of [1, 6], the σcd/σf 
value may not be in the reasonable value range.

(2) The accuracy of the σcd values obtained 
through laboratory rock mechanics experiments 
is not satisfactory. Many methods, such as CVS, 
LSR, MPR, and AE, are used to determine the σcd 
values in laboratory uniaxial and triaxial compres-
sion experiments. As has been shown (Taheri et al. 
2020; Zhang et  al. 2020), widely disparate results 
may obtained when different methods are used to 
determine the σcd values of the same experimen-
tal data. Therefore, it is still difficult to determine 
the σcd value with satisfactory accuracy. For the 

Fig. 11  σcd/σf values for 
sedimentary rock samples 
with different lithologies

Fig. 12  σcd/σf values for 
metamorphic rock samples 
with different lithologies

Fig. 13  σcd/σf values of different rock samples under uniaxial 
compression
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experimental data collected in this study, differ-
ent methods for determining σcd were used, and the 
accuracy of individual experimental results needs to 
be verified. Therefore, it may result in the σcd/σf val-
ues not being in the reasonable range.

5  Conclusion

To determine the reasonable range of σcd during the 
brittle failure of rock under compression, the theoreti-
cal range of σcd/σf was derived by combining renor-
malization group theory and the rock damage consti-
tutive model. Laboratory rock mechanics experiments 
with different lithologies under different confining 
pressures were collected to assess the rationality of 
the theoretical solution. The main conclusions drawn 
from this study are as follows:

(1) The stress transfer mechanism between the 
three-dimensional renormalization blocks was rede-
fined, and a three-dimensional renormalization group 
model of the brittle failure of rock was established. 
By combining the renormalization group model and 
the rock damage constitutive model, the theoretical 
expression of σcd/σf was derived, and is only related 
to the m value in the Weibull distribution. According 
to the reasonable range of m values, the theoretical 
range of σcd/σf during the brittle failure of rock under 
compression was calculated as [0.76, 0.93].

(2) Data were obtained through 470 sets of rock 
mechanics experiments, and most σcd/σf values were 

in the range of [0.76, 0.93]. The mean σcd/σf values for 
rocks with different lithologies under different confining 
pressure were also in this range. The experimental results 
are consistent with the theoretical results, which confirms 
that the reasonable range of the σcd/σf values for the brit-
tle failure of rock under compression is [0.76, 0.93].

(3) The reasons for some experimentally 
obtained σcd/σf values falling outside of the reason-
able range were discussed. First, the m values of 
the samples were not within the reasonable range, 
owing to the rock properties and loading conditions. 
Second, the accuracy of the σcd values obtained 
through laboratory rock mechanics experiments 
must be confirmed.
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