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Abstract  The study of sandstone dilation character-
istics under actual mining and excavation conditions 
promotes the safe and efficient development of under-
ground engineering. Accordingly, this study employs 
true-triaxial testing to reveal the influence of interme-
diate principal stress and unloading action in the min-
imum principal stress directions on rock dilation. In 
the stress–strain analysis, with increasing intermedi-
ate principal stress, the maximum compression of the 
sandstone volume in the loading and unloading tests 
increases, while the onset of dilation is delayed under 
loading conditions and initially delayed and then 
accelerated under unloading conditions. The energy 
storage limit of sandstone under the unloading test 

tends to decrease with increasing intermediate prin-
cipal stress, contrary to the results of the loading test, 
and the characteristic point at which the percentage of 
dissipative energy is greater than that of elastic energy 
occurs earlier. The energy of sandstone in the unload-
ing test in the intermediate principal stress direction 
was smaller than that in the minimum principal stress 
direction, while the loading test showed the opposite 
trend. Combining these two analyses can elucidate 
the restraining effect and tensile stress effect of the 
intermediate principal stress, as well as the weaken-
ing and strengthening effects of the unloading action 
on the two effects. By further combining the average 
elastic energy and dissipative energy conversion rate 
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under different test conditions, the weakening effect 
was manifested by shortening the compressive defor-
mation course, and the strengthening effect was mani-
fested by developing the degree of plastic expansion 
deformation. This study provides important guidance 
for deep mining projects.

Article highlights 

•	 Evolution law of sandstone dilation onset under 
different conditions

•	 Energy evolution on the different principal stress 
directions

•	 Average energy conversion rate of sandstone 
under loading and unloading conditions

Keywords  Intermediate principal stress · Mining 
unloading · Dilation · Strain energy · Average strain 
energy conversion rate

1  Introduction

With the extensive utilization of underground space 
and mineral resources, underground engineering 
has gradually delved deeper (Xie et  al. 2017). The 
mechanical properties of deep rocks differ greatly 
from those of shallow rocks and produce different 
geological hazards, which require more extensive 
study. One of the most frequent operations in under-
ground engineering is mining and excavation, which 
often causes stress disturbances in the rock mass and 
disrupts the in-situ stress distribution. Since the exca-
vation boundary is under low-constraint conditions, 
this disturbance produces dilatational deformation 
(Kaiser et al. 2000; Zhao and Cai 2010). In this case, 
the rock at the boundary of the excavation loses sta-
bility, and dilation occurs. The dilation of the rock 
occurs mainly because of the local tensile stress effect 
(Li et  al. 2017a, b). The tensile strength of the rock 
is much smaller than the compressive strength; there-
fore, when this tensile stress effect is produced in the 
rock, the bearing capacity of the rock is significantly 
reduced. At this point, it is very easy to cause slip, 
rock burst, collapse, and other hazards (Wen et  al. 
2016), which seriously threaten the safe construc-
tion and development of underground engineering. 

Therefore, the study of the dilation characteristics of 
the rock at the excavation boundary is beneficial for 
revealing the hazard mechanism in an actual exca-
vation project, providing a theoretical basis for dif-
ferent mining methods and promoting the safe, eco-
nomic, and efficient development of underground 
engineering.

In the past decades, many scholars have made great 
achievements by conducting conventional triaxial 
tests (σ1 > σ2 = σ3) combined with theoretical analyses 
and numerical simulations to develop rock dilation 
properties (Zhao and Cai 2010; Kie et al. 1989; Ale-
jano and Alonso 2005; Walton et al. 2015). However, 
in practical engineering, the rock mass is obviously 
in a complex three-dimensional unequal-stress state 
(σ1 > σ2 > σ3) (Mogi 1967; Lu et  al. 2020a), and the 
influence of the intermediate principal stress on the 
mechanical properties must be considered. The effect 
of intermediate principal stresses on strength was the 
first topic of interest. Handin et al. (1967) conducted 
conventional triaxial tests (σ2 = σ3) and triaxial exten-
sion tests (σ2 = σ1) and found that the compressive 
strength of the rock increased by approximately 15% 
when the intermediate principal stress was increased 
from σ3–σ1. Subsequently, many researchers designed 
true-triaxial test apparatuses (Mogi 1967; Li et  al. 
2016; Feng et  al. 2021b, a) and carried out a series 
of strength property studies (Mogi 1967, 1971; Lu 
et al. 2020b; Zheng and Feng 2020; Song et al. 2018; 
Wang et  al. 2023a, b). Equally, intermediate princi-
pal stresses affect rock deformation. Within a certain 
range, as the intermediate principal stress increases, 
an increase in the principal fracture dip is observed, 
reflecting the shear dilatancy properties of the rock 
(Haimson and Chang 2000; Ma and Haimson 2016). 
This can also be explained by the results obtained by 
Zhai et  al. (2020), who determined that brittle rock 
fractures are oriented toward a shear mechanism. It is 
not difficult to find that the rock will reflect certain 
deformation characteristics through its damage char-
acteristics, that is, the increase in intermediate prin-
cipal stress will enhance the shear deformation of 
the rock. However, the occurrence of rock damage is 
a dynamic evolutionary process, and it is difficult to 
analyze the entire course of rock deformation from 
the final damage characteristics. Therefore, it is nec-
essary to not only focus on the effect of intermediate 
principal stress on the deformation characteristics of 
the rock after the peak but also to analyze the effect 
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on the dilatancy trend or dilatancy deformation before 
the peak. This is one of the main objectives of the 
current study, that is, to analyze the effect of interme-
diate principal stress on the dilation before the peak 
of the stress–strain curve.

However, the boundary dilatancy deformation 
caused by excavation disturbances is an important 
aspect in the study of rock deformation characteris-
tics. Excavation reflects unloading action during the 
rock-mining process. Therefore, the unloading path 
should be used to determine the mechanical param-
eters during the practical excavation of rocks (Lau 
and Chandler 2004). The unloading action reduces 
the rock strength (Si and Gong 2020) and produces 
different unloading damage characteristics from those 
formed under the loading stress path. For example, 
Liu et al. (2023) use acoustic emission equipment to 
analyze precursor information on rock damage under 
loading and unloading tests. This characteristic is 
manifested in the evolution of microscopic cracks 
into macroscopic tensile cracks in rocks (Feng et al. 
2021b, a). Alexeev et al. (2008) found that the brittle-
ness of sandstone increases when it undergoes dila-
tancy deformation by true-triaxial tests. Apparently, 
this evolutionary process and brittleness enhancement 
are properties exhibited by dilation. Coupled with 
unloading in the direction of the minimum principal 
stress, the brittleness and tension characteristics are 
more prominent. Although different types of brittle 
rocks exhibit different damage characteristics, such 
as fracture tension, laminar tension, and shear ten-
sion damage, all reflect the strong damage of brittle 
rocks under unloading (Si and Gong 2020; Jiang et al. 
2021; Wu et al. 2020; Wang et al. 2023a, b). There-
fore, the generation of dilation is closely related to 
the unloading of boundary rocks. The pattern of frac-
ture development in this direction as the intermediate 
principal stress increases is unclear and requires fur-
ther research.

In summary, the intermediate principal stress and 
unloading action are two important factors affecting 
rock expansion. However, the internal mechanism of 
rock deformation cannot be determined only by analyz-
ing the deformation characteristics of the rock before 
and at the peak of the stress–strain curve. As a result, 
the concept of rock energy evolution analysis has been 
introduced (Xie et al. 2011; Zhang et al. 2019a, b; Chen 
et al. 2019). The accumulation and dissipation of rock 
energy are closely linked to rock deformation, reflecting 

the accumulation of elastic and plastic strains in rocks. 
Energy can also reflect the course of the crack devel-
opment. For example, Ai et  al. (2016) suggested that 
crack extension is related to the fracture energy, that is, 
the energy released after the peak, and the energy dis-
sipated before the peak. Duan et al. (2020) studied rock 
damage by dissipating energy to further elucidate crack 
evolution. Thus, this paper combines stress–strain and 
crack evolution to analyze the effect of intermediate 
principal stress and unloading action on dilation.

To reveal the mechanism of sandstone expansion 
under true-triaxial unloading test conditions, the com-
bined effect of intermediate principal stress and unload-
ing action on expansion was investigated in this study. 
True-triaxial sandstone loading and unloading tests 
with different intermediate principal stresses (30, 40, 
50, 60, and 70  MPa) were carried out using a multi-
functional true-triaxial fluid–solid coupling test system. 
The strengths of sandstone under loading and unloading 
conditions were first fitted using the Drucker–Prager and 
double-shear-stress strength criteria, and then the fitting 
effects were compared. Subsequently, the stress–strain 
curves, volumetric strain–maximum principal strain 
relationship curves, and related energy evolution curves 
under loading and unloading tests were further ana-
lyzed. The energy evolution analysis encompasses dif-
ferent stages, different intermediate principal stresses, 
and different directions; a comparative energy evolution 
analysis is also carried out for loading and unloading 
tests, and the average elastic energy conversion rate and 
average dissipative energy conversion rate are required 
for evolution rate analysis. This comprehensive analysis 
is summarized to reveal the restraining effect and ten-
sile stress effect of the intermediate principal stress on 
the sandstone. On a deeper level, the effect of unloading 
on the two effects of the intermediate principal stresses 
was explored. Accordingly, a clear understanding of 
the sandstone dilation mechanism under true-triaxial 
unloading conditions can be obtained, which provides 
an experimental basis for excavation engineering stabil-
ity and reliability applications.

2 � Experimental method

2.1 � Experimental apparatus

The multifunctional true-triaxial fluid–solid coupling 
test system (Li et  al. 2016), which was developed 
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independently by Chongqing University, was used 
in this experiment, as shown in Fig.  1. The system 
consists of a framed frame; true-triaxial pressure 
chamber; loading system; internal seal percolation 
system; control, data measurement, and acquisition 
system; and an acoustic emission monitoring system 
with an excellent degree of system reliability. In the 
loading system, a pair of independent loading devices 
is set in all three directions, which realizes various 
control methods such as force, displacement, and 
force–displacement, and allows for rock mechanics 

and permeability tests under a variety of complex 
stress paths. In this test, the maximum principal stress 
σ1 was applied in the Y-direction, the intermediate 
principal stress σ2 in the X-direction, and the mini-
mum principal stress σ3 in the Z-direction.

2.2 � Experimental scheme

In order to ensure the homogeneity of the internal 
structure and properties of the specimens, and to 
avoid large differences in the test results between the 

Fig. 1   True-triaxial fluid–solid coupling experiment system (Li et al. 2016)
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specimens due to the dispersion, the sandstone rock 
samples required for the test were taken from the 
same piece of intact and homogeneous sandstone in 
the Beibei region of Chongqing, with a density of 
2261  kg/m3 and a uniaxial compressive strength of 
48.60 MPa. The sandstone was cut and polished into 
cubic specimens with 100  mm side-lengths and no 
obvious defects, and the end-face non-parallelism 
and non-perpendicularity were less than 0.02 mm. To 
study the mechanical properties and dilation behavior 
of sandstone under true-triaxial loading and unload-
ing paths, loading and unloading tests with intermedi-
ate principal stresses of 30, 40, 50, 60, and 70 MPa 
were conducted.

The detailed loading path is as follows (Fig. 2a):

(1)	 Loading in a force-controlled manner (v1 = 1 kN/s) 
in the triaxial direction up to σ3i

(2)	 Maintaining one horizontal axial load at �
3i and 

continuing to load the other two axial loads in a 
force-controlled manner (v1 = 1 kN/s) up to σ2i

(3)	 Maintaining another horizontal axial load at σ2i 
and loading the third axial load in a force-con-
trolled manner (v1 = 1 kN/s) up to σ1i

(4)	 The horizontal axial load was kept constant, and 
the third axial load was loaded in a force-con-
trolled manner (v1 = 1.28  kN/s) until the sand-
stone specimen was damaged.

The detailed unloading path is as follows (Fig. 2b):

(1)	 Loading in a force-controlled manner (v1 = 1 kN/s) 
in the triaxial direction up to σ3i

(2)	 Maintaining one horizontal axial load at �
3i and 

continuing to load the other two axial loads in a 
force-controlled manner (v1 = 1 kN/s) up to σ2i

(3)	 Maintaining another horizontal axial load at �
2i 

and loading a third axial load in a force-con-
trolled manner (v1 = 1 kN/s) up to σ1i

(4)	 The maximum principal-stress-direction load was 
loaded in a force-controlled manner (v1 = 1.28 kN/s) 
while unloading the minimum principal-stress-
direction load in a force-controlled manner 
(v3 = 0.16  kN/s) on one side until the sandstone 
specimen was damaged.

3 � Experimental results and analysis

3.1 � Analysis of sandstone deformation characteristics

Using the strain corresponding to the attainment of 
σ1i as the starting point for strain measurement, the 
stress–strain relationships for different intermedi-
ate principal stress tests under loading conditions 
are shown in Fig.  3. The specimen underwent plas-
tic deformation before yielding and brittle deforma-
tion after peaking (Alexeev et al. 2008). For different 
magnitudes of σ2, compressive deformation occurs 
in the σ1 direction, which is the main reason for the 
steady increase in volume strain at the beginning of 
loading, while larger dilatancy deformation occurs 
in the σ3 direction, which is the main factor causing 
sandstone dilation. The final change in the intermedi-
ate principal strain shows a decreasing trend with the 

Fig. 2   Two different true-triaxial stress paths in sandstone: a stress path for loading test and b stress path for unloading test
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increase in σ2: σ2 increases from 30 to 70 MPa, and 
the maximum changes in ε2 are 0.61%, 0.43%, 0.16%, 
0.09%, and 0.13%, reflecting the restraining effect of 
intermediate principal stress. This restraining effect, 
which compresses the macroscopic cracks formed 
inside the sandstone specimen after σ1 reaches the 
peak stress, causes the rebound deformation of ε2. 
Furthermore, this phenomenon becomes increasingly 
obvious with an increase in σ2. In contrast, ε3 does 
not undergo the phenomenon of increasing rebound. 
This is because σ3 is always 30  MPa, which has a 
small restraining effect, and the compression of the 
macroscopic crack produced after the peak is much 
smaller than the expansion in this direction, so it 
always remains reduced.

In particular, when σ2 is 30 MPa, εv undergoes a 
slew phenomenon, and significant dilation occurs. In 
contrast, this phenomenon does not occur when σ2 
is greater than 30  MPa. This might be because the 
restraining effect of the intermediate principal stress 
is not strong when σ2 = 30 MPa. When σ1 is large, a 
horizontal tensile stress effect will occur (Gao and 
Tao 1993); this effect is stronger than the restrain-
ing effect, and thus a stronger dilation phenomenon 
occurs. When σ2 is larger than 30 MPa, the restrain-
ing effect is larger than the tensile stress effect, result-
ing in almost no dilation of the specimen.

Owing to the stress control used throughout 
the true-triaxial damage test, only the pre-peak 
stress–strain relationship can be obtained under 
unloading conditions, as shown in Fig. 3. As can be 

seen from the figure, the variation in ε3 of the sand-
stone specimens is greater than the variation of ε2 
under different σ2 magnitudes, there is a tendency for 
the rebound increase of ε2, and the slew phenomenon 
of εv occurs in all the sandstone specimens. With 
increasing σ2 magnitude, the variation degree of εv of 
the sandstone specimens decreases, and the starting 
point of the εv slew increases with a delayed trend.

The effect law of unloading on the deformation 
characteristics of the rock can be obtained by com-
paring the stress–strain relationship of sandstone 
under loading and unloading conditions. The speci-
fications are shown in Fig.  4. The three principal-
strain growth rates and volume strain compressions 
under the loading test condition were larger than 
those under the unloading test condition, indicating 
that unloading weakened the elastic deformation of 
the sandstone, promoted the development of internal 
cracks, and finally reduced the strength of the sand-
stone. Compared with the loading test, the ε2 value 
required to reach the σ1 peak stress in the unloading 
test decreased and ε3 increased. This is because the 
magnitude of σ3 continues to decrease with unload-
ing, whereas σ3 always remains constant during the 
loading test. Furthermore, under the Poisson effect, 
the deformation in the σ2 direction is restrained, and 
the deformation in the σ3 direction is enhanced. In 
addition, in the loading test, the εv slew phenomenon 
occurs only when σ2 is equal to 30  MPa, while the 
phenomenon occurs for different magnitudes of σ2 
in the unloading test, suggesting that the sandstone 

Fig. 3   Stress–strain relationships for true-triaxial tests on sandstone under different intermediate principal stress conditions: a load-
ing paths and b unloading paths
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develops cracks more fully in the σ3 direction under 
the unloading test, and the rock undergoes significant 
dilation during the unloading process.

3.2 � Analysis of sandstone strength characteristics

The unloading action not only affects the deformation 
of sandstone but also its strength. The peak-strength 
variation law of the sandstone loading and unloading 
maximum principal stress under different intermediate 
principal stresses is shown in Fig.  5. As can be seen, 
in the range of certain intermediate principal stresses, 
the peak strength of σ1 increases for both loading and 
unloading conditions of sandstone as σ2 increases, and 
the peak strength is greater for loading conditions than 
for unloading conditions at the same σ2 magnitude. 
When the magnitude of σ2 is between that of σ3 and σ1, 
there are two effects of σ2: first, σ2 counteracts a part of 
the local tensile stress generated by σ1 in the direction 
of σ2, limiting the crack expansion perpendicular to the 
direction of σ2; and second, σ2 generates a local tensile 
stress along the direction of σ3 (Gao and Tao 1993). 
In this study, the former and the latter are manifested 

as the restraining effect and tensile stress effect in the 
σ3 direction of intermediate principal stress, respec-
tively. Therefore, in the loading and unloading tests, σ2 
improves the strength of the rock.

Fig. 4   Comparative analysis curves of stress–strain relationship between true-triaxial loading and unloading in sandstone under dif-
ferent intermediate principal stress conditions. a–e σ2 = 30, 40, 50, 60, and 70 MPa, respectively

Fig. 5   Trend in peak strength for different intermediate princi-
pal stresses under loading and unloading conditions
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To better analyze the effect of intermediate 
principal stress on the strength of sandstone, the 
Drucker–Prager strength criterion (Drucker and 
Prager 1952) and the double-shear-stress strength cri-
terion (Gao and Tao 1993) were introduced for sand-
stone strength regression analysis, as shown in Eq. (1) 
and (2), respectively:

where I1 is the first invariant of the stress tensor; J2 is 
the second invariant of the partial stress tensor; τ13, 
τ23 is the principal shear; σm is the average stress; and 
A0, A1, and A2 are the fitting parameters. The specific 
computational expressions are as follows:
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The sandstone strength regression analysis 
was performed by calculating each parameter in 
Eq. (3)–(7), and the fitted R-squared values are listed 
in Table 1.

By comparing the R-squared values of the two 
strength criteria, it is clear that the Drucker–Prager 
strength criterion has a better fit under the load-
ing path than under the unloading conditions. The 
three-parameter double-shear-stress strength criterion 
delivers accurate prediction and good applicability for 
the strength of sandstone under loading and unload-
ing conditions, which can reflect the yielding char-
acteristics of sandstone strength. The specific fitting 
results are presented in Fig. 6.

3.3 � Analysis of dilation characteristics of sandstone

The sandstone εv–ε1 relationship curves (Liu et  al. 
2021; Zhang et al. 2019a, b) for the true-triaxial load-
ing and unloading tests are shown in Fig.  7. It can 
be seen that the increase rate of εv accelerates with 
the initial σ2 increase at the beginning of the test, but 
this increase then tends to decrease, and the overall 
volumetric strain increases first and then decreases. 
The maximum value of the volumetric strain is called 
the maximum compression volume. Volume dila-
tancy occurred after the volume maximum amount 
of compression was reached, and its degree tended to 
decrease, indicating that the dilation of the sandstone 
was suppressed, reflecting the restraining effect of the 
intermediate principal stress.

(6)�
23

=
(�2−�3)

2

(7)�m =
1

3

(

�
1
+ �

2
+ �

3

)

Table 1   R-squared values for regression analysis of Drucker–
Prager strength criterion and double-shear-stress strength cri-
terion

Different stress paths Drucker–Prager 
strength criterion

Double-shear-
stress strength 
criterion

Loading stress path 0.963 0.998
Unloading stress path 0.698 0.995

Fig. 6   Fitting curves 
of sandstone strength 
under a Drucker–Prager 
strength criterion and b 
double-shear-stress strength 
criterion
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In Fig.  7, the maximum compression volumes 
under different intermediate principal stresses are 
plotted for the loading and unloading tests, respec-
tively. The volume maximum compression for the 
loading test first increased rapidly with σ2 and then 
stabilized, while the unloading test showed a slow 
increasing trend. These observations imply two find-
ings: first, σ2 tends to stabilize its ability to restrain 
the deformation of sandstone after reaching a certain 
value, and similar results were obtained by Brace 
et  al. (1966) in conventional triaxial tests; second, 
under unloading conditions, the effect of intermedi-
ate principal stress is affected by unloading, and the 
effect of restraining the deformation of sandstone is 
substantially reduced. At the same σ2, the maximum 
volume of compression for the loading test is larger 
than that for the unloading test, which indicates that it 
is difficult for the sandstone to maintain a higher com-
pression deformation under unloading. Although the 
compressive deformation becomes lower under this 
unloading condition, the tensile stress effect of the 
intermediate principal stress is released, causing dila-
tancy deformation in the σ3 direction and thus dila-
tion. This also explains the fact that sandstone under-
goes stronger dilatational deformation characteristics 
at a lower stress state (unloading test condition) than 
at a higher stress state (loading test condition). Simi-
larly, Browning et al. (2017) found that intermediate 
principal stresses suppress the total number of cracks 
and expand them to the direction of minimum princi-
pal stress, which is related to the above findings.

The onset of dilation is another aspect that needs 
to be considered when studying volumetric strain 
in sandstones. This is the point in the (σ1–σ3)–εv 
curve at which the linear segment begins to change 

into the elastic section (Haimson and Chang 2000). 
The (σ1–σ3)–εv curve is plotted, and the onset point 
of dilation is labeled as D (as shown in Figs.  8 and 
9), where D is the percentage of the magnitude of σ1 
corresponding to the onset point of dilation for the σ1 
peak.

In the loading test, the onset of dilation is delayed 
with an increase in σ2, but this delay gradually sta-
bilizes. This shows that the compression deforma-
tion capacity increases with an increase in σ2, but 
its continual increase becomes difficult. In contrast, 
the onset point of dilation under the unloading test 
increased and then decreased with an increase in σ2, 
indicating that the unloading action played a role in 
promoting the tensile stress effect of the intermedi-
ate principal stress, which shortens the compressive 
deformation of sandstone after σ2 reaches a certain 
value. Meanwhile, the onsets of sandstone dilation 
in the unloading tests all occurred earlier than those 
in the loading tests, which indicates that under the 
unloading conditions, it is difficult to maintain the 
compressive deformation of sandstone, and it is dif-
ficult to restrain dilation deformation owing to the 
reduction of the confining stress in the σ3 direction 
and the tensile stress effect generated by σ2. This not 
only increases the degree of deformation in the σ3 
direction but also causes an earlier onset of dilation.

In general, the unloading test is more obvious than 
the loading test in terms of volume expansion, and 
the dilation effect is more significant. This is because 
the loading test σ3 remains constant and always pro-
vides a constraint for the minimum principal stress 
direction. In contrast, the unloading test σ3-direction 
constraint continues to decrease and cannot balance 
the tensile stresses generated in the specimens. As 

Fig. 7   Volume strain variation curves for a loading path and b unloading path. c Maximum volume compression point diagram for 
different intermediate principal stresses under loading and unloading tests
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a result, the sandstone specimen is more likely to 
expand, causing an increase in the body strain and 
leading to an earlier and more dramatic dilation.

4 � Evolution mechanisms of strain energy 
of sandstone under true‑triaxial loading 
and unloading experiment

4.1 � Principles of energy analysis

During the true-triaxial loading and unloading test, 
suppose the compressive stress is positive; in this 
case, the rock testing machine performs positive 
work on the rock in the direction of maximum prin-
cipal stress and negative work in the direction of 
intermediate principal stress and minimum princi-
pal stress. The strain energy U of the rock contains 
two more parts: the releasable elastic energy Ue, 
which increases the elastic potential energy of the 
specimen, and the dissipative energy Ud, which is 

generated by the internal fracture and plastic defor-
mation of the rock. The relationship between the 
total energy and the elastic and dissipative energies 
was thus established, which are represented by the 
following expressions (Xie et al. 2011).

In the test process, the energy absorbed in the 
direction of σ1 at any moment U1 and the negative 
work done in the directions of σ2 and σ3 U2 and 
U3 can be obtained by integrating the stress–strain 
curve. The relevant expressions are as follows:

(8)U = U
1
+ U

2
+ U

3

(9)U = Ue + Ud

(10)U = U
1
+ U

2
+ U

3

(11)Ui =
�i

∫
0

�id�i

Fig. 8   Dilation onset for different intermediate principal stresses in sandstone under loading test: a–e σ2 = 30, 40, 50, 60, and 
70 MPa, respectively
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where i is the principal stress direction. The integral 
of the above equation can be transformed into a dif-
ferential area summation by defining the definite inte-
gral as follows:

where m refers to the segmentation point, n to the 
number of micro-element areas of the stress–strain 
curve at time t, and the superscripts of stress σ and 
strain ε refer to the stress and strain at this point.

The expression for calculating the releasable 
elastic energy is as follows:

where �e
1
 , �e

2
 , �e

3
 are the elastic maximum principal 

strain, the elastic intermediate principal strain, and 
the elastic minimum principal strain, respectively. 
By introducing the generalized Hooke’s law, the rela-
tionship between stress and strain is obtained and 
introduced into Eq.  (13) to obtain the computational 
expression for Ue as follows:

(12)Ui =
n
∑

m=1

1

2

�

�
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i
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�
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1
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2
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e
2
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2
�
3
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e
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where E is the elastic modulus of sandstone under 
true-triaxial loading and unloading tests, and ν refers 
to the Poisson’s ratio of sandstone under true-triaxial 
loading and unloading tests. In this study, the energy 
change per unit volume of sandstone was analyzed in 
MJ m–3.

4.2 � Law of energy evolution of sandstone in different 
stages

The sandstone undergoes crack generation, exten-
sion, and penetration throughout the test (Li et  al. 
2017a, b). Accordingly, the complete stress–strain 
curve under true-triaxial conditions was divided into 
the following four stages: elastic stage (OA), microc-
rack stable development stage (AB), crack-accelerated 
expansion stage (BC), and post-peak strength-loss 

(14)�
e
i
=

1

E

(

�i − �

(

�j + �k

))

(15)
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Fig. 9   Dilation onset for different intermediate principal stresses in sandstone under unloading test: a–e σ2 = 30, 40, 50, 60, and 
70 MPa, respectively
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stage (CD). In the unloading test of sandstone in this 
study, there is no post-peak curve, so the stress–strain 
curve only includes the first three stages. The energy 
evolution curves for the true-triaxial loading and 
unloading tests of sandstone under different interme-
diate principal stresses are obtained in Sect. 4–1. The 
inherent crack evolution law of sandstone deforma-
tion was analyzed according to the energy evolution 
law under different rock-stress stages. The details are 
shown in Figs. 10 and 11, respectively.

In the elastic stage, the stress–strain relationship of 
the specimens under loading and unloading tests was 
linear, most of the deformations that occurred were 
recoverable elastic deformations, and elastic energy 
dominated. In the stable development stage of micro-
cracking, internal cracks of sandstone began to occur 
and expand under both test conditions. It is shown 
that the rate of increase of total energy increases, 
the rate of increase of elastic energy decreases, and 
the rate of increase of dissipation energy increases. 
According to the principle of maximum plastic 
work (Hill 1950), it is known that when the plastic 
deformation of the rock occurs, it is accompanied 
by an increase in volume. Therefore, entering into 
this phase often indicates the beginning of volume 

expansion. In the accelerated crack expansion stage, 
the cracks in the loading and unloading tests expand 
further, plastic deformation gradually dominates, the 
stored releasable elastic energy begins to decline, 
and dissipative energy gradually takes over. In par-
ticular, the characteristic point at which the dissipa-
tive energy dominates more than the elastic energy is 
advanced for both tests as σ2 increases; this tendency 
is the most obvious in the unloading test and will be 
discussed in the next section. In the post-peak dam-
age phase, crack penetration of the specimen occurs 
under the loading test, the elastic energy decreases 
and eventually plateaus, and the dissipative energy 
continues to increase.

A comprehensive analysis of the energy evolu-
tion of the four stages reveals that the stage division 
under the loading test does not change significantly 
with an increase in the intermediate principal stress. 
However, the stage division under the unloading test 
shows an obvious shrinkage of the elastic stage and 
an increase in the plastic stage with an increase in 
σ2. Considering the stress–strain relationship of ε3 
in Sect.  3.1 and the law of maximum volume com-
pression under different σ2 in Sect. 3.3, it can be con-
cluded that when the confining stress in the direction 

Fig. 10   Relationship between stress as well as strain energy and strain in sandstone under true-triaxial loading test conditions: a–e 
σ2 = 30, 40, 50, 60, and 70 MPa, respectively
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of σ3 is maintained (σ3 = 30 MPa), although σ2 con-
tinues to increase, the tensile stress in the direction of 
σ3 cannot overcome the constraint in the direction of 
σ3. Therefore, abundant crack formation cannot occur 
and significant expansion deformation results. This is 
consistent with the conclusions reached in Sect. 3.3. 
Second, the compressive deformation capacity of the 
sandstone is weakened when the constraint stress in 
the σ3 direction decreases. Before the internal com-
pression of the sandstone reached its limit, the expan-
sion deformation initiated in the σ3 direction, causing 
shrinkage of the elastic phase and an increase in the 
plastic phase. In conclusion, the intermediate princi-
pal stress effect strengthens the compressive deforma-
tion capacity of sandstone, while unloading weakens 
it.

4.3 � Law of energy evolution for sandstone under 
different intermediate principal stresses

The stage analysis of energy in the previous section 
allows us to understand the effect of the intermedi-
ate principal stress and unloading effect of sandstone 
under different stress paths. However, the effects of 
the intermediate principal stress and unloading effects 

must be analyzed more precisely. The energy evolu-
tion curves of the sandstone loading and unloading 
tests under different intermediate principal stress con-
ditions are plotted in Figs.  12 and 13, respectively, 
and are analyzed as follows.

As σ1 increases to the peak point, the total energy 
required for sandstone under the loading test was 
35.40% more and 20.52% higher under the unload-
ing test when σ2 increased from 30 to 70 MPa. This 
indicates that the restraining effect and compressive 
deformation capacity increase as the σ2 magnitude 
increases, while the unloading action weakens the 
compressive deformation capacity of sandstone at the 
same σ2 magnitude.

In the unloading test, the accumulation rate of 
releasable elastic energy at the beginning of the test 
does not vary with the σ2 magnitude, but its energy 
storage limit increases with an increase in σ2 (Zhang 
et  al. 2019a, b). In contrast, the rate of increase of 
the releasable elastic energy at the beginning of 
the unloading test decreases significantly with the 
increase in σ2 magnitude, and its energy storage 
limit tends to decrease with an increase in σ2. This 
indicates that in loading tests, the restraining effect 
of the intermediate principal stress enhances the 

Fig. 11   Relationship between stress as well as strain energy and strain in sandstone under true-triaxial unloading test conditions: a–e 
σ2 = 30, 40, 50, 60, and 70 MPa, respectively
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compressive deformation capacity, but the increase 
is low and causes a small rate change; in the unload-
ing tests, the unloading effect weakens the restraining 
effect of the intermediate principal stress, that is, with 
the increase in σ2, plastic deformation occurs before 
the elastic strain of the sandstone is fully developed, 
which reduces the elastic energy storage limit and 
the rate of increase. This verifies the conclusions pre-
sented in Sect. 3.3.

The trend of dissipative energy evolution under 
loading and unloading tests was basically identical, 
but the degree of change differed significantly. Both 
the initial dissipation energy share and the increase 
rate of the unloading test increased significantly with 
an increase in σ2 magnitude, while the loading test 
increased slowly. It can be observed that the develop-
ment of plastic deformation of sandstone under dif-
ferent stress paths is accelerated with an increase in 
σ2. However, the unloading action further promotes 
plastic deformation and crack development in the σ3 
direction, which causes the specimens to enter the 
crack extension stage earlier.

The energy changes in the loading and unloading 
tests were further compared to analyze the effect of 
unloading action on the deformation characteristics. 
The details are shown in Fig. 14.

With the evolution of energy, the total energy of 
the loading test before the peak was larger than that of 
the unloading test. This indicates that the unloading 

action weakens the degree of elastic deformation, 
resulting in a greater decrease in elastic strain energy 
than the increase in dissipation energy; therefore, 
the total energy is lower than that of the loading 
test before the peak. In the figure, the unloading test 
exceeds the total energy of the loading test when σ2 is 
40 and 50 MPa, probably because the crack expands 
rapidly and the dissipation energy increases steeply, 
causing a sharp increase in the total energy. Compar-
ing the releasable elastic energy of the loading and 
unloading tests, it was found that the initial period 
was basically identical, and then the elastic energy of 
the former became larger than that of the latter, espe-
cially after the elastic energy tended to level off. This 
is because the initial unloading has little effect on 
the specimen, microcracks have not yet been gener-
ated, and the difference in elastic energy is not large. 
Subsequent unloading causes the specimen to deform 
plastically earlier in the σ3 direction, forming crack 
extension, and the specimen can accumulate less elas-
tic energy, reflecting the unloading effect in Sect. 3.3. 
Comparing the dissipated energy of the loading test 
with that of the unloading test, it was found that the 
dissipated energy increased more in the latter than in 
the former as the test proceeded, and the characteris-
tic point at which the percentage of dissipated energy 
was larger than the elastic energy occurred earlier. 
At σ2 = 30 MPa and 70 MPa, the advance was 8.67% 
and 30.02%, respectively. With the increase in σ2, the 

Fig. 12   Energy law of 
true-triaxial loading test for 
sandstone under different 
intermediate principal stress 
conditions

Fig. 13   Energy law of true-
triaxial unloading test for 
sandstone under different 
intermediate principal stress 
conditions



Geomech. Geophys. Geo-energ. Geo-resour.           (2024) 10:58 	

1 3

Page 15 of 20     58 

Vol.: (0123456789)

dissipation energy of the specimen under the unload-
ing test increased significantly, and the plastic defor-
mation became more obvious.

Based on the above analysis, it can be found that 
the change laws of the elastic and plastic phases 
under loading and unloading tests in the previous sec-
tion correspond to those governing the energy stor-
age limit and dissipation energy. This indicates that 
the unloading effect causes the elastic strain degree 
to decrease, and the plastic strain occurs earlier and 
increases, that is, the restraining effect on the inter-
mediate principal stress is weakened and the tensile 
stress effect is enhanced. Combined with the findings 
shown in Fig. 14, it is clear that σ3 directional unload-
ing action promotes the generation, expansion, and 
penetration of microcracks, which promotes earlier 
plastic deformation and intensifies rock dilation. The 
early occurrence of the node where the dissipative 
energy exceeds the releasable elastic energy reflects 
the decrease in the restraining effect in the direction 
of the minimum principal stress, and the expansion of 
cracks in this direction and the dilation of sandstone 
specimens in this direction are significant compared 
to the loading test.

4.4 � Law of energy evolution of sandstone in different 
directions

The σ2 and σ3 directions are the main directions in 
which expansion of the rock occurs. A further com-
parative analysis of the energy change of the rock 

in the two directions can more intuitively reveal the 
effect of unloading action on the deformation of 
sandstone. In Sect. 4–1, the energy changes in the 
σ2 and σ3 directions were obtained and expressed 
by U2 and U3, respectively. The specific U2 and U3 
comparison schematics are shown in Fig. 15. In the 
loading test, the magnitude of U2 was larger than 
that of U3, except for the magnitude of σ2, which 
was 30  MPa, while the opposite was true in the 
unloading test. The exceptions may be due to the 
anisotropy of the sandstone. This variation, com-
bined with those in Fig.  3 and Eq.  (11), is as fol-
lows: In both the loading and unloading tests, σ2 
is greater than σ3 and ε2 is less than ε3 (under the 
same stress conditions). In the loading experiment, 
the absolute value of U2 is greater than the abso-
lute value of U3, indicating that σ2 is greater than 
σ3 determining this result; in the unloading experi-
ment, the absolute value of U2 is less than the 
absolute value of U3, indicating that ε2 is less than 
ε3 determining this result. This is a deeper reflec-
tion of the fact that the tensile stress effect of the 
intermediate principal stress under loading condi-
tions is constrained in the σ3 direction and cannot 
transcend the effect of stress on energy. On the 
other hand, the unloading test promotes the tensile 
stress effect generated by the intermediate princi-
pal stress, which causes a significant increase in its 
dilatational deformation beyond the effect of stress 
on energy, resulting in a strong dilation. This sug-
gests that when sandstone undergoes unloading, 

Fig. 14   Comparison of 
energy laws of true-triaxial 
loading and unloading tests 
on sandstone under different 
intermediate principal stress 
conditions: a–e σ2 = 30, 
40, 50, 60, and 70 MPa, 
respectively
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the intermediate principal stresses promote expan-
sion and deformation on the unloading side.

Comparing the change in the size of U2 in 
Fig.  15, it can be seen that the size of U2 in the 
loading test is larger than that in the unloading 
test. This is because the unloading action weakens 
the intermediate principal stress constraint effect 
of the sandstone, and the degree of deformation 
in the σ2 direction decreases. In the σ3 direction, 
the unloading action strengthens the tensile stress 
effect of the intermediate principal stress, and the 
degree of deformation in the σ3 direction increases 
significantly. These two aspects are consistent with 
the results shown in Fig. 7 and agree with the two 
effects of σ2 discussed in Sect.   3.2 and with the 
conclusions given in Sect.  3.3. This also explains 
the pattern of U3 under different tests, that is, the 
size of U3 for the unloading test is larger than that 
for the loading test under the same ε1. This indi-
cates that the unloading in the σ3 direction pro-
motes an increase in the dilatational deformation 
and dissipation energy in the σ3 direction of the 
sandstone, which results in a significant dilation of 
the sandstone.

4.5 � Characteristics of the average energy conversion 
rate of sandstone

Dilation is not only accompanied by plastic deforma-
tion but also the release of elastic energy (Li 2001; 
Tarasov and Stacey 2017). Comparing the magnitude 
of strain energy under loading and unloading condi-
tions and analyzing the energy evolution in different 
directions can reveal the deformation characteristics 
of sandstone, but it is not possible to visually analyze 
the energy conversion efficiency, much less to deter-
mine the course of sandstone deformation. By con-
sidering the time effect of the energy evolution of the 
specimen, it is possible to reflect the characteristics 
of the specimen deformation and crack extension. 
Therefore, the amount of releasable elastic energy 
and dissipative energy change with time is important 
for revealing the dilation properties of rocks. In this 
study, the average strain energy conversion rate is 
defined as the ratio of the strain energy increment to 
the time increment. The average elastic strain energy 
conversion rate (ke) and the average dissipative 
energy conversion rate (kd) are given by Eq. (16) and 
(17). ΔUe is the elastic strain energy corresponding 

Fig. 15   Comparison of energy evolution of sandstone in the intermediate and minimum principal stress direction under true-triaxial 
loading and unloading test conditions: a–e σ2 = 30, 40, 50, 60, and 70 MPa, respectively
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to the peak point minus the elastic strain energy cor-
responding to the initial point of strain measurement, 
ΔUd is the dissipation energy corresponding to the 
peak point minus the dissipation energy correspond-
ing to the initial point of strain measurement, and Δt 
is the loading time corresponding to the peak point 
minus the loading time corresponding to the ini-
tial point of strain measurement. The average elastic 
energy conversion rate and the average dissipation 
energy conversion rate under loading and unloading 
conditions are shown in Fig. 16.

Excluding the fluctuation of some points, it was 
found that ke essentially becomes an increasing trend 
and kd essentially decreases with an increase in σ2 
under the loading test, but both trends are very slow to 
develop. However, under the unloading test, the oppo-
site trend is observed, and the change is more obvi-
ous than in the loading condition. Furthermore, com-
bined with the conclusion obtained in Sect.  4.3, the 
energy storage limit and the magnitude of dissipated 
energy at the peak increase with σ2 under the loading 
test. The comprehensive analysis shows that with the 
increase in intermediate principal stress, the accumu-
lation of releasable elastic energy is more rapid, while 
the dissipation energy evolves less drastically and the 
course increases substantially, reflecting a certain ten-
dency of ductile deformation in sandstone. However, 
unloading conditions break this mechanical deforma-
tion property (as outlined in Sect. 4.3); not only does 

(16)ke =
ΔUe

Δt

(17)kd =
ΔUd

Δt

the average elastic strain energy conversion rate and 
the energy storage limit decrease, but they also cause 
the average dissipative energy conversion rate and its 
total amount to increase. Therefore, there is a more 
drastic change in the dissipation energy in the unload-
ing test, reflecting the brittle deformation tendency of 
sandstone. The reason for the two different deforma-
tion tendencies produced by the loading and unload-
ing tests is that σ3 is a constant value under the load-
ing test; the change in its tensile stress effect is not 
obvious, and the degree of deformation for increasing 
plastic expansion in the σ3 direction is low. While the 
unloading test under the strengthening of the interme-
diate principal stress in the σ3 direction produced the 
effect of tensile stress, sandstone fracture expansion 
accelerated, showing a brittle damage tendency.

In addition, the average elastic energy conversion 
rate and the average dissipative energy conversion 
rate under the unloading test were larger than those 
under the loading condition. Combined with Fig. 14, 
because the elastic energy of the unloading test is 
smaller than that of the loading test, whereas ke is 
larger than that of the loading test, the total amount 
of elastic energy in the unloading test is small and the 
accumulation rate is large, so the accumulation of the 
main elastic energy can be completed quickly and the 
course will be very short. This reflects the weaken-
ing of the elastic compression deformation caused 
by the unloading action. Meanwhile, Sect.  4.3 dem-
onstrated that the dissipation energy of the unload-
ing test exceeds that of the loading test near the peak 
point. Combined with the result that the kd of the 
unloading test was greater than that under the loading 
test, it was concluded that the dissipation energy of 
the sandstone specimens under unloading conditions 

Fig. 16   Changes of aver-
age elastic and dissipative 
energy conversion rate in 
sandstone under true-triax-
ial loading and unloading 
test conditions: a average 
elastic energy conversion 
rate and b average dissipa-
tive energy conversion rate
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increased rapidly, the crack expansion was more vio-
lent, and the resulting dilation was more pronounced. 
These observations indicate that unloading enhances 
the effect of the tensile stresses generated by the 
intermediate principal stresses.

In summary, the unloading effect not only accel-
erates the development of plastic dilatancy deforma-
tion and advances its occurrence but also accelerates 
the completion of elastic compression deformation. 
Therefore, the weakening of the unloading effect 
for the intermediate principal stress constraint effect 
is manifested in the shortening of the compressive 
deformation course, while the strengthening of the 
intermediate principal stress tensile stress effect is 
manifested in the promotion of the degree of plastic 
expansion deformation development.

5 � Conclusions

Under true-triaxial excavation conditions, the sur-
rounding sandstone body undergoes dilation. To 
clearly analyze the dilation characteristics, the inter-
mediate principal stress restraining effect and ten-
sile stress effect, as well as the effect of unloading 
action on these two effects, were investigated. It was 
found that when the minimum principal stress is con-
stant (σ3 = 30 MPa), the intermediate principal stress 
restraining effect strengthened and stabilized as σ2 
increased, while the tensile stress had little effect. 
Under the unloading effect, the intermediate princi-
pal stress constraint effect decreases, while the ten-
sile stress effect strengthens. These findings are use-
ful for guiding the orderly conduct and development 
of actual excavation works. Within the scope of this 
study, the following conclusions can be drawn based 
on the experimental results.

(1)	 With an increase in the intermediate princi-
pal stress, the volume maximum compression 
increases, the onset of dilation is delayed in the 
loading test, and both eventually level off; in the 
unloading test, the volume maximum compres-
sion increases slowly, and the onset of dilation 
is first delayed and then occurs in advance. The 
unloading test is more obvious than the loading 
test in terms of volume expansion, and the dila-
tion effect is more significant.

(2)	 Under the loading test, the energy storage limit 
increases with an increase in the intermediate 
principal stress, whereas under the unloading test, 
the law is the opposite. The trend of dissipative 
energy evolution under the two test conditions 
was basically identical, but the characteristic 
point at which the dissipative energy accounted 
for more than the elastic energy in the unloading 
test appeared earlier than that in the loading test.

(3)	 The energy magnitude in the σ2 direction is 
larger than that in the σ3 direction in the loaded 
test, whereas the opposite is true in the unloaded 
test. Under different intermediate principal stress 
conditions, the size of U2 in the loaded test was 
larger than that in the unloaded test, whereas the 
size of U3 in the loaded test was smaller than that 
in the unloaded test.

(4)	 A comprehensive analysis of the average elastic 
energy conversion rate and the average dissipa-
tive energy conversion rate under different test 
conditions revealed that the weakening of the 
unloading effect on the restraining effect of the 
intermediate principal stress is manifested by 
shortening the compressive deformation course. 
The strengthening of the tensile stress effect on 
the intermediate principal stress is manifested by 
promoting the degree of plastic expansion defor-
mation development.
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