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Abstract  Well productivity after hydraulic fractur-
ing is strongly affected by the flow behaviors in cre-
ated fracture complexity. In this study, gas flow tests 
were conducted in splitting fractures (induced by 
Brazilian splitting) and hydraulic fractures (created 
by hydraulic fracturing) to study the nonlinear fluid 
flow behaviors in rough fractures. 3D fracture sur-
faces were first digitally reproduced with a scanner 
and then the fracture geometry parameters (rough-
ness profile index Rp , the root mean square of the 
fracture profile wall slope Z

2
 ), aperture distributions 

were computed for both fractures. The influence of 

the fracture geometry characteristics on the nonlin-
ear flow behaviors were systematically analyzed. 
The permeability anisotropy was numerically exam-
ined in detail. The results show that Rp , Z2 and mean 
aperture of hydraulic fractures are relatively smaller, 
indicating that the fracture surfaces are smoother. The 
transmissivity of splitting fracture is relatively higher 
than that of hydraulic ones, and the ratio of split-
ting to hydraulic one varies from 2.51 at �c = 1 MPa 
to 60.95 at �c = 40  MPa. By contrast, splitting frac-
tures have larger critical Reynolds number and lower 
critical pressure gradient, implying that nonlinear-
ity is easier to occur in splitting fractures. The aver-
age Forchheimer coefficient for splitting fractures is 
0.00577, which is 1.5 times larger than that (0.0041) 
for hydraulic ones. In addition, the fractures exhibit 
strong permeability anisotropy and this anisotropic 
effect is significantly dependent on the loading stress. 
In general, the permeability anisotropy in hydraulic 
fracture is more significant, showing that their perme-
ability anisotropy ratios K are larger and more sen-
sitive to the loading. The obtained results confirm 
that there exist some discrepancies in flow behaviors 
between splitting and hydraulic fractures and for more 
accurate evaluation in engineering practice, hydraulic 
fractures should be fully considered.
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Article highlights 

•	 Geometry characteristics of hydraulic fracturing-
induced fractures are calculated.

•	 Nonlinear flow behaviors in hydraulic fracturing-
induced fractures subjected to varying normal 
loading are experimentally analyzed.

•	 Permeability anisotropy in hydraulic fracturing-
induced fractures is numerically examined.

Keywords  Nonlinear flow · Fracture · Hydraulic 
fracturing · Permeability · Anisotropy

1  Introduction

Hydraulic fracturing is commonly used for uncon-
ventional resources exploitation, especially in low 
permeability reservoirs (Pang et al. 2016). Due to the 
induced complex hydraulic fracture networks, mas-
sive fluid flow channels are created and thereby well 
productivity is largely enhanced. The created com-
plexity is primarily constituted by the fractures with 
proppant and those without proppant. Apparently, the 
apertures (the distance between two fracture surfaces) 
for the fractures with proppant are relatively larger 
and their change is limited within the exploitation 
period. Without proppant, fracture apertures are vari-
able and can be easily disturbed by the field stress/
mechanical displacement imposed on the fractures. 
This further complicates the fluid flow behaviors and 
makes it difficult to accurately describe.

For this reason, flow behaviors through a rough-
walled rock fracture subjected to various normal 
stresses have been extensively investigated for more 
than a century (Lomize 1951; Witherspoon et  al. 
1980; Nazridoust et  al. 2006; Nemoto et  al. 2009; 
Zhang and Nemcik 2012; McCraw et al. 2016; Kula-
tilake et al. 2020; Chen et al. 2020; Shen et al. 2020; 
Dong et al. 2020; Su et al. 2021; Zhu et al. 2022; Ma 
et  al. 2022). Conventionally, linear Darcy’s law was 
widely applied to describe fluid flow behaviors in rock 
fractures (Brown 2002). Furthermore, based on the 
assumptions of linear Darcy’s law and smooth par-
allel-plate physical model, the well-known cubic law 
was proposed (Zou et al. 2015). However, cubic law 
was proved to be not always convinced to describe the 
fluid flow characteristics in the real natural fractures 

(Walsh 1981). Early studies confirmed that cubic law 
was only limited to low-rate laminar regime whereas 
nonlinear flow occurs when flow rate becomes ade-
quately large (Qian et  al. 2005; Rong et  al. 2016). 
Therefore, nonlinear flow behaviors through rock 
fractures have been intensively studied by labora-
tory tests (Zimmerman et al. 2004; Ranjith and Viete 
2011) and numerical simulations (Skjetne et al. 1999; 
Javadi et  al. 2010). These studies (Zimmerman and 
Bodvarsson 1996; Zhou et al. 2015; Zou et al. 2017; 
Xiong et  al. 2018) suggested that fracture geometry 
was a vital factor that triggers nonlinear flow behav-
iors. In general, fracture geometry is related to sur-
face roughness, void volume, contact ratio, dilation, 
matching degree, etc. The change in fracture spatial 
geometry mainly includes mechanical aperture reduc-
tion, asperity deformation and destruction, discrete 
contact of surfaces and void space isolation. These 
changes bring about constrictions and obstructions, 
which are related to aperture distribution and surface 
roughness of the fracture walls and could strongly 
affect the fluid flow behaviors through a rock fracture. 
A point to note is that most of man-made fractures 
are obtained through Brazilian splitting tests. Strictly, 
these man-made fractures are not the same as those in 
engineering practice. It is yet unclear how far the spa-
tial geometries of the fracture induced by hydraulic 
fracturing deviate from those created through Brazil-
ian splitting. Therefore, there is still a need to com-
pare the surface morphology characteristics of both 
the mentioned fractures, which further can make it 
clear how much the discrepancy in surface morphol-
ogy contributes to nonlinear flow behaviors.

On another aspect, in the process of oil and gas 
resources exploitation, permeability is an important 
petrophysical parameter that could largely affect well 
productivity. With the increase in exploitation depth, 
the field stress and the sedimentary circumstance are 
constantly changing, which leads to permeability ani-
sotropy in most reservoirs. To date, most literatures 
regarding fracture permeability are primarily focused 
on stress sensitivity and permeability evolution. 
Only a few studies were carried out to test the frac-
ture permeability anisotropy in a rough rock fracture. 
Yeo et  al. (1998) found that the sandstone fracture 
permeability becomes larger in the direction perpen-
dicular to the shear displacement than in the direction 
parallel to the displacement. Méheust and Schmitt-
buhl (2000, 2001) studied the anisotropic hydraulic 
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characteristics in a granite fracture and observed that 
the pressure head orientation strongly controlled the 
hydraulic response of a single fracture. Watanabe 
et  al. (2008) observed the preferential flow paths in 
rock fractures even at high confining pressure of 
100 MPa. Li et al. (2014) demonstrated that the sand-
stone fracture exhibited a larger anisotropy in hydrau-
lic conductivities than the shale fracture. Xie et  al. 
(2020) investigated the anisotropic fractal character-
istics of sandstone fracture surface and showed that 
the flow anisotropy of fracture surface was attributed 
to the various fractal dimension of fracture lines on 
different directional sections. Shen et al. (2020) found 
that the coal fracture permeability has strong anisot-
ropy that is primarily caused by the irregular con-
tact shape. It was found from these studies that per-
meability anisotropy has a significant impact on the 
fluid flow behaviors under field-scale conditions and 
thereby could not be ignored, in particular when pre-
dicting well productivity after hydraulic fracturing. 
Moreover, fracture permeability anisotropy varies as 
the normal stress increases, but it does not exhibit a 
general rule, which is possibly ascribed to rock heter-
ogeneity. Therefore, fracture permeability anisotropy 
in rocks is still not fully understood. Especially, little 
is known about its variation in response to the various 
normal stresses imposed on the fracture.

Aiming at the issues above-mentioned, the main 
motivation of the present study is to experimentally 
examine gas flow behaviors through a rough rock 
fracture induced by hydraulic fracturing. For compari-
son, we also adopt the rock fracture created by Bra-
zilian splitting. Before flow testing, we quantitatively 
evaluate the fracture surface morphology based on a 
noncontact 3D laser scanner. Then, we test the influ-
ence of fracture geometry on nonlinear flow behaviors 
in both kinds of fractures undergoing a wide range 
of normal stresses (1.0–40.0 MPa). The injection gas 
pressure is in the range of 0.1–2.3 MPa. At last, frac-
ture permeability anisotropy is numerically examined 
for each level of normal stress imposed on the fracture.

2 � Theories relevant to this study

In the low-rate flow regime, the flow characteristics 
in porous media are widely characterized by linear 
Darcy ’s law, as given in Eq. (1):

where Q is the volume flow rate, [m3/s]; ∇P is the 
pressure gradient, [MPa/m]; k is permeability, [m2]; 
Ah is flow area perpendicular to the flow direction, 
[m2]; � is the fluid dynamic viscosity coefficient, 
[Pa·s].

For laminar flow in rock fractures, a parallel plate 
model is widely adopted to describe Darcy’s linear 
law, which yields the well-known cubic law (Zimmer-
man et al. 1991; Su et al. 2021):

where w is the fracture width (perpendicular to the 
flow direction), [m]; e is the fracture aperture, [m]. 
Combined Eqs. (1) and (2), k = e2∕12 is obtained.

However, considering that the inertial losses 
induced by the ever-increasing flow rate become non-
negligible, nonlinear flow behavior through the frac-
ture would occur. Among the existing empirical mod-
els, the Forchheimer formula is commonly used to 
describe the nonlinear flow behaviors caused by iner-
tial effect and can be expressed as (Zhou et al. 2015):

where A is the linear coefficient, [kg/s/m5]; B is the 
nonlinear coefficient, [kg/m8]. Both A and B are 
related to fluid properties and medium geometry. In 
this study, gas (nitrogen) is adopted for the flow tests. 
As a result of the strong compressibility of the gas, 
Eq. (3) cannot be simply applied directly to the data 
processing. Equation (3) should be transformed into:

where � is fluid density, [kg/m3]; B′ is a nonlinear 
coefficient (regardless of density), [1/m5]. Combined 
with mass conservation (Eq. 5) and the law of ideal 
gas (Eq. 6), Eq. (3) can be rewritten as Eq. (7).

(1)Q = −
kAh

�

∇P

(2)Q = −
we3

12�
∇P

(3)−∇P = AQ + BQ2

(4)
dP

dx
= AQ + BQ2 = AQ + B�(�Q)Q

(5)�Q = �outQout

(6)Q =
PoutQout

P
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where �out is the fluid density at the outlet, [kg/m3]; 
Qout is the outlet flow rate, [m3/s]; B′ is the non-Darcy 
coefficient, [1/m]. A and B′ (Chen et al. 2015) can be 
obtained by fitting the experimental data with the 
function f

(

2PoutQout

Pin+Pout

, �outQout,
(

Pin − Pout

)

∕L
)

 , and 
then the equivalent hydraulic aperture eh is obtained 
according to Eq. (8).

The Reynolds number, Re , defined as the ratio of 
inertial force to viscous force in the fluid, is widely 
used to predict the flow behaviors and can be given as 
(Zimmerman et al. 2004):

where Dh is the hydraulic diameter, [m]. When the 
Reynolds number is small, the viscous force domi-
nates over the inertial force and the fluid presents a 
stable flow state, namely laminar flow. On the con-
trary, when the Reynolds number is large, the flow 
field is affected more by the inertial force, and the 
fluid will show an irregular and unstable flow state, 
namely turbulent flow. It should be pointed out that 
the process of fluid flow from laminar flow to turbu-
lent flow is generally called transition flow. The non-
Darcy factor � is defined as the ratio of the nonlinear 
term to the total pressure gradient, which is expressed 
as:

The critical Reynolds number 
(

Rec

)

 has been 
widely used for characterizing the onset of flow tran-
sition to nonlinear and is presented by:

(7)−
Pin − Pout

L
=
(

AQ + B�
�outQout

) 2PoutQout

Pin + Pout

(8)A =
12�

we3
h

(9)B� =
�
�

w2e2
h

(10)Re =
�vDh

�

=
2�Q

�w
=

2�outQout

�w

(11)� =
BQ2

AQ + BQ2
=

B�
�outQout

A + B�
�outQout

(12)Rec =
�

�w

A

B�

�

1 − �

3 � Experimental methodologies

3.1 � Sample preparation

To study the flow behaviors in hydraulic fracturing 
pattern, it is better to use the hydraulic fracturing-
induced fractures in  situ. However, it is hard to get 
such fractured rocks for laboratory tests. Hence, the 
fractures used in this study are manually made by 
specifical methods. The processes for making frac-
tures are as follows. First, the natural sandstone 
blocks were cut into cubic samples with a dimen-
sion of 200 mm × 200 mm × 200 mm. Then, the cubic 
samples were fractured with a simple fracturing appa-
ratus and the cylindrical samples were cored along 
the direction perpendicular to the fracture (Fig.  1a). 
Finally, the obtained cylindrical samples were divided 
into the ones with a dimension of � 50 mm × 50 mm 
and the two ends for each one were exactly polished 
by a lapping machine. Since this process for making 
fractures is hard to control, the number of the cylin-
drical samples is limited (only two were successfully 
made). In this study, the fractures created by hydrau-
lic fracturing are called HF. For comparison, tensile 
fractures are created by a self-made Brazilian split-
ting device using the intact cylindrical samples from 
the same cubic block (Fig. 1b). In this study, the frac-
tures created by Brazilian splitting are called BS.

3.2 � Fracture surface morphology

3.2.1 � Fracture surface roughness

To quantitatively evaluate the influence of fracture 
geometry on flow behaviors, fracture geometries 
should be measured. A 3D laser profile scanner 
(Cronos Dual, Open Technologies, Inc., Italy) was 
utilized for measuring fracture surface topography. 
Such a scanner could provide high precision (0.1 mm 
in the x and y coordinates, 0.02 mm in the z coordi-
nate), high measurement speed and favorable repeat-
ability. After scanned, the topography data were then 
input into the open-source software ParaView 5.6.0 
(Kitware Inc., USA, a program designed for multi-
platform data analysis and visualization) to reproduce 
the 3D rough surface of each fracture. Figure 2 shows 
the 3D surface topography of each sample. As shown 
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in Fig. 2, the x direction represents the flow direction 
and fracture asperity is indicated by the color bar. 
The two surfaces for one fracture are very similar, 
but their maximum magnitudes of asperity are not the 
same. The main reason for this phenomenon is that 
rock fragments ejected or fell off during the fracture 
making process. It is obvious that the ranges of asper-
ity for BS1 and BS2 are larger than those for HF1 and 
HF2.

To quantitatively describe the fracture surface 
roughness, two parameters ( Rp , Z2 ) (Myers 1962; 
Maerz et  al. 1990; Jang et  al. 2014) are directly 
adopted for analyzing the scanned data and are given 
as:

where Rp is roughness profile index, [–]; N is the 
number of data points in one profile line, [–]; dxi , dzi 
are respectively the distance between points along 
and perpendicular to profile line, [m]; Z2 is the root 

(13)Rp =

∑N

i=1

√

(dxi)
2 + (dzi)

2

L

(14)

Z
2
=

1

L

√

∫
x=L

x=0

(

dz

dx

)2

dx =

√

1

Ndx2

∑N

i=1
(dzi)

2

mean square of the fracture profile wall slope, [–]. 
These parameters are averaged over ten uniformly 
spaced profiles along the flow direction for one frac-
ture surface. Figure 3 gives two examples of the ten 
profiles for calculating Rp and Z2 , for hydraulic frac-
turing and splitting, respectively. It is seen in Fig. 3 
that the profiles for splitting fluctuates more seriously 
and tortuously. The calculated results show that Rp 
ranges from 1.0431 to 1.0442 for splitting fractures 
and from 1.0366 to 1.0382 for hydraulic ones; Z2 
ranges from 0.280 to 0.333 for splitting fractures and 
from 0.250 to 0.319 for hydraulic ones. This implies 
that the fractures created by hydraulic fracturing are 
relatively smoother than those made by splitting.

3.2.2 � Aperture distribution

Fracture aperture is positively corelated with its 
hydromechanical behaviors (Nemoto et  al. 2009; 
Brown et  al. 1986; Kulatilake et  al. 2008; Ye et  al. 
2017), which is often defined as the distance between 
two corresponding points located at each fracture sur-
face. Based on the classic cubic law, the aperture size 
is constant between two parallel smooth plates. Since 
in reality the fracture surface is rough, the aperture 
size varies at each measured location. An algorism 

Fig. 1   a The generation process of hydraulic fractures; b the generation process of splitting fractures with a Brazilian splitting 
device; c triaxial apparatus for gas flow tests
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for the process of the scanned data in Fig. 2 was uti-
lized to make the two fracture surfaces matched well. 
A geometrical model, whose size is the same as the 
experimentally used fracture, was constructed in 
Flac3D. Then, based on the scan laser’s accuracy in x 
and y directions, the model was meshed into discrete 
zones at a spatial density. After that, each zone has 
an aperture by implementing into the scanned topog-
raphy data. More details can be found in Shen et al. 
(2020). Figure 4 plots the flow chart to calculate aper-
ture of each zone. For element i, according to the four 
nodes on each side of the fracture, the aperture size is 
calculated as

where ai is the calculated aperture size for the ele-
ment i, [m]. Note that if the aperture of the element 
is smaller than zero, the element is defined as contact. 
The contact ratio is defined as the ratio of the number 
of contact elements to that of the total elements. In 
this study, it is assumed that the contact ratio be 1% 
for the initial state (zero normal stress).

Figure  5 depicts the calculated aperture distribu-
tion and the best-fitted curves for each sample based 
on the Gaussian model. The best-fitted coefficients 
are listed in Table 1. As demonstrated in Fig. 5, the 
peak frequency is about 4.6% for BF1, 7.2% for BF2, 
7.96% for HF1, and 7.97% for HF2, respectively; 
the mean aperture size is approximately 0.223  mm 
for BF1, 0.164 mm for BF2, 0.127 mm for HF1, and 
0.121 mm for HF2, respectively. On the whole, aper-
ture distributions for splitting fractures (BS1, BS2) 
are broader with lower peak frequency whereas they 
are narrow with large peak frequency for hydraulic 
ones (HF1, HF2) showing a concentrated distribution 
characteristic.

3.3 � Testing procedure for gas flow tests

The gas flow tests were conducted using a servo-
controlled triaxial system (Fig. 1c). The testing sys-
tem contains a triaxial cell with servo-controlled 
axial and lateral loading system. The gas pressure 

(15)
ai =

1

4

[(

hi5 − hi1
)

+
(

hi6 − hi2
)

+
(

hi7 − hi3
)

+
(

hi8 − hi4
)]

is applied by nitrogen gas cylinder from the bot-
tom to the top of the fracture and is measured by an 
electronic flowmeter at the outlet, which is directly 
exposed to the atmosphere. During the testing, the 
effective confining pressure, defined as the value 
that the total confining pressure minus the average 
of the inlet and outlet gas pressures, was progres-
sively increased from 1 to 40 MPa. At each effective 
confining pressure, the inlet gas pressures ranging 
from 0.1 to 2.3  MPa were imposed. Note that the 
inlet pressure is always designed to be lower than 
the confining pressure to avoid sealing failure and 
sample collapse. For a given combination of con-
fining pressure and inlet pressure, the discharge 
was recorded when the gas flow at the outlet was 
stabilized.

3.4 � Results

All the tests are performed under isothermal room 
temperature. In the following analysis, the density 
of gas is taken as 1.16 × 103  kg/m3 and viscos-
ity 1.758 × 10–5  Pa·s. Due to the low permeability 
(10–17  m2) of rock matrix, the gas was assumed to 
flow only through the fracture.

3.4.1 � Flow rate versus pressure gradient

Figure  6 shows the relationship between the flow 
rate and pressure gradient for gas flow through four 
fractures subjected to confining pressure ranging 
from 1 to 40 MPa. It can be seen that for each curve, 
the flow rate rises linearly with the increase of the 
pressure gradient at the beginning, and then dou-
bling the pressure gradient does not produce double 
flow rate, indicating the occurrence of the nonlin-
ear flow. This is primarily due to the non-negligi-
ble inertial effect caused by the ever-increasing gas 
flow rates. As the confining pressure increases, the 
nonlinearity becomes less evident, which is mainly 
ascribed to the decrease in flow rate induced by the 
less void space under high levels of confining pres-
sure. It seems that the splitting fractures exhibit 
stronger nonlinearities, showing that their curves 
are steeper for a given confining pressure. This may 
be due to more void space caused by their lower 
matching degree of the two fracture walls.

Fig. 2   3D digital surface topography of each sample based on 
a scanner

◂
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3.4.2 � Stress‑dependent hydraulic characteristics

For fluid flow through the fracture, apparent transmis-
sivity has been utilized for evaluating the nonlinear 
flow regime (Zimmerman et al. 2004; Yin et al. 2017; 
Zhou et al. 2016; Wang et al. 2020) and it is defined 
as:

where T  is the apparent transmissivity, [m4]. If the 
nonlinearity can be neglected, the apparent transmis-
sivity would be regarded as the real transmissivity of 
the fracture. Figure  7 plots the calculated apparent 
transmissivity as a function of Reynolds number at 
each combination of confining pressure and inlet gas 
pressure. It is clear that the apparent transmissivity 

(16)−∇P =
�

T
Q

does not remain unchanged but follows a decreasing 
tendency with the increase in Reynolds number. This 
further confirms the occurrence of the nonlinear-
ity. Table  2 lists the ranges of transmissivity at dif-
ferent confining pressures for each fracture. Overall, 
transmissivity decreases by two orders of magnitude 
with �c increasing for splitting fractures while by 
three orders of magnitude for hydraulic fractures. 
It is worth noting that for a higher �c , the range of 
transmissivity is smaller and the corresponding curve 
becomes linear. This phenomenon occurs at a rela-
tively smaller �c for hydraulic fractures, indicating 
that the nonlinearities in hydraulic fractures are less 
evident than that of splitting fractures.

For convenience in comparison, the raw experi-
mental data need be first processed using Eq.  (7) 
and best-fits with high fitting coefficients over 0.99 

Line 1, Rp=1.0363, Z2=0.28

Line 8, Rp=1.0465, Z2=0.33

Line 3, Rp=1.0409, Z2=0.296

Line 10, Rp=1.0407, Z2=0.298

Line 5, Rp=1.0509, Z2=0.333
Line 4, Rp=1.047, Z2=0.319

Line 2, Rp=1.044, Z2=0.308

Line 9, Rp=1.045, Z2=0.312

Line 7, Rp=1.0436, Z2=0.307
Line 6, Rp=1.0479, Z2=0.321

Line 1, Rp=1.03, Z2=0.25

Line 8, Rp=1.0372, Z2=0.285

Line 3, Rp=1.033, Z2=0.267

Line 10, Rp=1.0381, Z2=0.283

Line 5, Rp=1.0418, Z2=0.319
Line 4, Rp=1.0416, Z2=0.319

Line 2, Rp=1.0326, Z2=0.266

Line 9, Rp=1.045, Z2=0.312

Line 7, Rp=1.0379, Z2=0.291
Line 6, Rp=1.0353, Z2=0.281

(a) S4-3

(b) S3-1

Fig. 3   Two examples of ten profiles and the corresponding calculated Rp and Z
2
 values
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determination are acquired. The obtained best-fitted 
parameters A and B′ for each confining pressure are 
illustrated in Fig.  8. It depicts that both linear coef-
ficient A and nonlinear coefficient B′ increase as the 
confining pressure rises. Both A and B′ for hydraulic 
fractures are approximately two orders of magnitude 
larger than those for splitting fractures.

Based on the calculated A , the intrinsic transmis-
sivity ( T0 = �∕A ) could be obtained. Figure 9 shows 
the intrinsic transmissivity of the four fractures. As 
shown in Fig.  9, the intrinsic transmissivity Ts for 
splitting fractures is much larger than that of hydrau-
lic fractures Tf  , especially under high levels of confin-
ing pressure. Both Ts and Tf  decrease with the con-
fining pressure, but Tf  possesses a larger reduction 
rate. The average Ts ranges from 1.51 × 10–16 m4 at 
�c = 1 MPa to 1.19 × 10–18 m4 at �c = 40 MPa whereas 
6.02 × 10–17 m4 at �c = 1  MPa to 1.95 × 10–20 m4 at 

�c = 40  MPa for Tf  . The ratio of Ts to Tf  increases 
from 2.51 at �c = 1 MPa to 60.95 at �c = 40 MPa.

In order to quantify the intrinsic transmissivity 
reduction for a given loading stress, the relative intrin-
sic transmissivity reduction rate RT is introduced as:

where T0i , T0c represents the fracture intrinsic trans-
missivity for the initial state (1 MPa) and current con-
fining pressure, respectively, [m4]. The calculated RT 
for each loading stress is plotted in Fig. 10. The aver-
age RT increases sharply at first and remain almost 
constant until a certain confining pressure is reached. 
In general, RT for hydraulic fractures is relatively 
larger. For example, RT ≈ 99% occurs at �c = 30 MPa 
for splitting fractures while at �c = 16 MPa for hydrau-
lic fractures.

(17)RT =
T0i − T0c

T0i
× 100%

Fig. 4   Calculation process of fracture aperture distribution: a geometrical model of fracture; b calculating method for one zone
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3.4.3 � Critical Reynolds number and pressure 
gradient

The critical Reynolds number Rec defines the onset 
of nonlinear flow. In engineering practice, the non-
linear effect can be appreciable and not be neglected 
if the nonlinear term ( BQ2 ) accounts for over 10% 

of the pressure drop, namely E = 0.1 (Zimmerman 
et  al. 2004; Zhou et  al. 2015; Javadi et  al. 2014). 
Based on Rec , the linear and nonlinear flow regimes 
can be explicitly distinguished. The fluid flow in the 
fractures can be assumed to be laminar if Reynolds 
number is smaller than Rec . According to Eq. (12), 
Rec of the four fractures are calculated for each 

Fig. 5   Aperture distribution and the best-fitted curve for each fracture: a BS1; b BS2; c HF1; d HF2

Table 1   The best-fitted 
coefficients of aperture 
distribution for each 
fracture

Model f (x) =
1

√

2��
exp

�

−
(x−�)2

2�2

�

Sample � (mm) Average � (mm) � (mm) Average � (mm) R2 (–)

BS1 0.2229 0.19320 0.1687 0.13845 0.99716
BS2 0.1635 0.1082 0.99870
HF1 0.1266 0.12395 0.09647 0.098585 0.99878
HF2 0.1213 0.1007 0.99904
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Fig. 6   The relationship between flow rate and pressure gradient for each fracture: a–d partial enlarged view; e–h normal view
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Fig. 7   The relationship between apparent transmissivity and Reynolds number for each fracture: a–d partial enlarged view; e–h normal view
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confining pressure and are shown in Fig. 11. It can 
be seen that Rec for the four fractures BS1, BS2, 
HS1 and HS2 falls within a range of 2.67–0.43, 
1.37–0.23, 1.78–0.24 and 1.72–0.28, respectively, 
subjected to the confining pressure from 1 to 
40 MPa. On the whole, Rec decreases with increas-
ing the confining pressure for each fracture and Rec 
for splitting fractures is larger.

Substituting Eq. (10) into (3), the pressure gradient 
as a function of Reynolds number is given as (Zhou 
et al. 2015):

Combining with Eqs.  (5) and (6), the pressure 
gradient can be calculated. Figure  12 plots the flow 
regimes in the full range of confining pressure for the 
four fractures. The solid curves are the theoretical 
results based on Eq. (18) and the scatter points are the 
experimental data. The whole flow zone is divided 

(18)−∇P = A

(

�w

�

Re

)

+ B

(

�w

�

Re

)2

Table 2   The ranges of transmissivity at different confining 
pressures for each fracture (1 MPa, 40 MPa)

Sample Transmissivity/10–17 m4

�c = 1 MPa �c = 40 MPa

BS1 3.27-18.9- 0.217–0.075
BS2 8.13–4.93 0.0468–0.0275
HF1 5.92–2.89 0.00514–0.00234
HF2 2.73–1.93 0.00199–0.00125

Fig. 8   The best-fitted parameters A and B′ based on Forchheimer equation for each fracture with the increase of confining pressure 
from 1 to 40 MPa

Fig. 9   Comparisons of the intrinsic transmissivity for splitting 
and hydraulic fractures with the increase of confining pressure 
from 1 to 40 MPa

Fig. 10   The calculated intrinsic transmissivity reduction rates 
of splitting and hydraulic fractures for each confining pressure
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into a linear zone and a nonlinear zone by a critical 
line determined by Rec using Eq.  (18). The results 
indicate that the critical line is actually a curve with 
varying Rec , instead of a vertical line with unchanged 
Rec . All the experimental data for �c = 1  MPa are 
located in the nonlinear zone, implying that non-
linearity could easily occur at low levels of confin-
ing pressure. As for the case at �c = 40 MPa, all the 
points for splitting fractures stay in the range of the 
nonlinear zone while for hydraulic fractures, some 
points appear in the linear zone. This indicates that 
the decrease in fracture aperture caused by high con-
fining pressure is more significant in hydraulic frac-
tures so that the channels for flow are limited more 
and the flow rate is relatively smaller. As a result, 
the flow turns into linearity. Figure 13 compares the 
critical pressure gradient in the full range of the con-
fining pressure for the four fractures. As illustrated 
in Fig.  13, the critical pressure gradient increases 
as the confining pressure rises, indicating that more 
energy is required for the occurrence of nonlinear-
ity at high levels of the confining pressure. This is 
in good agreement with the experimental observa-
tions in Fig. 6. Apparently, the critical pressure gra-
dients for hydraulic fractures are generally larger, 
which implies that the occurrence of nonlinearity is 
more difficult in hydraulic fractures. For instance, at 
�c = 40  MPa, the average critical pressure gradient 
is about 0.91  MPa/m for hydraulic fractures while 
approximately 0.088 MPa/m for splitting ones.

Figure 14 presents the comparisons of Re for the 
four fractures at �c = 2 MPa, 8 MPa, 20 MPa, 40 MPa, 
respectively. It can be seen that with the increase of 
confining pressure, Re gradually decreases. Totally, 
when the confining pressure varies from 2 to 40 MPa, 
Re decrease by two orders of magnitude for the 
hydraulic fractures while by one order of magnitude 
for the splitting ones. Note that at each confining pres-
sure, Re for the splitting fractures are clearly larger 
under the same gas inlet pressure, which is the main 
reason for that the splitting fractures possess stronger 
nonlinearities in comparison of hydraulic ones.

3.4.4 � Normalized transmissivity

In order to further examine the nonlinear flow regime 
in the rock fractures, normalized transmissivity is 
determined in the following form (Zimmerman et al. 
2004):

where � is the dimensionless Forchheimer coefficient, 
[–]. The normalized transmissivity against Reynolds 
number for each fracture is plotted in Fig.  15. As a 
whole, T∕T0 decreases with the increase in Re . At 
low Re , T∕T0 fluctuates around 1. As Re rises, the 
scatter points of T∕T0 start to bend down, which is 
caused by the increase of inertial force. When a criti-
cal Re is reached, T∕T0 decreases sharply because 
of the dominated inertial effect. The results indicate 
that the flow behaviors are strongly dependent on the 
value of Re . T∕T0 = 0.9 is often adopted for defining 
the boundary line where the nonlinear effect becomes 
significant (Zimmerman et al. 2004; Zhou et al. 2015; 
Javadi et al. 2014). It is noticed that most of the scat-
ter points for splitting fractures are located in the 
zones ( T∕T0 < 0.9) while in the zones ( T∕T0 > 0.9) for 
hydraulic ones, which demonstrates that the nonlin-
ear effect is stronger in splitting fractures. Moreover, 
the best-fitted curve by Eq. (19) of experimental data 
for each fracture is also given in Fig.  15. The coef-
ficient � for splitting fractures locate at 0.00643, 
0.00517, respectively, larger than that of hydrau-
lic ones (0.00471, 0.00337). This also validates that 
stronger nonlinearity occurs in the splitting fractures. 
All the experimental normalized transmissivity data 

(19)
T

T0
=

1

1 + �Re

Fig. 11   Comparisons of the critical Reynolds numbers for 
splitting and hydraulic fractures with the increase of confining 
pressure from 1 to 40 MPa
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for the splitting and hydraulic fractures and the corre-
sponding best-fitted curves by Eq. (19) are illustrated 
in Fig.  16. The coefficient � of splitting fractures 
(0.00577) is almost 1.5 times than that of hydraulic 
ones (0.0041).

Furthermore, Eq.  (20) (rearranged from Eq.  (19)) 
can be utilized to check whether the nonlinear effect 
occurs and expressed as (Zimmerman et al. 2004):

If the data points based on Eq.  (20) fall on a 
straight line, it indicates that a weak inertial effect 
occurs; if the relationship between the pressure drop 
versus flow rate is nonlinear, the data points usually 

(20)
T0∕T − 1

Re
= �

fall on a horizontal line for each confining pressure. 
Figure 17 illustrates the relationship between Re and 
(

T0∕T − 1
)

 for each fracture. As a whole, the data is 
distributed over a wide range and it is hard to catch 
any information at low value of Re , especially for the 
hydraulic fractures. With the enlargement of each 
figure, it is clearly observed that on the whole, for a 
given confining pressure, the data points first locate 
on the ascending or descending line and then level 
off to a constant value. For BS1, the data points 
initially exhibit an ascending trend and then gradu-
ally level off to a constant value; for HS1 and HS2, 
these data first present a descending trend and then 
gradually level off to a constant value. As for BS2, 
under low confining pressures, the data first shows an 

Fig. 12   Flow regime distribution in splitting and hydraulic fractures: a BS1; b BS2; c HF1; d HF2
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ascending trend and then level off while descending 
and then leveling off for high confining pressures. 
It seems that the characteristics of these curves are 
strongly related to Re . At low Re , the curves are 
prone to first descend/ascend before leveling off for 
high Re.

4 � Permeability anisotropy based on numerical 
simulation

Due to the limitation of our testing system and the 
cylindrical samples, it is difficult to experimentally 
examine the permeability anisotropy in different Fig. 13   Comparisons of the critical pressure gradients for 

splitting and hydraulic fractures with the increase of confining 
pressure from 1 to 40 MPa

Fig. 14   Comparisons of Reynolds numbers for splitting and hydraulic fractures under different confining pressures: a �c = 2 MPa; b 
�c = 8 MPa; c �c = 20 MPa; d �c = 40 MPa
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directions. Therefore, numerical simulation is adopted 
for this topic.

4.1 � Modeling setup

A geometric model of rock fracture with aperture dis-
tribution is the same as that in Sect. 3.2.2. The geo-
metric model is divided into 250 × 250 × 1 homogene-
ous hexahedral zones, as shown in Fig. 18.

In numerical simulation, the fluid flow in rock 
fracture is simplified as a pseudo 3D issue based on 
the aperture distribution. A 2D pressure governing 
equation Eq.  (21), which contains mass conserva-
tion and cubic linear law, is utilized for the stationary 

Fig. 15   The relationship between normalized transmissivity and Reynolds number for each fracture: a BS1; b BS2; c HF1; d HF2

Fig. 16   Comparisons of normalized transmissivity for split-
ting and hydraulic fractures
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flow process and can be solved with the finite volume 
approach Eq. (22):

where eg is the geometrical aperture, [m]; the sub-
script o stands for the central element; j represents 
the element adjacent to the central element; AC is the 
connecting area. The inlet pressure (0.2  MPa) and 
outlet pressure (0.1 MPa), which are included in the 
flow tests, are imposed to the left and right sides indi-
cated in Fig. 18. The top and bottom are blocked for 
fluid transportation. Herein, two flow directions are 
defined: (1) x direction, as shown in Fig. 2, which is 
consistent with the experimental case; (2) y direction 
perpendicular to the experimental case. According to 
the numerically computed flow rate and the imposed 
boundary pressure at the inlet and outlet, the perme-
abilities in both directions can be evaluated. The strat-
egy is that when one surface of the fracture embeds 
into the other, the permeability decreases due to the 
decrease in the geometrical aperture. In this view, 
the variation of the permeability in response to the 
increased normal stress can be numerically repro-
duced. In comparison with experimentally meas-
ured results (Fig. 6), the fracture deformation at each 

(21)∇�
e3
g

12�
∇P = 0

(22)
n
∑

j=1

e2
g
ACj

12�ΔLj
Pj −

n
∑

j=1

e2
g
ACj

12�ΔLj
Po = 0

Fig. 17   Variations in T
0
∕T − 1 in response to the increase in 

Reynolds number for each fracture: a–d partial enlargeview; 
e–h normal view

◂

Fig. 18   Model calibration

Fig. 19   Fracture deformation at each confining pressure

Fig. 20   Comparisons of permeability anisotropy ratios for splitting and hydraulic fractures with the increase of confining pressure 
from 1 to 40 Mpa: a normal view; b partial enlarged view
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loading is obtained for the x flow direction case. After 
that, the flow direction is changed to y axis and the 
above process is repeated; then the fracture perme-
ability in y direction for each loading can be deter-
mined based on the same fracture deformation from 
the x flow direction case at the same loading.

4.2 � Results

The fracture deformation for splitting and hydraulic 
fractures are given in the Fig. 19. Fracture deforma-
tion is strongly dependent on the confining pressure. 
At low confining pressures, the incremental rate is 
large; at high confining pressures, it remains almost 
constant. On the whole, hydraulic fractures are shown 
to be less deformable with smaller deformation for a 
given confining pressure, which is the main reason for 
that nonlinearity is more difficult to occur in hydrau-
lic fracture.

In this study, the permeability anisotropy ratio K 
is defined as the ratio of the permeability in x direc-
tion to that in y direction. Figure  20 shows varia-
tions of the numerically obtained permeability ani-
sotropy ratio for the four fractures in response to the 
increased confining pressure. It can be found that K 
is always more than 1 for each case, indicating that 
the numerically estimated permeability in y direc-
tion is smaller than that in x direction. As the con-
fining pressure increases, K gradually increases but 
exhibit different rates. As a whole, K for hydraulic 
fractures seem to be more sensitive to the loading, 
showing that they possess larger K and vary more in 
response to the increased confining pressure. For the 
average K , it changes from 2.73 at �c = 1 MPa to 14 
at �c = 40  MPa for splitting fractures whereas from 
3.94 at �c = 1 MPa to 177 at �c = 40 MPa for hydraulic 
ones. The difference might be mainly ascribed to rock 
fracture surface roughness. Rp in the vertical direc-
tion ranges from 1.0415 to 1.0436 for splitting frac-
tures and from 1.0376 to 1.0394 for hydraulic ones. 
For hydraulic fractures, Rp in vertical direction are 

larger than those in horizontal direction. However, for 
splitting fractures Rp in vertical direction are close to 
those in horizontal direction. This is possibly the rea-
son that the permeability anisotropy ratio (K) is much 
higher in hydraulic fractures compared with that in 
the spitting fractures.

Variations of the flow paths in the fractures under 
the confining pressure of 1 MPa, 8 MPa, 20 MPa and 
40 MPa for both directions are given in Fig. 21. Since 
the fracture surface are rather rough (Fig.  2), strong 
tortuous paths for the flow in both directions exist. 
As the confining pressure increases, all the flow paths 
converge to some single paths with small band width 
which form the bottleneck effect and weaken the flow 
capacity (Talon et  al. 2010). Besides, it is clear that 
under the same level of the confining pressure, more 
flow paths are observed in the y flow direction and in 
the splitting fractures.

5 � Conclusions

This study, a number of gas flow tests were performed 
in a triaxial system on sandstone fracture samples 
under confining pressure changing from 1 to 40 MPa, 
primarily for investigating the nonlinear flow char-
acteristics in rock rough fractures. At each level of 
confining pressure, the gas injection pressure ranges 
from 0.1 to 2.3 MPa. Fracture geometry, transmissiv-
ity, critical Reynolds number, critical pressure gradi-
ent, and normalized transmissivity are systematically 
analyzed. By means of numerical simulation, the per-
meability anisotropy is also examined in detail. The 
following conclusions are drawn:

(1)	 Before gas flow tests, 3D fracture surfaces are 
first digitally reproduced based on a scanner 
and then the fracture geometry parameters ( Rp , 
Z2 ), aperture distributions are computed for both 
hydraulic and splitting fractures. The results 
show that hydraulic fractures possess relatively 
smoother surfaces with lower Rp , Z2 and mean 
aperture.

(2)	 The transmissivity of splitting fractures is 
larger than that of hydraulic ones, and the ratio 
of splitting to hydraulic one varies from 2.51 

Fig. 21   Comparisons of flow paths for splitting and hydraulic 
fractures under different confining pressures: a, b BS1; c, d 
BS2; e, f HF1; g, h HF2. 1, 8, 20, 40 represents that confining 
pressure equals 1 MPa, 8 MPa, 20 MPa, 40 MPa; H stands for 
horizontal direction; V means vertical direction

◂
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at �c = 1  MPa to 60.95 at �c = 40  MPa. This is 
mainly caused by the difference in fracture sur-
face roughness. With a smaller roughness, both 
walls of a fracture are matched easier and more 
fracture closure is reached in response to the 
same loading.

(3)	 As the confining pressure increases, the critical 
Reynolds number Rec decreases and the critical 
pressure gradient ∇P increases. On the whole, 
splitting fractures have larger Rec and lower ∇P , 
indicating that the occurrence of nonlinear flow 
in splitting fractures can appear more easily. This 
is also verified by the average value of Forch-
heimer coefficient � , 0.00577 for splitting frac-
tures and 0.0041 for hydraulic ones, respectively.

(4)	 The permeability of sandstone fractures pos-
sesses strong anisotropy. This anisotropic effect 
is dramatically enhanced for a higher loading. On 
the whole, the permeability anisotropy in hydrau-
lic fracture is more significant, showing that the 
permeability anisotropy ratios K are larger and 
more sensitive to the loading.
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