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Abstract Under the application of the fluctuating 
Tunnel Boring Machine (TBM) jack thrust and the 
non-uniformly distributed total pressure of the slurry 
around the lining, the bending and the shear deforma-
tion occur on the segmental lining along the longi-
tudinal direction, which cause a stress concentration 
and increase the damage risk of the segmental tunnel 
lining. The analysis of the circular joint stiffness is a 
critical step during the evaluation of the stress state of 
the segmental lining so as to decrease the associated 
risk of damage. In order to investigate the lining rings 
and the circular joint separately, an integrated numer-
ical model which is composed of segment elements 
and joint elements was developed. Furthermore, stiff-
ness equations for describing in the detail the cir-
cular joint behaviour of the tunnel segmental lining 
are derived. The new stiffness equation of the circu-
lar joint is also used to analyse the segment lining 
behaviour based on a well-known indoor test result 
by the scientific literature, and satisfactory results 
were obtained. A simplified estimation of the bending 

stiffness of the circular joint based on the Boltzmann 
equation is then suggested in order to obtain quickly 
its calculation. Finally, based on a specific numerical 
model, the calculated joint stiffnesses are adopted to 
analyse the vertical displacement of a real case (The 
Ningbo metro tunnel in China). Through a developed 
sensitivity analysis, some useful suggestions are pro-
posed to reduce the damage risk of the segmental 
lining.

Article Highlights 

• The forces applied by a TBM in the tail to the seg-
mental lining and the buoyancy forces can damage 
the lining.

• In order to study the stress conditions and the 
safety factors of the lining it is necessary to evalu-
ate with a certain precision the stiffnesses of the 
circular joint.

• New equations were developed in order to deter-
mine the bending and shear stiffnesses of the cir-
cular joints of segmental linings.
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1 Introduction

The method of dividing the tunnel lining into seg-
ments is widely adopted in tunnel engineering with 
Tunnel Boring Machines (TBMs); segmental lining 
is favourable for centralized and factory production, 
convenient transportation, and efficient installation. 
Generally, segmental linings are made from concrete 
and steel, and are connected by bolts along the longi-
tudinal and transverse directions. Different from the 
integral pouring concrete lining, the structure discon-
tinuity due to the circumferential and longitudinal 
joints is the main physical characteristic of a seg-
mental lining and significant relative dislocations and 
openings can be verified in each joint.

The segmental rings are the basic element along 
the tunnel axis. The relative deformation between 
the adjacent rings along the circumferential joint can 
be divided into four types: compression, dislocation, 
rotation and transversal deformation (Fig.  1); they 
are caused by the normal force, shear force, bending 
moment and lateral (radial) pressure. The compres-
sion, dislocation and rotation deformation of the seg-
mental lining ignores a relative deformation among 
the segments of the lining rings (Fig. 1d).

Based on a full-scale test of the single segmental 
ring, Liu et  al. (2015) confirmed that the main rea-
son which leads to the failure of a single segmental 
ring is the longitudinal joint damage, and the longi-
tudinal joints are the weakest location and the earliest 
yield point. Furthermore, Liu et al. (2020b) tested the 
influence of the adjacent segmental rings with a stag-
gered assembly which means the longitudinal joint 
is not on the same straight line in all the rings, and 

found that the distribution of the moment was influ-
enced by the adjacent segmental rings which led to a 
moment increase in the segment body and a moment 
decrease in the longitudinal joints; therefore the fail-
ure of segmental linings begins at the circumferen-
tial joints due to the compressive-shearing failure of 
tongue-groove tenon. Ye et  al. (2014) investigated 
the straight assembly and the staggered assembly by 
an indoor model test and explained the effect of the 
location of a longitudinal joint of the adjacent rings 
on the rings’ deformation in the transversal section. 
These researches reveal that the circumferential joints 
can redistribute the ring’s deformation, and make the 
segmental lining more uniform (Fig. 1d).

The uniform longitudinal compression deforma-
tion is the ideal deformation of the circumferential 
joint, which cannot lead to the concentration of longi-
tudinal stresses (Fig. 1a). However, since the circum-
ferential surface of adjacent rings has a lower stiffness 
compared with the segmental rings, a dislocation and 
a rotation between the surface of the adjacent rings 
can develop (Fig.  1b, c). The rotation deformation 
will cause an uneven distribution of longitudinal 
stresses on the transversal section of the circular joint, 
which leads to the increase of the damage risk to the 
joint (Gil Lorenzo 2019). The dislocation deforma-
tion usually generates shear stresses on the segmental 
lining (Liu et al. 2021), especially for the joints with 
the tongue and groove tenon.

The accumulation of the dislocation and rotation 
along the tunnel axis will lead to differential defor-
mation due to the lining buoyancy or subsidence 
phenomenon along the longitudinal direction of the 
tunnel. The differential deformation is therefore the 

a) b) c) d)

R1
R2

R1

R2

R1 R2

R1

R2R1 R2

Fig. 1  The types of relative deformation along circumferential joints between adjacent rings. a compression; b dislocation; c rota-
tion; d transversal deformation. Key: R1 means the lining ring 1, and R2 means the ring 2
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critical index to assess the quality of a tunnel because 
it will lead to a higher damage risk of the concrete 
breakage in the segmental lining (Han et al. 2018).

Chen et al. (2016) reported the monitoring results 
of the Ningbo Metro Line 1 (China), which led to 
differential displacements, cracks and leakages in 
the tunnel lining. Huang et  al. (2020) reported a 
soil–water rush causing differential displacements 
and the lining damage in Tianjin Metro Line 1 
(China), and observed that the maximum value of the 
ground surface settlement, the tunnel crown displace-
ment and the lateral convergence were about 119 mm, 
3.8  mm and 22  mm respectively. Liu et  al. (2020a) 
discussed about an accident occurred in a leakage 
location inside a tunnel during freezing construction, 
which lead to the uneven settlement and the con-
crete spalling along the circumferential joints. These 
cases describe that the obvious change of lateral force 
applied on the segmental lining leads to differential 
displacements which result in the dislocation and 
rotation between the lining rings and further causes 
the damage of lining joints.

Differential displacements are also very common 
during the construction phase (Chen et al. 2018; Zhou 
and Ji 2014). A 120  mm maximum ultimate uplift 
value was verified by Zhou and Ji (2014) in the con-
struction period of a 6.2 m external diameter tunnel. 
Different reasons can be considered: jacks thrust, 
grouting pressure and surrounding rock conditions. 
Zhou and Ji (2014) revealed that the composition of 
slurry and grouting pressure have a significant influ-
ence on the vertical displacement, while jacks thrust, 
advance rate of the TBM and the pressure of the 
shield chamber have a little impact.

Nowadays, there are two types of slurry as syn-
chronous grouting material: single-component slurry 
and two-component slurry. Compared with the two-
component slurry which is composed of cement, fly 
ash, bentonite, etc. (A) and sodium silicate (B), and is 
grouted by a special grouting equipment, the single-
component slurry is composed of cement, bentonite, 
sand, etc., and has a lower risk of blockage of the 
grouting pipe with a lower requirements for grouting 
equipment. The disadvantage of the single-compo-
nent slurry is the long setting time which increase the 
uplift risk (Peila et al. 2011) due to the lining buoy-
ancy in the fluid slurry zone.

In order to quickly and simply assess the differ-
ential deformations of the tunnel lining along the 

longitudinal direction, 1D simplified analytical mod-
els were developed based on the beam theory which 
adopt the bending stiffness and the shear stiffness to 
control the longitudinal deformation (Cheng et  al. 
2021; Li et  al. 2019; Liang et  al. 2017; Liao et  al. 
2008; Liu et  al. 2021; Shi et  al. 2022; Shiba et  al. 
1989; Wu et  al. 2015; Yu et  al. 2019). Because the 
stiffness is an equivalent value that is influenced by 
the material of the segmental lining, the shape of its 
cross section and the presence of forces, especially 
for the joints, the evaluation method of the stiffness 
is controversial and also in continuous improvement 
(Cheng et al. 2021; Wu et al. 2015). Li et al. (2019) 
emphasized that the longitudinal axial forces have 
a significant influence for the longitudinal bend-
ing stiffness through an indoor test, and they need to 
be considered during the evaluation of the bending 
stiffness of the segmental lining. Geng et  al. (2019) 
divided the deformation of the circumferential joint 
into five different patterns based on the contact state 
of the joint and the stress state of bolts, and found that 
the combination of tension force and moment influ-
ence the equivalent bending stiffness. Shi et al. (2022) 
considered a nonlinear equivalent bending stiffness of 
joints under the application of axial forces, and found 
that the deformation of joints shows a two-stage 
increase with the increase of the moment. Based on 
the findings of researchers, the axial force in the lin-
ing has an obvious impact on the bending stiffness, 
and the relationship between them is nonlinear and 
not explicit.

The joints are the weakest parts in the segmental 
lining, and their stiffness, which is used to represent 
the relationship between the load and the deforma-
tion, is influenced by numerous factors; after the joint 
opening (Li et al. 2019) it is possible to see a decrease 
in the stiffness value. Moreover, taking a detailed 
assessment of the joint stiffness and its influence on 
the stress state of the segmental lining with the appli-
cation of a normal force and a moment is important 
for analysing the damage risk of segmental linings.

In this paper, considering the deformation of the 
joint with a specific length and the deformation of the 
segmental lining ring separately, the bending stiffness 
of the circular joint is derived based on the concrete 
compressed stiffness and the steel tensile stiffness 
which is converted to an equivalent one. 36 analysed 
cases with different tunnel external diameters, thick-
nesses of the segmental lining and bolting systems 
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are studied; a simplified equation for the joint bend-
ing stiffness is proposed. The joint bending stiffness 
is no longer a constant, and is a function of the nor-
mal force and of the moment applied to the circular 
joint.

Based on the bolt deformation and the constraint 
of the bolt hole, a procedure used to calculate the 
equivalent shear stiffness of the circular joint is also 
proposed. The influence of the bolt combination and 
the gap between the bolt and the hole on the shear 
stiffness are analysed. This model allows to evalu-
ate the contribution of the concrete hole wall and not 
only of the bolt to the shear stiffness. The obtained 
results of the study were able to give some sugges-
tions to reduce the damage risk of the segmental lin-
ing during the construction of a tunnel using a TBM 
machine.

2  The circular joint behaviour of a segmental 
lining

2.1  Short review of solutions for stiffnesses 
determination in the scientific literature

The analytical method and the empirical one are two 
main ways to design the tunnel lining (Einstein and 

Schwartz 1979). The finite element analysis (one 
type of the numerical method) is sophisticated and 
time-consuming, but is widely used due to its capa-
bility of detailed simulation for the segmental lining, 
such as bolts, concrete segments, hydraulic jacks, 
jack pad, shield tail wire brush, etc. (Chaipanna and 
Jongpradist 2019; Gil Lorenzo 2021; Guo et al. 2021; 
Shi et al. 2022; Wang et al. 2014; Zaheri et al. 2020). 
Simplified analytical methods are also widely applied 
for the fast evaluation of tunnel lining based on the 
geotechnical and geometrical information (Einstein 
and Schwartz 1979); it simplifies the tunnel lining 
as beams or beams connected by springs (Chen et al. 
2018; Cheng et al. 2021; Geng et al. 2019; Gil Lor-
enzo 2019; Huang et  al. 2015, 2012; Li et  al. 2019; 
Liang 2019; Liang et al. 2021, 2017; Liu et al. 2021; 
Wu et al. 2015; Yu et al. 2019).

Based on the scientific literature, there are about 
three types of the simplified analytical models used 
to analyse the deformation of the segmental lining 
along the longitudinal direction, including the con-
tinuous beam model (CB), beam-spring model (BS) 
and the standard and special beam model (SSB) 
(Fig.  2). The longitudinal segmental lining is seen 
as a homogeneous beam in the CB model which 
was derived by Shiba et al. (1988) (Fig. 2a). Huang 
et  al. (2012), Talmon and Bezuijen (2013), Huang 
et  al. (2015) and Gil Lorenzo (2019) developed 

a) b) c)

spring

Fig. 2  Simplified analytical models of circumferential joint: a continuous beam model; b beam-spring model; c standard and special 
beam model. Key: Req means equivalent ring, Rcon means standard ring, and Sjoint means the special ring for the joint simulation
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the longitudinal continuous model based on the 
Euler–Bernoulli beam and analysed the longitudi-
nal deformation and the internal forces. However, 
the Euler–Bernoulli beam can’t represent the shear 
deformation; the continuous Timoshenko beam was 
used to calculate the longitudinal deformation con-
sidering the bending stiffness and the shear stiffness 
(Cheng et al. 2021; Shi et al. 2022; Wu et al. 2015, 
2018). Although the CB model was used widely as 
a result of the convenience, it is difficult to accu-
rately reflect the deformation characteristic of joints 
after considering the discontinuous segmental lining 
as an equivalent continuous beam (Li et  al. 2014). 
The BS model which is proposed by Koizumi et al. 
(1988) simulates the segmental lining and joints 
with beams and springs (Fig. 2b), and can make up 
for the deficiencies of the CB model. However, the 
spring stiffness of the circular joint is complicated 
to determine.

To analyse the sinking of a Micro Tunnel Boring 
Machine (MTBM) in soil, Oreste et al. (2002) consid-
ered that the tunnel was composed of the MTBM, the 
pipes and the joints, and adopted the hyperstatic reac-
tion method to calculate the longitudinal deforma-
tion; it was developed based on the finite difference 
method.

In this paper, the joint is considered as a special 
beam, and segments are simulated by standard beam 
(Fig. 2c). The stiffness of segments are relatively sim-
ple to evaluate (Cheng et al. 2021), while stiffnesses 
of the joint elements, including both the bending stiff-
ness and the shear stiffness, are difficult and are dis-
cussed in this section based on the application of the 
moment, the normal force and the shear force at each 
joint. The proposed approach aims to determine the 
characteristics of the special elements that are able to 
simulate circular joints in the longitudinal modelling 
of the segmental lining.

2.2  Rotational effect and opening of the joint due to 
moments and normal forces

Based on the Timoshenko beam theory, the ratio 
between the moment M and the relative rotation angle 
� of the cross sections for a length L , can be calcu-
lated based on the bending stiffness EI and L.

(1)
M

�
=

EI

L

where EI is the bending stiffness of the beam with 
a length L ; it is an equivalent bending stiffness for a 
beam simulating a joint: EI = (EI)eq.

Therefore, the bending stiffness is the critical 
parameter for the evaluation of the bending defor-
mation of the beam under transversal loads (Eq.  1). 
However, due to the opening of the joint under 
moments and normal forces, the relationship between 
the rotation angle and the moment is nonlinear.

In order to obtain this relationship, the stress state 
of bolts and of concrete at the circumferential joint is 
analysed with the application of a moment and a nor-
mal force (Fig. 3). There are two types of conditions: 
joint closed and joint open (Fig. 4). When the joint is 
closed, the whole cross section is compressed and the 
neutral axis is out of the cross section (Fig. 4a). When 
the joint is open, the cross section is divided into a 
detached zone and a compressed one (Fig. 4b).

When the joint is closed, the total cross section 
of the segmental lining is compressed (Fig. 4a). The 
rotation angle � can be obtained based on the devel-
oped longitudinal displacements.

The compression displacement of the concrete (�c) is 
equal to the ratio between the stress and the compres-
sion stiffness of the concrete based on the Winkler 
theory.

where Kc is the compression stiffness of the concrete, 
�c is the compression stress of concrete.

Furthermore, the difference between the maximum 
compression stress �c,max and the minimum stress 
�c,min can be determined by the following equation 
based on the beam theory:

where M is the moment, �c,max and �c,min are the maxi-
mum and minimum compression stress of the con-
crete, I is the inertia moment of the segmental lining 
ring.

Substituting Eqs.  2 and 3 into Eq.  4, the follow-
ing equation represent the bending deformation of the 
joint.

(2)� =
2 ⋅ (�c,max − �c,min)

2 ⋅ Re

(3)�c =
�c

Kc

(4)(�c,max − �c,min) =
2 ⋅M ⋅ Re

I
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Fig. 3  The tensional and deformative condition of a circular 
joint when a moment M and a normal force N are applied (case 
of 16 bolts connecting the circular joint). Key: a longitudinal 
view; b transversal view. Legend: De is the external diameter 
of the tunnel, t  is the thickness of the segmental lining, Lb,p is 
the projection length of the bolt along the axial direction, �b,max 
is the maximum tensile displacement of the bolts on the joint 

cross section, �c,max is the maximum compression displace-
ment of the concrete, � is the rotation angle of the joint which 
is the relative rotation angle of the end surface of segment with 
the adjacent one, yi is the location of the assumed strips in the 
integral method, yn is the location of the upper boundary of the 
compressed zone of the section

Fig. 4  Developed displacements on the circular joint. Key: 
a joint closed; b joint open. (Assumption: the contact surface 
still keeps a plane section after rotational deformation). Leg-
end: Re is the external radius of the tunnel, �c,min is the mini-

mum compression displacement of the concrete in the cross 
section, L is the length of segmental lining near the joint along 
the axial direction which influences the compressed displace-
ment �c of the concrete (Eqs. 7 and 8)
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For the condition of the joint closed, the bending stiff-
ness is equal to the bending stiffness of the segmental 
lining (Eq. 1):

where Econ is the elastic modulus of concrete.
Therefore, the compression stiffness of concrete 

can be derived using the following equation.

Based on Eq. 1, the rotation angle of the beam with 
a bending stiffness EI under the application of the 
moment M is a relative value which is influenced by 
the length L . Because the compression displacement 
of the concrete �c is a process variable and the stress 
of the concrete is a state variable (Eq.  3), the com-
pression stiffness is also a process variable and can 
change with the length L.

On the other hand, the rotation of the joint when 
the joint is open in the detached zone is determined 
by the deformation of the bolts with a length Lb ; the 
corresponding length Lb,p of the segment lining which 
wraps the bolts and provided the bolts holes does not 
have any deformation (Fig.  3a). Assuming that the 
contacted surface of the joint still keeps a plane sec-
tion after bending deformation, the following equa-
tion can present the compression deformation on the 
compression zone of the joint element with a length 
Lb,p.

When the joint is open, there is a detached zone and 
a compressed zone (Fig. 3). The strain of the bolt is 
equal to the ratio between the tensile stress and the 
elastic modulus of the bolt, and also the ratio between 
the displacement and length of the bolt.

where �b is the tensile stress in the bolt, Est is the steel 
elastic modulus, and �b is the elongation of the bolt 

(5)M

�
=

I ⋅ Kc

2

(6)(EI)eq = EconI

(7)Kc =
2 ⋅ Econ

L

(8)Kc =
2 ⋅ Econ

Lb,p

(9)�b =
2 ⋅ �b

Lb
=

�b

Est

due to the joint opening and can be obtained by the 
tensile stress �b and the tensile stiffness of the bolt Kb.

Therefore, the tensile stiffness of the bolt can be 
derived by the following equation:

Based on the transformed area method, the bolt stress 
can be commuted into an equivalent tensile stress in 
its competence area of the cross section of the seg-
mental lining.

where n is the number of the bolts, Ab is the cross-
section area of the bolt, A is the one of the lining ring, 
�bs is the equivalent tensile stress where the joint is 
open. Where the equivalent tensile zone take place 
the same displacement as the bolts, but the tensile 
stiffness and the stress of this zone is different from 
the bolts.

The equivalent tensile stress is equal to the tensile 
stiffness of the equivalent area Kbs multiplied by the 
bolt elongation,

where

The joint can be simplified as a Bimodular beam with 
a length Lb,p which is composed of the equivalent 
tensile zone and the compressed zone after the joint 
opening (Fig. 4b). The tensile stiffness and the com-
pression stiffness for the two zones can be calculated 
by the following equation.

(10)�b =
�b

Kb

(11)Kb =
2 ⋅ Est

Lb

(12)�bs ⋅
A

n
= �b ⋅ Ab

(13)�bs = Kbs⋅�b

(14)Kbs = Kb ⋅
n ⋅ Ab

A

(15)

⎧⎪⎨⎪⎩

Kcom = Kc =
2⋅Econ

Lb,p
0 ≤ y ≤ yn

Kten = Kbs =
2⋅Est

Lb
⋅
n⋅Ab

A
y > yn
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where yn is the vertical height of the compression 
zone (Fig. 3).

2.3  Bending stiffness of the joint

Based on the Bimodular beam simulating the joint 
(Fig. 5), the stress state can be obtained by the stiff-
ness and deformation of the joint as follows:

The normal force N and the moment M of the joint 
can be connected to the stress value in the joint by the 
following equations:

They can also be expressed as follows:

where K is the stiffness which can be obtained by 
Eq. 15, b(y) is the total width of the cross section var-
ying the height y.

Based on Eq. 1, the equivalent bending stiffness of 
the joint can be obtained by the following equation:

(16)
{

�com = Kcom ⋅ �com
�ten = Kten ⋅ �ten

(17)
{

N = ∫
A
� ⋅ dA

M = ∫
A
� ⋅ (Re − y) ⋅ dA

(18)

{
N =

�

2
⋅ ∫ 2Re

0
K ⋅ b(y) ⋅ (yn − y) ⋅ dy

M =
�

2
⋅ ∫ 2Re

0
K ⋅ b(y) ⋅ (yn − y) ⋅ (Re − y) ⋅ dy

(19)

(EI)eq =
M

�
⋅ L =

Lb,p

2
⋅ ∫

2Re

0

K ⋅ b(y) ⋅ (yn − y) ⋅ (Re − y) ⋅ dy

The angle � was used to describe the location of the 
neutral axis by Shiba et al. (1988) (Fig. 5). The dis-
placement of the compression and the tensile zones 
can be connected to the angle �:

where r is the average radius of the segmental lining

t is the thickness of the segmental lining.
h is the vertical distance from the central point to 

the highest point of the compression zone:

Based on Eq.  18, the moments referred to the hori-
zontal axis passing through the central point of the 
lining cross-section can be derived on the two zones 
when the joint is open:

where Mcom is the moment obtained by the stresses 
in the compression zone and Mten is the moment 
obtained by the stresses in the detached zone.

The total moment of the joint is the sum of the 
moments of the two zones:

(20)

{
�com = (r − h) ⋅

�

2

�ten = (r + h) ⋅
�

2

(21)r = Re −
t

2

(22)h = r ⋅ sin�

(23)

⎧⎪⎨⎪⎩

Mcom =
2⋅Kcom⋅�com

r−h
⋅ ∫ �

2
−�

0
(r ⋅ cos� − h) ⋅ r2 ⋅ cos� ⋅ t ⋅ d�

Mten =
2⋅Kten⋅�ten

r+h
⋅ ∫ �

2
+�

0
(r ⋅ cos� + h) ⋅ r2 ⋅ cos� ⋅ t ⋅ d�

Fig. 5  The distribution 
of the deformation and 
the stress state along the 
circular joint cross section. 
Key: a is the cross section 
of a joint, b is the deforma-
tion of the joint varying the 
height y, and c is the stress 
state of the joint varying the 
height y
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According to Eq.  1, the equivalent bending stiffness 
of the joint element with a length Lb,p can be derived:

Based on Eq. 18, the normal force on the two zones 
can be obtained by the following equations:

where Ncom is the compression normal force and the 
Nten is tensile normal force.

When the total normal force of the contact surface 
of the joint is equal to zero, Ncom = Nten , the angle � 
can be derived by the following equation:

When the total normal force is not equal to zero (it 
means that the compression force is larger than zero 
during the construction stage), the normal force N is 
obtained as:

Dividing the total normal force by the moment, 
the following equation which is used to calculate 
the angle � can be derived from Eqs. 24 and 28. In 
order to simplified the equation, the parameters m is 
introduced:

(24)

M =
[
K
com

⋅

(
π

2
− � − sin� ⋅ cos�

)

+K
ten

⋅

(
π

2
+ � + sin� ⋅ cos�

)]
⋅
(D

e
− t)3 ⋅ t

16
⋅ �

(25)

(EI)eq =
[
Kcom ⋅

(
π

2
− � − sin� ⋅ cos�

)

+Kten ⋅

(
π

2
+ � + sin� ⋅ cos�

)]
⋅

(De − t)3 ⋅ t

16
⋅ Lb,p

(26)

⎧⎪⎨⎪⎩

Ncom =
2⋅Kcom⋅�com

r−h
⋅ ∫ �

2
−�

0
(r ⋅ cos� − h) ⋅ r ⋅ t ⋅ d�

Nten =
2⋅Kten⋅�ten

r+h
⋅ ∫ �

2
+�

0
(r ⋅ cos� + h) ⋅ r ⋅ t ⋅ d�

(27)� + cot� = � ⋅

(
1

2
+

Kten

Kcom − Kten

)

(28)

N =
[
K
com

⋅

(
cos� − sin� ⋅

(
π

2
− �

))

−K
ten

⋅

(
cos� + sin� ⋅

(
π

2
+ �

))]
⋅

(D
e
− t)2 ⋅ t

4
⋅ �

where

In this section, two methods able to calculate 
the bending stiffness of a circular joint, have been 
presented:

(1) the integral method: based on Eqs.  18 and 19, 
dividing the joint section into many strips with a short 
height Δy ; then, the normal forces and the moments can 
be obtained by summing along the vertical direction y.

(2) The angle � simplified method: the joint bend-
ing stiffness can be obtained by Eq. 25. In this equa-
tion, the angle � can be calculated by using Eq.  27 
when the normal force is equal to 0 and by Eq.  29 
when the normal force is greater than 0.

Compared with the second method, the first one 
can consider also the yielding of steel bolts and 
concrete. Although the second method is only avail-
able for elastic materials, it provides a possibility 
to quickly calculate the bending stiffness of a circu-
lar joint. A more simplified method is suggested on 
Sect. 3 based on the second method, and the limita-
tion moment of a joint under the application of the 
normal force N is discussed.

2.4  Dislocation effect of the lining rings due to the 
shear force

Based on the Timoshenko beam theory, shear stiffness 
is a critical parameter for the evaluation of the shear 
deformation of beams. Based on shear deformation 
tests (Liu et al. 2018; Yan et al. 2011), the shear defor-
mation of a circumferential joint can be divided into 
three stages (Cheng et  al. 2021): (a) no shear defor-
mation under the friction forces on the joint faces; (b) 
free shear deformation due to the gap between the hole 
walls and the steel bolts; (c) restricted shear deforma-
tion based on the resistance of the bolt or the tongue 
and groove tenon. The test results show that the first 
and the second stages may occur simultaneously due 
to the mistake of assembly (Liu et al. 2018).

(29)

N

M
⋅
De − t

4
=

m ⋅ (cos� + � ⋅ sin�) − �∕2 ⋅ sin�

−m ⋅ (� + cos� ⋅ sin�) + �∕2

(30)m =
Kcom − Kten

Kcom + Kten
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Because the shear deformation mainly occur in 
the joint due to the dislocation between the adjacent 
rings (Wu et al. 2015), the equivalent shear stiffness 
of a circular joint can be obtained by the following 
equation:

where (kGA)j,eq is the equivalent shear stiffness, Qmax 
is the maximum shear force of the joint, �j,max is the 
maximum dislocation of two adjacent rings, Lb,p is 
the projection length of the bolts along the longitu-
dinal direction, and is also the length of the element 
that simulates the joint (Fig. 6). Figure 6 shows a sim-
plified scheme where the bolt length is represented by 
the projection along the lining axis.

When the stress in the bolts reaches the limit yield 
stress �y , the developed maximum shear force of each 
bolt in the joint can be obtained; then the maximum 
shear force of the joint Qmax is obtained by the follow-
ing equation:

Before the shear deformation of the bolt, the bolt is 
located in the centre of the bolt hole (Fig. 6a). Due to 

(31)(kGA)j,eq =
Qmax

�j,max
⋅ Lb,p

(32)Qmax =

√
3 ⋅ n

16
⋅ � ⋅ �2

bolt
⋅ �y

the gap between the diameter of the hole and of the 
bolt, the bolt will bend with the shear deformation of 
the segmental lining. The bolt bending deformation is 
without the restriction of the hole wall before reach-
ing the limit condition when the bolt is in contact 
with the hole wall (Fig. 6b). After this limit state, the 
deformation of the bolt will be restricted by the hole 
wall (Fig. 6c). Therefore, based on the described limit 
state, the shear deformation of the bolt can be divided 
into two zones: free shear deformation and restricted 
shear deformation.

Due to the constraint of the screw nut, the end-
point of the bolt is considered to be a fixed end, and 
the cantilever beam can be used to simulate the bend-
ing deformation of the bolt under the application 
of the shear force (Fig. 6a): the displacement of the 
bolt relative to the hole wall has the maximum value 
in the middle of the bolt length (Fig. 6b). When the 
bolt touches the hole wall, the resistance from the 
hole wall is applied on the bolt together with the force 
from the other half of the bolt (Fig.  6c). The resist-
ance from the hole wall can be calculated by the com-
pression stiffness of the concrete hole wall.

The relative shear displacement of the segmental 
lining �j is two times the transversal displacement of 
the bolt in the middle of the bolt length �(Lb∕2).

Fig. 6  The shear deforma-
tion of the connecting bolt 
in its hole. Key: a initial 
state; b limit state of the 
free shear deformation 
before the contact with the 
hole wall; c restricted shear 
deformation
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For the free shear deformation, the displacement of 
the bolt can be obtained based on the bending defor-
mation of the cantilever beam.

where Q is the shear force of the joint, Ibolt is inertia 
moment of the bolt cross-section, Est is the steel elas-
tic modulus.

When the shear deformation reaches the limit 
state, the transversal displacement is equal to half of 
the difference between the diameter of the hole and 
the diameter of the bolt. The limit shear force  Flim can 
be derived by the following equation:

For the restricted condition, the transversal displace-
ment of the bolt can be obtained based on the cantile-
ver beam theory:

where Khole is the compression stiffness of the hole 
wall, Khole can be estimated by the following equation 
(Han et al. 2022):

The area Ac of the concrete compressed zone is equal 
to the diameter of the bolt �bolt multiplied by the 
length of the compressive zone Lc : Ac = �bolt ⋅ Lc . Lc 
can be obtained by the displacement �

(
Lb∕2

)
 and the 

first derivative of displacement ��(Lb∕2):

where the first derivative of displacement ��(Lb∕2) is:

(33)�j = 2 ⋅ �(Lb∕2)

(34)�(Lb∕2) =
Q

n
⋅

(Lb∕2)
3

3 ⋅ Est ⋅ Ibolt

(35)Flim =
12 ⋅ (�hole − �bolt) ⋅ Est ⋅ Ibolt

Lb
3

(36)

�(L
b
∕2) =

(
Q

n
+ K

hole
⋅
�
hole

− �
bolt

2

)
⋅

L
b

3

K
hole

⋅ L
b

3 + 24 ⋅ E
st
⋅ I

bolt

(37)Khole =
4√
�
⋅

Gcon�
1 − �con

� ⋅
√
Ac

(38)Lc =
1

�
�
(Lb∕2)

⋅

[
�
(
Lb∕2

)
−

�hole − �bolt

2

]

Based on Eqs. 36–39, the displacement �
(
Lb∕2

)
 can 

be calculated under the application of the shear force 
Q through an iterative procedure varying Khole , start-
ing from an initial value of Khole = 0 and finishing 
after achieving a certain accuracy in the final result.

Therefore, according to the comparison between 
the maximum shear force developed inside each bolt 
Qmax∕n and the limit shear force Flim , the contact 
between the bolt and the hole wall can be evaluated. 
Furthermore, the maximum dislocation of the joint 
�j,max can be calculated by the Eqs. 33 and 34 or from 
Eqs. 36 to 39 under the application of the maximum 
shear force Qmax . The detailed procedure for the cal-
culation of the equivalent shear stiffness is shown in 
Fig. 7.

3  Cases study for evaluating the circumferential 
joint behaviour

3.1  Bending stiffnesses of the circumferential joint

The integral method of Sect.  2.3 has been applied 
to the case of the Metro Tunnel of Ningbo in China; 
the lining rings have a width of 1.2  m, a thickness 
of 0.35 m, an external diameter of 6.2 m, and a bolt 
system of 16 longitudinal bolts with a diameter of 
30  mm (cross section area of  561mm2), a length of 
530  mm, and a projection length of 400  mm. The 
main material of the lining segments is a C50 con-
crete; the Young’s Modulus, the Poisson’s ratio and 
the unit weight of concrete are 3.45 ×  104 MPa, 0.167 
and 25 kN/m3 respectively. In addition, the bolt mate-
rial is a 8.8 class steel; the Young’s Modulus and the 
Poisson’s ratio are 2.06 ×  105  MPa, 0.3 respectively 
(Zhou and Ji 2014).

In order to investigate the influence of the main 
lining parameters on the stiffnesses of the circumfer-
ential joint, a further 36 different cases were also con-
sidered with different tunnel diameters, thicknesses 
of the segmental lining, bolt diameters and applied 

(39)

��(L
b
∕2) =

[
Q

n
− K

hole
⋅

(
�
(
L
b
∕2

)
−

�
hole

− �
bolt

2

)]
⋅

(L
b
∕2)2

2 ⋅ E
st
⋅ I

bolt
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normal forces (Table 1). The combination of lining 
diameters and the assumed number of bolts is listed 
in Table 2; it aims to maintain the same number of 
bolts per meters along the circular profile. The yield 
stress of 32.4 MPa for the concrete and of 640 MPa 
for the steel of bolts were considered.

The curves of the moment varying the rotational 
angle of the joint are shown in Figs.  8, 9 and 10 
respectively for the tunnel diameter of 9.3 m, 6.2 m, 
and 3.1 m based on different normal forces and bolt-
ing systems.

Figure 8 the curves can be divided into three sec-
tions with three different slopes when the normal force 
is equal to 10MN, and only two sections when the 
normal force is 0. The second section of the curve for 
10MN normal force is almost parallel to the first sec-
tion of 0MN, and the third section of the 10MN case is 

Fig. 7  Procedure for the 
calculation of the equivalent 
shear stiffness ( (kGA)j,eq ). 
Key: Km is the initial value 
of the compression stiffness 
of the hole wall Khole and is 
used to calculate the param-
eters before getting the next 
value Kn by Eq. 37

Table 1  Parameters of investigation in the study

Diameter of tun-
nel lining D

e
 (m)

Thickness of 
lining (m)

Diameter of Bolt 
�
b
 (mm) and cross 

section area

Normal 
force N 
(MN)

3.1 0.30 20 (245  mm2) 0
6.2 0.35 30 (561  mm2) 10
9.3 33 (694  mm2)

Table 2  The combination of the number and diameter of bolts 
for the considered cases in the study

D
e
 (m) �

T
 (mm)

20 30 33

3.1 4Φ20 8Φ30 12Φ33
6.2 8Φ20 16Φ30 24Φ33
9.3 12Φ20 24Φ30 36Φ33
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also almost parallel to the second section of 0MN case, 
for each different combination of the bolting systems.

For the tunnel with a 6.2 m diameter and a 3.1 m 
diameter (Figs. 9, 10), the curves have a similar rela-
tionship between the 10MN and the 0MN case.

Referring to Fig.  8 for the case of N = 10 MN, it 
is possible to find that in the first section of the curve 
(joint closed, before the opening of the joint), the 
moment has a large change with the rotational angle 
(it means a high bending stiffness of the circular 
joint). After a transient and gradual decrease of the 

slope, the second section practically have a constant 
slope (a constant bending stiffness). However, the 
slope in the second section varies with the adopted 
bolting system and has a larger value for the strong 
combination (36Φ33) with respect to the weak one 
(12Φ20). The curve in the third section is nearly par-
allel to the horizontal axis. Comparing the slopes of 
Figs. 8, 9 and 10, it is possible to note that the bend-
ing stiffness of the circular joint is mainly influenced 
by the tunnel diameter and the thickness before the 
joint opening, and the bending stiffness is additionally 

Fig. 8  The curve of 
the moment varying the 
rotational angle � for an 
external lining diameter of 
9.3 m and a thickness of 
0.35 m, varying the applied 
normal force N and the 
bolting system

Fig. 9  The curve of 
the moment varying the 
rotational angle � for an 
external lining diameter of 
6.2 m and a thickness of 
0.35 m, varying the applied 
normal force N and the 
bolting system
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affected by the bolting system after that: the stronger 
bolt combination produces a larger bending stiffness 
after the joint opening.

3.2  Joint bending stiffness efficiency (JBSE) and a 
comparison with an indoor test result

Shiba et al. (1988) adopted the longitudinal bending 
stiffness efficiency (LBSE) to represent the defor-
mation of a uniform beam compared to the beam 
with joints. In this paper, the joint bending stiff-
ness efficiency (JBSE) is used to represent the ratio 
between the bending stiffness of the circular joint 
element with that of the lining rings.

where the (EI)eq can be obtained by the second 
method shown in sect. 2.3 (Eq. 25).

On Eq.  25, the angle � is mainly determined by 
the ratio ( N∕M ) between normal force and bending 
moment. The λ parameter, � = N ⋅ (De − t)∕(M ⋅ 4) , is 
equal to 1 when the angle � is −�∕2 (the case repre-
senting the joint closed and all its section compressed). 
According to the studied case of Sect. 3.1, the angle � , 
(1 − sin�)∕2 and the JBSE parameters varying with λ 
are shown on Fig. 11, where (1 − sin�)∕2 represents 
the relative locations of the neutral axis with respect to 
the lowest point along the vertical direction on the unit 

(40)JBSE =
(EI)eq

EconI

circle (Fig.  11). From Fig.  11, the angle � decrease 
varying the parameter � , and there is a nonlinear rela-
tionship between them. It is possible to note as the 
JBSE parameter shows a similar trend of the relative 
location of the neutral axis.

Considering the influence of the normal force, Li 
et al. (2019) carried out laboratory tests to analyse the 
longitudinal deformation under the combination of 
the normal force and the bending moment, and devel-
oped an analytical model of the bending stiffness; this 
model is able to add the normal force effect into the 
equation of the bending stiffness developed by Shiba 
et al. (1988). The comparison between the test results, 
the analytical solution from Li et  al. (2019) and the 
proposed analytical model of Sect.  2.3 (second 
method) is shown in the Fig.  12. The adopted input 
parameters are shown in Table 3.

From Fig. 12, we can see how the general trend 
of the curve from the proposed model of this paper 
is similar to the one of the reference paper. This 
analytical results are lower than the test results 
and also than the analytical results of the reference 
paper when the � parameter is small; they approach 
to the test ones when the � parameter is close to 1. 
The main reason of this difference is that the bend-
ing stiffness evaluated in the reference paper is an 
equivalent value of the joint together with the seg-
mental lining (LBSE), while the bending stiffness 
determined in this paper refers only to the circular 

Fig. 10  The curve of 
the moment varying the 
rotational angle � for an 
external lining diameter of 
3.1 m and a thickness of 
0.35 m, varying the applied 
normal force N and the 
bolting system
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joint (JBSE). In order to simplify the calculation 
of the JBSE, a simplified equation of Joint bending 
stiffness efficiency ( JBSEBoltz ) based on Boltzmann 
equation is derived (Appendix A).

3.3  The simplified equations of the bending stiffness 
of the joint element based on the Joint bending 
stiffness efficiency (JBSE)

Fig. 11  The angle � , 
(1 − sin�)∕2 and JBSE 
parameters varying with 
� = N ⋅ (De − t)∕(M ⋅ 4)

Fig. 12  Comparison 
between the test and 
analytical results from 
the reference paper of 
Li et al. (2019) and the 
proposed solution of this 
paper based on Eqs. 25, 
29, 30 and 40. Key: 
� = N ⋅ (De − t)∕(M ⋅ 4)
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Before the opening of the joint, its bending stiffness is 
the same of the lining ring, and can be calculated by 
using Eq. 6. The limit moment of the closed joint can 
be obtained by the following equation:

After the opening of the joint, the bending stiffness 
of the joint element can be obtained by the following 
equation.

where JBSEBoltz is the simplified equation of JBSE 
based on Boltzmann equation which can be found on 
Appendix A.

When the bolt stress is close to the yield stress, 
there is a very small compression zone height. The 
limit moment can be obtained based on the yield 
stress of the bolt together with normal force N using a 
simplified approach (Appendix B):

where l is the height of the compression zone, and 
can be calculated by the following equation:

the angle � is obtained by Eq. 29.
The limit moment  Mlim,2 of the circular joint for 

the different cases considered in Sect.  3.1 when the 
normal force is 0MN and 10MN are obtained by 
Eq. 43 and using the integral approach (first method 
of Sect.  2.3). The results and the percent errors are 
listed in Table 4. The limit moments are influenced by 
the concrete yielding when the normal force is 10MN 
and the bolting systems are 8Φ30 and 12Φ33 for a 
tunnel diameter of 3.1 m; in the other cases the limit 
moment is influenced by the bolt yielding. Therefore 
Eq. 43 can be used to determine the joint limit situ-
ation when a circular joint reach the limit condition 
due to yielding of concrete or steel of bolts.

3.4  Shear stiffness of the circumferential joint

Referring to the considered cases of Sect.  3.1, the 
equivalent shear stiffness values are listed in Table 5 

(41)Mlim,1 =
N ⋅ I

A ⋅ Re

(42)(EI)eq = JBSEBoltz ⋅ Econ ⋅ I

(43)

Mlim,2 = N ⋅ (Re − l) + (Re − l +
I

A ⋅ Re

) ⋅
�y

2
⋅ n ⋅ Ab

(44)l = (1 − sin�) ⋅ r + t∕2
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for different bolting systems when the gap between 
the hole and the bolt is equal to 9 mm.

From Table 5, it is possible to note how the bolting 
system has a great influence on the equivalent shear 
stiffness. Moreover the stiffness value has an obvious 
increase with the increase of the lining diameter and 
the number of bolts.

Besides of the bolts, the gap between the bolt 
and the hole also has a great influence for the shear 
deformation because the gap determines the free dis-
placement space available for the bolt. The equivalent 
shear stiffness of a circular joint with different gap 
values for three different bolting systems is shown in 
Fig. 13 when the lining diameter is 6.2 m. In order to 

Table 4  The limit moment  Mlim,2 (MN · m) of the circular joint obtained by using the Integral method (first method of Sect. 2.3) and 
the simplified equation (Eq. 43) for the considered cases of Sect. 3.1

Tunnel diameter (m) 3.1 6.2 9.3

Bolting system 4Φ20 8Φ30 12Φ33 8Φ20 16Φ30 24Φ33 12Φ20 24Φ30 36Φ33

N = 0 Integral method 0.69 3.04 5.52 2.80 12.50 22.85 6.35 28.47 52.18
Equation 43 0.59 2.72 5.05 2.57 11.77 21.84 5.93 27.18 50.43
Percent error 14.49% 10.53% 8.51% 8.21% 5.84% 4.42% 6.61% 4.53% 3.35%

N = 10 MN Integral method 13.99 15.97 17.70 31.14 40.31 50.24 49.86 71.18 94.21
Equation 43 13.35 15.48 17.80 29.70 38.90 48.97 47.44 68.69 91.94
Percent error 4.57% 3.07% − 0.56% 4.62% 3.50% 2.53% 4.85% 3.50% 2.41%

Table 5  The equivalent shear stiffness value for the considered cases of Sect. 3.1 and different bolting systems (gap between the 
hole and the bolt of 9 mm)

De = 3.1 m De = 6.2 m De = 9.3 m

Bolting system Equivalent shear stiff-
ness ( MN)

Bolting system Equivalent shear stiff-
ness ( MN)

Bolting system Equivalent 
shear stiffness 
( MN)

4Φ20 11.65 8Φ20 23.30 12Φ20 34.95
8Φ30 52.44 16Φ30 104.88 24Φ30 157.33
12Φ33 96.77 24Φ33 193.54 36Φ33 290.31

Fig. 13  Equivalent shear 
stiffness of the circular joint 
for three different analysed 
bolting systems, varying the 
gap between the hole and 
the bolt, when the lining 
external diameter is 6.2 m
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show the exact trend, the equivalent shear stiffnesses 
are equal to 3579.36 MN, 8808.16 MN, 13,935.89 
MN for the three combinations of bolts 8Φ20, 16Φ30, 
24Φ33 respectively, when the gap is 0 (these values 
are also not show in the figure).

From Fig.  13, it is possible to see how the gap 
has a great influence on the shear stiffness for the 
analysed three different bolting systems. The curves 
show a nonlinear change with the increase of the gap. 
The decrease of the equivalent shear stiffness is large 
when the gap is very small, and the trend gradually 
becomes steady with the increase of the gap value.

4  Simulation of the circular joint in the numerical 
models

A FEM numerical model with the standard element 
which represent segmental rings and the joint element 
which represent circular joints, was adopted to simulate 
the longitudinal deformation based on the hyperstatic 
reaction method (Han et al. 2022). 4 standard elements 

with a length of 20 cm and 1 joint element with a length 
of 40 cm are adopted to simulate a lining ring (Fig. 14).

The relationship between nodal displacements 
and nodal forces can be described by the following 
equation:

where
[S] is the matrix of nodal displacements,  

[S] =
[
S1 S2 S3 S4 ⋯ Sn Sn+1

]T ; Si ( i = 1, 2, 3,

⋯ , n + 1 ) are the sub vectors of nodal displacements; 
Si =

[
vi �i

]T , vi and �i are the vertical displacement 
and rotation angle of node i.

[F] is the matrix of nodal forces, 
[F] =

[
F1 F2 F3 F4 ⋯ Fn Fn+1

]T ; Fi ( i = 1, 2, 3,

⋯ , n + 1 ) are the external forces applied on each 
node; Fi =

[
Vi Ri

]T , Vi and Ri are the transversal 
force and the bending moment of node i.

[K] is the global stiffness matrix and is composed 
by the local stiffness matrices of each element, 
assembled through the overlapping terms along the 
diagonal.

(45)[K] ⋅ [S] = [F]

(46)[K] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

k1,a k1,b 0 0 ⋯ 0 0

k1,c k1,d + k2,a k2,b 0 ⋯ 0 0

0 k2,c k2,d + k3,a k3,b ⋯ 0 0

0 0 k3,c k3,d + k4,a ⋯ 0 0

⋮ ⋮ ⋮ ⋮ ⋱ 0 0

0 0 0 0 ⋯ kn−1,d + kn,a kn,b
0 0 0 0 ⋯ kn,c kn,d

⎤⎥⎥⎥⎥⎥⎥⎥⎦

constraint by the TBM tail
standard element

lining ring 

reaction forces by the solid 
slurry and surrounding ground

joint element

Fluid slurry Solid slurryTBM tail

 

Fig. 14  Standard elements and the joint elements used to simulate the tunnel segmental lining with the boundary constraints in the 
fluid slurry and in the solid slurry zones
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where ki,a , ki,b , ki,c , ki,d are the 2 × 2 stiffness sub 
matrices of each elements, which can be obtained by 
equally dividing the following local stiffness matrix:

where the ratio Φ between the bending stiffness and 
the shear stiffness is adopted to consider the influ-
ence of the shear deformability of the numerical ele-
ments. The ratio Φ can be obtained by the following 
equation:

where (EI) is the bending stiffness, (kGA) is the shear 
stiffness.

The first ring in the TBM tail is constrained by 
the shield tail brush, and the other rings outside the 
shield are constrained by the surrounding slurry and 
ground (Fig. 14). Therefore, the endpoint of the first 
joint element has a nill transversal displacement and 
rotation.

Due to the gap presence between the segmental 
lining and the ground, a synchronous grouting is used 
to fill it during the construction phase. Because of 
the long setting time of the single component slurry, 
the buoyancy phenomenon of the lining and its uplift 
develop in the fluid slurry zone (Zhou and Ji 2014). 
Based on the Archimedes’ principle, the buoyancy 
load q which is applied on the segmental lining by the 
slurry is equal to the specific weight of slurry multi-
plied to the total volume of the lining ring reduced by 
the weight of the lining. Considering the low viscos-
ity of slurry at the initial stage and the extreme small 
upward displacement velocity of lining rings, the 
resistance from the slurry to the lining ring movement 
is small and can be neglected.

where �sl and γcon are the specific weight of slurry and 
concrete respectively.

(47)
�
kE
�
i
=

EI

l3

[k]i,a [k]i,b

⎡
⎢⎢⎢⎢⎣

12

1+Φ

6l

1+Φ
6l

1+Φ

4+Φ

1+Φ
l2

−
12

1+Φ

6l

1+Φ

−
6l

1+Φ

2−Φ

1+Φ
l2

−
12

1+Φ
−

6l

1+Φ
6l

1+Φ

2−Φ

1+Φ
l2

12

1+Φ
−

6l

1+Φ

−
6l

1+Φ

4+Φ

1+Φ
l2

⎤
⎥⎥⎥⎥⎦

[k]i,c [k]i,d

(48)Φ =
12 ⋅ (EI)

(kGA) ⋅ l2

(49)q = �sl ⋅
�

4
⋅ D2

e
− �con ⋅

�

4
⋅

[
D2

e
−
(
De − 2t

)2]

The length of the fluid slurry zone depends on the 
advancement speed of TBM and the setting time of 
the slurry. The speed relies on the excavation time 
and the assembling time of the lining ring. The hard-
ening time can be tested by an indoor test, for exam-
ple, and it is equal to the time from mixing to reach a 
specific value of penetration resistance (0.5 MPa) by 
the penetration resistance method (Chinese Specifica-
tion JGJ/T 70-2009) (China, 2009). So, the length of 
the fluid slurry zone can be obtained by the following 
simple equation:

where v is the gross average speed of TBM, t0 is the 
hardening time of the slurry.

During the slurry hardening process, the viscosity 
and the strength increase with the time and the resist-
ance produced by the surrounding slurry and ground 
to the segmental lining movement becomes a main 
external force after the slurry hardening.

Winkler springs are often used to represent the 
interaction between the ground and the lining 
(Oreste 2013). Vertical Winkler springs are adopted 
to reflect the reaction of the hardened slurry and 
ground on the segmental lining due to the vertical 
displacement of lining rings. The external force of 
the spring is considered through an adding term [
kw
]
i,a

 in the global stiffness matrix [K] (Oreste 
2007):

where lav,i is the average length of the element length 
on the both sides of the node i , kw is the spring stiff-
ness due to the ground and slurry and can be obtained 
by the following equation:

where �u is the ultimate displacement of the tunnel 
lining; according to the results by Gong et al. (2018), 
it is equal to 0.02·D when the tunnel has a small depth 
from the surface; qu is the ultimate pressure of slurry 
and ground, and can be obtained as:

(50)d = v ⋅ t0

(51)
[
kw
]
i,a

=

[
kw ⋅ lav,i 0

0 0

]

(52)kw = qu∕�u

(53)qu = De ⋅ h0 ⋅ �G −
�

8
D2

e
⋅ �G
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where h0 is the tunnel axis depth from the surface, �G 
is the ground bulk density.

On the developed specific numerical model, an 
iterative procedure is adopted due to the dependency 
of the bending stiffness of the joint element on the 
moment and the normal force. The iterative procedure 
requires the following steps:

Step 1: calculation of the moment M1 along the 
segmental lining considering the JBSE parameter of 
all the circular joints equal to 1;

Step 2: based on the results of the moment M1 in 
the first step, calculation of the bending stiffness of 
all the joints, and obtaining the new moments M2 ; the 
mean M2 of the two moments is then calculated;

Step 3: calculation of the new bending stiffness 
and the moments Mi+1 based on the last average 
moment Mi of the previous steps ( i = 2, 3, 4…);

Step 4: comparison of the moments Mi+1 with the 
average moments Mi , calculation of the mean Mi+1 of 
the two moments; when the largest difference among 
the joints is larger than a specific value, go back to the 
step 3 with i = i + 1; otherwise, end of the iterative 
process.

The stiffness of the circular joint is weaker than 
that of the lining ring, and it influences the longitudi-
nal deformation of the lining under the application of 
the buoyancy forces and the jack thrust by the TBM 
tail. How the stiffness of the circumferential joint 
impact the deformation of the segmental lining is dis-
cussed in the following section.

In the Sect.  3 it was possible to verify how the 
bolting system, the geometry of the tunnel lining and 
the materials characteristics (concrete and steel bolts) 
have a significant effect on the equivalent bending 
stiffness of the circular joint. In addition, the normal 
force has also an important influence for the bending 
deformation along the longitudinal direction. Because 
the normal force is variable during the construction 
phase, its effect is discussed firstly in this section. 
Moreover, the gap between the hole and the bolt is 
a critical parameter for determining the equivalent 
shear stiffness of the joint (Sect. 2.4). The influence 
of the equivalent shear stiffness is analysed in the sec-
ond part of the section.

4.1  Influence of the normal force

The segmental lining and the bolt system adopted in 
the case of the Metro tunnel of Ningbo in China has 
been described in Sect. 3.1. In addition, the slurry is 
made up of cement, bentonite, sand, fly ash, quick 
lime, water and admixture, of which the quantity pro-
portion is as follows: 150:300:2750:650:100:900:1. 
The hardening time of the adopted slurry is about 
15  h (Zhou and Ji 2014). The average construction 
speed is about 0.4–0.5  m/h (the value of 0.5  m/h 
is considered in the analysis) (Chen et  al. 2018). 
Because the diameter of shield tail of the TBM is 
equal to 6.34 m, the gap between the segmental lining 

Fig. 15  The JBSE parame-
ter along the segmental lin-
ing (starting from the TBM 
tail) with different normal 
force values applied by the 
TBM, for the analysed case 
of the Metro line of Ningbo 
in China
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Fig. 16  Measured (maxi-
mum value) and calculated 
vertical displacement of 
the segmental lining with 
different normal forces for 
the case of the Metro line of 
Ningbo in China
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lining in the circular joints 
with different normal forces 
for the case of the Metro 
line of Ningbo in China

0 10 20 30 40 50 60 70 80

-2

0

2

4

6

8

10

12

 0MN
 0.5MN
 1MN
 2MN
 3MN
 4MN
 5MN
 6MN
 7MN
 Closed

Ve
rti

ca
l d

is
pl

ac
em

en
t g

ra
di

en
t (

m
m

)

Length (m)

Fig. 18  The calculated 
value of the shear force of 
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and the ground wall is equal to 70  mm. The tunnel 
depth from the surface is about 15 m.

Based on the developed longitudinal deformation 
model (Fig. 14) and the proposed iterative procedure, 
the vertical displacement, the shear force, the rotation 
angle, and the moment of the segmental lining along 
the longitudinal direction is calculated and shown in 
Figs. 16, 17, 18, 19, 20 and 21. In order to consider 
the influence of the joint state, the longitudinal defor-
mation is calculated when the normal force is equal 
to 0, 0.5, 1, 1.5, 2, 3, 4, 5, 6, 7, 8 and 9MN, sepa-
rately. All the joints are open when the normal force 
is equal to 0MN, and all of them are closed when the 

normal force is equal to 8MN and 9MN. Because 
the JBSE can represent the joint state, the JBSEs 
along the longitudinal direction are shown on Fig. 15 
varying the normal force. When the normal force is 
equal to 0.5MN and 1MN there are a lot of joints 
open (the fourth and fifth joint have a high value of 
JBSE because the moment is close to 0). When the 
normal force is equal to 1.5MN and 2MN, the first 
three joints are open; only the first two joints are open 
when the normal force is 3MN and 4MN. With the 
increase of the normal force, the joints of the segmen-
tal lining tend to close.

Fig. 19  The rotation angle 
of the segmental lining with 
different normal forces for 
the case of the Metro line of 
Ningbo in China
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The monitoring of the vertical displacements 
(Zhou and Ji 2014) shows a maximum value of about 
43.6 mm for this type slurry. From Fig. 16, it is pos-
sible to see how the calculated maximum vertical dis-
placement (41.3 mm when the normal force is 0MN) 
is approximate to the measured value (43.6 mm).

Based on the vertical displacements trend, the 
gradient of the vertical displacements in the circular 
joints was calculated and it is shown in Fig.  17. In 
the fluid slurry zone (for a distance of 7.5 m from the 
TBM tail), the vertical displacement grows up with 
the increase of the distance from the TBM tail, but its 
gradient shows a decreasing trend. In the solid slurry 
zone, the vertical displacements keep steady; also the 

shear force (Fig. 18) has its maximum negative value 
at the TBM tail and tends to zero at the dividing line 
between the fluid and the solid slurry zone. The first 
circular joint has the maximum vertical displace-
ment gradient and the maximum negative shear force: 
therefore particular attention must be paid to this zone 
of the segmental lining.

From Fig. 19 it is possible to note how the rotation 
angle (referring to a horizontal plane) of the segmen-
tal lining along the longitudinal direction undergoes 
an increase followed by a decrease, and the turning 
point occur close to the dividing line. Furthermore, 
the rotation angle mainly depends on the rotation of 
the joint. Different values of the rotation angle can 

Fig. 21  The moment of 
the segmental lining with 
different normal forces for 
the case of the Metro line of 
Ningbo in China
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be seen varying the normal force. The relative rota-
tion angle of the circular joint is calculated from the 
rotation angle evaluated along the segmental lining 
(Fig. 20): the maximum and the minimum values of 
the relative rotation angle show an increasing trend 
with the decrease of the normal force; moreover, the 
relative rotation angle has a good consistency with 
the moment trend. The maximum value and the mini-
mum one of the relative rotation angles are reached 
at the first joint and at the joint close to the dividing 
line, respectively; on the other hand, the maximum 
negative moment is reached at the first joint, and the 
maximum relative rotation angle also occurs at the 
first joint. Therefore, when it is necessary the evalu-
ation of the damage risk of a segmental lining, the 
first joint and the one close to the dividing line are the 
critical ones.

In Fig. 21 the bending moment trend for different 
applied normal forces is shown; an obvious influ-
ence of the normal force on the moment is seen. The 
maximum positive and negative moment of the seg-
mental lining with different normal force are shown 

in Fig. 22. Due to the effect of the joint state, the rela-
tionship between the moment and the normal force is 
of a nonlinear type. An interesting phenomenon can 
be seen: the maximum moments increase with the 
normal force when the normal force is smaller than 
1MN, and then they decrease with increasing the nor-
mal force when the normal force is larger than 1MN.

In conclusion, the first circular joint close to the 
TBM tail needs to be investigated carefully for its 
shear deformation and the developed rotation; in 
addition, the joint close to the dividing line between 
the fluid and solid slurry zones is another high-risk 
joint due to the relative rotation. The normal force has 
a slight effect on the shear deformation, but has a sig-
nificant influence on the rotation.

4.2  Influence of the gap between the hole and the 
bolt

In order to know the influence of the shear stiffness 
of the circular joint on the deformation of the tunnel 
lining, the vertical displacement for 7 different values 
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of the gap between the bolt hole and the bolt is cal-
culated and compared with the test results when the 
joint is open and closed (Fig. 23). Based on the cal-
culation results previously presented, all the joints are 
open when the normal force is equal to 0, and all the 
joints are closed when normal force is 10MN.

Based on the results of Fig.  23, when the gap is 
equal to 9 mm (adopted in the studied case of Ningbo 
Metro line tunnel) the calculated values are close to 
the on-site measured ones. Compared with the con-
tinuous beam model, the proposed model can show 
the displacements of the segmental lining and of 
the circular joints respectively, and make it possi-
ble to analyse the exact stress condition of the most 
dangerous joint, that one having the highest value of 
deformation.

The differences of the vertical displacements 
between the two considered normal forces for every 
gap value are very small when the segmental ring is 
close to the shield tail, and they become larger with 
the increase of the distance from the shield tail. The 
differences are very small when the gap is large, but 
they become larger when the gap is small. The verti-
cal displacements for each of 7 gap values have the 
same trend, increasing along the longitudinal direc-
tion. In order to show the relationship among these 
curves, the maximum value of the vertical displace-
ments with different gap values and the equiva-
lent shear stiffness of the circular joint is shown in 

Fig. 24. The equivalent shear stiffness when the gap is 
0 (8808.16 MN ) is not shown in the figure.

A very interesting phenomenon can be seen from 
Fig. 24: the maximum vertical displacement has a lin-
ear increase with the gap, while the equivalent shear 
stiffness has a nonlinear decrease. It means that the 
change of the equivalent shear stiffness is very small 
with the increase of the gap when the gap is large, 
while the increase of the maximum vertical displace-
ment remains large. Based on this statement, trying 
to reduce the gap between the bolt hole and the bolt 
is always a key point that can be used to decrease the 
upward vertical displacements of the segmental lining 
due to the buoyancy phenomenon.

The shear force trend along the longitudinal direc-
tion is similar to that of Fig. 18 where the maximum 
negative value is at the first joint and the maxi-
mum positive value at the one near the dividing line 
between the fluid slurry and the solid slurry zone; the 
influence of the gap for the maximum and minimum 
shear force is shown in Fig.  25. The shear stiffness 
and the gap value show a small influence on the max-
imum negative and positive shear force values.

Moreover, the influence of the shear stiffness 
on the bending moment due to the difference of the 
gap between the bolt hole and the bolt is shown in 
Figs. 26 and 27 (the figures display one nodal value 
every 5 nodes). When the normal force is equal to 
0MN (it means that all the joints are open and the 

Fig. 24  Curves of the 
equivalent shear stiffness 
of the circular joint and 
of the maximum vertical 
displacement of the lining 
varying the gap between 
the bolt hole and the bolt 
for the case of the circular 
joint closed (axial force 
N = 10MN) and open 
(N = 0)
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bending stiffness is equal to 16,883.53 MN ·  m2, the 
maximum negative moment is reached when the gap 
is equal to 15 mm (the shear stiffness is 63.92 MN ), 
but the maximum positive moment occurs when the 
gap is 0  mm (the shear stiffness is 8808.16 MN ). 
There are similar results when the joints are closed 
(the normal force is 10MN and the bending stiffness 
is equal to the one of the concrete segmental lining, 
952,722.48 MN ·  m2). From Figs. 26 and 27 it is pos-
sible to note how the larger shear stiffness (smaller 
gap value) causes a more dramatic fluctuation of the 

moments along the longitudinal direction. The pres-
ence of the normal force is able to reduce the fluc-
tuation level of the moments, but also to increase the 
maximum negative value.

5  Conclusions

Lining rings which are composed of segments that 
are connected by circular bolts, constitute the support 
of tunnel when a Tunnel Boring Machine (TBM) is 

Fig. 25  The influence of 
the gap between the bolt 
hole and the bolt on the 
maximum positive and 
negative shear force values 
for the studied case of the 
Metro line of Ningbo in 
China. Key: OP: circular 
joint open (axial force 
N = 0); CL: circular joint 
closed (N = 10MN); Max: 
maximum positive value 
of the shear force along the 
tunnel lining; Min: maxi-
mum negative value of the 
shear force
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adopted for the excavation. Lining rings are also con-
nected by longitudinal bolts along the tunnel axis. 
The circular joints of the lining are weaknesses when 
a deformation develop along the tunnel axis under the 
application of the jack thrust by the TBM tail and of 
transversal loads to the lining.

A filling material (slurry) is injected in the space 
between the lining and the tunnel wall. Due to the 
variation of its mechanical characteristics over 
time, a fluid slurry zone and a solid slurry one can 
be seen along the segmental lining starting from the 
TBM tail. Where the slurry is fluid, a buoyancy force 
is applied to the segmental lining and it produces 
upward displacements of the lining rings. In addition, 
the cycle of excavation and segment assembly cause a 
fluctuating jack thrust. This uneven and variable force 
leads to longitudinal deformations and stress concen-
trations; they result in a risk of damage of the tunnel 
lining during the construction phase.

Considering the importance and complexity of 
the evaluation of the circular joint stiffnesses, a 
joint model including the compression zone and the 
equivalent tension zone is developed. On the basis 
of this model, the compressive stiffness and the ten-
sile stiffness for the two specified zones in the joint is 
derived. According to these stiffnesses, a new bend-
ing stiffness equation of the joint is obtained, and a 
numerical procedure is developed, which is able to 

consider the yielding of each point of concrete and 
of the longitudinal bolts. Furthermore, a new shear 
stiffness equation of the joint is determined in accord-
ance with the bolt bending deformation of the bolt 
and with the constraint produced by the hole wall to 
the bolt. Thanks to the new bending stiffness and the 
shear stiffnesses of the circular joints, the deforma-
tion of the joints and of the segmental rings can be 
considered separately. This model allows to evaluate 
in detail all the aspects that involve the behavior of 
segments and circular joints along the longitudinal 
axis of the tunnel lining.

Based on the developed numerical procedure, the 
bending deformation under the combination of the 
normal force and the moment is evaluated consider-
ing the influence of the diameter of the tunnel lining, 
the thickness of the lining, the combination of bolts 
and the applied normal force. A comparison of the 
calculated results with the available laboratory results 
and in situ measurements was developed, showing a 
good consistency.

From the obtained results, it was possible to note 
that the shear force that develops along the lining 
following the application of the buoyancy forces is 
not influenced by the normal force applied by the 
TBM jacks. While, the maximum bending moments 
(in absolute value) are obtained for a normal force 
value higher than a certain value (4MN) and for 

Fig. 27  Influence of the 
gap between the bolt hole 
and the bolt on the maxi-
mum positive and negative 
moments along the longitu-
dinal direction for the stud-
ied case of the Metro line of 
Ningbo in China. Key: OP: 
circular joint open (axial 
force N = 0); CL: circular 
joint closed (N = 10MN); 
Max: maximum positive 
value of the moment along 
the tunnel lining; Min: 
maximum negative value of 
the moment
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values of the gap between the bolt hole and the bolt 
used to connect the lining rings higher than 5 mm. 
The maximum displacements of the segmental lin-
ing occur in the presence of the greatest values of 
the gap.

During the design phase, the significant increase-
ment of the shear force and the moment on the first 
joint behind the shield tail caused by the buoyancy 
of the slurry need to be checked. The model on the 
Sect.  4 can be an option to evaluate the segmental 

Fig. 28  The comparison 
of the Boltzmann function 
(Boltzmann fitting) and the 
modified Boltzmann equa-
tion (JBSE Boltz equation) 
with the calculated value of 
JBSE for the case of Metro 
line of Ningbo in China, 
varying with � parameter
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Fig. 29  Height of the 
compression zone for the 
examined 6 cases (dif-
ferent axial forces N and 
bolting systems) based on 
the Sect. 3.1, varying the 
bending moment M. Key: 
the values 3, 13, 24, 32, 42, 
52 MN · m at the end of the 
represented arrows are the 
moments when the highest 
bolt begins to yield
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lining deformation and the distribution of the force. 
The relative rotation deformation of the adjacent 
segmental lining under the combined application of 
the buoyancy force and the jack force needs more 
attention, and the dislocation between the rings is 
influenced by the gap between the bolt and hole 
wall. The coordination between the buoyancy force 
and the jack force and the decrease of gap between 
the bolt and bolt hole are the way to reduce the rela-
tive deformation between the adjacent segments. 
This paper developed the method to evaluate the 
joint stiffness and the joint internal force along the 
longitudinal direction. The exactly evaluation for 
the strength and the damage risk of joint can and 
need to be developed furthermore based on the dis-
tribution of the internal force.
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Appendix A: Derivation of the simplified equation 
of Joint bending stiffness efficiency (JBSE) based 
on Boltzmann equation

Because the angle � is difficult to calculate directly 
based on Eq.  29, finding a simple relationship 
between JBSE and � is useful for the determination of 
the longitudinal deformation of the segmental lining. 
Thanks to the Boltzmann equation (Eq. 54) which can 
describe a sigmoidal curve, this function is adopted to 
fitting JBSE varying �:

where A1 is the initial y value, A2 is the final y 
value, x0 is the abscissa value of the center point 
when the ordinate value y is equal to 

(
A1 + A2

)
∕2 , 

dx is the time constant which can be obtained by 
the slope at the center point ( x0 , 

(
A1 + A2

)
∕2 ), 

y� =
(
A2 − A1

)
∕(4 ⋅ dx).

A modified Boltzmann equation as follows is 
adopted to better simulate the JBSE-λ curve:

(54)y =
A1 − A2

1 + e(x−x0)∕dx
+ A2

(55)JBSEBoltz =

(
A1 − A2

)
⋅ �

1 + e(�−�0)∕k
+ A2 + Δ

Fig. 30  The distribution of the deformation and the stress 
when the bolt began to yield. Where a is the cross section of 
joint, b is the stress of the joint

http://creativecommons.org/licenses/by/4.0/
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where the basic parameters can be obtained from 
Eqs. 25, 29, 30 and 40: A1 is the bottom limit value 
which can be obtained when the normal force is equal 
to 0; A2 is the top limit value which is equal to 1; 
�0 is the abscissa value when the JBSEBoltz is equal 
to 

(
A1 + A2

)
∕2 , and can be obtained by an inverse 

operation based on Eqs.  40, 25 and 29; k is a con-
stant: k =

(
A2 − A1

)
∕
(
4 ⋅ JBSE

�) ; where the JBSE′ 
is the slope at the center point ( �0 , 

(
A1 + A2

)
∕2 ) and 

can be obtained by the two points ( �0 + Δ� , JBSE1 ), 
( �0 − Δ� , JBSE2 ), where Δ� is a tiny increment of 
λ, JBSE1 and JBSE2 are the corresponding ordinate 
value;

� is the first modifying parameter for the distance 
between the bottom limit value and the top limit value, 
in order to ensure the curve through the two critical 
points (0, A1 ) and (1, A2 ). The following equation can 
be derived and used to calculate this parameter:

Δ is the second modifying parameter for the top limit 
value, and is given by:

According to the case of the Metro tunnel of Ningbo 
in China, the JBSEs of Eq. 40 are fitted by the Boltz-
mann function (Boltzman fitting) and the modified 
Boltzmann equation (Eq. 55) on Fig. 28.

From Fig. 28, it is possible to see how the results 
of the Boltzmann function and of the modified Boltz-
mann equation both show a good consistency with the 
calculated results using Eq.  40. Although the modi-
fied Boltzmann equation has a lower R-square value, 
it has a high precision to describe the JBSE trend var-
ying λ parameter.

Appendix B: Derivation of the limit moment 
of the second critical point

Based on the analysis of the cases of Sect. 3.2, the 
height of the compression zone of a shield diam-
eter of 6.2  m is shown in Fig.  29, varying the 

(56)� =

(
1 + e(1−�0)∕k

)
⋅

(
1 + e(−�0)∕k

)

e(1−�0)∕k − e(−�0)∕k

(57)Δ = −

(
A1 − A2

)
⋅ �

1 + e(1−�0)∕k

bending moment, for different axial forces and 
bolting systems. From Fig. 29 it is possible to see 
how the area of the compression zone is very small 
when the highest bolt in the tensile zone begins to 
yield.

The bolt tensile stress can be considered approxi-
mately as applied on the total joint area. Based on 
the transformed area method, the stress of the highest 
point of segmental lining is equal to ��

y
= �y ⋅ n ⋅ Ab∕A . 

The force resultant of the bolt tensile stress is equal to 
�

�

y
⋅ A∕2 , and applied on the point which have a dis-

tance d from the centroid on the y-axis (Fig. 30). The 
contact stress of the compression zone is represented by 
the compressed force F which is applied at a distance l 
from the lowest point of the section; when the normal 
force N is equal to 0, the l value is given by the follow-
ing equation:

where the angle � can be obtained by Eq. 27.
Based on the mechanical equilibrium of the nor-

mal force and the moment of a joint, the following 
equations can be obtained:

where F is the compressed force of the compression 
zone; b is the width of the differential element dy.

The definition of the moment of inertia I is given 
by the following equation:

Substituting Eqs. 59 and 61 into Eq. 60, the limit 
moment can be finally derived:

(58)l = (1 − sin�) ⋅ r + t∕2

(59)N = F −
�

�

y

2
⋅ A

(60)Mlim,2 = F ⋅
(
Re − l

)
+

Re

∫
−Re

(
��
y

2Re

⋅ y

)
⋅ b ⋅ y ⋅ dy

(61)

Re

∫
−Re

b ⋅ y2 ⋅ dy = I

(62)

Mlim,2 = N ⋅
(
Re − l

)
+

(
Re − l +

I

A ⋅ Re

)
⋅
�y

2
⋅ n ⋅ Ab
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