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Abstract  Fractional Brownian motion (FBM) and 
the Weierstrass-Mandelbrot (W-M) function are 
two important methods for constructing self-affine 
objects. Accurately characterizing their features, such 
as the morphology and fractal geometry, is funda-
mental for their follow-up applications. However, due 
to the differences between self-similar and self-affine 
properties, the fractal dimension evaluation is dif-
ficult and sometimes unconvincing. In addition, the 
sampling length and diversity of calculation meth-
ods both lead to the non-uniqueness of the fractal 
dimension. This study compared the morphology 

differences between FBM and the W-M function and 
then analyzed the effects of each parameter on their 
morphology. Comparisons indicated that FBM has 
fewer control parameters than the W-M function. 
Finally, from basic fractal geometric properties, we 
derived the relationship between the measurement 
scale r and profile lengths L(r) for self-affine profiles 
and found that it is a complicated form rather than 
L(r) ∼ cr

H−1 , where H is the Hurst exponent. Mean-
while, the equivalent vertical height v(r) has an intui-
tive and clear power law relationship to the measure-
ment scale v(r) ∼ �r

H , which provides a method to 
estimate the Hurst exponent.

Highlights 

•	 Clarified improper use of parameters in W-M 
function that causes the deviation of D

•	 The total length L(rh) and measured scale rh sat-
isfy L(rh) = λ0*(1+σ2(rh)2H-2)1/2

•	 Decomposed the scaling lacunarity of rough pro-
files and derived the estimation of D
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1  Introduction

The irregular roughness of rock fractures critically 
affects rock strength and fluid flow through rock 
media (Zhao et  al 2018; Jin et  al 2017a; Zhao et  al 
2021; Zimmerman et  al 1991). Numerous research-
ers have studied quantitative descriptions. Previous 
research has verified that rock fracture surfaces satisfy 
self-affine scaling characteristics (Odling 1994; Man-
delbrot 1967; Gao et  al 2021; Liu et  al 2021; Yang 
et al 2021). The characterization of surface roughness 
is thus a basic prerequisite for further analysis.

In addition to real rock fractures (Zhang et al 2020, 
2019; Dong and Ju 2020), the Weierstrass-Mandel-
brot (W-M) function and fractional Brownian motion 
(FBM) are two important methods for generating 
self-affine rough profiles or surfaces with random fea-
tures (Ausloos M et al 1985; Berry et al 1980; Eliazar 
and Shlesinger 2013; Mandelbrot and Van Ness 1968; 
Chen et al 2018). In addition, they have been widely 
applied to simulate rough surfaces such as rock frac-
ture surfaces, road surfaces, and milling surfaces (Ju 
et al 2019; Pinnington 2012; Zheng et al 2020; Zhou 
et  al 2015; Zuo et  al 2015; Yan and Komvopoulos 
1998; Yin and Komvopoulos 2010). For example, Jin 
et  al (2017a) applied a W-M function to study fluid 
flow through self-affine fractures. Using the suc-
cessive random additions method, Dou et  al (2019) 
studied solute transport through rough flow chan-
nels. In fact, the randomized W-M function is a simi-
lar process to FBM. Their self-affine properties can 
be described using the Hurst exponent H (Falconer 
2014; Dou et  al 2018a). In addition, the sampling 
length of a profile has important effects on the fractal 
dimension (Zuo et al 2020; Zhang et al 2021). Thus, 
it is important to check their morphology and whether 
the constructed profiles satisfy the designed self-aff-
ine properties i.e., whether the calculated H of these 
profiles is equal to the set H.

The Hurst exponent plays an important role in 
characterizing the scale invariance of a fractal pro-
file (Zhao et  al 2020; Zuo et  al 2015). Accurately 
evaluating H is the basis for characterizing the fractal 
properties of complex objects and their subsequent 
applications (Cai et  al 2013, 2018; Xu 2015; Costa 
2006; Dou et al 2018b). Therefore, starting from the 
geometrical meaning of each parameter of the fractal 
processes, we extensively analyzed and assessed the 
H calculation method of 2D self-affine profiles.

To date, scholars have proposed numerous methods 
for calculating H of rough profiles. Among them, the 
most classic method is the divider method proposed 
by Mandelbrot (1967), which analyzes the number-
scale relationship. This method is widely accepted for 
its simplicity and intuitive physical meaning (Zhang 
et al 2020; Yu 2006; Yu and Li 2001). However, the 
number-scale relationship has its shortcomings and 
limitations (Odling 1994; Ganti and Bhushan 1995; 
Jin et  al 2017b). The measured number and length 
are affected by the starting point of the measurement. 
Sugihara et  al (1990) suggested choosing different 
starting points to obtain the average length to weaken 
the influence of the starting point. Later, Babadagli 
and Develi (2003) even pointed out that there is no 
effective method for evaluating the fractal properties 
of all fractal surfaces.

In addition to the divider method, box-counting 
methods (Li et  al 2009; Karle and Kolwankar 2015; 
Feranie et al 2011; Ficker 2017), power spectral den-
sity (Babadagli and Develi 2003; Ünlüsoy and Süzen 
2020), three-point sinuosity (Zhou et  al 2015), and 
other methods (Zhao et al 2018; Ban et al 2021; Liu 
et  al 2017; Wu 2002) have been proposed to revise 
the evaluation of H. The most famous method is box-
counting, which is frequently applied to calculate the 
fractal dimension of pore structures and fractal pro-
files (Xia et al 2018; Xu et al 2016). Most of the above 
methods are effective only for self-similar objects, 
and their effectiveness for self-affine fractals is lim-
ited (Jin et  al 2019; Zuo et  al 2015; Ficker 2017). 
To expand the fractal dimension evaluation method, 
Dong et  al (2017) derived an evaluation method for 
self-affine profiles by expanding Brown’s magnify-
ing method (Brown 1987). Their results indicated that 
the calculated H of the W-M profiles deviates from 
the set H in the function, which leads to the idea of 
comparing the W-M function and FBM in this study. 
In terms of fractal theory, Jin et  al (2017b, 2019) 
derived a Hurst model based on the fractal topogra-
phy for characterizing the scale-invariance in differ-
ent directions. Their research unified the definition of 
self-similar, self-affine, single- and multiphase prop-
erties, which provides methods for calculating the 
Hurst exponent of self-affine fractals. However, this 
has not been tested on actual rough profiles or self-
affine functions such as FBM and the W-M function.

The W-M function has been widely applied for 
generating rough profiles in many fields (Zhang et al 
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2021; Jin et al 2017a; Ju et al 2019; Chen et al 2018); 
however, it has some drawbacks. Wu (2000) indicated 
that W-M surfaces and natural surfaces were differ-
ent by comparing their spectral densities. Dong et al 
(2017) studied the evaluation of fractal dimensions 
of W-M profiles and found that the evaluated fractal 
dimensions deviated from the set values, especially 
for objects with a small fractal dimension. In addition, 
the number of variables in the function is relatively 
large, which increases the difficulties in its applica-
tion. Chen et  al (2018) compared the four methods 
for estimating fractal dimensions of the Weierstrass-
Mandelbrot function, and they found that none of the 
methods is particularly prominent in all three aspects. 
Zuo et al (2020) pointed out that the sampling length 
also plays a crucial role in affecting fractal dimension 
calculations. Therefore, it is of crucial importance to 
assess the controlling mechanism of each variable on 
profile morphology and evaluate the fractal dimen-
sions of rough profiles.

This research first compared the morphological 
differences between W-M profiles and FBM profiles. 
The results indicate that the W-M function, different 
from FBM, is dominated by more parameters. Spe-
cifically, once H, the random characterization, and the 
step are determined, one can obtain the unique FBM 
profile. However, this is not the case for the W-M 
function. Then, based on the basic geometric rela-
tionship and fractal properties, this study derived a 
length model and determined its relationship with the 
Hurst exponent and measuring scale. By comparing it 
with the classic length-size relationship (Mandelbrot 
1967), we distinguished the difference between self-
similar and self-affine fractals. For self-affine objects, 
the measured length and the measuring scale obey a 
more complicated relationship rather than the classic 
length-size relationship. Meanwhile, the equivalent 
vertical length, calculated based on the length model, 
was proven to obey the power law relationship with 
the horizontal length, the exponent of which is the 
Hurst exponent.

Further explorations of the equivalent vertical 
length and the horizontal length verified that the 
power exponent between the two scaling lacunari-
ties determined the Hurst exponent. With the above 
relationships, the Hurst exponent of the FBM profiles 
was evaluated. A comparison with the set H of FBM 
profiles verified the fractal characteristics of FBM. 
However, the study shows that the Hurst results of 

W-M function have diversity; that is, for some appro-
priate parameters, the results match well, but for other 
parameters, the data match is not as good. These com-
parisons and analyses indicate that the fractal proper-
ties of the W-M function are dominated not only by 
H but also by the low- and high-frequency range of 
waves. This paper mainly derives the H evaluation 
method for self-affine profiles. This model solves the 
problem of the deviation between the evaluated H and 
the set value. Which provides a method reference for 
the fractal characterization and description of rough 
profiles.

2 � Methods

2.1 � Fractional Brownian motion

Fractional Brownian motion (FBM) is a generaliza-
tion of classic Brownian motion (Magdziarz et  al 
2009), and Brownian motion is a stochastic process 
with increments satisfying a stationary, independ-
ent Gaussian distribution. Brownian motion was first 
constructed mathematically by Wiener (1923). Here, 
we used X(t) to note such a time series of Brown-
ian motion. X(t) represents the position at time t and 
starts at t = 0 ( X(0) = 0 ). For any time t > 0 and time 
interval � , the increment (X(t + �) − X(t)) from t to 
t + � is nearly a Gaussian distribution with a probabil-
ity density function P(u) as:

where � represents the volatility of the process. X(t) is 
a continuous function of t; for all t ⩾ 0 and 𝜏 > 0 , its 
increment (X(t + �) − X(t)) thus satisfies:

if 𝛾 > 0 , by replacing � with �� and x with �1∕2x , we 
can obtain:

Thus, X(t) and �−1∕2X(�t) have the same distribution. 
This means that one can obtain the same statistical 
distribution as the original if scaling the time by � 

(1)P(u) =
1

�

√

2��
e

�

−u2

2��2

�

,

(2)P(X(t + �) − X(t) ⩽ x) =
1

�

√

2��
∫

x

−∞

e

�

−u2

2��2

�

du,

(3)
P
(

X(�(t + �)) − X(�t) ⩽ �
1∕2x

)

= P(X(t + �) − X(t) ⩽ x).
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and the spatial scale by �1∕2 . This is the statistically 
self-affine property of Brownian motion if we treat 
time t as a parameter. From another point of view, if 
one treats X(t) as a set {X(t) ∶ 0 ⩽ t ⩽ T} rather than 
{(t,X(t)) ∶ 0 ⩽ t ⩽ T} . Then, the Brownian motion is 
statistically self-similar since the spatial distribution 
of the set {X(t) ∶ 0 ⩽ t ⩽ T} is indistinguishable to 
the set {X(t) ∶ 0 ⩽ t ⩽ �T} by scaling �1∕2.

Different from that of the Brownian motion, the 
increment (X(t + �) − X(t)) of FBM is a normal dis-
tribution with mean 0 and variance �2H ; thus:

The difference between Eqs.  (2) and (4) is the 
exponent of � . When H = 1∕2 , Eq.  (4) degen-
erates into Eq.  (2). �−HX(�t) has the same sta-
tistical distribution as X(t) when 𝛾 > 0 . With 
E
(

X(t)2
)

= �
2t2H and E

(

(X(t + �) − X(t))2
)

= �
2
�
2H 

(Dou et  al 2018a, b), we can obtain 
E(X(t + �)X(t)) = �

2
[

(t + �)2H + t2H − �
2H)

]

∕2 , and 
then

E((X(t) − X(0))(X(t + 𝜏) − X(t))) > 0 if H > 1∕2 . 
This indicates that X(t + �) − X(t) and X(t) − X(0) 
trend to be of the same sign. When H < 1∕2 , 
they tend to have opposite signs. If H = 1∕2 , 
X(t + �) − X(t) and X(t) − X(0) are independent. This 
independent property complicates the simulation of 
fractional Brownian motion. Randomizing the Weier-
strass function is an alternative method to construct 
random processes with characteristics similar to 
exponent-H fractional Brownian motion.

2.2 � Weierstrass‑Mandelbrot function

Mandelbrot (1977) and Berry et  al (1980) indicated 
that the Weierstrass function is a fractal. The Weier-
strass function has no smallest scale but has a larg-
est scale, which hinders its application in simulating 
fractal phenomena. To generalize this function, Man-
delbrot extended it into a form with no scale:

(4)

P(X(t + �) − X(t) ⩽ x) =
1

��
H
√

2�
∫

x

−∞

e

�

−u2

2�2�(2H)

�

du.

(5)
E(X(t)(X(t + �) − X(t))) =

�
2

2

[

(t + �)2H − t2H − �
2H
]

.

W(t) is a function of t, and Eq.  (6) is complex. D is 
the fractal dimension of real part Re W(t) and imagi-
nary part ImW(t) . �n is the random item that controls 
the deterministic and stochastic behavior of W(t). � is 
the rescaling factor that controls the density distribu-
tion of frequencies and is often set as 1.5. With the 
restricted parameters, the series of W(t) converges, 
but its derivation does not. Due to the important con-
tribution of Mandelbrot, this function was therefore 
latter called the Weierstrass-Mandelbrot (W-M) func-
tion. For the convenience of applications, Re W(t) is 
rewritten as (Ausloos M et al 1985; Berry et al 1980; 
Yin and Komvopoulos 2010):

where Ls represents the characteristic length. In actual 
applications, it is unrealistic to set the upper and 
lower limits of the overlay to infinity. Therefore, the 
lower and upper limits are set as Nl and Nh according 
to the corresponding problem. In addition, A before 
the summation plays a role in adjusting the amplitude 
of the profiles. 2 − D in this equation plays a similar 
role as H in Eq.  (4). However, the choice of Nl and 
Nh and the distribution of random items will cause 
differences in the fractal graph and the derivation 
of the fractal dimension. This phenomenon will be 
explained in Sect. 3.

2.3 � Estimation of H for self‑affine profiles

As explained in Sect. 2.1, the graphs of FBM and the 
W-M function are self-affine since the t-axis is treated 
as the parameter with a real physical meaning. For self-
affine profiles, the calculation of fractal dimension is 
difficult due to the different scaling properties in differ-
ent directions. The divider method and its derivations 
have been widely applied to evaluate the fractal dimen-
sion for rough profiles. This method calculates D by 
analyzing the relationship between the divider step (r) 
and the total length (L(r)) as follows:

(6)
W(t) =

∞
∑

n=−∞

(

1 − eit𝛾
n)

ei𝜙n

𝛾
(2−D)n

(

1 < D < 2, 𝛾 > 1, 𝜙n = arbitrary phases
)

(7)W(t) = A

∞
∑

n=−∞

cos(�n) − cos
(

2��nt∕Ls − �n

)

�
(2−D)n

,

(8)L(r) ∼ cr1−D.
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With the power law relationship in Eq.  (8), one can 
obtain the fractal dimension D of a rough profile. This 
is, however, only an approximation for self-similar 
objects, which is not suitable or should be carefully 
implemented, at least for self-affine fractals (Jin et al 
2017b, 2019; Wong 1987). When evaluating the frac-
tal properties of self-affine profiles, the most impor-
tant task is to determine the scaling lacunarity P in 
different directions (Jin et  al 2017b, 2019). In other 
words, it is to extract the attribute information in dif-
ferent axes. For example, Brown (1987) expanded 
the vertical height of self-affine profiles to conceal 
the horizontal length effects. For a self-affine profile, 
its length can be evaluated from a simple geometric 
relationship:

where l(rh) represents the length of one segment with 
a horizontal length of rh and a corresponding vertical 
height of v(rh) . Therefore, the profile length L(rh) is 
equal to the product of l(rh) and the segment number 
�0∕rh , where �0 is the horizontal length. The mean-
ing of each parameter can be found in the following 
figure (Fig. 1):

As explained in 2.1, the difference expectation 
between two adjacent positions of FBM satisfies 
E
(

(X(t + �) − X(t))2
)

= �
2
�
2H   . 

E
(

(

X(t + rh) − X(t)
)2
)

= �
2r2H

h
 when � = rh , and 

therefore, L(rh) in Eq. (9) can be written as:

From the above equation, it is known that L(rh) and 
rh satisfy:

(9)l(rh)
2 = r2

h
+ v(rh)

2, L(rh) =
�0

rh
∗ l(rh),

(10)L(rh) = �0 ∗

√

1 + �
2r2H−2

h
.

where �0 and � have fixed values for a self-affine 
profile; therefore, L(rh) seems to have a power rela-
tionship with rh . However, when compared with 
L(r) ∼ cr1−D = crH−1 , we find that the main differ-
ence concentrates on the left-hand side of Eq. (11). In 
fact, Eq. (11) can be written as:

where the left-hand side is the ratio of 
(

L(rh)
2 − �0

2
)

 
to �02 , which can be regarded as the square of the 
ratio of vertical height to horizontal length. While 
the form of Eq. (8) is L(r)2 ∼ cr2H−2 , the comparison 
between them verifies the difference between self-
similar fractals and self-affine fractals. From the com-
parison, it is known that one has to separate attribute 
information in different directions when evaluating 
fractal properties of self-affine objects.

�0 in Eq.  (12) can be replaced by N(rh) ∗ rh with 
N(rh) = �0∕rh . By dividing the numerator and 
denominator on the left-hand side of Eq.  (12) by 
N(rh)

2 , one can obtain Eq. (13):

Equation (13) transformes to v(rh) = �rH
h

 . In fact, this 
equation is similar to the variogram method in Chen 
et  al (2018); however, we derived its essential form 
here. With this equation, the Hurst exponent can be 
evaluated by:

The maximum horizontal length is �0 (marked as rh,0 
here), and we mark the maximum vertical length as 
vmax = v(rh,0) . The horizontal length and vertical 
length of the next level are rh,1 and v(rh,1) , respec-
tively. These two values of the ith level are marked 
as rh,i and v(rh,i) . Therefore, the scaling lacunarities 
( Ph , Pv ) in the horizontal and vertical directions are 
Pv = v(rh,i)∕v(rh,i+1) and Ph = rh,i∕rh,i+1 , respec-
tively. With v(rh) = �rH

h
 , the following relationship is 

obtained:

(11)
(

L(rh)

�0

)2

− 1 = �
2r2H−2

h
,

(12)
L(rh)

2 − �0
2

�0
2

= �
2r2H−2

h
,

(13)
l(rh)

2 − rh
2

rh
2

=
v(rh)

2

rh
2

= �
2r2H−2

h
.

(14)H =
1

log �

log v(rh)

log rh
∼

log v(rh)

log rh
.

Fig. 1   Terms used to evaluate the length of a self-affine profile
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and therefore H = logPv∕ logPh , which is the same 
as that derived by Jin et al in Refs. (Jin et al 2017b, 
2019, 2020). Equations  (11) and (14) provide meth-
ods to evaluate the Hurst exponent of self-affine pro-
files, and the comparison will be discussed in the 
results and discussion section.

3 � Results and discussion

3.1 � Morphology differences in the FBM and W‑M 
graphs

The morphology of a W-M fractal rough profile is 
determined by the comprehensive effects of many 
parameters, such as Nl , A, Ls , 2 − D , �n , Nh , and the 
simulated length of a profile. Next, we discuss the 
effects of each parameter on the profile morphol-
ogy. From Eq. (7), it is known that the rough profile 
is composed of the sum of different-period cosines. 
The period of cosines is determined by Nl , � , and Ls , 
with the minimal positive period of cosines equal 
to 2�∕

(

2��n∕Ls
)

 . For all the cosines in Eq.  (7), 
the largest value of the minimal positive periods is 
2�∕

(

2��Nl∕Ls
)

 . In this research, we set Ls = 2048 as 
a dimensionless parameter. The simulated length is 
set as a list ranging from 0 to 2047 with a step equal 

(15)Pv =
v(rh,i)

v(rh,i+1)
=

�rH
h,i

�rH
h,i+1

=

(

rh,i

rh,i+1

)H

= PH
h
,

to 1, which means that one fractal profile is domi-
nated by 2048 points (the same as Ls ) in total.

To illustrate the effects of Nl on the periodicity of 
a profile, we compared W-M graphs of different Nl (0 
and 4) but the same Nh = 50 (Note: Nh = 50 is used 
in the following study because its effects on profiles 
are relatively small when Nh is much larger than Nl ) 
in Fig.  2. The Nl values in Fig.  2a and b are 0 and 
4, respectively. When Nl = 0 , it is easy to obtain 
2�∕

(

2��Nl∕Ls
)

= Ls , which means the minimal 
period the function is equal to Ls . Here, both Ls and 
the sampling length are equal to 2048, which means 
that the profiles are of one period.

Then, by increasing Nl = 4 , we obtained another 
series of W-M profiles to explain the periodicity in 
Fig. 2b. In the figure, the black curve represents the 
W-M fractal profile with H = 0.9 , A = 460 , and ran-
dom seed (the random seed is a computer terminol-
ogy, which has the same meaning here. As the initial 
condition for generating random numbers, random 
seed dominates the random sequences. Taking �n in 
Eq.  (7) as an example, { �1 , �2 , ⋯ , �n } is a random 
sequence. Once its random seed is determined, the 
numbers in the sequence are uniquely fixed.) of 11. 
There are approximately five peaks and five valleys 
on this rough profile, which means that the profile has 
approximately five periods. This corresponds to the 
period in the W-M function. With Nl = 4 , the period 
equals 2�∕

(

2��4∕Ls
)

= Ls∕�
4 ≈ 404.54 . Thus, the 

wavenumber of the profile is 2048∕404.54 ≈ 5.06 . 

Fig. 2   a The comparison 
of W-M profiles of differ-
ent Hurst exponents when 
N
l
= 0 ; b The morphology 

of a rough profile with 
N
l
= 4 , H = 0.9 , A = 460 , 

and random seed of 11, and 
the blue curve represents 
the cosine with period of 
2�∕

(

2��
N
l∕L

s

)

= L
s
∕�4 ≈ 404.54

Random Seed: 11     Amplitude: 110
H: Hurst Exponent

(a)

(b)

A: 460
H: 0.9    R: 11

H: 0.5
H: 0.7
H: 0.9
H: 0.9999
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The blue curve in the figure is the cosine curve in 
the W-M function with both Nl and Nh being 4. The 
rough profile has a similar trend to that of the blue 
cosine curve. The five light blue vertical lines sepa-
rate the profile and the cosine curve into five parts 
with the same horizontal length.

As in Sects. 2.1 and 2.2, H has controlling effects 
on the trend between the two steps. Thus, we com-
pared the profile morphology of different Hurst expo-
nents (noted by curves of different colors) in Fig. 2a. 
Research has found that many natural rock fractures 
have a small Hurst exponent of approximately 0.8 
(Auradou 2009; Odling 1994). In addition, some stud-
ies found that the Hurst exponent of natural fractures 
is less than 0.5 (Babadagli et  al 2015; Seybold et al 
2020). Thus, in our research, the interval of the Hurst 
exponent changes from 0.5 to 0.9999. The profiles in 
the figure have the same A and random seed but dif-
ferent H. In the figure, the smoothest rough profile 
is represented by the light blue curve ( H = 0.9999 ). 
This profile is a fluctuating rough curve rather than 
a relatively straight line. However, in terms of fractal 
theory, when H is close to 1, the fractal object degen-
erates to a Euclidean object(a straight line). The dis-
crepancy between fractal theory and this phenome-
non is caused by the scale of the sampling length and 
the period scale (Zuo et  al 2020). These two scales 
are both 2048 for the W-M function with Nl = 0 
and Ls = 2048 . If the scale of the sampling length 
approaches or is larger than the period scale, the 
rough profile exhibits a fluctuating phenomenon with 
roughness similar to the light blue curve in Fig. 2a or 
the black profile in (b).

How to resolve this discrepancy becomes cru-
cial to its application in scientific research. From 
the above paragraph, we know that the discrep-
ancy is caused by the large scale of the sampling 
length and the small period scale. This problem of 
the W-M function has also been discussed in Zuo 
et  al (2020), where they indicated that the sam-
pling length plays an important role in affecting 
the estimation of fractal dimensions. In Fig.  3, the 
Nl of the profiles was set at − 80 to ensure that the 
period 2�∕

(

2��−80∕Ls
)

= Ls∕�
−80 ≈ 2.504 × 1017 is 

much larger than 2048. The morphology of profiles 
with H = 0.5 and H = 0.7 in the figure is similar to 
those with corresponding H in Fig.  2a. However, 
for profiles with H = 0.9 and 0.9999, their fluctua-
tion is smaller than profiles with Nl = 0 in Fig.  2a. 
Obviously, the profile with H = 0.9999 is relatively 
smooth. This comparison indicates that by decreasing 
the lower limit of the summation, one can obtain a 
relatively smooth profile with H approximately equal 
to 1.

To further verify the phenomenon, in Fig.  4, we 
compare the profiles with H = 0.9999 but different 
random seeds. The A of the profiles is 10, and their 
morphology with random seeds of 11, 12, 13, and 
19 is quite smoothbut with different trends: R = 13 
is positive, while R = 11 and R = 12 are negative, 
with the latter having a gentle slope. When R = 19 , 
the line is almost around the x-axis. It is known that 
�n in Eq.  7 determines the initial phase of cosines 
and therefore dominates the morphology of rough 
profiles. The difference in random series is the rea-
son for the different trends of these four profiles. This 

Fig. 3   Comparison of 
W-M profiles of differ-
ent Hurst exponents when 
N
l
= −80

Random Seed: 12
A: Amplitude
H: Hurst Exponent

A: 110   H: 0.5

A: 40     H: 0.9

A: 10     H: 0.9999

A: 110   H: 0.7

t
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phenomenon can also be explained using Fig.  2b. 
Since the sampling length is much smaller than the 
period, the sampling length is only a small part of the 
whole period. In Fig. 2b, the period is 404.54; here, 
the sampling length could be a much smaller value, 
such as 0.1. This short piece may be located at any 
position in the period. For example, if we set the sam-
pling length as 0.01 on the rough profile in Fig. 2b, 
the rough profile could be distributed at the peak or 
valley with a relatively gentle trend, or it may be dis-
tributed on mountainsides with a steep slope. This 
means that when the sampling length is much shorter 
than the period, the profile shape will be obviously 
affected by �n.

In addition to �n , A becomes another important 
factor affecting the roughness of W-M fractal profiles. 
In Fig.  4, two pairs of profiles with different values 
of A are compared. The A values of the blue curve 
and the red curve are 10 and 25, respectively. Obvi-
ously, the red curve exhibits a steeper trend than the 
blue curve with A = 10 . This effect could be bet-
ter reflected from the comparison between the pro-
file ( R = 19 , A = 10 ) and another profile ( R = 19 , 
A = 120 ). Their Hurst exponents are all 0.9999, and 
the profile with A = 10 is almost smooth with a small 
slope around the x-axis; however, the profile with 
A = 120 has an obvious fluctuation and rough fea-
tures. Compared with the other five curves in Fig. 4, 
the profile with A = 120 is rougher with small spikes.

After these comparisons, it is known that the mor-
phology of the W-M rough profiles is controlled by 
several parameters. Therefore, similar to results noted 
by other researchers, the W-M function should be 

carefully examined before its application. Subsequent 
comparisons with the FBM profile will be presented. 
FBM is also a random process; thus, the morphology 
of profiles varies with the random seed as well. The 
circled 1, 2, and 3 in Fig.  5 represent FBM graphs 
with random seeds of 28, 854, and 202, respec-
tively. The Hurst exponent of these three profiles is 
0.9999. The difference of random seeds causes differ-
ent slopes to the profiles. These three approximately 
straight line profiles are different from those in Figs. 2 
and 3. The profiles with H = 0.9999 perform like 
straight lines and are more in line with fractal theory.

In addition to random seeds, profiles of differ-
ent Hurst exponents are compared in Fig.  5. From 
top to bottom, the Hurst exponents of the profiles 
are 0.9999, 0.9, 0.7, and 0.5. These profiles have the 
same random seed 854, and their roughness increases 
gradually. When comparing these FBM profiles with 
the W-M profiles in Fig. 3, one can see that the two 
kinds of profiles are similar; however, the profiles of 
these two functions have some differences for a large 
H.

From all the comparisons above, it is apparent that 
both FBM and the W-M function are able to construct 
fractal profiles with randomized characteristics. From 
the W-M function and FBM construction process, it 
is identified that there are more controlling parame-
ters in the W-M function, including H, Nl , A, Ls , �n , 
and the sampling length. Thus, this function should 
be carefully checked before its applications. The key 
point is to ensure a much smaller sampling length 
than the period of the function. An inappropriate 
parameter application may cause deviation between 

Fig. 4   Comparison of 
W-M profiles with differ-
ent random seeds when 
N
l
= −80

R: Random Seed
A: Amplitude
Hurst: 0.9999

t

R: 11  A: 10

R: 12  A: 10R: 12  A: 10

R: 12  A: 25

R: 19  A: 10
R: 19  A: 10

R: 13  A: 10

R: 19  A: 120
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the set fractal dimension in the W-M function and the 
estimated fractal dimension, such as the deviation for 
profiles with small fractal dimensions in Chen et  al 
(2018). These cases will be discussed in the following 
analysis.

3.2 � Estimation results of the Hurst exponent

To compare the differences between Eqs. (8) and (11), 
we divided the rough profiles of the W-M function 
and FBM into multiple segments with the same hori-
zontal scale in each partition. The horizontal scale 
rh is set from 2 to 1024 (specifically, 2–51, 54, 55, 
57, 58, 60, 62, 64, 66, 68, 71, 73, 76, 79, 82, 85, 89, 
93, 97, 102, 108, 114, 120, 128, 136, 146, 157, 171, 
186, 205, 227, 256, 292, 341, 409, 512, 682, 1024). 
Note that these values are selected to ensure that each 
piece has a similar length. As is known, one profile 
has a fixed horizontal length; thus, the last piece can 
only be passively given the remaining length, which 
may differ from the segment scale. Based on the seg-
mented results, the profile length L(rh) can therefore 
be measured. The lengths are listed in Fig. 6, and they 
increase with the decreasing rh . From (a) to (d), the 
segmented rough profiles are FBM with the random 
seed 202, W-M profiles with Nl = 4 , 0 and −  80, 
respectively. The red hexagons, steel blue stars, yel-
low diamonds, green triangles, dark blue circles, and 
gray squares in Figs. 6, 7 and 8 represent the length 
data of profiles with H = 0.5 , 0.6, 0.7, 0.8, 0.9, and 
0.9999, respectively.

In the figure, it is known that L(rh) has a power 
law relationship with rh , and it decreases heavily 
with the increase of rh . In the comparison, (a) and 

(d) have similar results and trends. This verified 
the similarities between FBM and the W-M func-
tion (here, we have to note that Nl should be small 
enough to ensure the scaling rule). The gray squares 
in both graphs distribute almost horizontally in the 
bottom, which indicates L(rh) remains almost stable 
for different rh when H = 0.9999 . This is to say the 
two profiles perform more like straight lines. The 
trends of the data in (b) are different from those in 
(a) and (d). For Nl = 4 , ln(L(rh)) is larger and expe-
riences a sudden reduction around ln(rh) = 5 . In 
addition, for H = 0.9999 , L(rh) still shows a clear 
downward trend rather than a horizontal trend. This 
phenomenon indicates that the profile is a rough 
curve similar to the black profile in Fig. 2b. Moreo-
ver, the slope is −  0.1427, which is much smaller 
than −5 ∗ 10

-6 in (a) and −  0.0012 in (d), respec-
tively. That is, the rough profile with H = 0.9999 in 
(b) has obvious fractal characteristics, which should 
not be the case for H ≈ 1 . The data in (c) have simi-
lar trends to those in (a) or (d); however, the trend 
of L(rh) is not horizontal for the gray squares.

ln(L(rh)) and ln(rh) in Fig. 6 have a linear relation-
ship, and their slopes should be H − 1 if L(r) ∼ crH−1 
is met. However, the slopes and H do not satisfy the 
above relationship, especially for H = 0.6 to 0.9. This 
indicates that the length Hurst exponent of self-affine 
profiles is different from the set H. As that has already 
been derived from Eqs.  (9) to (12), for self-affine 
profiles, the relationship between L(rh) and rh is not 
a simple power law relationship but akin to the rela-
tionship in Eq.  (10). Here, to verify the relationship 
between L(rh) and rh , we compared the correspond-
ing data in Fig.  7. The vertical axis of these graphs 

Fig. 5   Comparisons of 
FBM graphs of different 
random seeds and different 
Hurst exponents

R: Random Seed
H: Hurst Exponent

R: 854   H: 0.5

R: 854   H: 0.9

R: 854   H: 0.7

R: 202   H: 0.9999
R: 854   H: 0.9999

R: 854   H: 0.9999

R: 28     H: 0.99991
2
3

1
2

3
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is ln((L(rh)∕�0)2 − 1) . (a) and (d) are similar to the 
linear relationship from rh = 2 to 1024. For data in 
(c) with Nl = 0 , the effective linear interval is smaller 
than (a) and (d). When Nl = 4 , the interval decreases, 
and ln((L(rh)∕�0)2 − 1) experiences a sudden drop 
at ln(rh) ≈ 5.2 . The comparison of these four graphs 
illustrates that the value of Nl in the W-M function 
will cause the variation of fractal property in the syn-
thesized profiles.

In Eq.  (11), (L(rh)∕�0)2 − 1 is proportional to 
r2H−2
h

 , and therefore, the slopes in Fig.  7 should be 
equal to 2H − 2 . Combined with the set H, the value 
of each graph from top to bottom is −  1.0, −  0.8, 
−  0.6, −  0.4, −  0.2, and −  0.0002. The slopes in 
(a) and (d) fit these values well. For (b) and (c), the 
slopes and corresponding 2H − 2 have a large rela-
tive deviation, especially for large H. This further 
illustrates the impact of Nl on the fractal properties of 
rough profiles for the W-M function. The above two 
figures all indicate that the fractal dimension of the 
W-M function depends not only on the set D in this 

function but also on the selection of Nl , Nh , the total 
length, and the scale interval.

As derived in 2.3, Eq. (11) can be written as the 
effective vertical length form v(rh) = �rH

h
 . This 

power law relationship is more intuitive and clearer, 
and, it is convenient for evaluating the H of self-aff-
ine profiles. Here, we calculated the effective verti-
cal length using v(rh) =

√

l(rh)
2 − r2

h
 and compared 

the relationship between ln(v(rh)) and ln(rh) in 
Fig. 8. The random seed of the profiles in (a) is 854.

Different from the trends in the above two fig-
ures, v(rh) in Fig.  8 has an increasing trend with 
increasing rh . These linear relationships between 
ln(v(rh)) and ln(rh) indicate that the power law rule 
between v(rh) and rh . With v(rh) = �rH

h
 , it is known 

that the slope of the linear relationships in the fig-
ure should be equal to the set H. The fitted linear 
interval in (a) and (d) is wide with rh from 2 to 682. 
For Nl = 4 and Nl = 0 , the corresponding intervals 
are much smaller, as can be seen in (b) and (c). In 

(a): FBM
R = 202

(b): W-M
Nl = 4

(d): W-M
Nl = -80

(c): W-M
Nl = 0

Fig. 6   Power-law relationships between L(r
h
) and r

h
 for FBM and W-M profiles of different H 
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(a): FBM
R = 28

(b): W-M
Nl = 4

(d): W-M
Nl = -80

(c): W-M
Nl = 0

Fig. 7   Power law relationships between (L(r
h
)∕�

0
)2 − 1) and r

h
 for FBM and W-M profiles of different H 

addition, we can see that the slope values in (a) and 
(d) properly fit the set H. However, the values in (b) 
and (c) do not match well, especially for large H.

With the data in Figs. 7 and 8, the corresponding 
Hurst exponents of the FBM and W-M profiles are 
calculated using Eqs. (11) and (14). Their results are 
compared in Fig. 9a , where the circles are all distrib-
uted near the reference line y = x . This result and the 
derivation in 2.3 indicate Eq. (11) and Eq. (13) have 
a similar geometric meaning. Note that the length 
scale relationship is different from Eq. (8). These two 
models explain the difference between self-affine and 
self-similarity from the geometric relationship and 
provide a method for evaluating the H of self-affine 
profiles.

To verify these two equations and test the fractal 
properties of the FBM and W-M profiles, we com-
pared the evaluated Hurst exponents and the cor-
responding set H in Fig.  9b. The calculated Hurst 

exponent of FBM profiles with the random seed of 
28 is represented by the yellow diamonds, while the 
green hexagons are the results of W-M profiles with 
Nl = −  80, and they all distribute around the line 
y = x . This indicates two points. The first is that the 
proposed H evaluation method is correct and the 
evaluated H match the set H well. The other is that 
the W-M function is able to construct self-affine pro-
files similar to FBM profiles. However, the results of 
W-M profiles with Nl = 4 and 0 , represented by gray 
squares and blue stars, are mostly distributed under 
the line y = x , especially for H ⩾ 0.7 . In addition, the 
squares distributed under the stars indicate the evalu-
ated Hurst for W-M profiles of Nl = 4 is smaller than 
that of W-M profiles with Nl = 0, and they are both 
smaller than that of profiles with Nl = − 80.

The reason for the deviation of H is the inappro-
priate scale relationship of the W-M function rather 
than the failure of the Hurst evaluation method. That 
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is, the selected Nl in the W-M function is large, which 
causes the minimum step to be larger. We also plot-
ted the evaluated Hurst exponent of the FBM profiles 
using Eq.  (8) in (b) with the circles that are distrib-
uted above y = x . This indicates that the evaluated H 
are larger than the set H and therefore illustrates that 
the evaluated Hurst exponent using Eq.  (8), the tra-
ditional length scale relationship, cannot represent 
the fractal properties of self-affine profiles. Ficker 
(2017) also pointed out that the fractal dimension of 
a natural rock joint is unlikely to be as small as that 
evaluated using the divider method. Equations  (11) 
and (13) provide methods for evaluating the H of self-
affine profiles.

4 � Conclusions

This research describes the fractal properties of 
self-affine objects with fractional Brownian motion 

and the Weierstrass-Mandelbrot function. The mor-
phology comparison between profiles of FBM and 
the W-M function verified that the fractal proper-
ties of W-M profiles are determined by the control-
ling parameter ( Nl ) of low cutoff frequency and the 
scale length. Only through proper parameters selec-
tion can it ensure that the generated profile conforms 
to the set fractal characteristics. The inappropriate 
use of parameters is the fundamental cause of devia-
tions in the fractal dimension in some studies. Then, 
the quantitative fractal model of the self-affine pro-
file length and measurement scale, as well as the 
fractal relationship between the equivalent verti-
cal height and measurement scale, are derived from 
the basic geometrical and fractal properties. From 
the geometric level, it is found that the length L(rh) 
of the self-affine profiles at measurement scale rh 
satisfies 

(

L(rh)∕�0
)2

− 1 = �
2r2H−2

h
 rather than the 

simple power law relationship L(rh) ∼ crH−1
h

 . The 

(a): FBM
R = 854

(b): W-M
Nl = 4

(d): W-M
Nl = -80

(c): W-M
Nl = 0

Fig. 8   Power law relationships between v(r
h
) and r

h
 for FBM and W-M profiles of different H 
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complicated relationship between L(rh) and rh can be 
further simplified as a power law relationship between 
the equivalent vertical height and the measurement 
scale v(rh) = �rH

h
 . All the comparisons show that, 

compared with the W-M function, FBM has fewer 
control parameters and therefore is more suitable for 
the construction of self-affine objects. This paper ana-
lyzed the properties of fractal functions (FBM and 
the W-M function) and their application conditions, 
which proposes a reference for the correct construc-
tion and the H evaluation of the self-affine profiles.
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