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Abstract

This paper proposes a simple thermal conductivity model for geomaterials accounting for the combined effect of both degrees
of saturation and dry density. The model only requires the determination of the thermal conductivity under dry conditions
(i.e., at a degree of saturation equal to zero) and as little as two additional measurements of thermal conductivity performed
at different levels of degree of saturation and dry density. The model is a function of only two fitting parameters, namely the
moisture factor m; and the density factor m,,. Despite its simplicity, the model can correctly predict the thermal conductivity
of geomaterials and this has been validated against five sets of experimental data obtained on a very broad range of materi-
als ranging from fine (e.g., bentonite) to coarser soils (e.g., a mix of gravel, coarse sand and silt) tested at different levels of
degree of saturation and dry density. The paper also shows that the model can be applied to different engineering contexts
such as (a) the thermal behaviour of earth materials used for building construction, (b) the thermal performance of benton-
ites employed for the storage of nuclear waste and (c) the estimation of the heat exchange in shallow geothermal reservoirs.
Finally, the proposed model can be easily implemented in a finite element code to perform numerical simulations to study

the heat transfer in unsaturated geomaterials.
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Introduction

The thermal conductivity of unsaturated geomaterials plays
a fundamental role in a broad range of engineering, geophys-
ical and geoenvironmental applications such as (a) the stor-
age and recovery of heat from shallow geothermal reservoirs
[1-4]; (b) the thermal performance of bentonitic clay used
for the storage of highly radioactive nuclear waste [5-7];
(c) the indoor thermal comfort inside earth dwellings [8,
9]; (d) management of crops and cultivations in agricultural
applications [10, 11].

Over the past few decades, the experimental measure-
ment of the thermal conductivity of unsaturated porous geo-
materials has enjoyed a significant progress and it can be
obtained by means of various techniques involving either
steady-state or transient methods [12]. The former group of
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methods encompasses various laboratory techniques, such
as the absolute technique for which a sample is heated by a
heat source with a known steady-state power and the result-
ing temperature gradient across the thickness of the mate-
rial is monitored. Other steady-state methods also involve
the use of comparative techniques (i.e., comparisons with
materials of known thermal conductivity), measurements
by means of heat flux meters, radial heat flow method and
the parallel thermal conductance technique [12]. Instead,
the transient methods, which encompass several laboratory
techniques (e.g., pulsed power technique, hot wire method,
transient plane source and laser flash thermal diffusivity
method), overcome the issue of long waiting time for estab-
lishing steady-state conditions. The heat sources in transient
methods function either periodically or as a pulse [12—14].

In parallel with the experimental advancement of the
measuring techniques, various types of analytical models
have been devised to predict the thermal conductivity of
unsaturated geomaterials [15, 16]. In particular, Dong et al.
[15] subdivided the existing thermal conductivity models
in the following three categories: (a) mathematical models,
that are adopted from predictive models of other physical
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properties (such as dielectric permittivity, magnetic per-
meability, electric or hydraulic conductivity) which are
calculated by considering the thermal conductivity of each
component and its corresponding volume fraction; (b) mix-
ing models, that conceptualise the multiphasic nature of
geomaterials as a combination of solid, air and water blocks
arranged either in series or in parallel, thus leading to lower
and upper bounds of the thermal conductivity; (c) empirical
models, that define a relationship between the relative ther-
mal conductivity (i.e., normalised in relation to the saturated
and dry thermal conductivities) and the water content (or
equivalently the degree of saturation).

This paper firstly summarises some examples of these
alternative approaches in modelling the thermal conductiv-
ity of soils available in the literature. Afterwards, a new and
simple model to estimate the thermal conductivity of unsat-
urated geomaterials is proposed. Interestingly, this model
accounts for the combined effect of the degree of saturation
and dry density on the thermal conductivity of various geo-
materials. The quality of the model predictions is success-
fully validated against five sets of experimental data, thus
confirming its good capability of reproducing the thermal
conductivity of different unsaturated geomaterials employed
in different engineering applications (e.g., earth buildings,
storage of nuclear waste, shallow geothermal reservoirs).
Finally, the simplicity of the proposed model is such that
it can be easily implemented into a numerical code (e.g.,
Finite Element Method software) to study the heat transfer
in unsaturated geomaterials.

Review of Existing Thermal Conductivity Models

The moisture-dependent thermal conductivity 4 of a material
is a measure of its ability to transfer or conduct heat and it
is fundamental in numerous geotechnical, geophysical and
geoenvironmental applications. This section revises some of
the most used thermal conductivity models by considering
the model classification proposed by Dong et al. [15].

A common approach in modelling the thermal conduc-
tivity of porous geomaterials in a partially saturated state is
based on the consideration that the ability to transfer the heat
of a given unsaturated geomaterial is dependent on the ther-
mal conductivities and the volume fractions of solid grains,
water and air. Based on this approach and as an example of
mathematical models, De Vries [17] defined the following
expression of the thermal conductivity A:

_ X A, + x4, + Fx A,
X, +x, + Fx,

A

D
where {x,:x,,:x, } and { ,:4,,;4, } are respectively the volume

fractions and the thermal conductivities of air, water and
solid grains. The fitting parameter F' is a weighting factor
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which accounts for the continuity and shape of the solid par-
ticles and their effect on the thermal conductivity of the geo-
material. Given its dependency on both contact and arrange-
ment of solid particles, it is interesting to note that the model
parameter F can also be seen as an implicit consideration of
the effect of dry density on thermal conductivity. This model
has the advantage of considering the effect of the degree of
saturation for the two-pore fluids (i.e., air and water) as well
as the volume fraction of the solid phase. On the other hand,
the application of the model requires the knowledge of the
individual thermal conductivities of the air, water and solid
fractions. While the thermal conductivities of both air and
water are well known, it can be challenging to determine
the thermal conductivity of the solid fraction especially if
the geomaterial is porous and composed by a mix of several
mineralogical components.

In parallel, several mixing models are available in the
literature and the most used are the ones proposed by Mick-
ley [18], Woodside and Messmer [19] and McGaw [20]. In
particular, Mickley [18] accounted for the heat conduction
through a series of water films, solid and air blocks. Wood-
side and Messmer [19] considered instead of a three-compo-
nent system of solid, water and air that is traversed by three
parallel heat flow paths. This model required the thermal
conductivity and volume fraction of each component and
it only provided a good estimate of the thermal conductiv-
ity for saturated two-phasic materials [15]. Finally, McGaw
[20] simplified the three-component system of Woodside
and Messmer [19] by assuming the heat transfer does not
occur at the particle contacts but only within the fluids. This
simplifying assumption led to the introduction of an interfa-
cial efficiency factor to be applied at the solid/fluid contact.
The use of this model, therefore, requires the determination
of the efficiency factor, which can generate uncertainty espe-
cially at the low values of degree of saturation [15].

Several empirical models were also proposed in the lit-
erature. Johansen [21] proposed the following expression for
the thermal conductivity 4 of unsaturated soils:

A= (/lsal - Adry))'e + )’dry (2)

where A, and 4, represent the thermal conductivity of the
soil under saturated and dry conditions, respectively. The
term A, represents instead the Kersten number. The saturated
and dry thermal conductivities as well as the Kersten num-
ber for both fine- and coarse-grained soils are expressed by
the following equations:

A = A28 (3a)
0.137p, + 64.7
Ay = = PaT 270 20
= 2700 - 0.947p, T (3b)
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A, =0.7logS, + 1 — Fine — grained soil (S, > 0.05) (3¢)

A, =logS, +1 — Coarse — grained soil (S, > 0.1)  (34)

where 4, 4,, and n in Eq. (3a) represent the thermal conduc-
tivity of the solid particles, the thermal conductivity of water
and the soil porosity, respectively. The terms p, in Eq. (3b)
and S, in Egs. (3c) and (3d) are instead the dry density and
the degree of saturation of the soil, respectively. Inspection
of Egs. (2) and (3) indicated that the model proposed by
Johansen [21] does not provide a unique value of the dry
thermal conductivity (i.e., considering the 20% tolerance)
and it requires the determination of the thermal conductivity
of the solid particles, which may be a challenging task from
the experimental point of view. The model also provides two
distinct equations (i.e., Equations (3c) and (3d)) for fine- and
coarse-grained soils, thus hindering the direct application
of the model to soils with well-graded granularities (i.e.,
soils composed by comparable percentages of the different
granulometric fractions).

Another empirical model for predicting the thermal con-
ductivity of unsaturated geomaterials has been proposed by
Liuzzi et al. [22], who measured the moisture dependent
thermal conductivity of different types of clay mixes either
left unstabilised or stabilised with 5% of hydrated lime by
dry weight. Both unstabilised and stabilised geomaterial
samples were equalised at different levels of relative humid-
ity ranging between 35 and 85% and at a constant tempera-
ture of 23 °C. After equalisation, the thermal conductivity
was determined by means of the transient plane source
device ISOMET 2104. To interpret the experimental data,
Liuzzi et al. [22] also proposed a simple empirical thermal
conductivity model which relates the ratio ~ between the

dry
moisture-dependent thermal conductivity 4 and the dry ther-

mal conductivity 44, with the degree of saturation S, by
means of the following mathematical expression:

A

=1+mS, )
dry

where m; is a model parameter named the moisture factor.
Inspection of Eq. (4) indicates that the model proposed by
Liuzzi et al. [22] does not account for the influence of the
dry density on the thermal conductivity of the material. The
model presented in the present work extends the formulation
proposed by Liuzzi et al. [22] to overcome this limitation, as
it will be described in the following section.

Thermal Conductivity Model

The present work proposes a simple relationship between

the ratio = of the moisture-dependent thermal conductivity
dry

Aover the dry thermal conductivity 44, the degree of satu-
ration S, and the dry density p,;, which is defined as
follows:

A Whq

=14+mS, +m;—
Adry ! ¢ Py (5)

where w is the water content, p, is the density of the solid
particles and m, is a dry density factor (i.e., a fitting parame-
ter). Equation 5 correctly predicts that the moisture-depend-
ent thermal conductivity A becomes equal to the dry thermal
conductivity 4, as both the degree of saturation and water
content are equal to zero. Note that the model predicts a
constant thermal conductivity under dry conditions and this
is regardless of the level of dry density. A more sophisticated
approach would have considered the dependency of the dry
thermal conductivity A, on the dry density. However, this
approach would have required further experimental testing
and the introduction of additional model parameters, thus
compromising the primary feature of the proposed model,
which is its simplicity. Despite this limitation, the model
is still capable of providing an accurate estimation of the
thermal conductivity of various geomaterials, as it will be
shown in the following section.

Model Validation

The proposed thermal conductivity model has been validated
against experimental data published by Hall and Allinson
[23], Mansour et al. [24], Song et al. [25], Bruno et al. [26]
and Tang et al. [5].

Hall and Allinson [23] measured the moisture dependent
thermal conductivity on three earth mixes composed by a
14-6.3 mm rounded pea gravel, 5 mm-down medium grade
grit sand and a silty clay. In particular, Hall and Allinson
[23] named these three mixes as 433, 613 and 703 according
to the proportion of each component with the first, second
and third number being the mass proportion in units of ten
of pea gravel, grit sand and silty clay, respectively. All soil
mixes were stabilised with the addition of 6% by total dry
mass of ordinary CEM Ila Portland cement, mixed with the
optimum water content of 8% and then compacted according
to the standard Proctor procedure as prescribed by the norm
BS 1377-4 [27]. The thermal conductivity was measured
by means of a computer-controlled P.A. Hilton B480 heat
flow meter apparatus with descending vertical heat flow in
agreement with the ISO 8301 [28]. Figure 1a—c show respec-
tively the experimental values of thermal conductivity for
the soil mixes 433, 613 and 703 plotted against the corre-
sponding degree of saturation and dry density and together
with the model prediction. Inspection of Fig. 1 suggests the
excellent capability of the model of reproducing the thermal
conductivity of the different soil mixes. This was achieved
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Experiment- 433 @

(a) Model prediction ——
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Fig.1 Model validation against experimental data by Hall and Allin-
son [23] on earth materials 433 (a), 613 (b) and 733 (¢)

regardless of the specific grain size distribution of the tested
material and over a range of dry density between 1939 kg/
m? and 2230 kg/m? and a degree of saturation varying from
0 up to 0.6.

Mansour et al. [24] performed hot wire tests to determine
the thermal conductivity of a soil composed of 59.9% of
clay and silt, 39.1% of sand and 1.0% of gravel with a liquid
limit of 22.4% and a plastic index of 6.6%. The soil was
mixed with a water content of 13% and then compacted at
different dry densities ranging from 1577 kg/m® to 2147 kg/
m?>. Measurements of thermal conductivity were taken by
means of the hot wire method after the soil samples were
left to equalise until the desired water content was reached,
thus resulting in a variation of the degree of saturation from
0.076 up to 0.256. Figure 2 shows the experimental results
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Fig.2 Model validation against experimental data by Mansour et al.
[24] on a silty clay soil

from the thermal conductivity tests performed by Mansour
et al. [24] together with the model simulations. Inspection of
Fig. 2 confirms the good capability of the model of estimat-
ing the thermal conductivity of a relatively fine soil com-
pacted at different dry densities and equalised at various
levels of degree of saturation.

Song et al. [25] measured the thermal conductivity of a
Xyanyang clay with a liquid limit of 37%, a plasticity index
of 13.9% and a specific gravity of the solid particles G, equal
to 2.74. Song et al. [25] used the Hot Disk Transient Plane
Source technique to determine the thermal conductivity of
soil samples compacted at different dry densities ranging
from 1550 kg/m> to 2070 kg/m? and at various levels of
water content ranging from 3 to 24% (i.e., corresponding to
a variation of degree of saturation from 0.107 up to 0.980).
Figure 3 shows the experimental data by Song et al. [25]
plotted together with the corresponding model predictions.
Also in this case, the model well reproduces the thermal
conductivity of the tested Xyanyang clay samples with a
very good fit of the experimental data.

Bruno et al. [26] measured the moisture dependent ther-
mal conductivity of earth samples composed by 0.4% of

Experiment - Xyanyang clay @
Model prediction ——

Fig.3 Model validation against experimental data by Song et al. [25]
on a Xyanyang clay
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gravel, 40.4% of sand, 42.9% of silt and 16.3% of illitic clay
hypercompacted at a pressure of 100 MPa at the optimum
water content of 5.2%. More details on the hypercompac-
tion procedure can be found in Bruno et al. [29] and Bruno
et al. [30]. After compaction, three different sets of hyper-
compacted earth samples were left to equalise inside a cli-
matic chamber at a constant temperature of 25 °C and at
the three levels of the relative humidity of 25, 62 and 95%.
After equalisation, three measurements of thermal conduc-
tivity were taken by means of the Hot Disk Transient Plane
Source technique on hypercompacted earth samples for
each level of relative humidity. To minimise the effect of
different hygrothermal conditions in the laboratory, thermal
conductivity measurements were directly taken inside the
climatic chamber. Results from this experimental campaign
are reported in Fig. 4 together with the model prediction.
Note that Bruno et al. [26] did not measure the dry thermal
conductivity Ay, Which is here extrapolated by assuming
a linear relationship between the experimental moisture-
dependent thermal conductivity and the degree of saturation.
Inspection of Fig. 4 shows the good capability of the model
of reproducing the thermal conductivity of earth materials
compacted at very high dry densities up to 2310 kg/m* and
equalised to a degree of saturation ranging from 0.346 up
to 0.580. Note that the model validation against the data by
Bruno et al. [26] is not as strong as that of the other data sets
and this is related to the limited number of thermal conduc-
tivity measurements. Nevertheless, it is still worth showing
that the proposed model can correctly predict the thermal
conductivity of geomaterials at a level of dry density up to
2310 kg/m> which is more common in soft rocks rather than
compacted soils. This further reiterates the versatility of the
model’s applications.

Tang et al. [5] measured the thermal conductivity of
compacted bentonite, which is a soil that can be used as a
buffer material for high-level radioactive waste disposal. In
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Fig.4 Model validation against experimental data by Bruno et al.
[26] on hypercompacted sandy silt samples

particular, Tang et al. [5] tested an MX80 bentonite from
Wyoming and purchased from CETCO Europe Ltd. The
tested bentonite has a liquid limit of 520% and a plastic
index of 478%, thus attaining a very high plasticity com-
pared with the soils tested by Hall and Allinson [23], Man-
sour et al. [24], Song et al. [25] and Bruno et al. [26]. Tang
et al. [5] used the sensor KD2 from Decagon Devices Inc. to
determine the thermal conductivity of the MX80 bentonite
compacted at a dry density ranging from 1465 kg/m® up to
1801 kg/m® and equalised at a degree of saturation ranging
from 0.29 up to 0.86. Results from Tang et al. [5] are plotted
in Fig. 5 together with the model predictions. Once again,
Fig. 5 shows the good ability of the model of capturing the
thermal conductivity of a fine and expansive bentonitic clay
with a very high plasticity over the tested ranges of both dry
density and degree of saturation.

In conclusion, the good capability of the model in repro-
ducing the thermal conductivity of various unsaturated geo-
materials is estimated by means of the Root Mean Square
Error RMSE, which is given by the following expression:

2
Xi [(T’L) mod.i <*jﬂv )exw] ©

m

RMSE =

where ( L ) and ( = ) are respectively the predicted
dry / mod,i dry / exp,i
and experimental ratios between the moisture-dependent and
dry thermal conductivities while m is the number of meas-
urements performed for each data set. Values of RMSE for
all the data sets considered in the present work together with
the numerical values of the model parameters m, and m, are
summarised in Table 1. In particular, the model parameters
my and m, were calibrated by means of a least-square regres-
sion of the available data. These latter values further confirm
that the degree of saturation tend to have a more remarkable
influence on the variation of the moisture-dependent thermal
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Fig.5 Model validation against experimental data by Tang et al. [5]
on an MX80 Bentonite
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Table 1 Values of m;, m, and

RMSE £ References Soil my my RMSE
or all data sets

Hall and Allinson [23] Mix 433 0.858 2.54x 107 0.030

Mix 613 0.793 3.48x107° 0.030

Mix 703 1.21 1.48x107° 0.032
Mansour et al. [24] Silty clay soil 10.45 1.13x 107! 0.337
Song et al. [25] Xyanyang clay 2.14 1.50x 1072 0.185
Bruno et al. [26] Hypercompacted sandy silt 0.324 2.51%1072 0.005
Tang et al. [5] MX80 Bentonite 3.75 2.54% 107" 0.229

conductivity compared with that of the dry density. How-
ever, the model still successfully captured the limited effect
of dry density on the thermal conductivity.

Inspection of Table 1 also indicates that the quality of the
model predictions is highly accurate for the data published
by Hall and Allinson [23] and Bruno et al. [26]. In the for-
mer case, the excellent predictive capability of the model
can be attributed to the low scatter of the experimental data
while in the latter case, the limited number of experimen-
tal data has facilitated the calibration of both moisture and
dry density factors. Also note that, in both datasets of Hall
and Allinson [23] and Bruno et al. [26], the good quality
of the prediction is also related to the limited range of dry
densities investigated by these two experimental works. The
quality of the model predictions progressively reduces for
the data published by Song et al. [25], Tang et al. [5] and
Mansour et al. [24] but still maintaining a satisfactorily level
of accuracy. The larger deviation between the predicted and
experimental values of thermal conductivity for these three
data sets can be attributed to the more significant dispersion
of the data.

Conclusions

The paper proposed a simple thermal conductivity model
for various types of geomaterials in an unsaturated state.
The model postulated that the ratio between the moisture-
dependent thermal conductivity and the dry thermal conduc-
tivity depends on the degree of saturation and dry density by
means of only two model parameters, namely the moisture
factor m, and the dry density factor m,. The proposed model
has been validated against five different sets of experimen-
tal data consisting of measurements of thermal conductiv-
ity conducted on earth samples compacted at different dry
densities and degree of saturation. The main outcomes of the
present study can be summarised as follows:

e The model well predicts the thermal conductivity of

earth materials over a broad range of degrees of satura-
tion spanning from dry to almost saturated conditions.

@ Springer

e Model predictions are highly accurate over a wide range
of dry densities ranging from 1465 kg/m? (typical of geo-
technical applications) to 2310 kg/m’ (representative of
earth dwellings or deep geothermal reservoirs).

e The effect of the degree of saturation on the thermal con-
ductivity is more significant than that of the dry density
and this is due to the high thermal conductivity of water
compared to that of air.

¢ An increase of dry density (and hence a reduction of the
porosity) often induces an increase of the degree of satu-
ration, thus inducing a combined action on the thermal
conductivity of the geomaterials, which is well captured
by the proposed model.

e The model well predicts the moisture-dependent thermal
conductivity of a broad range of soil granularities vary-
ing from fine and expansive bentonitic clays to coarse
sandy soil mixes.

e The model provided reliable thermal conductivity esti-
mations of data obtained using various laboratory tech-
niques (e.g., heat flow meter apparatus, hot wire method,
hot disk transient plane source technique, KD2 thermal
properties analyser), thus further confirming the validity
of these measuring techniques.

Interestingly, the proposed model can be applied on a
very broad range of engineering, geophysical and geoenvi-
ronmental applications (e.g., heat exchange with geothermal
reservoirs, safe disposal of radioactive waste in bentonitic
buffers, thermal performance of earth materials used for
building constructions, optimised management of cultiva-
tions and crops, etc.). Finally, the simplicity of the model
facilitates its implementation in Finite Element codes for the
numerical study of heat transfer occurring in geomaterials
in a partially saturated state.
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