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Abstract

We find monodromy formulas for line arrangements that are fibered with respect to the
projection from one point. We use them to find O-dimensional translated components
in the first characteristic variety of the arrangement R(2n) determined by a regular
n-polygon and its diagonals. We also find new 1-dimensional translated components
which generalize the well-known case of the Bz-deleted arrangement.
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1 Introduction

An abelian local system £, on the complement M(A) of a hyperplane arrangement A
inCV is defined by choosing one non-zero complex number p; for each hyperplane £ €
A. For a generic choice of parameters py, it is well known that homology concentrates
in the top dimension N (see e.g. [14]). The i-th characteristic variety of A is the
subvariety

Vi(A) = {(0e)ren € (C)": dim (H; (M(A); £,)) > 0}
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where r = #A. Broad literature on this subject is known, also in connection with
the theory of resonance varieties and the study of the cohomology of the associated
Milnor fiber (see e.g. [1,3-6,8-12,15,17-19,21,24,25,27,28]).

Probably the main problem is understanding if the characteristic varieties are com-
binatorially determined (see e.g. [16]). This is known to be true for their “homogeneous
part”, which corresponds to the resonance variety by the tangent cone theorem (see
e.g. [7] for general references). Meanwhile the translated components of the charac-
teristic variety are still not well understood; in particular, the geometric description
which is known for the translated components of dimension at least 1 does not work
in the same way for the O-dimensional translated components (see also [2]).

For these reasons we think that it can be useful to produce more examples
(interesting in themselves) such that the characteristic variety has some translated
0-dimensional essential component.

In this paper we outline a different approach, based on an (apparently new) ele-
mentary description of the characteristic variety. We consider here the case N = 2.
We find that the arrangement R(2n) determined by a regular n-polygon and its diag-
onals produces the above mentioned phenomenon for n > 5, namely we find ¢ (n)
translated O-dimensional components in its characteristic variety (here ¢ is the Euler
function). This fact was experimentally observed in [20] by using computer methods,
upton =17.

The arrangement R (2n) belongs to the class of fibered arrangements: the projection
through its “center” gives a fibration of the complement M(A) over B=C\{n — 1
points} with fiber F = C\ {n points}.

We obtain the above result by using algebraic complexes which compute the parallel
transport and the monodromy of the first homology group of the fiber, which we
think are interesting in themselves. For example, we deduce a restriction on essential
components of the characteristic variety (Theorem 2.9) and a description of V (A)
(= V1(A)) as the set of points such that the transpose of the monodromy operators
have a common eigenvector (Theorem 2.10).

For the arrangement R(2n), we use the algebraic complexes constructed in Sect. 2
to make explicit computations. If w, is an n-th primitive root of 1, we find that assign-
ing to the edges of the polygon the parameter (w,)* and to the diagonals the parameter
(a),,)k ®=2) fork =1, ..., n— 1, lowers the rank of the boundary operator in the alge-
braic complex computing Hy(B; Hi(F; L)), therefore the corresponding point Py,
belongs to V (A). In case k and n are coprime, we deduce that P, x is an isolated point
in the characteristic variety. Our argument works for n > 5 and uses the description
(Theorem 2.10) of the characteristic variety and the remark that triple points give sim-
ple eigenvalues for the corresponding monodromy operators. We find that the shape of
the common eigenvector imposes equalities among the eigenvalues of the monodromy
operators that define a 0-dimensional locus.

When n and k are not coprime, our argument can also be used. In this case the shape
of the common eigenvector imposes less equalities (so, a higher dimensional locus
in general). For n = 8, we find (Theorem 3.7) a translated 1-dimensional component
which contains the two points Pg > and Pg g (in contrast with [26, pp.45-46]; see
Remark 3.6). One can easily see that such translated component cannot be obtained
by using the method of [6, Section 5.5]; therefore our method seems indeed novel. This
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1022 0. Papini, M. Salvetti

last construction generalizes to the case n = 4m: we find an explicit 1-dimensional
translated component containing P, ,, and P, 3, (Theorem 3.12). When n = 4, this
gives another description of the 1-dimensional translated component found in [24]. The
examples in Theorems 3.7 and 3.12 are the first examples of translated 1-dimensional
components to be found after [24], not obtained by the method in [6] (see Remark 3.9).

We also remark that our approach can be generalized (with some modifications) to
not necessarily fibered arrangements (we will return to this in future work).

2 Algebraic complexes

In this section we produce an algebraic complex computing local homology for a
line arrangement. This complex seems particularly convenient in case of a fibered
arrangement, in which case it is smaller than the one in [12,22].

Let A be an affine line arrangement; we assume that A is defined over R because
formulas are easier to write, but all we say can be generalized to general complex
arrangements. Let M(A) be its complement in C?> = {(x, y):x,y € C};let7: C>—
C be the projection 7 (x, y) = x onto the x-axis, and 7" = wp4): M(A) — Cits
restriction. Let §  C? be the set of singular points of the arrangement, 77(8) C C its
projection, and B = C\ 7 (§). Then

4

i - (7)) Y(B) > B

= Try-1(8)

is a fiber bundle with fibers F, := (7/)~'(x), x € B. We divide the arrangement
A={l, ... 0.0, ....0,}

into horizontal and vertical lines, meaning that Z} = n’l(é) for some & € 7 (S),

while 7 (¢;) = C. Notice that if for all £ € 7(8) the vertical line 7 ! (&) is in A,
then M(A) = (=)~!(B), so the whole complement M(A) is a fiber bundle over B.

Let C, = 7~ '(x), x € B;then Fy, = C,\{y1,...,yu}, where y; = C, N ¢; for
i=1,...,n.

We fix a fiber Fo= (") "' (x0), x0 € B, xo € R; take a basepoint Py = (xo, yo) €
Fp with Im (yg) > 0, and elementary well-ordered generators «1, ..., a, of 71 (Fp),

where ¢; is constructed by using a path connecting Py to a small circle around ¢; N Fp.
The indices of the lines are taken according to the growing intersections with the real
axis Re(Cy,).

We can make the same construction for any fiber Fy, x € B, x € R, by using the
basepoint Péx) = (x, yo) and generators al.(x); the indices here are locally computed
according to the growing intersections of the lines with Re (C,).

We are interested in the local homology of M(A), where we consider the abelian
local system defined by taking C as an H;(M(A); Z)-module: the action is given
by taking standard generators (small circles around the hyperplanes) into multipli-
cation by non-zero numbers. So, such local systems correspond to (n +m)-tuples of
parameters in (C*)"*,
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We call si,...,s, and #1,...,1, the parameters corresponding to the lines
£y,...,4, and Z’l, el K;n, respectively. Denote by £ = L ; the corresponding local

system. We also set Ly = L. .
In this paper we will assume that M (A) fibers over B; it corresponds, as said before,
to the case where the singular set § is contained in the union of vertical lines.

Lemma 2.1 We have
Hy(M(A); Ly1) = Ho(B; Hi(Fo; L)) ® Hi(B; Ho(Fo; Ly)) (D

where the second factor on the right vanishes if Ly is non-trivial (i.e., some s; % 1).

Proof By standard constructions (see e.g. [13, Section 4.17]),
Hy(M(A); Ly ¢) = Ho(B; Hi({Fy}; Ls.0)) © Hi(B; Ho({Fy}; Ls.0))-

This is (1) when we consider the homology groups H.(Fo; Ls) = Hi(Fop; Ls ;) as
71 (B, xp)-modules and the well-known correspondence between local systems and
representations of the fundamental group on one fixed fiber (see [23]). The 0-th local
homology group is well known to vanish for non-trivial coefficients. O

So we have to compute the term Ho(B; H|(Fy; L)), where H|(Fp; L) is seen as a
1 (B)-module (actually, an Hj(B; Z)-module); the precise form of the action will be
included in Theorem 2.8.

Lemma 2.2 [fL; is non-trivial, then dim (H| (Fo; Ls)) = n— 1. As generators we can
take the classes of

% i1 =0 =siy)ei — (A =sp)aipr, i=1,....,n—1, (2)
if no s; equals 1.

Proof The fiber Fy deformation retracts onto a wedge of n 1-spheres, given by
U’_, «;. Therefore by standard methods to compute the homology we are done. O

To compute the monodromy on Hj, we need to understand the parallel transport
y (e, x)w Hi(Fy; Ly) — Hi(Fys L) 3

where y(x, x") is a path in B connecting x with x" and £, = L|r,. We compute

the parallel transport for any points x, x’ € R\ 7 (8), where R is the real axis of

the first coordinate (recall that we are assuming 7(S8) C R). We denote by a l.(’xi)+ 1

i =1,...,n— 1, the generators of H{(Fy; L), constructed as those in (2), by using
(x)»
the «

;~”’s. Formulas look better if we take as generators

o &i,i+1 o i
" +1 = = — .
b (I—s)=sip1)  1—s; 1 —sipq
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1024 0. Papini, M. Salvetti

Of course, this requires each s; # 1, butsince we are interested in essential components
of the characteristic variety (i.e., not contained in any coordinate tori s; = 1), this is
not a serious restriction.

Given x, x’ € R\ 7 (8), we consider a path y (1) = y(x,x)(¢), t € [0, 1], in B,
connecting x and x’, and such that y N R = {x, x’} and Im (v (#))(x — x") > 0 for
all r € [0, 1] (i.e., y leaves the real axis on the left while traveling from x to x’). We
denote by 7 (x, x”) the corresponding transport isomorphism (3).

Let 0 = o (x, x") be the permutation of the indices 1, ..., n which is obtained as
follows: the i-th line in the x-ordering (considering the growing intersections with
Re(Cy)) is the o (i)-th line in the x’-ordering. For each i = 1,...,n — 1 we set

o(i,i+1) =41 or —1 depending on whether o (i + 1) > o (i) oro (i + 1) < o (i).

Theorem 2.3 (Parallel transport) We have

M(i,i+1)—1 )
e ) =i+ Y ] w a;fjgl. )
jEm(i+l)  k>i
o) < j

Herem(i,i +1) =min(o(i),oc(i + 1)) and M(i,i + 1) = max(o (i), o (i + 1)).

Proof The proof is a standard computation and it is obtained by the following steps.
First, remark that any generator in (2) is obtained from Fox calculus from the com-
mutator [¢;, o0j+1] as

n
~ el
Fiip1=) §0<£ i, Ofi+l]> o )
J

j=1

where ¢: Z[m(Fy)] — Z[sftl, el sfl] is the valuation homomorphism taking «;
to s;.

Next, we remark that while the path y turns around the projection of some singu-
larity of a half-circle, the corresponding points in the vertical line make a half-twist,
giving rise to a “local permutation” which takes a sequence of consecutive numbers
to the opposite sequence (i.e., k, ...,k +h goestok + h, ..., k).

By induction on the number of points in 7 (8) separating x from x’, we easily see

that a generator ozi(x) istaken by y to Pozl(f(/l.)) P~ where P is the product (in increasing

order) of the oz;x/) such that j < o (i) and o ~!(j) > i. Then we apply Fox calculus

(x)

as in (5) to the transform )/*([Oli(x), ;;11) and we conclude. O

The local monodromy around one point p € 7(8) is obtained by taking a point x € R
very close to p and transporting the fiber of 77" starting from x around a circle centered
at p. If x’ € R is a point symmetric to x with respect to p, the local monodromy 1 is
the automorphism of Hj (Fy; L) which is obtained by composing 7 (x/, x) o7 (x, x’).
The “local permutation” o (x, x) is determined by a partition Ay, Ay, ..., Ay of the
set{l, ..., n}, where each A is composed of consecutive numbersa,a+1,...,a+r
which are the indices (in the x-ordering) of the lines which intersect in a singular
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Some computations on the characteristic variety of the line... 1025

point P on the vertical line C, (so the multiplicity of P as a singular point of A equals
#A41).

Theorem 2.4 (Local monodromy) With the previous notations, the local monodromy
around p is given by

[Tsie (@)

JeA

i1
(x) (x)
pa(e®)) = e+ 20 0= sar sl (6)
k=a

b
+ Y sipt kot (= s sp)eg) o (b)
k=i+2

where (a) occurs if i and i + 1 belong to the same block A of o (x, x") and (b) occurs
if i is the last element of the block {a,a + 1, ...,i} and i + 1 is the first element of
the next block {i +1,i + 2, ..., b}.

Proof The proof directly follows from (4) and /1, (oei(fci) ) =t x)ot(x,x)). O
As an immediate consequence of (6) we have

Corollary 2.5 Let p € 7w (8) and let Py, ..., Py be the singular points of A in the
vertical line Cp, having multiplicities my, ..., my, respectively (my + --- +my, =
n + h). Then the local monodromy [y has characteristic polynomial

h m,-72
pr0) =0 =D"'T] (A -T] Sz) )
i=1

P,' el

and it is diagonalizable if all eigenvalues of the form || s¢ are different from 1. Here
we use sy to denote the parameter corresponding to the horizontal line £.

Now we consider the global monodromy . : 71 (B, x9) — Aut(H(Fp; Ls)). Foreach
point p € 7(8) we denote by x,,, x; € R two points close to p and lying on opposite
sides of p in R; assume that x, is the point lying in the segment [p, xo] C R.

The easiest way to compute monodromy is to take generators 6, = y (xo, x;))
. y(x;,, xo) for w1 (B, x0); such generator circles around all the projections of the
singular points p’ € [p, xo] counterclockwise. By using the parallel transport (4) we
get

Theorem 2.6 (Global monodromy I) The global monodromy p is determined by

n—1

w(8pD (i i) = Y phajjr1 where

j=1
W= i+1) Yoo ol kk+ ) [ s ] sea- ®
[k,k+1]1C[o (i),0(i+1)] h>i+l I > k+1
L. j+iclo ™ (k)0 (k+1)] o <k o7l < j
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1026 0. Papini, M. Salvetti

Here [a, b] stands for the segment connecting the two points a and b in the real axis
(of (Cx/p and Cyy).

Itis convenient to take elementary generators of 1 (B, xo) associated with p: the path
¥p is composed with the sequence

Yp = ¥ (x0, xp) ¥ (xp, x;,)y(x;,, xp)y(Xp, x0) L

Clearly such paths give a well-ordered set of elementary generators of w1 (B, x¢), SO
the global monodromy is determined by their images.

Theorem 2.7 (Global monodromy II) The global monodromy i is determined by the
maps
1(yp)) = T(x0, xp) " x, T(x0, Xp) )

where T (xo, xp) is the parallel transport in (4) and jix » is the local monodromy in (6).

It is also possible to write explicit formulas for (9): formulas (4) and (6) make possible
to compute the images of the generators «; ;41; we do not report such formulas here
because we do not need their explicit form now. Notice also that (9) and (8) are related
by

w(yp ) = w08y D~ (8, 1)

where the p; are ordered according to increasing distance from xo. We now come back
to the computation of Hy(B; H{(Fp; L)) in (1). The space B deformation retracts
onto a wedge of 1-spheres, actually onto the union [ J pen(S) Vp> where the unique
0-cell is xg. By standard methods which compute local system homology we obtain

Theorem 2.8 The vector space Hy(B; Hi(Fy; Ly)) is the cokernel of the map

o €D Hi(Fo; Lolypl = Hi(Fo; Ls)lxol (10)
pem(8)
defined as
d1(alyp) = (tp- nlyp) (@) — @)lxol (11)

where we set here t,, for the parameter associated with the vertical line C, € A.

Let M, be the matrix of 4([y,]) in the given basis. Then the matrix B of 9; consists
of m square blocks B, = t, M, — Id, one for each p € 7(8), of order n — 1, so
B = [By, ..., Byl It follows that the block B, has rank lower than n — 1 iff 7,
coincides with the inverse of an eigenvalue of w([y,]). Therefore either 1, = 1 or
tp I1 pet St = 1 for some singular point P; € C, of order at least 3 (see (7)). We
obtain the following corollary.
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Some computations on the characteristic variety of the line... 1027

Theorem 2.9 The essential components of the characteristic variety of A are contained
in

wa = T {sz—l}c«(:*)“m

pen(8) PeC, £ s.t.
m(P) >3 Pet

where we write py for the parameter associated with the line £ (in our previous nota-
tions it is of the shape s; for horizontal lines and t; for vertical lines).

As another immediate consequence we get the following description of the character-
istic variety of A.

Theorem 2.10 The essential part of the characteristic variety V (A) coincides with the
set of values (s, t) € (C*)"™ such that the transpose of the monodromy operators
w(lypD(s), p € w(8), have a common eigenvector relative to eigenvalues tljl, p €

7 (8).

Proof Indeed, a linear relation among the rows of the boundary matrix B is given by
a vector v such that 'vB, ='v(t,M, —1d) =0, p € 7(8). O

3 Some computations

We consider here the arrangement R(2n) which is projectively given by taking the
lines spanned by the edges of a regular n-polygon, together with all its n diagonals
(see Figs. 1 and 3 for the case n = 6 and 7, respectively). Notice that there is an n-tuple
point P which is the intersection of the diagonals. For odd n, on each diagonal we
have, besides P, one double point at the intersection with the middle point of an edge,
and (n — 1)/2 triple points. For even n, n = 2k, we have k diagonals passing through
two opposite vertices of the n-polygon, each of them containing k triple points; and
other k diagonals passing through the middle points of two opposite sides of the n-
polygon, each of them containing two double points and k — 1 triple points. Of course,
the projection from P makes the complement M(A) a fiber bundle. We take one of the
diagonals to infinity, so the projection 7 : C>— C describes M(A) as a fiber bundle
over C\ {n — 1 points} with fiber C\ {n points} (see Figs. 2 and 4).

Lett) ={x =pi},.... €, = {x = pp—1}, pi € R, be the vertical lines, ordered
according to p; > --- > p,_1. In the notations of the previous section, let xo € R
be a basepoint in the x-coordinate: we choose xo > pi. Let also £, ..., £, be the
horizontal lines, ordered according to increasing intersections with the real axis of Cy.
Fix also points x; = p; + €, x] = p; —€,withi =1,...,n—land 0 <€ < 1. We
trivially have (see Figs. 2 and 4)

Lemma 3.1
(1) For odd n the local permutation o; = o (x;, xl{) is given by

e 0, =(1,2)3,4)---(n —2,n — 1)(n) ifi is odd;
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1028 0. Papini, M. Salvetti

&\) L
7/> N

Fig. 1 The arrangement R(12) (projective picture)

e 0, =(1)(12,3)4,5)---(n—1,n) ifi is even.
(ii) For even n the local permutation o; = o (x;, xlf ) is given by

e 0;=(1)2,3)---(n—2,n—1)(n) ifi is odd;
e 0, =(1,2)(3,4)--- (n — 1,n) ifi is even.

Let w, be a primitive n-th root of the unity. We use results from the previous section
to find explicit points in the characteristic variety.

Theorem 3.2 The n points P, € ((C*)Z”_l, k=0,...,n— 1, whose coordinates
are given by the (s,t) with s; = w,'j forj=1,... . nandt; = (wﬁ)"’2 for j =
1,...,n — 1, belong to the characteristic variety.

Proof The case k = 0 is trivial since P, o = (1, ..., 1) (2n — 1 entries). So assume

k > 0. Let us consider the row vector

n—1 ) j—l
vy = [(—1)"—1 O Y i —1} ceC™! (12
w—1

where we set for brevity o = a)ﬁ . We prove that v, is an eigenvector for the transpose
operator '9 ([yp)) in (11) for all y, when the parameters take the above values. This
shows that such parameters lower the rank of d; in (10), so the corresponding point
belongs to the characteristic variety.
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lg

L5

Ly

43

12!

121

ps pa p3 D2 p1

& b b b b

Fig.2 The arrangement R(12) (affine picture) projected onto the x-axis

Notice that by Lemma 3.1 the local monodromy around p; coincides with the local
monodromy M7 around p; for odd i or with the local monodromy M» around p» for
even i. Therefore by the expression (9) for the monodromy it is sufficient to prove
that v, is an eigenvector for ‘M| and 'M, with parameters s; = w, with respect to the
eigenvalue "2 and that both (x1, )cz)_1 and 7 (xp, x3)~ ! take v, into an eigenvector
of 'M», ' M| respectively.

The first assertion is easily proven by looking at formulas (6). With the given
parameters, there are as many zero columns in #; M; — Id as triple points. So, for odd n
there are (n — 1)/2 non-zero columns, at even position for 1 M1 — Id, at odd position
for 1, M, —1d; for even n, there are n /2 non-zero columns at odd position for #{ M| —1d
and (n — 2)/2 non-zero columns at even position for r, M, — Id. The non-zero j-th
column has entries "2 — 1 in position (j, j), preceded (if it is not the first entry of
the column) by ®""2(1 — w), and followed (if it is not the last entry of the column)
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1030 0. Papini, M. Salvetti

Fig.3 The arrangement R(14) (projective picture)

"
l3

e

Pe ps P4 p3 p2 p1

\ o
4y

A A A A ¢

Fig.4 The arrangement R(14) (affine picture) projected onto the x-axis
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Some computations on the characteristic variety of the line... 1031

by "~ — 1; all other entries of the column vanish. Then it is easy to check that
multiplying on the left by v, gives zero.

The form of T = 7(x1, x2) ! and T’ = 1(x2, x3)~! (with the given parameters) is
derived from formula (4) and from Lemma 3.1. In case n is odd one obtains:

e forodd j, Tj j= —w land T; ; = 0 fori # j;
e foreven j, Tj_1 j=w \,T;; =Tj41,j = l,and T; ; = O for all other i’s.

The shape of T’ is completely analogous; it is enough to exchange the roles of even
and odd j. For n even, the shape is the same exchanging T and T'. Then it is easy to
check directly that

o T=v,-T = —a ly,

and we conclude. O

Remark 3.3 By symmetry, there is an obvious action of the cyclic group C,, generated
by 0, = (0,1,...,n — 1) onto the characteristic variety. Consider the edges of
the n-polygon (in the projective picture) cyclically ordered as €y, ..., £,—1. Let us
cyclically order also the diagonals £, ... £, _,, starting from the diagonal £;, which is
orthogonal to £(. Take a new parameter #,_1 for the line at infinity, with the condition
that ]_[:’;01 S ]_[;'-;(1) tj = 1. Then the action of o;, on some point (so, .. . , Sp—1, fo, - - - ,
th—1) € (C*)¥ in V is the point (s, (0)s - - - » Sop (1—1) 162(0)s - - - » Io2(n—1)) Which also
belongs to V. Notice that the points P, ; are fixed by this action.

With this labeling the double points are given by the intersection of the lines with
indices (i, (2i)") and the triple points are given by the intersections of the lines with
indices (i, j, (i + j)") (taking indices mod n).

The next theorem needs a lemma.

Lemma3.4 Letn > 5 and let w, be a primitive n-th root of 1.

(i) Let Ry = (C[sgtl, ey sf_‘l] be the ring of Laurent polynomials in the variables
S0, . ..Sp—1. The ideal

I=(sisj=si1Sm:i+j=1+m@modn), i #j, | #m)
is 1-dimensional with n irreducible components
Iy={si=(@)"so:i=1,....n—1}, h=0,...,n— L

(i) Let R; ;= (C[sgﬂ, e, sf_ll, thl, R tjt_ll] be the ring of Laurent polynomials in

siytj, 1, j=0,...,n—1. Let J be the ideal

n—1 n—1

i=0 i=0

@ Springer



1032 0. Papini, M. Salvetti

where we take all possible pairs (i, j) withi # j, and the indices are mod n. Then
J is O-dimensional and defines the n* points

Poni={si = ()" t; = (sos)" i =0,....n =1}, hk=0,...,n— 1L
Proof (i) At first we prove the relations
siz =s;s; forall i, j, kwith2i = j + k (mod n). (13)
By multiplying the two relations (n > 3)
S0S1 = $28p—1 and  S0Su_1 = S1Sn—2

we deduce sg = $28,—2. Therefore (13) follows for n > 4. So now we have all the
relations of the form

sisj =818y, forall i, j,l,mwithi + j = [+ m (mod n).
Then one easily deduces for recurrence the relations
Sayc - Say = Sby- - Sby
eachtime ) a; = ) bj(modn).Inparticular, we have s = s foralli = 1,...,n—1.
Then s1 = (w,,)hso for some h. From s;s9 = s1s;_; it follows by induction that

si = (wy)" 59 which proves (i).
For (ii), notice that the relations defining / follow from those which define J, so

we have again s; = (wn)hiso, i=0,....,.n—1,forsome hinO,...,n — 1. Now
using #; = (sos;) ! the last relation gives []s; [ (sosi) ™! = (s0)™" = 1. Therefore
sozwﬁforsomekiHO,...,n—1. |

In conclusion, we show

Theorem 3.5 The ¢ (n) points P, x with (n, k) = 1 of Theorem 3.2 are isolated points
of the characteristic variety V (A).

Proof We divide the proof into several steps.

I. We already know from Theorem 3.2 that tk (91 (P x)) <n—1,k=0,...,n — 1.
We directly check that rk (91 (P, x)) =n —2if (n, k) = 1.

Indeed, the (n — 1) x2(n — 1)-submatrix of d; which corresponds to the local
monodromy around the first two points pp, p» is already of rank n — 2. This follows
from the explicit description of the matrices B; := ;M; — Id, i = 1,2, given in
Theorem 3.2. By taking a basepoint between the two points p1 and p (which amounts
to simultaneously conjugate the blocks of the boundary matrix), the two blocks B and
B; are submatrices of the corresponding boundary 9. Reordering the n — 1 non-zero
columns of By and B, gives a tridiagonal matrix of order n — 1 which has clearly rank
n—2.
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Therefore, rk (3;(P’)) > n — 2 if P’ is a point close to P, x. We have to show that
k(31 (P")) =n — 1if P’ # P,k and P’ is close to P, k.

II. It follows from the previous point that the left kernel of 91 is of dimension 1 in the
given points, so it is spanned by the vector v, of Theorem 3.2. Notice that, under the
hypothesis (1, k) = 1, all the coordinates of v, are different from 0. It implies that any
n — 2 rows of 91 are linearly independent, and this must remain true in a neighborhood
of Py k.

III. Recall from Theorem 2.10 that the vector v, is a common eigenvector for the
transposed monodromy operators. Let us write the explicit form of the first block
t1'M; — 1d of the boundary operator for n = 6 and 7:

e forn =6,
-1 tfs(l—s3) 0 0 0
0 t1sps3 — 1 0 0 0
n'My—1d=| 0 nd—s) n—-1 nss—s5) 0 |
0 0 0 115455 — 1 0
0 0 0 fnl—sg) -1
o forn =7,
fsiso—1 0 0 0 0 0
n—-sy) -1 fs3(l —s4) 0 0 0
0 0 t1s3s4 — 1 0 0 0
Wy —1d = 15354
oMy —1d = 0 0  n(l-s3 1n—1 nss(l—sg) 0
0 0 0 0 115556 — 1 0
0 0 0 0 nl—-ss) 1n-—1

Having (t;"M — Id) v, = 0 and all components of v, different from O clearly gives

t15253 = 115485 =1 for n =6, and
115152 = 115354 = t1555¢ = 1 for n =17.

These conditions are equivalent to #1s;s; = 1 each time E/] , £, ¢; form a triple point.
Of course, we have the same conditions for all n.

IV. By symmetry, or changing coordinates by taking a point x close to the vertical line
E; as basepoint, we obtain similar conditions for any vertical line.

Remark also that we can take to infinity any other line passing through the center
of the n-polygon, obtaining similar conditions for the line £/, with given parameter #,,.
Recall that in the projective situation, the product of all s and ¢ equals 1.

V. It follows that P, 4 is contained in the zero locus of the ideal (with obvious notation)
I = (tespser = 1: €N ¢ N " is a triple point of A) N <H 5 Htj = 1). (14)
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Now notice that any point P’ very close to P, x either does not belong to the character-
istic variety or it corresponds to a common eigenvector v}, still having non-vanishing
components, so defining the same conditions. Therefore in a neighborhood of P, j the
characteristic variety is contained in the zero locus of (14).

By Lemma 3.4 the ideal [ is zero-dimensional (for n > 5), so we are done. O

Remark 3.6 In [26, pp.45-46] the case n = 8 is considered and the authors claim that
the six points Pg fork = 1,...,7, k # 4, are isolated points in the characteristic
variety. The argument used in Theorem 3.5 works for (n, k) = 1; nevertheless, it can
be refined in the following way. For n = 8 and k = 2, 6, the eigenvector vg in (12)
has a unique zero component in the fourth coordinate:

vg2 =[—’ 0 +1,-1,0, —0? 0® + 1, —1],

vg6 = [0h —w?+1,-1,0,0% —0® + 1, —1]

(where w is a primitive 8-th root of the unity), and those are eigenvectors for both local
monodromies ‘M; and ‘M,. As in the proof of Theorem 3.5 we look at the explicit
form of the local monodromy around the first two lines, which gives the two blocks
in the boundary 9;:

tltMl —1Id
[t —1 t152(1 —s3) 0 0 0 0 0
0 t1sos3 — 1 0 0 0 0 0
0 tn(l—s2) t1—1 t154(1 —s5) 0 0 0
= 0 0 0 t1s485 — 1 0 0 0 s
0 0 0 n(l—s4) tH—1 t156(1 —57) 0
0 0 0 0 0 t15es7 — 1 0
L O 0 0 0 0 tn(l—-s¢) 1t —1]
t'M, —1Id
(125150 — 1 0 0 0 0 0 0 7
(1l —s51) n—1 ts3(1 —s4) 0 0 0 0
0 0 ths3s4 — 1 0 0 0 0
= 0 0 H(l—s3) tH—1 tss(1—s6) 0 0
0 0 0 0 thssse — 1 0 0
0 0 0 0 H(l — s5) th—1 ts7(1 —sg)
L 0 0 0 0 0 0 rs7sg — 1
The non-zero positions of vg give the equalities
115283 = 115657 = 1 (15)
from the first block, and
151852 = 18354 = 125556 = 125657 = 1 (16)

from the second block, which must hold in a neighborhood of Pg 5.
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Notice that the first vertical line corresponds in the projective picture to a line
£y (notations of Remark 3.3) passing through the center and cutting two opposite
edges of the octagon in the middle point. The second vertical line corresponds to a
diagonal ¢} passing through two opposite vertices of the octagon. Among all triple
points contained in these lines, the unique triple point which we are not considering in
the equations (15) and (16) corresponds (in the projective picture) to that formed by £,
and the two edges of the octagon which are “parallel” to £, (and parallel themselves).

By symmetry (or changing the coordinate system) we obtain analogous equations
for all diagonals. That is, in a neighborhood of Pg > (and of Pg ), the characteristic
variety is contained in the zero locus of the ideal I’ which is obtained from the ideal 1
in (14) by deleting the four equations which correspond to the triple points determined
by the four pairs of opposite edges of the octagon.

By making explicit computations we obtain that the ideal I” is 1-dimensional, and
we finally get

Theorem 3.7 The characteristic variety of the arrangement R(16) contains a 1-
dimensional translated component with the following parametrization:

5 =X, for eveni;
= —x 1 foroddi;
i =—1, foroddi; (17)
o =14 x2;
2.
15 fe=x 7,

where x is a parameter in C*. Such component contains the two points Py » and P3¢
(which are therefore not isolated).

Proof Once we have the explicit form (17) it is just a direct computation to see that it
defines a component which is contained in the characteristic variety: we used both the
expression of the matrix boundary 9; of Theorem 2.8 and also the description of the
boundary in [12] (of course both of them give that (17) is contained in the characteristic
variety).

It is also possible to give a proof which parallels the one in Theorem 3.2. In particu-
lar, we find an explicit common eigenvector for the transposed monodromy operators
(Theorem 2.10), which is given (in terms of the parameter x) by

wg(x) =[l,x—1, —x,0,1,x — 1, — x]. (18)

It is immediate to see that Pg 5 and Pg ¢ are contained in (17) (with parameters x = o

x =P, respectively); in fact, notice that vectors vg 2 and vg ¢ above are obtained as

82 = — ? wg(a)z) and vg 6 = — ® wg(a)6).
As we have already remarked, in a neighborhood of these points the characteristic
variety is 1-dimensional; therefore the component (17) is isolated. O
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Remark 3.8 Case n = 4, which corresponds to the Bz-deleted arrangement considered
in [24], can also be included in our method. If we consider any of the points P, ,
k = 1,2,3, and we repeat the same construction as in Theorem 3.5, we obtain the
same ideal I in (14), which is in this case 1-dimensional. In fact, the zero locus of
I has four irreducible 1-dimensional components: one of these has the same shape
as (17), being parametrized as

{(x, —xLx, —x a1, x 3 -1 :ixe (C*} (19)

and it is the translated component appearing in [24]. It contains the two points P4 |
and P4 3. The other three components of the zero locus of / do not belong to the
characteristic variety. (P42 belongs to a different component of the zero locus of I,
and that component is not fully contained in the characteristic variety.)

Remark 3.9 In [6, Proposition 5.6] the authors explain a method to find translated,
1-dimensional components in terms of pointed multinets, which are a special case
of multinets. The Bs-deleted arrangement is an example of an arrangement whose
1-dimensional translated component is obtained with this method.

One more example is given in [20, Chapter 5], where the arrangement Q(4) is given
by ten projective lines with the following (affine) equation:

(x=2)x = Dx+ Dx+2)(y =2)(y = DO+ DO +2)(x + y)(x —y) =0.

If we give all the ten lines weight 1 and add the infinity line £, with weight 2, we
obtain an arrangement of eleven lines which supports a pointed multinet, with special
line £oo. So Q(4) verifies the criterion in [6].

In case of the arrangement R(16) of Theorem 3.7, such method would apply if one
could find a bigger arrangement A with 17 lines, containing R(16), which supports a
pointed multinet. It is just an exercise to prove the following

Proposition 3.10 No arrangement A of 17 lines containing R(16) supports a multinet.
It follows that our example in Theorem 3.7 cannot be obtained by the method in [6].

Remark 3.11 Some other cases where (n, k) # 1 are known. For example, in case
n =9, k = 3, the point Py 3 is contained in a 2-dimensional component coming from
a multinet (see [11]).

The argument outlined in Remark 3.6 can be extended to any case n = 4m to produce
a 1-dimensional translated component, generalizing (19), (17).

Theorem 3.12 When n = 4m, the characteristic variety V(A) contains a 1-dimen-
sional translated component parametrized as (the labelings are as in Remark 3.3)

S =X, foreven i;

S; = —x L foroddi;

i =—1, Sfor odd i; (20)
= x2 fori =0 (mod 4);

i =x"2 fori =2 (mod4).
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Proof We outline the proof of the theorem, which parallels that of Theorem 3.7.

As in Theorem 3.2, by using the explicit form of the boundary one verifies that the
points in (20) lower the rank of the boundary matrix, so the component is contained in
V (A). We find a common eigenvector of the transposed monodromy operators, which
generalizes (18),

wy(x)=[1,x—1, —x,0,,x—1, —x,0,...,1,x—1, —x,0,1,x -1, —x] (21)

(the triple [1, x — 1, — x] repeats m times, separated by a 0).

Now consider the point P, ,, which is contained in (20) (with x = @™); a similar
argument holds by using Py 3,, instead. As in the proof of Theorem 3.7, for this point
the vector v, in (12) is given by v, = — o™ w,(0™), where w is a primitive n-th root
of the unity. Therefore v, has 4m — 1 entries which vanish exactly in the positions
multiple of 4. The argument of Theorem 3.5 (or of Theorem 3.7) produces an ideal I’
which is obtained from 7 by deleting, for each even i among 0, ..., 4m — 1,the m — 1
equations #;S(; 2)4+2;5(i/2)—2; = 1, for j =1, ..., m — 1 (indices are as in Remark 3.3
and are taken mod n). One sees that the zero locus Z(I") is of dimension 1 and (20)
is contained in Z(I’) as an irreducible component which contains P, ,, and P, 3,.

Then we conclude that such component is not contained in a higher dimensional
one by the same argument as used in Theorem 3.5 (and Theorem 3.7): points of the
characteristic variety which are close to P, ,, impose the same conditions, so they are
contained in Z(I'). O

Remark 3.13 Analogous computations can be done for other points P, ; where the
number and the positions of the zero entries of the common eigenvector tell us what
ideal to take. For example, we made some computations finding further isolated points
in V(A) for n = 12. Details and further applications will be provided later.
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