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Abstract The present work deals with constitutive

modeling of the compressive stress–strain response of

selected polymers at strain rates from 10-3 to nearly

103 s-1. Six different commercially available extruded

polymers—ABS, HDPE, PC, POM, PP and PVC—are

tested at room temperature. Cylindrical specimens with a

slenderness ratio (=length/diameter) of 0.5 are used in high

strain-rate tests, and those with the slenderness ratios of 1.0

and 2.0 are used in low and intermediate strain-rate tests.

High strain-rate compressive stress–strain loops up to a

strain of nearly 0.08 are obtained on a standard split

Hopkinson pressure bar. Low and intermediate strain-rate

compressive ones are measured on an Instron testing

machine. By fitting experimental loading stress–strain data

to a modified Ramberg–Osgood equation, material

parameters are uniquely determined using a linear least-

squares procedure. Experimental results indicate that all

polymers tested exhibit intrinsic dynamic viscoelastic–

plastic characteristics and a higher elastic after-effect fol-

lowing complete unloading. It is shown that the modified

Ramberg–Osgood constitutive model is appropriate for

describing the monotonic loading compressive stress–strain

relations of the three semi-crystalline polymers over a wide

range of strain rates. The advantages and limitations of the

constitutive model are also discussed.

Keywords Compressive stress–strain � Hopkinson bar �
Low mechanical impedance � Modified Ramberg–Osgood

model � Polymers � Strain rate � Viscoelastic–plastic

behavior

Introduction

Polymeric materials with low mechanical impedance have

been extensively used as structural materials for aircraft,

automotive, mechanical and electronic components, mainly

because of higher specific strength as well as higher corro-

sion resistance. These components are often subjected to

dynamic loading in service environments. It is, therefore,

essential to obtain the high strain-rate response of polymers.

To date, many attempts have been made to characterize the

impact behavior of thermoplastic (amorphous and semi-

crystalline) and thermoset polymers using various tech-

niques. Many workers [1–4] evaluated the impact strength

and fracture toughness of several polymers by a Charpy or

Izod test. Nevertheless, impact stress–strain curves cannot be

achieved with these test methods. The impact compressive

[5–29], tensile [8, 14, 16, 30–35] and torsional [32, 36]

stress–strain properties of various polymers were accurately

determined using a classic [37] or modified split Hopkinson

pressure bar (SHPB). The effects of strain rate and temper-

ature on stress–strain characteristics of various polymers

were examined using a drop-weight apparatus [10, 18, 38–

41] and a SHPB [18–20, 31]. Briscoe and Hutchings [39],

and Rae et al. [42] evaluated flow stresses of HDPE and

PEEK at very high strain rates of nearly 104 s-1 under

temperatures of 20 and 100 �C in Taylor tests. Temperature

rise in thermoplastic polymers (PA–66, PC, PMMA, PP and

PVC) and thermoset polymer (Epon 862/W epoxy) during

high-rate deformation was measured using either an infrared

detector system [14, 15, 22] or a thermocouple [7, 29]. More

recently, Furmanski et al. [43] have developed a modified

Taylor test method for studying higher strain-rate and larger

strain response of four different polymers (HDPE, PCTFE,

Polyurea and PTFE) in tension. Millett and Bourne [44, 45]

applied a plate-impact technique for measuring the Hugoniot
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of PMMA and three other polymers (PE, PP and PS) under

shock loading. To accurately represent the high strain-rate

stress–strain curves for polymers, we need to develop their

rate-dependent constitutive equations. So far, many consti-

tutive equations have been proposed to express stress–strain

curves for thermoplastic and thermoset polymers over a wide

range of strain rates and temperatures. Several mathematical

models, such as a nonlinear exponential model [13], non-

linear power laws [24, 34] and nonlinear exponential and

hyperbolic models [46] based on a Johnson–Cook formula-

tion were used to simulate compressive and tensile stress–

strain response of epoxy and acrylic resins up to a strain of

nearly 0.10 at different strain rates. Rate-dependent com-

pressive and tensile stress–strain curves at larger strains for

semi-crystalline polymers (polyester resins and PTFE) were

represented by nonlinear viscoelastic–plastic models [8, 47,

48] and a Zerilli–Armstrong model [21]. An initial linear

elastic, strain softening followed by hardening behavior after

yielding at strain rates from 10-4 to 104 s-1 for amorphous

and thermoset polymers in compression was described using

molecularly-based viscoelastic–plastic models [20, 49–51].

Richeton et al. [52–54] and Khan et al. [55] discussed strain-

rate and temperature dependence of compressive stress–

strain response for amorphous polymers (PAI, PC and

PMMA) and a thermoset polymer (PU) using one-dimen-

sional and three-dimensional thermo-mechanical models.

Nevertheless, it is very difficult to perform numerical sim-

ulations of dynamic response of polymers using these con-

stitutive models with a large number of parameters.

The objective of the present work is to model the

compressive stress–strain response of selected polymers at

strain rates from 10-3 to nearly 103 s-1 using a simple

strain-rate dependent constitutive equation. Six different

commercial extruded polymers were tested at room tem-

perature. Cylindrical specimens with a slenderness ratio

(=length l/diameter d) of 0.5 were used in the high strain-

rate tests, and those with l/d of 1.0 and 2.0 were used in the

low and intermediate strain-rate tests. Compressive stress–

strain loops at strain rates up to nearly 103 s-1 were

accurately determined on the conventional SHPB. The

corresponding low and intermediate strain-rate stress–

strain loops were measured on an Instron testing machine

(Model 5500R). A rate-dependent Ramberg–Osgood con-

stitutive equation was applied to model experimental

stress–strain data over a wide range of strain rates.

Experimental Details

Test Polymers and Specimen Preparation

Three amorphous polymers (ABS, PC and PVC) and

three semi-crystalline polymers (HDPE, POM and PP)

were chosen for this work. Their full chemical names

and suppliers of polymer rods are listed in Table 1. The

six different extruded polymers tested are shown in

Fig. 1. Cylindrical specimens were machined from the

extruded rods into short cylinders with a diameter of

9 mm. The specimen end surfaces were carefully pol-

ished to a surface roughness of approximately

0.4–0.6 lm Ra with emery papers. The shape and

dimensions of the static and impact compression speci-

mens are given in Tables 2 and 3. The slenderness ratios

of the static specimens were taken as l/d = 1.0 and 2.0.

The slenderness ratio of 1.5 or 2.0 is recommended in

the ASTM Designation E9-89a [56], while that of the

impact specimen was taken as l/d = 0.5. This is because

the slenderness ratios of 0.5 or less can be effective in

the SHPB testing of low-impedance materials to mini-

mize wave attenuation in the specimen [57]. All speci-

mens were tested in the as-received state (i.e., not

subjected to heat treatment).

Table 1 Full chemical names and suppliers of six different extruded polymer rods

Abbreviation Chemical name Supplier

ABSa Acrylonitrile butadiene styrene NAC Group Co., Ltd., Fukui, Japan

HDPEb High density polyethylenec Toyama Keisozai Co., Ltd., Toyama, Japan

PCa Polycarbonate Toyo Plastic Seiko Co., Ltd., Tokyo, Japan

POMb Polyoxymethylened Polyplastics Co., Ltd., Tokyo, Japan

PPb Polypropylenee NAC Group Co., Ltd., Fukui, Japan

PVCa Polyvinylchloride Takiron Co., Ltd., Osaka, Japan

a Amorphous polymer
b Semi-crystalline polymer
c 70 % crystallinity
d Commercial name Duracon�M90-44 of 65 % crystallinity
e 60 % crystallinity
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Low and Intermediate Strain-Rate Compression Testing

Preliminary compression tests were made using PC speci-

mens with l/d = 1.0 and 2.0 to examine the effect of

slenderness ratio. All specimens were lubricated with a thin

layer of petroleum jelly on both end surfaces. This is

because Briscoe and Nosker [9], Walley et al. [10],

Trautmann et al. [18] and Okereke et al. [25] reported that

petroleum jelly provides a lowest sliding friction coeffi-

cient between the polymer specimen ends and the Hop-

kinson bars. Two low strain-rate (nominal) compressive

stress–strain loops for PC are compared in Fig. 2, where

very little difference is observed between the loops. Low

and intermediate strain-rate compression tests were

thus conducted using the specimens with l/d = 2.0 with the

Instron testing machine at two different crosshead

speeds Vc of 1.3 mm min-1 ( _e = 1.2 9 10-3 s-1) and

130 mm min-1 ( _e = 1.2 9 10-1 s-1). Higher intermedi-

ate strain-rate compression tests were further per-

formed using the specimens with l/d = 1.0 at

Vc = 650 mm min-1 to achieve the stress–strain loops at

_e = 1.2 s-1. The specimens were loaded up to a given

strain and unloaded at the same crosshead speed. Com-

pressive stress and strain in the specimens were deter-

mined, respectively, using a 100-kN capacity load cell

(Instron: Model 2525-801) and an extensometer (Instron:

Model 2620-601). Both load and displacement data were

recorded at sampling rates of 5 Hz for Vc = 1.3 mm min-1

and 500 Hz for Vc = 130 and 650 mm min-1.

Split Hopkinson Pressure Bar Testing

Figure 3 indicates a schematic of the standard SHPB sys-

tem used, which consists principally of 2024-T4 Al alloy

input and output bars, a 2024-T4 Al alloy striker bar, a gun

barrel and an associated recording system (not shown here;

see Ref. [58]). The specifications for the SHPB system are

listed in Table 4. The Al alloy bars with low mechanical

impedance were used to reduce a drastic impedance mis-

match between the polymer specimen (Z *

1 * 2 9 106 kg m-2 s-1) and conventional steel bars

(Z * 40 9 106 kg m-2 s-1), resulting in a transmitted

strain signal with a very low signal-to-noise ratio. The

specimen was sandwiched between the input and output

bars. As in the low and intermediate strain-rate tests,

lubricant (or petroleum jelly) was also applied to the two

bar/specimen interfaces to reduce the frictional effects [9,

10, 18, 25]. A pulse shaping technique [17] was used to

generate well-defined compressive strain pulses without

Fig. 1 Photograph of six different extruded polymer rods

Table 2 Shape and nominal dimensions of static compression spec-

imens. a l/d = 2.0, b l/d = 1.0

Polymer Length l (mm) Diameter d (mm) Slenderness ratio l/d

(a)

ABS 17.97 ± 0.03 8.97 2.0

HDPE 17.97 ± 0.02 8.98

PC 18.01 ± 0.04 8.99

POM 18.00 ± 0.01 8.99

PP 17.97 ± 0.04 8.96

PVC 17.94 ± 0.04 8.96

(b)

ABS 8.99 ± 0.04 9.00 1.0

HDPE 8.98 ± 0.02 8.99

PC 8.99 ± 0.02 8.99

POM 8.99 ± 0.01 9.01

PP 8.99 ± 0.03 8.99

PVC 8.98 ± 0.02 8.99

J. dynamic behavior mater. (2015) 1:15–27 17
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higher frequency components in the input bar. Namely, a

0.2 mm-thick 1050 Al disk of nearly 10 mm in diameter

was attached onto the impact (left) end of the input bar

using a thin layer of petroleum jelly. Details of the test

procedure can be found elsewhere [23].

From one-dimensional elastic wave propagation theory,

we can determine the nominal strain eðtÞ, strain rate _eðtÞ
and stress rðtÞ in the specimen from the SHPB test records

as [59]

eðtÞ ¼ u1ðtÞ � u2ðtÞ
l

¼ 2co

l

Z t

0

eiðt0Þ � etðt0Þf g dt0 ð1Þ

_eðtÞ ¼ _u1ðtÞ � _u2ðtÞ
l

¼ 2co

l
eiðtÞ � etðtÞf g ð2Þ

rðtÞ ¼ P2ðtÞ
AS

¼ AE

AS

etðtÞ ð3Þ

Here u and P are the displacement and the axial force on

both ends of the specimen (where subscripts 1 and 2 denote

the left and right interfaces, respectively, see an inset in

Fig. 3); an overdot denotes the time derivative; A, E and co

are the cross-sectional area, Young’s modulus and the

longitudinal elastic wave velocity; AS is the cross-sectional

area of the specimen. Equations (1)–(3) are derived on the

assumption of dynamic force equilibrium across the spec-

imen, i.e.,

P1ðtÞ ¼ P2ðtÞ or eiðtÞ þ erðtÞ ¼ etðtÞ ð4Þ

where

P1ðtÞ ¼ AE ½eiðtÞ þ erðtÞ�; P2ðtÞ ¼ AEetðtÞ

In the above derivations, the incident and reflected strain

pulses are time-shifted to the specimen-input bar interface,

and the transmitted strain pulse is time-shifted to the

specimen-output bar interface.

In order to derive the constitutive equation, we have to

obtain the true stress–true strain curves. Siviour et al. [19],

and El-Qoubaa and Othman [27] verified that the total

volume of the polymer specimen remains constant during

the test. We can thus convert the nominal compressive

strain eðtÞ, strain rate _eðtÞ and stress rðtÞ to the true com-

pressive strain �eðtÞ, strain rate _�eðtÞ and stress �rðtÞ as

�eðtÞ ¼ � ln½1� eðtÞ� ð5Þ

_�eðtÞ ¼ _eðtÞ
1� eðtÞ ð6Þ

�rðtÞ ¼ rðtÞ½1� eðtÞ� ð7Þ

Eliminating time t through Eqs. (5)–(7) yields the true

compressive stress–strain and strain rate–strain relations,

where compression is taken as positive.

Results and Discussion

Low Strain-Rate Response

Low strain-rate compressive stress–strain loops up to a

strain of nearly 0.10 were determined from the static

specimens with l/d = 2.0. At least, two repeatable tests

were made for each polymer. Figure 4 gives typical low

Fig. 3 Schematic of conventional SHPB system (associated recording system not shown)

Fig. 2 Effect of specimen geometry on low strain-rate (nominal)

compressive stress–strain loops for PC

18 J. dynamic behavior mater. (2015) 1:15–27
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strain-rate (nominal) compressive stress–strain loops for

the six different polymers. All stress–strain loops are not

closed, and a nonlinear (viscoelastic) unloading process is

observed for each specimen. Residual strains following

complete unloading are gradually recovered to zero in

time, as reported in previous studies [22, 60]. Such

behavior is known as an elastic after-effect [61]. The

amorphous polymers (ABS, PC and PVC) display a distinct

yield phenomenon within a strain of nearly 0.10, as

observed in previous studies [11, 12, 15, 19, 20, 22, 23, 29].

Static compressive and physical properties are given in

Table 5. An initial modulus (or apparent elastic modulus)

was obtained from the initial slope of each stress–strain

curve (as the secant modulus at a strain of 0.005). Mea-

surements of the initial compressive modulus are in general

less accurate than those of the initial tensile one. This is

entirely due to frictional constraints between the specimen

ends and the anvils. We confirmed that the initial com-

pressive moduli were accurately measured through com-

parison with the initial tensile moduli. The initial

compressive moduli in this work and in Refs. [15, 25, 62–

64] are almost the same for ABS, PC, PP and PVC, but

slightly different for HDPE and POM. This difference may

be attributed to their different manufacturing processes.

The dissipation energy Ud was obtained from the area

enclosed by the loop under the stress–strain curve. Note

that PVC has the highest initial modulus, proof strength

and the largest dissipation energy among all polymers

tested.

High Strain-Rate Response

A number of the SHPB tests were performed on the six

different polymers at room temperature. Figure 5 presents

typical oscilloscope records of strain gage outputs from the

SHPB test on PC. The top trace gives the incident and

reflected strain pulses (ei and er), and the bottom trace gives

the strain pulse (et) transmitted through the specimen. The

output signals from the strain gages were recorded at a

sampling rate of 1 MHz. The recorded signal data are

neither smoothed nor averaged electronically. Note that the

duration (*360 ls) of the reflected and transmitted strain

pulses is much longer than that (*260 ls) of the incident

strain pulse. This is because it takes a long time for the

specimen stress to relax to zero [22, 60], causing often

overlapping between the transmitted strain pulse and its

strain pulse reflected from the free (or right) end of the

output bar. In the present SHPB tests, the overlapping of

the two strain pulses is successfully avoided by the use of

the long output bar. Figure 6 gives the resulting axial stress

histories at the front and back ends of the PC specimen,

indicating that dynamic stress equilibrium is achieved in

the specimen over the entire loading duration. Figure 7

shows the resulting dynamic true compressive stress–strain

loop and strain rate–strain relation for PC. The true strain

rate varies its sign from compression (?) to tension (-) at a

maximum loading strain. The true strain rate does not

Table 4 Specifications for present SHPB system

Striker bar Input/output

bar

Material 2024-T4 Al alloy

Young’s modulus E (GPa) 73

Longitudinal wave velocity

co =
ffiffiffiffiffiffiffiffiffi
E=q

p
(m s-1)

5,134

Yield strength rY (MPa) 450

Mass density q (kg m-3) 2,770

Acoustic impedance Z = q co

(kg m-2 s-1)

14.2 9 106

Length L (mm) 350 2,000

Diameter d (mm) 10.1

Fig. 4 Typical static (nominal) compressive stress–strain loops for

six different polymers

Table 3 Shape and nominal dimensions of impact compression

specimen

Polymer Length l (mm) Diameter d (mm) Slenderness ratio l/d

ABS 4.44 ± 0.01 8.98 0.5

HDPE 4.43 ± 0.03 8.98

PC 4.50 ± 0.02 9.00

POM 4.48 ± 0.02 8.99

PP 4.50 ± 0.07 8.97

PVC 4.44 ± 0.03 8.97

J. dynamic behavior mater. (2015) 1:15–27 19
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remain constant during loading or unloading; hence, the

true strain rate _�e = 670 s-1 given indicates the average one

during loading. As in the low and intermediate strain-rate

tests, the dynamic stress–strain loop is not closed, and a

residual strain of about 0.006 is gradually recovered to zero

in time (i.e., elastic after-effect). Figure 8 shows typical

true compressive stress–strain loops for PC at four different

strain rates. All stress–strain curves exhibit similar char-

acteristics: a nearly linear behavior at small strains fol-

lowed by a nonlinear one is observed during both loading

Table 5 Static compressive and physical properties of six different polymers tested

Polymer Initial

modulusa

E (GPa)

Proof strength

r0.2 (MPa)

Compressive

strength rC

(MPa)

Dissipation energy Ud

(MJ m-3) up to e = 0.10

Glass transition

temperature Tg (�C)

Mass density

q (kg m-3)

Melting

point Tm

(�C)d

ABS 2.1 (1.8–2.8)b 48.0 54.1 (52)h 3.81 (105)h 1040 N/A

HDPE 1.7 (0.5–1.4)b 12.0 N/A (25)h 1.63 (-120)h 960 131

PC 2.2 (2.4)e 47.5 73.3 (76)h 4.37 (155)h 1200 N/A

POM 2.9 (3.8)f 46.3 N/A (107)h 4.59 (-60)h 1410 164

PP 1.2 (1.3)g 16.7 N/A (55)h 1.94 (-10)h 900 148

PVC 3.0 (3.3)c 56.7 68.2 (72)h 4.90 (80)h 1420 N/A

a Defined as secant modulus at 0.005 strain, except for HDPE and PP whose secant modulus at 0.002 strain
b Values in parentheses indicate initial tensile modulus taken from Ref. [62]
c Values in parentheses indicate initial tensile modulus taken from textbook [63]
d Measured by thermogravimetry differential thermal analyzer (TG–DTA: Rigaku Thermo Plus TG 8120)
e Taken from Ref. [15]
f Taken from Ref. [64]
g Taken from Ref. [25]
h Values in parentheses are provided by suppliers

Fig. 5 Oscilloscope traces of strain gage outputs from SHPB test on

PC (VS = 12.3 m s-1)

Fig. 6 Comparison of stress histories at front and back ends of PC

specimen

Fig. 7 Dynamic true compressive stress–strain loop and strain rate–

strain relation for PC

20 J. dynamic behavior mater. (2015) 1:15–27
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and unloading processes. The initial modulus (elastic

modulus) E and the flow stress increase appreciably with

increasing strain rate. The respective nonlinear unloading

stress–strain curves indicate the dynamic viscoelastic

behavior of PC. Each residual strain is found to depend on

both stress and strain rate levels, not the maximum loading

strain. A higher strain rate leads to a smaller residual strain.

A possible reason for this behavior will be discussed later.

The measured values for the initial modulus and true

flow stress for all polymers at a given true strain of 0.05 are

plotted in Figs. 9 and 10, respectively, against the average

true strain rate _�e during loading. At least, three SHPB tests

were conducted at nearly similar strain rates and variations

in the flow stress from test to test were negligible for each

polymer. The initial modulus E is defined herein as the

slope (or secant modulus) of the line connecting the origin

to the stress at a strain of 0.002. This is because the

dynamic stress equilibrium in the specimen becomes valid

beyond its strain for all polymers. The initial modulus

E and true flow stress at a true strain of 0.05 for all poly-

mers increase significantly with increasing strain rate,

except for HDPE, which suggests the dynamic viscoelas-

tic–plastic behavior.

To quantify the rate dependence of the flow stresses, we

introduce two different strain-rate sensitivity parameters b
and m [65] (see two definitions in Table 6). The parameter

values estimated for all polymers are summarized in

Table 6, where �r1 and �r2 are the respective true flow

stresses at two average true strain rates _�e1 and _�e2 for a fixed

true strain of 0.05. The choice of 0.05 strain was made

between the common strains at strain rates, corresponding

approximately to the respective average strain rates during

loading. PVC displays the highest rate dependence with

respect to b, and PP exhibits the highest one with respect to

m. PC shows the lowest one with respect to b and

m. Walley and Field [12] estimated the strain-rate sensi-

tivity parameter b of the flow stress at a larger strain of

0.20 for various polymers. A good correlation can be

observed in the parameter b between this work and Ref.

[12], except for PC. There is a large difference in the

parameter b for PC between the flow stresses at 0.05 and

0.20 strains. The rate dependence of the flow stresses for

PC on applied strain was also examined in other studies

[11, 15, 19, 20, 22, 29]. There is less effect of strain rate on

the flow stresses for PC at smaller strains before yielding.

At larger strains after yielding in PC, the strain softening at

low strain rates is much more significant than that at high

strain rates; therefore, this results in a marked difference in

the flow stresses for a larger strain of 0.20 at low and high

strain rates.

Constitutive Modeling

To characterize the true compressive stress–strain behavior

of all polymers, we attempt to apply the Ramberg–Osgood

power law [66], i.e.,

Fig. 8 Typical true compressive stress–strain loops for PC at four

different strain rates

Fig. 9 Effect of true strain rate on initial modulus for six different

polymers

Fig. 10 Effect of true strain rate on true flow stress at true strain of

0.05 for six different polymers

J. dynamic behavior mater. (2015) 1:15–27 21
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�e ð�rÞ ¼ �r
E
þ �r

H

� �1
n

ð8Þ

where E is the initial (or elastic) modulus, H the strength

coefficient and n the strain-hardening exponent (or coeffi-

cient). The first and second terms on the right-hand side of

Eq. (8) correspond to the true elastic strain �ee and the true

plastic strain �ep, respectively. From Eq. (8), we can obtain

�r ð�epÞ ¼ H�en
p ¼ H �e� �r

E

� �n

ð9Þ

Taking logarithms of both sides of Eq. (9) yields

log �r ¼ log H þ n log �ep ð10Þ

Figure 11 gives typical log–log plots of the true stress

�r—true plastic strain �ep for PC at four different strain

rates obtained from Fig. 8. The two constants H and n

were determined by fitting the measured data points on the

�r� �ep curves to Eq. (10) using a linear least-squares

technique. The total number of the data points used was

nearly 180 for low and intermediate strain-rate tests, and

nearly 150 for high strain-rate tests. The constant H cor-

responds to the value of �r at �ep = 1. The constant n was

obtained from the slope of a linear fit line. A value of R2

(coefficient of determination) indicates a measure of the

goodness of fit to Eq. (10). Figure 11 suggests also that

both H and n depend on the true strain rate _�e alone.

Therefore, E, H and n are, respectively, assumed to be

represented by simple power law functions of _�e as

E ð _�eÞ ¼ a _�eb ð11Þ

H ð _�eÞ ¼ c _�ed ð12Þ

n ð _�eÞ ¼ p _�eq ð13Þ

where a, b, c, d, p and q are material parameters. Again

taking logarithms of both sides of Eqs. (11)–(13) leads to

log E ¼ log aþ b log _�e ð14Þ

log H ¼ log cþ d log _�e ð15Þ

log n ¼ log pþ q log _�e ð16Þ

Substituting Eqs. (11)–(13) into Eq. (8) yields the

modified rate-dependent Ramberg–Osgood equation [26,

67, 68] as

�e ð�r; _�eÞ ¼ �r

a _�eb
þ �r

c _�ed

� � 1
p _�eq

ð17Þ

The values of E, H and n for PC are plotted in Figs. 12,

13 and 14, respectively, against the average true strain rate
_�e during loading. The six parameters a, b, c, d, p and q were

determined by fitting four sets of measured data points

(solid symbols) to Eqs. (14)–(16) using the linear least-

squares technique. The fitted curves are shown as the solid

lines in the respective figures. The parameters in Eq. (17)

Table 6 Values of two strain-rate sensitivity parameters (b, m) for

six different polymers over a wide range of true strain rates from
_�e1 = 1.2 9 10-3 s-1 to _�e2 * 840 s-1

Polymer b ¼ �r2� �r1

log ð _�e2= _�e1Þ

���
�e¼ 0:05

(MPa) _�e2 [ _�e1

m ¼ log ð �r2= �r1Þ
log ð _�e2= _�e1Þ

���
�e¼ 0:05

(-) _�e2 [ _�e1

Amorphous

ABS 2.90 (2.31)a 0.044

PC 1.03 (2.97) 0.015

PVC 4.52 (4.84) 0.051

Semi-crystalline

HDPE 1.81 (1.90) 0.056

POM 1.58 (–)b 0.018

PP 3.64 (3.91) 0.073

a Values in parentheses are taken from Ref. [12] (e = 0.20)
b No data are available in Ref. [12]

Fig. 11 Determination of constants H and n for PC at four different

strain rates by linear least-squares fit

Fig. 12 Initial modulus E as function of true strain rate _�e for PC.

Determination of parameters a and b by linear least-squares fit

22 J. dynamic behavior mater. (2015) 1:15–27
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obtained for all polymers are summarized in Table 7. All

values of R2
2 and R3

2 are very close to 1, indicating that the

values of H and n for all polymers were accurately deter-

mined by the linear least-squares fits. In contrast, R1
2 values

for E are less than at most 0.938. Figure 12 shows that the

initial modulus E (see the solid circles) increases abruptly

at strain rates of over 100 s-1 for PC. Therefore, it is at

present very difficult to exactly describe this behavior by

the linear power law model. Note in Table 7 that the strain-

hardening exponent n is independent of applied strain rate

for the semi-crystalline polymers (HDPE, POM and PP).

The values of n for the polymers are strongly affected by

their molecular structure parameters: molecular weight [69,

70], crystallinity [31, 42, 71, 72], molecular entanglement

density [73] and molecular chain length [73, 74]. The

parameters a and b are associated with the effect of strain

rate on the initial modulus, while the remaining parameters

c, d, p and q are associated with that on the plastic flow.

When the strain-hardening exponent n is independent of

applied strain rate (or q = 0), we have

�r1

c _�ed
1

� �1
p

¼ �r2

c _�ed
2

� �1
p

or
�r2

�r1

� �
¼

_�e2

_�e1

� �d

ð18Þ

for a given value of �ep from the second term on the right-

hand side of Eq. (17). Here �r1 and �r2 are the respective

true flow stresses at two different true strain rates _�e1 and _�e2

( _�e2 [ _�e1) for each of the semi-crystalline polymers

involved. Equation (18) implies that the increase in the

flow stresses with increasing strain rate is indicated only by

the parameter d. Hence, for the semi-crystalline polymers

(HDPE, POM and PP), a close correlation can be observed

between the strain-rate sensitivity parameter m in Table 6

and the parameter d in Table 7.

Figure 15 shows comparisons between the measured

true stress–strain loops and the model predictions at four

different strain rates for all polymers. Overall, the present

modified Ramberg–Osgood model gives better agreement

with the experimental loading stress–strain data than a

simplified version of the modified Ramberg–Osgood one

[26] with a constant strain-hardening exponent n. For the

semi-crystalline polymers (HDPE, POM and PP), the

loading stress–strain curves at strain rates from 10-3 to

nearly 103 s-1 can accurately be predicted by the modified

Ramberg–Osgood equation, up to a maximum strain

(e * 0.08). However, for POM and PP, there is a slight

discrepancy between measured and predicted stress–strain

Fig. 13 Strength coefficient H as function of true strain rate _�e for PC.

Determination of parameters c and d by linear least-squares fit

Fig. 14 Strain-hardening exponent n as function of true strain rate _�e
for PC. Determination of parameters p and q by linear least-squares fit

Table 7 Parameter values for

modified rate-dependent

Ramberg–Osgood equation for

six different polymers

�e ð�r; _�eÞ ¼ �r
Eð _�eÞ þ

�r
Hð _�eÞ

� � 1
nð _�eÞ

a R1
2, R2

2 and R3
2 (coefficient of

determination) values indicate

measure of goodness of fit to

Eqs. (14)–(16), respectively

Polymer E ð _�eÞ ¼ a _�eb H ð _�eÞ ¼ c _�ed n ð _�eÞ ¼ p _�eq

a (MPa) b (-) R1
2a c (MPa) d (-) R2

2a p (-) q (-) R3
2a

Amorphous

ABS 2795 0.073 0.8950 118.8 0.064 0.9799 0.120 0.083 0.9804

PC 3068 0.081 0.9061 202.7 0.057 0.9911 0.294 0.052 0.9944

PVC 3307 0.036 0.8796 161.7 0.082 0.9996 0.142 0.074 0.9965

Semi-crystalline

HDPE 1957 0.028 0.9375 62.6 0.058 0.9986 0.204 0 –

POM 4574 0.103 0.9024 272.3 0.005 0.9710 0.333 0 –

PP 2276 0.156 0.9115 112.2 0.068 0.9910 0.257 0 –
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curves in the initial elastic region at low and intermediate

strain rates. To reduce this discrepancy, we have to further

consider the rate dependence of the initial modulus using

nonlinear models. For the amorphous polymers (ABS, PC

and PVC), the predicted stress–strain curves start to deviate

from the experimental curves beyond a strain of approxi-

mately 0.05. This is because the amorphous polymers

exhibit intrinsic strain softening followed by hardening

phenomena [20, 29, 52–54] after yielding, independently of

the strain rate. This characteristic behavior cannot reason-

ably be described by the modified Ramberg–Osgood rela-

tion. The strain softening is induced by chains slippage,

whereas the strain hardening is caused by alignment and

extension of chains in the loading direction [54, 64, 75]. At

higher strain rates, amorphous polymers reveal the intrinsic

strain softening and thermal softening [7, 15, 20, 22, 29,

54] due to adiabatic heating after yielding. Mulliken and

Boyce [20], Porter and Gould [51], and Richeton et al. [54]

argued that it is possible to capture the strain softening

followed by hardening behavior of amorphous polymers

over a wide range of strain rates and temperatures using

extended constitutive relations including molecular struc-

ture parameters and adiabatic parameters. Figure 15

suggests also that the unloading stress–strain curves at any

strain rate for all polymers cannot be predicted by the

modified Ramberg–Osgood equation. The residual strain

after complete unloading decreases with increasing strain

rate, although the maximum loading strain is almost the

same (emax * 0.08) for the amorphous polymers (ABS, PC

and PVC). This result is quite consistent with other com-

pression data on an amorphous polymer (PMMA) by Song

and Chen [17]. Meanwhile, the residual strain is indepen-

dent of strain rate for the semi-crystalline polymers

(HDPE, POM and PP). This different unloading stress–

strain behavior may arise from differences in the molecular

structures between the amorphous and semi-crystalline

polymers. In an effort to express the high strain-rate

unloading stress–strain relations for the polymers, we need

to further develop a rate-dependent constitutive model

based on their molecular structures [20, 49, 51, 54].

Finally, we mention the advantages and limitations of

the modified rate-dependent Ramberg–Osgood constitutive

model or Eq. (17). The simple constitutive model with six

parameters can represent complicated dynamic viscoelas-

tic–plastic characteristics of polymers. A closed-form of

the stress in terms of the strain and strain rate cannot

Fig. 15 Comparisons between experimental true compressive stress–strain loops and model predictions at four different strain rates for six

different polymers
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directly be derived from Eq. (17). The applicability of the

simple constitutive model is limited within a strain of

nearly 0.05, especially, for the three amorphous polymers

(ABS, PC and PVC). Nevertheless, we can assert that the

simple model is valid for conducting numerical simulations

of the mechanical response of polymers at strain rates up to

approximately 103 s-1 within a limited strain region.

Conclusions

The rate dependence of uniaxial compressive stress–strain

loops for the six commercial polymers has been investi-

gated using the standard SHPB and the Instron testing

machine. The modified rate-dependent Ramberg–Osgood

model was developed and its advantages and limitations

were discussed. From the present experimental work, we

can conclude the following:

(1) All polymers exhibit intrinsic dynamic viscoelastic–

plastic behavior and a higher elastic after-effect

following complete unloading.

(2) The initial modulus and flow stresses for all poly-

mers increase appreciably with increasing strain rate,

except for HDPE.

(3) For the semi-crystalline polymers (HDPE, POM and

PP), the loading compressive stress–strain curves at

strain rates from 10-3 to nearly 103 s-1 can success-

fully be represented by the modified Ramberg–

Osgood equation.

(4) For the amorphous polymers (ABS, PC and PVC),

the loading compressive stress–strain curves up to a

strain of nearly 0.05 at strain rates from 10-3 to

nearly 103 s-1 can be expressed in terms of the

modified Ramberg–Osgood equation, except for the

strain softening after yielding regime.

(5) The modified Ramberg–Osgood equation cannot be

applied to model the unloading compressive stress–

strain behavior at low or high strain rates.

The polymers are known to reveal different mechanical

characteristics in tension and compression. Further work is

needed for constitutive modeling of the tensile behavior of

the six polymers over a broad range of strain rates and

temperatures.
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