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Abstract
Monitoring of a power system is essential for maintaining it in a secure operating condition. Electric distribution management
system (DMS) should possess a monitoring mechanism addressing the entire operating conditions of the system. Distribution
System State Estimation (DSSE) is an integral building block of the DMS. Because of new technologies integrated into the power
distribution system, new opportunities, problems and challenges related to control and management are being explored. To make
efficient and reliable control actions, an accurate knowledge of the system states is required. This paper presents Linear State
Estimator based DSSE which can handle the challenges mentioned above. The estimator studied and reported in the paper allows
to include synchronized phasor measurements provided by Phasor Measurement Units (PMUs). With the increasing integration
of DG in distribution system, the state estimation scheme needs be reworked to address the complexities introduced by power
exchange of DG. To address this, Linear State Estimation (LSE) is reformulated and its performance is analysed with DG
integrated in the sample network under study.

Keywords Power system . Distribution system state estimation . Linear state estimator . Distributed generation . Phasor
measurement unit

Introduction

Monitoring in real time is highly essential for implementing
real time control and protection functions of a distribution
electric network. Available measurements are to be used prop-
erly so that the best approximate of the system state which fits
the measurements can be obtained. DSSE is treated as key
component of DMS. Transmission System State Estimation
(TSSE) is well developed over the years. Due to inherent and
fundamental differences in transmission and distribution sys-
tems, TSSE cannot be directly applied for functional require-
ments of DSSE.

The unique characteristics of distribution system include
load unbalances, high R/X ratios and less observability due
to inadequate measurements in real time. The main limitation
is the lesser number of measurements due to various practical

and economic reasons. Transmission systems have sufficient
measurements and many of them are sufficiently redundant
making systems always visible.

In the case of distribution systems, real time measure-
ments are less and therefore the system is not observable.
Some data, known as pseudo measurements, are used in
order make the system observable. The use of PMUs in
distribution systems give accurate information about volt-
age magnitude and phase angle which in turn can improve
the estimation accuracy of DSSE. In a modern-day distri-
bution grid, the performance requirements of DSSE are be-
coming stringent. This is due to the challenges introduced
by integration of DG and use of advanced technologies.
Ref. [1] summarizes the major obstacles and challenges
associated with DSSE.

Various methods of formulating the mathematical prob-
lem, application of pseudo measurements, placement of
metering instruments etc. are investigated in [2]. The con-
ventional method and modern data-driven and probabilistic
techniques are reviewed. The role and significance of pseu-
do measurements due to limited real-time measurements
and network observability is emphasized in [3–7]. A hybrid
state estimator based on SCADA and using PMU measure-
ments are proposed in [8], which results in an improved and
robust estimation.
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Sizing and placement of Distributed Generation (DG) for
improved performance of a distribution system is proposed
in [9]. This paper also proposes techniques used to improve
adaptive capability of the network to handle extreme
events. Ref [10] explains optimal placement of DG in radial
distribution network using evolutionary algorithms like
Genetic Algorithm and Particle Swam Optimisation. A
multi-objective performance index-based sizing and place-
ment of DG in distribution systems is studied in [11]. Load
is considered to be varying by considering the effect of
industrial, residential and commercial loads. The issues in
the allocation of DG is presented along with an analytical
method for the allocation of DG in radial distribution sys-
tems in [12].

Various aspects of State Estimation (SE) of a distribution
grid, which is observable, using Weighted Least Square and
Extended Kalman Filter are investigated in [13]. The main
disadvantage of these methods is that they need some prior
knowledge about the state of the system for a satisfactory
performance.

Methods like Branch-Current-based SE (BCSE) take infor-
mation from network structure and the nature of the measure-
ments. An efficient and robust branch current based DSSE
with minimum storage requirements is presented in [14].
The method of including phasor measurement data in post
processing mode in transmission systems is discussed in
[15] whereas [16] presents a DSSE method which uses only
few measurements and gives a SE with improved accuracy.
Singular Value Decomposition (SVD), Principal Component
Analysis (PCA) algorithms for data compression in SE and
BCSE method to find the system states for the distribution
network are addressed in [17].

Various types of estimators are explained in [18] where the
importance of real time monitoring, accurate estimation of
network topology and timely identification of the topology
changes etc. are emphasized. SE with microgrids is studied
in [19]. A recursive Bayesian estimator is developed and re-
ported in [20]. A normalized residual test for detection of
network topology change is studied in [21]. The Branch
Current based SE (BCSE) and the challenges in DSSE are
investigated in [22]. The SE algorithm explained in [23] refers
to a compensation method to cope with the low redundancy of
measurement sets. Even though this method prevents the ill-
conditioning of the gain matrix, the solution obtained suffers
from low accuracy.

Ref. [24] addresses the problem of minimum number of
measurements and discusses semidefinite programming tech-
nique for DSSE to deal with this problem. Augmentation of
pseudo measurements using ANN based forecasting is used
for tackling challenges due to limited measurements in distri-
bution system as reported in [25]. The historical data used for
training the ANN is highly critical as erroneous forecasted
values will eventually result in inaccurate SE. It is also

reported that such algorithms bring in the challenge of in-
creased execution time.

Weighted Least Square (WLS) technique is widely used in
DSSE. But the instability issue, sensitivity to initial point etc.
are the problems in this technique. Several methods are pro-
posed to tackle the problems associated with the WLS meth-
od. As a prospective and promising solution, development of a
LSE method and its performance are addressed in this paper.
The method accounts for PMU measured data and measure-
ments by line current sensors. To address the issues related to
insufficient number of measurements in a distribution net-
work, pseudo measurements are introduced using the estimat-
ed values from a linear load flow. The linear load flow is opted
since it is easy to implement and accurate. A linearization
method based on the Taylor’s series approximation is adopted
in the load flow. These measurements, along with the avail-
able actual measurements are used in LSE which eventually
brings out the system states. LSE is non iterative and over-
comes the issues associated with WLS method. From the re-
sults, it can be seen that the LSE can be a good choice when
the electric network has a limited number of actual measure-
ments and there are pseudo-measurements which are general-
ly inaccurate as compared to the actual measurements. The
performance of the SE method proposed is also tested with
DG integrated at specific nodes of the sample network under
study.

LSE methodology proposed is covered in detail in “Linear
Distribution State Estimation (LSE)” section of this paper.
The sizing and placement of DG and LSE methodology inte-
grating DG are discussed in “LSE in the Presence of DG”
section. In “Results” section, the simulation results of the pro-
posed method on an IEEE 33 bus is discussed. Fifth section
gives the conclusions of the work carried out.

Linear Distribution State Estimation (LSE)

To find out the true values in the network, a linear load flow
for three-phase power distribution systems is used. ZIP model
of the loads are considered along with balanced and unbal-
anced loads. The method is very simple and accurate. The
problem of high R/X ratio is addressed by using a linear
approximation.

The admittance matrix relating nodal voltages and currents
is as follows:

IA
IB

� �
¼ YAA YAB

YBA YBB

� �
VA

VB

� �
ð1Þ

The current in each node is related to the voltage as:

Ik ¼ S*Pk
V*

k
þ m:S*Ik þ m2:S*Zk :Vk ð2Þ

3    Page 2 of 7 Technol Econ Smart Grids Sustain Energy (2021) 6: 3



where m = 1/Vnominal

A linear approximation for V is considered as

V ¼ f ΔVð Þ ¼ 1−ΔVð Þ

whenΔV is very small. A linear form is obtained as in (3) by
evaluating Taylor series around zero where higher order terms
are neglected and V= (1- ΔV) is used.

1

V
¼ 1

1−ΔV
≈1þΔV ¼ 2−V ð3Þ

An expression for the nodal current (2) in linear form is
obtained as below

M þ N :V*
B þ Q:VB ¼ 0 ð4Þ

with,

M ¼ YBA:VA−2m:S*PB−m:S*IB ð5Þ
N ¼ m2:diag S*PB

� � ð6Þ
Q ¼ YBB−m2:S*ZB ð7Þ

(4) can be solved using rectangular representation as fol-
lows:

−Mr

−Mi

� �
¼ Nr þ Qr Ni−Qi

Ni þ Qi −Nr þ Qr

� �
:

Vr

Vi

� �
ð8Þ

where r and i indicate the real and imaginary parts respectively
of the parameters in rectangular form.

Equation (8) is used to calculate the true values of voltage.
The magnitude of true value of current and power are derived
from this. Since the real measurements are limited in number,
pseudo measurements are substituted. The pseudo measure-
ments are derived from true values by adding a random error
to the actual values. These values are then used in LSE.

The measurement equation for weighted least square esti-
mation is,

z ¼ h1 xð Þ þ e ð9Þ
where x is the state vector and the relationship between mea-
surements and state variables is denoted by h1(x). e is the
vector of measurement errors having a Gaussian distribution
with zero mean and covariance R.

The WLS problem is then defined as,

Min J xð Þ ¼ z−h1 xð Þ½ �TR−1 z−h1 xð Þ½ � ð10Þ

Since h1(x) is a non-linear function, iterative techniques are
required to solve (10). But these methods greatly depend on
the initial guess and are prone to divergence, particularly when
the errors of various measurements vary significantly.
Moreover, loads in the distribution system, do not follow a

specific pattern. This also is considered as a difficulty in ap-
plying WLS in DSSE problems.

These problems are handled in LSE. The solution of LSE
can be obtained without iterations since the measurement
functions are linear.

The measurement functions include node voltage, current
and complex power.

The node voltage is defined as V = a+ib where a is the
vector defining the real part and b is the vector defining the
imaginary part of the node voltage. Some of the node voltages
are directly measured by PMUs which are included in SE to
enhance the performance of state estimation.

Line current sensors are used to measure the current vector.
The measurement model for line current measurement is,

I ij ¼ Vi–V j
� �

Y ij ð11Þ

The complex current vector is represented as

Re Iij
� � ¼ ai−a j

� �
Gij− bi−bj

� �
Bij

Im I ij
� � ¼ ai−aj

� �
Bij þ bi−b j

� �
Gij ð12Þ

whereGij and Bij are the real part and imaginary part of Yij, the
admittance of line connecting the ith and jth nodes in the
network.

Loadmeasurements are usually obtained through load fore-
casting or historical data regarding consumption.

The equation for power injection is,

Vi I*i ¼ Si ð13Þ
where Ii

* is the conjugate of the current at node i and Si is the
apparent power at node i which is a non-linear function.

Taylor series based expansion is used in this work to make
the above equation linear.

Let the voltage at ith bus is denoted in per unit as,

Vi ¼ 1−ΔVi ð14Þ

By Taylor series expansion and approximation, it can be
written from (3) that,

1

Vi
¼ 2−Vi ð15Þ

The error introduced by this approximation is very small.
Substituting (15) in (13)

I*i ¼ Si 2��ViÞð ð16Þ

Re writing Ii based on the node voltages, (16) can be writ-
ten as

∑
j∈Ni

Vi−V j
� �

Y ij ¼ S*i 2−V*
i

� � ð17Þ

where Ni is the set of all nodes linked to the node i.
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By re-organising (17) the complex power can be separated
out as below:

∑
jϵNi

ai−aj
� �

Gij− bi−bj
� �

Bij
� 	þ aiPi−biQi

¼ 2Pi ∑
jϵNi

ai−aj
� �

Bij þ bi−bj
� �

Gij
� 	

−aiQi−biPi ¼ −2Qi

ð18Þ

Thus, considering all the measurement functions – node
voltages, line currents and load, the system measurement
function will be

h1V

h1I

h1S

2
4

3
5x ¼ zV

zI

zS

2
4

3
5 ð19Þ

which is linear.
The state estimation can now be solved using (20)

x ¼ H1
TWH1

� 	−1
H1

TWz ð20Þ

where H1 is the Jacobian matrix andW is the inverse of the co-
variance matrix and the errors are having a Gaussian distribu-
tion with zero mean.

LSE in the Presence of DG

Placement and Sizing of DG

DGs are an integral part in any modern day power distribution
network. Improvement of voltage profile in electric distribu-
tion network is an important additional motive for integration
of DG. Placement of DG improves the voltage profile and the
stability of the system. The SE method must consider the
interconnection of DG in the network and the algorithm needs
to be modified accordingly. Placement and sizing of DG in
electric distribution systems is decided considering the influ-
ence of the inclusion on the operating parameters of the net-
work. By optimally placing DG in the electric distribution

network results in the decrease of the total power loss and
improvement of voltage profile of the system. Optimal place-
ment of DG is based on an index called as Power Stability
Index (PSI) [12]. PSI of bus m is expressed as below (21)

PSI ¼ 4Rmn Pm−Pnð Þ
jVmjcos θm−θnð Þ½ �2 ð21Þ

where Rmn is the resistance of the line connecting m
th and nth

buses, Pm and Pn are real power at bus m and bus n respec-
tively, Magnitude of voltage at mth bus is denoted as Vm. θm
and θn are the angles at mth and nth bus respectively. PSI is
calculated for every bus in a network. The indices are then
arranged in descending order. DG can be placed in the bus
which is having highest PSI index for maximum advantage.

The sizing of theDG shall be compatible with the rating of the
system. The power delivered from the DG should be absorbed
within the pre-defined distribution area. There is an optimum size
of the DG in a bus, at which the losses in the system is a mini-
mum. If the DG size is not the optimum value, the power flow
limit exceeds and it will create losses. Thus in order to keep the
losses to a minimum value, the DG size is fixed to an optimum
value. Analytical approach is used for optimum DG size selec-
tion [11]. The method is easy to implement and computationally
efficient. It is based on the minimization of losses in the system.

The total loss in the system is,

PLoss ¼ ∑
n

i¼1
∑
n

k¼1
Aik PiPk þ QiQkð Þ þ Bik PkQi−PiQkð Þ½ � ð22Þ

Minimizing the power loss function with reference to the
incremental power injected at node i,

δPLoss

δPi
¼ 0

Then the real power injected at ith bus is,

Pi ¼ 1

Aii
∑
n

k¼1
AikPk−BikQk½ �


 �
ð23Þ

Fig. 1 Single line diagram of
IEEE 33 bus radial distribution
System
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Aik ¼ Rikcos δi−δkð Þ
ViVk

and

Bik ¼ Riksin δi−δkð Þ
ViVk

Pk and Qk are the real and reactive powers respectively at
kth node.

The real power generated by DG(PDgi) can then be formu-
lated as,

Pi ¼ PDGi−PDi ð24Þ

where PDi is the load on the ith bus.

State Estimation with DG

The performance of the new SE method is to be tested with
inclusion of DG in the network. The position of DG intercon-
nection and the rating of the resource are very critical when the
operation of the overall network is considered. The optimum
position for DG interconnection is found based on criteria de-
cided by PSI values at different nodes. The sizing of the DG is
carried out analytically as in “LSE in the Presence of DG”
section and is included with the state estimation algorithm.

Results

The SE is performed on IEEE 33 bus (Fig. 1) radial distribu-
tion system. The true values are calculated using a linear load
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flow method. These values are then used for the calculation of
pseudo measurements.

All measurements including pseudo measurements, PMU
measurements and the line current measurements form the set
of measurements for the SE.

The results of the newly proposed SE are shown in Figs. 2 and
3. The plots of the voltage magnitude are shown in Fig. 2.
Estimated values are found to follow the true values of voltage
magnitude. The errors are found to be comparatively lesswith that
obtained from WLS method. Load flow analysis on the network
provides the true values of various parameters of the distribution
system under study. Figure 3 shows the angles associatedwith the
voltage vector at various nodes of the system.Bus 1 is taken as the
reference node for the estimation. In the case of voltage angles
also, the estimated values closely follow the true values.

The errors in magnitude and angle of the bus voltage vector
with reference to the true values are depicted in Figs. 4 and 5.
Figures show that the errors are high in WLS method as com-
pared to LSE method.

A detailed study of LSE incorporating DG is also carried
out. DG is placed in the system based on the PSI values. The

value of PSI is the highest in the eighth node and therefore the
DG is placed in that node. This is the optimal place for placing
the DG. The size of the DG is based on (23) which in turn
depends on loss minimization in the system. The size of the
DG is found to be 238.28 kW and is placed in node 8. LSE is
performed by placing the DG on node 8. The voltage profile is
shown in Fig. 6 and is found to improve with the integration of
DG. The maximum improvement in voltage is found to be at
node 18 and the losses are also reduced.

Conclusion

DSSE using LSE is proposed in this paper to overcome the
drawbacks of the standardWLSmethod. The proposed method
is suitable where truemeasurements are less in number which is
compensated by pseudomeasurements. The reported algorithm
can also accommodate synchronized phasor measurement data
to obtain more precise state estimates. The errors in the esti-
mates with the proposed method are found to be less when
compared to WLS technique. A methodology is evolved for
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using LSE in DG interconnected distribution network and it is
tested and verified. Voltage profile improvement is observed by
placing the DG in the system. A comprehensive LSE algorithm
is evolved, tested, verified and reported considering different
aspects of a modern day electric distribution network.
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