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Abstract
Dynamical systems generated by scalar reaction-diffusion equations on an inter-
val enjoy special properties that lead to a very simple structure for the semiflow. 
Among these properties, the monotone behavior of the number of zeros of the solu-
tions plays an essential role. This discrete Lyapunov functional contains important 
information on the spectral behavior of the linearization and leads to a Morse-Smale 
description of the dynamical system. Other systems, like the linear scalar delay dif-
ferential equations under monotone feedback conditions, possess similar kinds of 
discrete Lyapunov functions. Here we discuss and characterize classes of linear 
equations that generate semiflows acting on C0[0, 1] or on C1[0, 1] which admit dis-
crete Lyapunov functions related to the zero number. We show that, if the space 
is C1[0, 1] , the corresponding equations are essentially parabolic partial differential 
equations. In contrast, if the space is C0[0, 1] , the corresponding equations are gen-
eralizations of monotone feedback delay differential equations.
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1  Introduction

A large amount of the research conducted on the theory of nonlinear dynamical 
systems has addressed the study of semiflows possessing certain types of discrete 
Lyapunov functionals. This particularity is shared by certain systems generated 
either by scalar parabolic partial differential equations on an interval or by sca-
lar delay differential equations in one space variable. These systems, or better, 
their linearizations along the flow, possess a certain integer valued functional 
(often called a zero number or a lap number) which is a nonincreasing function 
of time. This feature has shown to be essential for many of the special properties 
that these systems have in common. Such studies have been conducted by many 
authors and, for references to the decreasing property of the zero number, see [2, 
34–37]. See also [32] for a more recent extension of this result. Regarding the far 
reaching consequences of this property to the study of the corresponding infinite 
dimensional dynamical systems, see [1, 3, 4, 7, 9, 15, 25, 27]. Here we also men-
tion the equivalent results for ordinary differential equations obtained in [16, 17] 
and the result for maps [42].

For references on the general theory of dynamical systems generated by para-
bolic partial differential equations or by delay differential equations we refer to 
[22, 23, 45, 46].

In these notes, we address the problem of characterizing classes of linear semi-
groups acting on C0[0, 1] or on C1[0, 1] (with suitable boundary conditions) which 
admit discrete Lyapunov functionals related to the zero number. We will see that 
this characterization depends on the particular discrete functional considered and 
also on the smoothness of the function space.

In the next Section, we recall the decreasing property of the zero number in the 
setting of linear parabolic differential equations. Then, we recollect the discrete 
Lyapunov functions, also derived from the zero number, for scalar delay differen-
tial equations under monotone feedback conditions.

We present, in the third Section, our Theorem 3.1 as a main result. It consists 
of a characterization of the infinitesimal generator of a C0-semigroup of bounded 
linear operators in C1[0, 1] with the zero number decreasing property. We show 
that, in the appropriate setting, this infinitesimal generator corresponds necessar-
ily to a second order differential operator.

In Sect. 4 we prepare to also consider the characterization of the infinitesimal 
generators of semiflows with different discrete Lyapunov functions V∓ derived 
from the zero number like in the case of delay differential equations. Our main 
result in this Section, Theorem  4.1, yields a characterization of generators of 
semigroups in C1[0, 1] with such discrete Lyapunov functionals. We show that the 
discrete Lyapunov functions V∓ are not specific of delay differential equations. In 
fact, in Theorem 4.1, we prove that these discrete Lyapunov functions determine, 
in the appropriate settings, classes of infinitesimal generators corresponding to 
second order differential operators under non-separated boundary conditions.

In Sect. 5 we illustrate this result with a degenerate example showing that lin-
ear scalar delay equations naturally fit this description.
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Finally, in Sect. 6 we consider the characterization of generators of semigroups 
on C0[0, 1] with discrete Lyapunov functions V∓ . Our main result, Theorem  6.1, 
shows that these semigroups include delay differential equations. We complete The-
orem 6.1 with a Remark where we discuss how the result in Theorem 3.1 changes 
when we relax the smoothness of the function space by replacing C1[0, 1] with 
C0[0, 1].

The notion of zero or lap number has been also extended and used for the descrip-
tion of the dynamics of fully non linear scalar parabolic equations [29, 30] and to the 
case where the differential operator is the p-Laplacian [20].

The global dynamics of semiflows that preserve an ordering of the function space 
is known to have various interesting properties [26, 44, 47]. For the case of equa-
tion (2.1) where a complete description of the set of equilibria and the proof of the 
Morse-Smale property are possible the key point is that the zero number induces a 
structure of total order in the function space.

2 � Discrete Lyapunov functions

We next recall the remarkable decreasing property of the zero number in the set-
ting of linear parabolic differential equations. Loosely speaking, this property can 
be described by saying that if t ↦ u(⋅, t) is a solution of a linear parabolic differential 
equation with the corresponding boundary conditions, then the number z(u(⋅, t)) of 
zeros of the function u(⋅, t) is a nonincreasing function of t. A rigorous description is 
the following Theorem 2.1 (see [2, 32]), where for simplicity we choose Neumann 
boundary conditions by taking C1

n
[0, 1] =

{
� ∈ C1[0, 1] ∶ ��(0) = ��(1) = 0

}
.

Let

If the coefficients a, b, c are sufficiently smooth and a is positive, problem (2.1) gen-
erates an evolution operator S(t, t0) ∶ C1

n
[0, 1] → C1

n
[0, 1], t ≥ t0 , corresponding to 

the solutions S(t, t0)u0(x) = u(t, x) with u(t0, x) = u0(x) . If, in addition, b, c are inde-
pendent of t then (2.1) generates a linear C0-semigroup {T(t) = S(t, 0)}t≥0 . See, for 
example, [24, 43].

For � ∈ C1
n
[0, 1] let the zero number z(�) ∈ ℕ0 ∪ {∞} denote the number of strict 

sign changes of x ↦ �(x) . The precise definition, appearing in [2] for � ∈ C0[0, 1] , 
see also [35], is the following. Let

If � ∈ C0[0, 1] satisfies �(x) ≥ 0 or �(x) ≤ 0 for x ∈ [0, 1] the zero number is set as 
z(�) = 0 . Of course this definition also holds for � ∈ C1

n
[0, 1] . Notice that, accord-

ing to this definition, z(�) = 0 for � ≡ 0.
Then, z(S(t, t0)�) is a monotone nonincreasing function of t > t0 , [2, 32] and see 

also [7]. More specifically let N =
{
� ∈ C1

n
[0, 1]) ∶ �(x) = 0 ⇒ ��(x) ≠ 0

}
 be the 

(2.1)ut = a(x)uxx + b(t, x)ux + c(t, x)u , x ∈ (0, 1) .

(2.2)
z(𝜑) = sup{k ≥ 0 ∶ ∃ {xi}

k
i=0

⊂ [0, 1] such that xi−1 < xi

and 𝜑(xi−1)𝜑(xi) < 0 , i = 1,… , k} .



	 São Paulo Journal of Mathematical Sciences

1 3

open dense subset of functions with all zeros nondegenerate. Restricted to N  the 
zero number z is the map which associates to each � ∈ N  the number of zeros of � . 
Note that N = ∪∞

k=0
Nk , Nk = {� ∈ N ∶ z(�) = k} and that z|N  is continuous and 

locally constant. Then

Theorem 2.1  For � ∈ C1
n
[0, 1] , � ≢ 0 , 

	 (i)	 the set Θ =
{
t ∈ (t0,+∞) ∶ S(t, t0)� ∉ N

}
 is a finite set;

	 (ii)	 for t ∈ Θ there exists a positive �0 such that for all 0 < 𝜀 < 𝜀0 , 

This nonincreasing character of z along solutions of (2.1) is essential for the 
description of the global dynamics of semilinear parabolic equations of the form

with the appropriate boundary conditions. See [3, 4, 7, 9, 18] for the pioneer-
ing results. See also [30] for the fully nonlinear case. For a smooth nonlinearity 
f ∈ C2([0, 1] ×ℝ

2,ℝ) satisfying suitable dissipative conditions, the semilinear reac-
tion-diffusion equation (2.4) defines a global semiflow in the space X = H1(0, 1) . 
Then, z provides a discrete Lyapunov function for the linearized flow around any 
given solution of (2.4) or for the evolution of the difference between any two solu-
tions u1, u2 , of (2.4). In fact,

is nonincreasing for t > 0 since u1 − u2 satisfies a variational equation of the form 
(2.1). Moreover, considering the difference u(t + �, ⋅) − u(t, ⋅) we obtain that

is also nonincreasing for t > 0 , see [15] and Lemma 4.5 in [39]. The existence of 
a lap number for degenerate parabolic equations is considered in [20].

Different examples of discrete Lyapunov functions are provided by scalar delay 
differential equations of the form

with h ∈ C2(ℝ2,ℝ) and monotone feedback conditions

These equations define semiflows xt = T(t)x0, t ≥ 0 , in X = C0[−1, 0] by 
xt(�) = x(t + �), � ∈ [−1, 0].

The following functionals rooted on z are defined on X for each feedback con-
dition (2.8), respectively

(2.3)z(S(t + 𝜀, t0)𝜑) < z(S(t − 𝜀, t0)𝜑) .

(2.4)ut = a(x)uxx + f (x, u, ux) , x ∈ (0, 1) ,

(2.5)t ↦ z(u1(t, ⋅) − u2(t, ⋅))

(2.6)t ↦ z(ut(t, ⋅))

(2.7)ẋ(t) = h(x(t), x(t − 1)) ,

(2.8)hv(u, v) < 0 or hv(u, v) > 0 .
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where ⌊⋅⌋ denotes the floor function. Notice that for � ∈ X , V−(�) is always odd 
while V+(�) is always even.

Then, for each feedback case, V∓ provides a discrete Lyapunov function for the 
difference of any two solutions x1

t
, x2

t
 , since

is nonincreasing for t > 0 . For references, see [35] and [40]. These examples will 
be relevant for the characterization of infinitesimal generators in our final three 
Sections.

3 � Generators of semiflows with zero number decay

It is natural to ask if the property of possessing a discrete Lyapunov functional z in 
the sense of Theorem 2.1 is characteristic of differential second order operators. To 
answer this question, our main result is the following theorem.

Theorem 3.1  Let A be the infinitesimal generator of a C0-semigroup of bounded lin-
ear operators {T(t)}t≥0 , T(t) ∶ C1

n
[0, 1] → C1

n
[0, 1] , with D(A) = C2[0, 1] ∩ C1

n
[0, 1] 

and such that 

	 (i)	 the set Θ = {t ∈ (0,+∞) ∶ T(t)� ∉ N} is a finite set for every � ∈ C1
n
[0, 1];

	 (ii)	 for all 0 < t1 ≤ t2 , with t1, t2 ∉ Θ the following holds 

Then there exist �, � ∈ C0[0, 1] with � nonnegative and bounded � ∈ C0(0, 1) , such 
that for all � ∈ D(A) we have

Here we assume Neumann boundary conditions, but similar results can be 
obtained for the cases of Dirichlet, Robin or even periodic boundary conditions. In 
Section 4 we show that this characterization extends also to other types of non-sepa-
rated boundary conditions.

The main point in the proof of Theorem 3.1, see Lemma 3.3 below, concerns the 
analysis of the behavior of A on functions with degenerate zeros. We prepare with an 
auxiliary lemma.

Lemma 3.2  Given � ∈ [0, 1] , assume � ∶ [0, 1] → ℝ , � ∶ [0, 1] → ℝ , are C2 func-
tions such that 

(2.9)V−(�) = 2

⌊
z(�)

2

⌋
+ 1 , V+(�) = 2

⌊
z(�) + 1

2

⌋
,

(2.10)t ↦ V∓(x1
t
− x2

t
)

(3.1)z(T(t1)�) ≥ z(T(t2)�) .

(3.2)(A𝜑)(x) = 𝛼(x)𝜑xx(x) + 𝛽(x)𝜑x(x) + 𝛾(x)𝜑(x) , 0 < x < 1 .
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	 (i)	 �(�) = ��(�) = �(�) = � �(�) = � ��(�) = 0;
	 (ii)	 𝜑��(𝜉) > 0;
	 (iii)	 ��(x) ≠ 0 for every x ∈ (0, 1) ⧵ {�}.

For each � ∈ ℝ define �� ∶ [0, 1] → ℝ by

Then the set of � ∈ ℝ such that �� has a degenerate zero in [0, 1] ⧵ {�} has Lebesgue 
measure zero.

Proof  By (ii) and (iii) it follows that 𝜑(x) > 0 for every x ≠ � . Assume first that 
x ∈ {0, 1}, x ≠ � . Then there is at most one value of � such that ��(x) = 0 . It remains 
to show that the set of � such that �� has a degenerate zero in (0, 1) ⧵ {�} has Leb-
esgue measure zero. To show this we note that x ∈ (0, 1)⧵{�} is a degenerate zero of 
�� if and only if

where we have used assumption (iii) and the positivity of �(x) for x ≠ � which, in 
particular, imply � ≠ 0.

Consider now the function Ψ ∶ (0, 1) ⧵ {�} → ℝ defined by Ψ(x) = �(x)

�(x)
 . Since � 

and �′ do not vanish for x ≠ � , Ψ is well defined, of class C1 and

vanishes if and only if Ψ(x) = � �(x)

��(x)
 . From this and (3.4) we conclude that 

x ∈ (0, 1) ⧵ {�} is a degenerate zero of �� if and only if −�−1 is a critical value of Ψ . 
Since Ψ is a C1 function defined in an open set an application of Sard’s theorem con-
cludes the proof, see ex.2 pag.170 in [6]. 	�  ◻

Next we associate to each � ∈ [0, 1] three functions a� , b� , c� ∈ D(A) such that 
(here we use the partial derivative notation v� = vx , see Fig. 1)

(3.3)��(x) = �(x) + ��(x) , x ∈ [0, 1] .

(3.4)

⎧⎪⎨⎪⎩

�(x) + ��(x) = 0,

��(x) + �� �(x) = 0

⇔
�(x)

�(x)
=

� �(x)

��(x)
= −

1

�
,

(3.5)Ψ�(x) =
��(x)

�(x)

(
� �(x)

��(x)
− Ψ(x)

)
,

(3.6)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

a𝜉(𝜉) = a𝜉
x
(𝜉) = b𝜉(𝜉) = 0 , for every 𝜉 ∈ [0, 1] ,

a𝜉
xx
(𝜉) = c𝜉(𝜉) = 1 , for every 𝜉 ∈ [0, 1] ,

b𝜉
x
(𝜉) = 1 , for every 𝜉 ∈ (0, 1) ,

a𝜉
x
(x)(x − 𝜉) > 0 , for every x ∈ (0, 1) ⧵ {𝜉} .
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Lemma 3.3  Let � ∈ [0, 1] and �� ∈ D(A) be such that

Then, if A is the generator of a semigroup that satisfies the assumptions in Theo-
rem 3.1, it results that

Proof  Let ��,� = a� + ��� . Then, on the basis of Lemma 3.2, there is a sequence 
{�k}

∞
k=1

 such that

and such that all zeros of ��,�k are nondegenerate except the one at � which is the 
unique degenerate zero of ��,�k . From the condition on the second derivative of a� 
in (3.6) it also follows that, for each k = 1, 2,… , there is a 𝛿k > 0 such that for every 
x ∈ (� − �k, � + �k) we have

This and the fact that the zeros of ��,�k outside (� − �k, � + �k) are nondegenerate 
imply that the number of zeros of ��,�k is finite and equal to N + 1 , where N is the 
number of zeros of ��,�k in [0, 1]⧵(� − �k, � + �k) . Therefore

(3.7)��(�) = ��
x
(�) = ��

xx
(�) = 0 .

(3.8)
(
A��

)
(�) = 0 .

(3.9)𝜆k𝜆k+1 < 0 , lim
k→+∞

|𝜆k| = +∞

(3.10)��,�k (x) ≥ 1

4
(x − �)2 .

(3.11)��,�k ∈ �NN .

Fig. 1   The functions a� , b� and c�
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Let Θk be the set defined in (i) in Theorem 3.1 with � = ��,�k . Since Θk is a finite set, 
there exists tk > 0 such that (0, tk] ∩ Θk = � . It follows that, for t ∈ (0, tk] , T(t)��,�k 
has only nondegenerate zeros and, since limt→0+ T(t)�

�,�k = ��,�k , has exactly N 
zeros in [0, 1] ⧵ (� − �k, � + �k) . Hence

Claim: Assume (A��)(�) ≠ 0 . Then k large and tk > 0 sufficiently small imply

From the assumption that a� ,�� ∈ D(A) it follows

where oi(t) ∈ C1(0, 1), i = 1, 2 , are small order terms of t > 0 , that is, ‖ oi(t)

t
‖ → 0 as 

t ↘ 0 . Hence tk > 0 sufficiently small and 
(
A��

)
(�) ≠ 0 yield

This, ��,�k (�) = 0 and

imply that, for k sufficiently large, 
(
T(tk)�

�,�k
)
(�) has the same sign as �k

(
A��

)
(�) 

and the claim is established.
Since NN̄ is open we can choose an open neighborhood Vk ⊂ NN̄ of T(tk)��,�k so 

small that

where we have also used (3.13).  The continuity of T(tk) implies T(tk)Uk ⊂ Vk for 
some open nonempty neighborhood Uk of ��,�k and (3.11) implies in particular 
T(tk)Ok ⊂ Vk where we have set Ok = Uk ∩NN . Then (3.9) and (3.17) imply that k 
can be chosen so that

Then (3.13) yields

(3.12)
T(tk)𝜑

𝜉,𝜆k ∈ NN̄ , for some N̄ ≥ N

and T(tk)𝜑
𝜉,𝜆k (𝜉) < 0, ⇒ N̄ ≥ N + 2 .

(3.13)𝜆k(A𝜓
𝜉)(𝜉)(T(tk)𝜑

𝜉,𝜆k )(𝜉) > 0 .

(3.14)

⎧
⎪⎨⎪⎩

T(t)a� − a� − tAa� = o1(t)

T(t)�� − �� − tA�� = o2(t)
,

(3.15)
||||
o1(tk)

tk
(𝜉)

|||| < 1,
||||
o2(tk)

tk
(𝜉)

|||| <
1

2
|(A𝜓𝜉)(𝜉)| .

(3.16)

(
T(tk)�

�,�k
)
(�) =

(
T(tk)�

�,�k
)
(�) − ��,�k (�)

= tk
(
(Aa�)(�) + �k(A�

�)(�) + (o1(tk)∕tk)(�) + �k(o2(tk)∕tk)(�)
)
,

(3.17)sign(v(�)) = sign((T(tk)�
�,�k )(�)) = sign(�k(A�

�)(�)) , v ∈ Vk ,

(3.18)
(
T(tk)𝜑

𝜉,𝜆k
)
(𝜉) < 0 .
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in contradiction with assumption (ii) of Theorem  3.1. This contradiction proves 
Lemma 3.3. 	�  ◻

Now, based on Lemma 3.3, we complete the proof of Theorem  3.1. Given 
x ∈ [0, 1] and � ∈ D(A) we write

where ax, bx and cx are the functions defined in (3.6). Since � and ax, bx, cx belong to 
D(A) also �x,� ∈ D(A) and (3.6) implies

Therefore, Lemma 3.3 implies (A�x,�)(x) = 0 and it follows that

which is (3.2) with �, �, � defined by

On the basis of Lemma 3.3, (Aa𝜉)(𝜉) = 𝛼(𝜉) < 0 will lead again to (3.18). This 
proves that � is a nonnegative function. It remains to prove the smoothness of �, �, � . 
Consider the constant map � ≡ 1 in D(A) . Then,  from the abstract theory of C0- 
semigroups on C1

n
[0, 1] we have A1 ∈ C1

n
[0, 1] . Hence, by (3.22) and (3.23)

Given x0 ∈ (0, 1) let �,� ∈ D(A) be such that: 

Let d(x) = ��(x)� ��(x) − � �(x)���(x) and observe that d(x0) = 1 . This and 
�,� ∈ D(A) imply that there is 𝛿0 > 0 such that

With this choice of � and � , from (3.22) and (3.23) we get a system of two equa-
tions in �(x) and for �(x) that can be solved for x ∈ (x0 − �0, x0 + �0) yielding:

(3.19)N = z(𝜑) < z(T(tk)𝜑) = N̄ , 𝜑 ∈ Ok ,

(3.20)� = �(x)cx + �x(x)b
x + �xx(x)a

x + �x,�

(3.21)�x,�(x) = �x,�
x

(x) = �x,�
xx

(x) = 0 .

(3.22)(A�)(x) = �(x)(Acx)(x) + �x(x)(Ab
x)(x) + �xx(x)(Aa

x)(x) , x ∈ [0, 1] ,

(3.23)�(x) = (Acx)(x) , �(x) = (Abx)(x) , �(x) = (Aax)(x) , x ∈ [0, 1] .

(3.24)𝛾 = A1 ∈ C1
n
[0, 1] ⊂ C0[0, 1] .

(3.25)
�(x0) = 0, ��(x0) = 1, ���(x0) = 0 ,

�(x0) = 0, � �(x0) = 0, � ��(x0) = 1 .

(3.26)

d(x) ≥ 1

2
,

|�� − 1| ≤ 1

2
, |� �� − 1| ≤ 1

2
, for x ∈ (x0 − �0, x0 + �0)

|� �| ≤ 1

2
, |���| ≤ 1

2
,

.



	 São Paulo Journal of Mathematical Sciences

1 3

From this and the continuity of A�  and A� it follows that � and �   are con-
tinuous in (x0 − �0, x0 + �0) and therefore in (0, 1) since x0 ∈ (0, 1) is arbi-
trary. From  (3.22) we also have that � and � are bounded in (0, 1) . It remains 
to discuss the behavior of � for x → 0, 1 . To this end choose � ∈ D(A) such that 
�(0) = ��(0) = 0 and ���(0) = 1 . Then, for x in a neighborhood of 0 it results 

This and the fact that � and � are bounded implies the existence of the 

and we can continuously extend � to the interval [0, 1) by setting �(0) = (A�)(0) . 
Similarly we obtain an extension of � to [0, 1] by setting �(1) = (A�)(1). This con-
cludes the proof of Theorem 3.1. 	�  ◻

We can ask if � ≥ 0 in Theorem 3.1 can be upgraded to � strictly positive. Our 
guess is that this is not possible under only the assumptions of Theorem 3.1. See 
Sect. 5 and Remark 6.3 at the end of Sect. 6.

As we have seen, the zero number is well defined in C0[0, 1] . An interesting issue 
is to understand the role of the regularity of the phase space on the structure of sem-
igroups and of the corresponding generators that enjoy the decay property of a dis-
crete Lyapunov functional. Since, by lowering the regularity, the class of motions on 
which the decay property must hold is enlarged, we expect that changing C1

n
[0, 1] to 

C0[0, 1] restricts the class of semigroups that admit z as a discrete Lyapunov func-
tional. For a discussion of this question we refer to Remark 6.2.

4 � Generators of semigroups in C1[0, 1] with discrete Lyapunov 
functions V∓

In this Section we consider the problem of characterizing the generators of C0

-semigroups T(t), t ≥ 0 , which admit the discrete Lyapunov functional V− or V+ 
defined in (2.9). We assume that the function space is C1[0, 1] endowed with suit-
able boundary conditions. We observe that the arguments developed in the proofs 
of Lemma 3.2 and Lemma 3.3 apply also to the case where the discrete Lyapunov 
functional is V− or V+ . This is a consequence of the fact that, if (3.8) is violated, 
as shown in Lemma 3.3, there are tk and �k such that (3.12) holds and the number 
of zeros increases at least by two contradicting the decay property of z and V− and 
V+ . From (3.8) it follows that again the generator is a second order operator and 
the problem is to understand what restrictions to the boundary conditions derive 

(3.27)

�(x) =
((A�)(x) − �(x)�(x))� ��(x) − ((A�)(x) − �(x)�(x))���(x)

��(x)� ��(x) − � �(x)���(x)
,

�(x) =
((A�)(x) − �(x)�(x))��(x) − ((A�)(x) − �(x)�(x))� �(x)

��(x)� ��(x) − � �(x)���(x)
.

(3.28)A�(x) = �(x)�(x) + ��(x)�(x) + ���(x)�(x).

(3.29)lim
x→0+

�(x) = (A�)(0)
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from the assumption that the semigroup admits V− or V+ as a discrete Lyapunov 
functional, see Theorem 4.1 below.

In Sect.  2 we have introduced the functionals V± in connection with the scalar 
delay equation (2.7) in the phase space C0[−1, 0] which is the standard choice for 
equation (2.7). Obviously, with the appropriate definition of the map � → xt(�) 
we can replace C0[−1, 0] with the space C0[0, 1] . The fact is that the right space 
for the delay equation is a space of continuous functions. In contrast, as stated 
in Theorem 4.1, the generator of a semigroup with the same discrete Lyapunov 
functional, acting on a function space of C1 functions, is a second order opera-
tor. This suggests that the smoothness of the function space plays an important 
role on the characterization of generators with discrete Lyapunov functionals. We 
confirm this in Sect. 6 where we show that changing C1 to C0 implies that the gen-
erator has � ≡ 0 and corresponds to a generalized kind of delay equation.

We consider the space

where B0,B1 ∶ C1[0, 1] → ℝ are the boundary operators

For this type of boundary value problems we refer to ch.11,12 of [5]. See also [32] 
for results regarding the zeros at the boundary. We remark that �01 = �10 = 0 cor-
respond to the separated Robin boundary conditions not under consideration here.

Our result regarding the characterization of the infinitesimal generators is the 
following theorem.

Theorem 4.1  Let A be the infinitesimal generator of a C0-semigroup of bounded lin-
ear operators {T(t)}t≥0, T(t) ∶ C1

ns
[0, 1] → C1

ns
[0, 1] with D(A) = C2[0, 1] ∩ C1

ns
[0, 1] 

and such that T(t) admits the discrete Lyapunov functional defined by V− (or V+ , 
alternatively) in (2.8).

Then, there exist �, � ∈ C0[0, 1] , with � nonnegative and � ∈ C0(0, 1) bounded, 
such that for all � ∈ D(A) we have

Furthermore, the cross-boundary constants in (4.2) satisfy

Proof  We focus on the case of V− . The discussion of the case V+ is similar. We let 
N ⊂ C1

ns
[0, 1] denote the open dense subset of functions with no zeros on the bound-

ary of [0, 1] and all (interior) zeros nondegenerate. We remark that in this case we 
have N = ∪∞

k=0
N2k+1 , with N2k+1 = {� ∈ N ∶ V−(z(�)) = 2k + 1}.

(4.1)C1
ns
[0, 1] =

{
� ∈ C1[0, 1] ∶ B0(�) = B1(�) = 0

}
,

(4.2)

⎧⎪⎨⎪⎩

B0(�) = ��(0) + �00�(0) + �01�(1) ,

B1(�) = ��(1) + �10�(0) + �11�(1) .

(4.3)(A𝜑)(x) = 𝛼(x)𝜑xx(x) + 𝛽(x)𝜑x(x) + 𝛾(x)𝜑(x) , 0 < x < 1 .

(4.4)𝛿01 < 0 , 𝛿10 > 0 ( or 𝛿01 > 0 , 𝛿10 < 0, respectively) .
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We first consider the case of degenerate interior zeros and address later the zeros 
on the boundary.

As we have already observed Lemma 3.2 holds as stated and we can consider the 
family ��,� = �� + ��� with �� and �� as in Lemma 3.3. It results

for some k and, proceeding as in the proof of Lemma 3.3, we have that (A��)(�) ≠ 0 
implies the existence of t > 0 and � ∈ ℝ such that (T(t)𝜑𝜉,𝜆)(𝜉) < 0 . It follows that 
z((T(t)��,�)(�)) = 2k� + 1 ≥ 2k + 1 + 2 and, as in the proof of Lemma 3.3, this 
implies the existence of open sets O ∈ N2k+1 and V ∈ N2k�+1 such that, for all � ∈ O

with T(t)� ∈ V  , contradicting the decreasing property of the Lyapunov function of 
the semigroup T(t). This shows that (A��)(�) = 0 and the form (4.3) of the infinitesi-
mal generator A follows as in the proof of Theorem 3.1.

To prove (4.4) we now deal with the zeros on the boundary. Then, let � ∈ C1
ns
[0, 1] 

denote a function with only nondegenerate zeros and which is zero at x = 0 or x = 1 . 
Note that, due to the boundary conditions (4.1),(4.2), nondegeneracy implies that 
these zeros cannot occur simultaneously on both boundaries.

The cross-boundary conditions (4.4) essentially prevent zeros to occur on the 
boundary when z(�) is even. In fact, in this case, the cross-boundary values of �′ 
and � have the wrong sign, since (4.1),(4.2), imply

Then, if z(�) is even, �(0) = 0 forces �(1) and ��(0) to have opposite signs, contrary 
to (4.7), (4.4). Likewise, �(1) = 0 forces �(0) and ��(1) to have the same sign, con-
trary to (4.8), (4.4). Hence, zeros on the boundaries can only occur when z(�) is odd, 
in which case V−(T(t)�) is constant in some small interval t ∈ [0, �) and T(t)� ∈ N  
for small t > 0.

The proof of smoothness of � , � , � follows the same lines as in the proof of Theo-
rem 3.1. This completes the proof. 	�  ◻

5 � Parabolic and delay operators as members of the same class 
determined by the decay of V−.

Theorem 4.1 describes a quite large class of operators parameterized by the func-
tions � ≥ 0 , �, � ∈ ℝ , and for the discrete Lyapunov functional V− , with the con-
stants 𝛿01 < 0 and 𝛿10 > 0.

It is interesting to observe that this class includes second order operators as well 
as linear delay equations. Indeed the operator A corresponding to �, � ≡ 0 , � ≡ 1 and 
𝛿10 = p > 0 , �11 = q ∈ ℝ is given by

(4.5)��,� ∈ �N2k+1 ,

(4.6)2k + 1 = V−(z(𝜑)) < V−(z(T(t)𝜑)) = 2k� + 1 ,

(4.7)�(0) = 0 ⇒ ��(0) = −�01�(1),

(4.8)�(1) = 0 ⇒ ��(1) = −�10�(0).
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which is the infinitesimal generator of the C0-semigroup defined by the linear delay 
equation

see Sect.  7.1 in [21]. As shown in [35], (5.2)  admits the discrete Lyapunov func-
tional V−.

We also observe that on the basis of these considerations we cannot hope to 
deduce the strict inequality 𝛼 > 0 simply from the decay property of V− . It is appro-
priate here to question the role of the cross-boundary conditions (4.4) and compare 
with the motivating examples provided by the scalar delay differential equations 
under monotone feedback conditions. The corresponding semiflows also preserve 
the decreasing properties for the Lyapunov functions defined by V∓ . Our illustra-
tion example indicates that the cross-boundary conditions in these equations play 
the role of the monotone feedback conditions, e.g. p > 0 , in delay equations.

6 � Generators of semigroups on C0[0, 1] with discrete Lyapunov 
functionals V∓

Let T(t) ∶ C0[0, 1] → C0[0, 1] , t ≥ 0 , be a C0-semigroup and let A be the infinitesi-
mal generator of the semigroup with D(A) ⊂ C0[0, 1] . We present some results on 
the structure imposed on A by the assumption that the semigroup admits the discrete 
Lyapunov functional V− or V+.

For k ∈ {0, 1} we set Ck
00

=
{
𝜑 ∈ Ck[0, 1] ∶ supp(𝜑) ⊂ (0, 1)

}
 , and prove the 

following

Theorem 6.1  Assume that 

	 (i)	 T(t), t ≥ 0 is a C0-semigroup acting on C0[0, 1].
	 (ii)	 V∓(T(t)�) ≤ V∓(T(�)�), t ≥ �, � ∈ C0[0, 1].
	 (iii)	 The domain D(A) ⊂ C0[0, 1] of the infinitesimal generator A of T(t) is a subset 

of C1[0, 1] and contains C1
00

.
	 (iv)	 If {𝜑k}

∞
k=1

⊂ D(A) is a sequence that converges to � in C1[0, 1] , then � ∈ D(A) 
and 

Then, there exist functions b, c ∈ C0[0, 1] such that

(5.1)
(A�)(x) = ��(x) , x ∈ [0, 1) ,

(A�)(1) = −p�(0) + q�(1) ,

(5.2)ẏ(t) = −py(t − 1) + qy(t) ,

(6.1)lim
k→+∞

‖A�k − A�‖C0[0,1] = 0 .

(6.2)(A�)(x) = b(x)��(x) + c(x)�(x) , x ∈ [0, 1] , � ∈ D(A).
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Moreover, if b(x) ≠ 0 for x ∈ [0, 1] , then there is �̂ ∈ ℝ and ∓a > 0 , for V∓ respec-
tively, such that

Proof  In the proof we consider the case where (ii) holds with the negative sign. The 
analysis of the other case is similar. We divide the proof in various lemmas.

Lemma 6.2  The assumptions in Theorem 6.1 imply:

Proof  We first prove (6.4) under the assumption z(𝜑) < +∞ . Assume instead that 
there exists � ∈ D(A) and an open interval I = (�, �) such that

Let Ii = (𝛼i, 𝛽i) ⊂ I , i = 1, 2, 3 open intervals such that 𝛽1 < 𝛼2 and 𝛽2 < 𝛼3.
Choose a map � ∈ C1

00
 with supp(𝜓) = Ī1 ∪ Ī3 and such that (see Fig. 2)

For � ≠ 0 define �� = �� + � and observe that

Fix 𝜆̄ > 0 so that

Then we have

(6.3)

b > 0 ⇒ D(A) =
{
𝜑 ∈ C1[0, 1] ∶ a𝜑(0) + �𝛼𝜑(1) = b(1)𝜑�(1) + c(1)𝜑(1)

}
,

b < 0 ⇒ D(A) =
{
𝜑 ∈ C1[0, 1] ∶ a𝜑(1) + �𝛼𝜑(0) = b(0)𝜑�(0) + c(0)𝜑(0)

}
.

(6.4)supp(A𝜑) ⊂ supp(𝜑), 𝜑 ∈ D(A) .

(6.5)Ī ∩ supp(𝜑) = � and (A𝜑)(x) ≠ 0, x ∈ Ī .

(6.6)𝜓(x)(A𝜑)(x) < 0, x ∈ I1 ∪ I3 .

(6.7)
z(𝜑1) ≤ z(𝜑) + 2 < +∞ ,

z(𝜑𝜆) = z(𝜑1) , 𝜆 ≠ 0 .

(6.8)𝜆̄min
x∈Ī2

|(A𝜑)(x)| > max
x∈Ī2

|(A𝜓)(x)| .

ψ

α β

Aϕ

ϕ

ϕ

10

Fig. 2   The maps � , � and A�
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and, for small t > 0,

For 0 < t << 1 this implies that, when x describes the interval I, (T(t)𝜑𝜆̄)(x) changes 
sign twice and we have

which, in contradiction with (ii), yields V−(T(t)𝜑𝜆̄) > V−(𝜑𝜆̄) . This contradiction 
concludes the proof for the case z(𝜑) < +∞.

For the general case we construct a sequence {𝜑k}
∞
k=1

⊂ D(A) which converges to 
� in C1[0, 1] and satisfies

Assume that there exists a non empty open interval I such that Ī ∩ supp𝜑 = � and 
|(A𝜑)(x)| > 0 , for x ∈ Ī . From assumption (iv) in Theorem 6.1, we have that for k 
sufficiently large |(A𝜑k)(x)| > 0 , for x ∈ Ī . This is in contradiction with the first part 
of the proof which on the basis of (6.12) implies supp(A𝜑k) ⊂ supp(𝜑) . This con-
tradiction shows that (6.4) holds true also if z(�) = +∞ . It remains to construct the 
sequence {�k}

∞
k=1

.
Let E = {x ∈ [0, 1] ∶ �(x) = 0} be the set of the zeros of � and Ẽ the set of the 

accumulation points of E. For x ∈ Ẽ we have �(x) = ��(x) = 0 and therefore, for 
𝛿 > 0 sufficiently small, we obtain

where s → f (s) is a positive function that converges to zero as s → 0+ . From (6.13) it 
follows that, given 𝜖 > 0 , for each x ∈ Ẽ there exists 𝛿x,𝜖 > 0 such that

Since Ẽ is compact and {(x − �x,� , x + �x,�) ∩ [0, 1]}
x∈Ẽ is a open covering of Ẽ , there 

exist an integer N and xj ∈ Ẽ , j = 1,… ,N such that �E ⊂ ∪N

j=1
[0, 1] ∩ (x

j
− 𝛿

x
j
,𝜖 ,

x
j
+ �

x
j
,�) . Set Ii,j = [0, 1] ∩ (xj − i�xj,� , xj + i�xj,�) , i = 1, 2 , j = 1,… ,N and let ai,j, bi,j  

be the extremes of Ii,j.
To conclude the proof of the existence of the sequence {�k}

∞
k=1

 we define a map 
𝜑𝜖 ∈ D(A) ⊂ C1[0, 1] with only a finite number of zeros and such that 

(6.9)lim
t→0+

(T(t)𝜑𝜆̄)(x) = 𝜓(x) , x ∈ Ī1 ∪ Ī3 ,

(6.10)
(T(t)𝜑𝜆̄)(x)(T(t)𝜑)(x) = t2A𝜑𝜆̄A𝜑 + o(t2)

= t2(𝜆̄(A𝜑)2 + A𝜓A𝜑) + o(t2) > 0 , x ∈ Ī2 .

(6.11)z(T(t)𝜑𝜆̄) = z(𝜑𝜆̄) + 2 ,

(6.12)
supp𝜑k ⊂ supp𝜑 ,

z(𝜑k) < +∞ .

(6.13)
|�(y)| = o(�) ,

|��(y)| ≤ f (�) ,
0 ≤ |y − x| ≤ 2� , y ∈ [0, 1] ,

(6.14)
|�(y)| ≤ o(�x,�) ≤ ��x,� ,

|��(y)| ≤ � ,
0 ≤ |y − x| ≤ 2�x,� , y ∈ [0, 1] .
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‖�� − �‖C1[0,1] ≤ C� with C > 0 independent of � . We define �� in each connected 
component of the set ∪N

j=1
I2,j . Let I be one of these connected components and let 

p, q ∈ {1,… ,N} be defined by a1,p = minxj∈I a1,j and b1,q = maxxj∈I b1,j . Define 
𝛼̄, 𝛽 ∈ I by setting

Set

To complete the definition of �� in I we focus on the cases a2,p > 0 and a2,p = 0 , the 
discussion of the cases b2,q < 1 and b2,q = 1 is analogous. We observe that a2,p > 0 
implies a2,p = xp − 2�xp,� , 𝛼̄ = xp − 𝛿xp,𝜖 . Then, define �� in the interval 
[xp − 2�xp,� , xp − �xp,�) by setting

where � ∶ ℝ → ℝ is a C∞ nonnegative map that satisfies �(s) = 1 , s ∈ (−∞, 0) and 
�(s) = 0 , s ∈ [1,+∞] . From (6.16) and (6.17) it follows that to estimate the C1 norm 
of �� − � in I ⧵ (𝛽, 1] it suffices to look at the interval [x� − 2�x� ,� , x� − �x� ,�) where

From this expression and (6.13) we obtain

where C = 1 +maxs �
�(s) . Consider now the case a2,p = 0 . In this case we have 

𝛼̄ = min
x∈�E∪[a1,p,xp]

 and therefore 𝜑(𝛼̄) = 𝜑�(𝛼̄) = 0 . Hence

(6.15)

𝛼̄ =

⎧
⎪⎨⎪⎩

a1,p , if a2,p > 0 ,

min
x∈�E∪[a1,p,xp]

, if a2,p = 0 .

𝛽 =

⎧
⎪⎨⎪⎩

b1,q , if b2,q < 1 ,

max
x∈�E∪[xq,b1,q]

, if b2,q = 1 .

(6.16)��(x) = 0 , x ∈ [�, �] .

(6.17)

��(x) = �(x) , x ∈ [0, xp − 2�xp,�) ,

��(x) = �
(
(�xp,�)

−1(x − xp + 2�xp,�)
)
�(x) , x ∈ [xp − 2�xp,� , xp − �xp,�) ,

(6.18)��(x) − �(x) =
(
�(�x� ,�

−1(x − x� + 2�x� ,�)) − 1
)
�(x) .

(6.19)

|��(x) − �(x)| ≤ |�(x)| ≤ � ,

|��
�
(x) − ��(x)| ≤ |��(x)| + (�x� ,�)

−1� �
(
(�x� ,�)

−1(x − x� + 2�x� ,�)
)
|�(x)| ≤ C� ,

(6.20)𝜑𝜖(x) = 𝜑(x) , x ∈ [0, 𝛼̄) ,
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yields a well defined C1 map, and again from (6.16) and (6.13), we obtain

By repeating the above construction for each connected component of ∪N
j=1

I2,j we 
end up with a map �� ∈ C1[0, 1] that satisfies ‖�� − �‖C1[0,1] ≤ C� . Since by con-
struction �� − � ∈ C1

00
 , we have that �� ∈ D(A) . Moreover, �� has only a finite 

number of zeros and

This completes the proof. 	�  ◻

Lemma 6.3  Assume the same as in Theorem 6.1. Then 

	 (i)	 �(x) = ��(x) = 0, ⇒ (A�)(x) = 0, � ∈ D(A).
	 (ii)	 For � ∈ D(A) , x ∈ (0, 1) , (A�)(x) depends only on the 1-jet of � at x.
	 (iii)	 There exist b, c ∈ C0(0, 1) such that 

Proof  To prove (i) we use an argument similar to the one used in the definition of 
the function �� in the proof of Lemma 6.2. For each 𝛿 > 0 sufficiently small we con-
struct a map �� ∈ D(A) which vanishes in (x − �, x + �) and satisfies

(6.21)‖(𝜑𝜖 − 𝜑)�[0,𝛽]‖C1[0,𝛽] ≤ C𝜖 .

(6.22)��(x) ≠ 0 ⇒ �(x) ≠ 0 and sign(��(x)) = sign(�(x)) .

(6.23)(A�)(x) = b(x)��(x) + c(x)�(x) , x ∈ (0, 1) , � ∈ D(A) .

x

ϕψ

ψ̂

ψ̂

0
1

Fig. 3   The maps � , 𝜓̂ and �
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These estimates and the analogous in the intervals [x − �, x + �] and [x + �, x + 2�] 
show that �� converges in C1[0, 1] to � as � → 0 . This and assumption (iv) in Theo-
rem 6.1 imply lim�→0 ‖A�� − A�‖C0[0,1] = 0 and, in particular, using also Lemma 
6.2 which yields (A��)(x) = 0 , we conclude (A�)(x) = 0.

To show (ii), let x ∈ supp(�) be a point where �(x) and ��(x) are not both zero. 
Let J1

x
𝜑 ⊂ D(A) be the 1-jet of � ∈ D(A) at x ∈ (0, 1) . From � ∈ J1

x
� it follows that 

𝜓̂ = 𝜓 − 𝜑 satisfies 𝜓̂(x) = 𝜓̂ �(x) = 0 (see Fig. 3). This and (i) imply (A𝜓̂)(x) = 0 
and therefore

This proves (ii).
From (ii) and the linearity of A it follows that there is a continuous vector 

(0, 1) ∋ x → ((c(x), b(x)) such that

The proof is complete. 	�  ◻

Remark 6.1  The functions b and c are defined and continuous in (0,  1). Since 
A� ∈ C0[0, 1] and (A�)(x) = b(x)��(x) + c(x)�(x) , x ∈ (0, 1) , for all � ∈ D(A) it fol-
lows that there exist

and actually b, c ∈ C0[0, 1] . For � ∈ D(A) and 0 ≤ t ≪ 1 , L0 and L1 satisfy

The operators L0 and L1 may be defined for all � ∈ C1[0, 1] or impose some condi-
tions on � ∈ D(A) that restrict D(A) to a proper subspace of C1[0, 1].

(6.24)

|(� − ��)(y)| ≤ |�(y)| ≤ o(�) ,

|(�� − ��
�
)(y)| ≤ |��(y)| + �−1� �

(
�−1(y − x + 2�)

)|�(y)| ≤ f (�) + �−1o(�) .

(6.25)(A𝜓)(x) = (A𝜑)(x) + (A𝜓̂)(x) = (A𝜑)(x) .

(6.26)
(A�)(x) = ((c(x), b(x)) ⋅

(
�(x)
��(x)

)

= c(x)�(x) + b(x)��(x) , x ∈ (0, 1) , � ∈ D(A) .

(6.27)

L0� = lim
x→0+

(A�)(x) = b(0)��(0) + c(0)�(0) ,

L1� = lim
x→1−

(A�)(x) = b(1)��(1) + c(1)�(1) ,

(6.28)
(T(t)� − �)(0) = tL0� + o(t) ,

(T(t)� − �)(1) = tL1� + o(t) .
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From the previous analysis it follows that, if T(t), t ≥ 0 , is a semigroup on C0[0, 1] 
and the domain D(A) of the infinitesimal generator A coincides with C1[0, 1] (pos-
sibly restricted by the conditions imposed by the operators L0 and L1 ), then there are 
functions b, c ∈ C0[0, 1] such that

The definition of infinitesimal generator implies that the function u defined by 
u(x, t) = (T(t)�)(x) satisfies the scalar hyperbolic equation

We assume b(x) ≠ 0 , x ∈ [0, 1] and solve this equation in case b > 0 . The case b < 0 
is similar. The characteristic equations are

and it follows that

Since b > 0 by assumption, the integral in this equation is monotone increasing in x 
and decreasing in x0 . Furthermore, (6.32) can be solved for x and x0 defining func-
tions x = g(x0, t) and x0 = g0(x, t) such that

We note the identity

This follows from (6.33) which implies

The equation x = g(x0, t) is the equation of the characteristic or better of the pro-
jection of the characteristic curve on the x,  t plane. By differentiating (6.33) with 
respect to t one obtains

(6.29)(A�)(x) = b(x)��(x) + c(x)�(x) , x ∈ [0, 1] , � ∈ C1[0, 1] .

(6.30)
⎧
⎪⎨⎪⎩

b(x)
�

�x
u(x, t) −

�

�t
u(x, t) = −c(x)u(x, t) ,

u(x, 0) = �(x) .

(6.31)dx

d�
= b(x) ,

dt

d�
= −1 ,

d�

d�
= −c(x)� ,

(6.32)∫
x

x0

ds

b(s)
+ t = 0 .

(6.33)∫
g(x0,t)

x0

ds

b(s)
+ t = ∫

x

g0(x,t)

ds

b(s)
+ t = 0 .

(6.34)g(g0(x, t), s) = g0(x, t − s) = g(x0, s) .

(6.35)
∫

x

g0(x,t−s)

d�

b(�)
+ t − s = 0 ,

∫
x

g(g0(x,t),s)

d�

b(�)
+ t − s = ∫

x

g0(x,t)

d�

b(�)
+ t − (∫

g(g0(x,t),s)

g0(x,t)

d�

b(�)
+ s) = 0 .

(6.36)
�

�t
g(x0, t) = −b(g(x0, t)) .
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This and b > 0 show that the characteristic line oriented for increasing t crosses the 
lines x = Const from the right to the left. Moreover the characteristic line through 
(x0, t0) is obtained from the characteristic through (x0, 0) by a translation of size t0 in 
the time direction. After setting x = g(x0, t) into the third equation (6.29) we obtain

It follows that

where we have also used (6.34). This equation defines the solution of (6.30) in the 
region R ⊂ [0, 1] ×ℝ contained between the characteristic line through (0,  0) and 
the characteristic line through (1, 0). From (6.38) it follows that the sign of u(x,  t) 
along a characteristic curve x = g(x0, t) is constant and coincides with the sign of 
�(x0) where x0 is the abscissa of the intersection of the considered characteristic 
curve with the x axes at time t = 0 . Indeed we have

(6.37)�(x0, t) = �(x0, 0)e
∫ t

0
c(g(x0,s))ds .

(6.38)
u(x, t) = �(g0(x, t), t) = �(g0(x, t))e∫ t

0
c(g(g0(x,t),s))ds = �(g0(x, t))e∫ t

0
c(g0(x,t−s))ds ,

ψ0 1

r

−r

R

θ

ξ

(hψ)(ξ) = ϕ(ξ)

ψ(θ) = u(1, θ)

Fig. 4   Illustration, for b > 0 , of �(�) = u(1, �) and �(�) = h�(�)
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Set r = ∫ 1

0

ds

b(s)
 . Then, by means of (6.39), we can define a linear homeomorphism 

h ∶ C0[−r, 0] → C0[0, 1] by setting (see Fig. 4)

To see this, set �(�) = g0(1, �) and �(�) = − ∫ 1

�
ds

b(s)
 . The functions � ∶ [−r, 0] → [0, 1] 

and � ∶ [0, 1] → [−r, 0] are the inverse of each other:

 
Note also that (6.34) implies

From (6.39) we have

and

where we have also used (6.42).
Equation (6.38) determines (T(t)�)(x) = u(x, t) , t ≥ 0 only in the set 

R ∩ [0, 1] × [0,+∞) . To extend the solution to the whole of [0, 1] × [0,+∞) we 
need to analyze the role and the structure of the boundary operators L0 and L1 . The 
fact that the solution is already defined on R ∩ [0, 1] × [0,+∞) implies that L0 is 
defined for all � ∈ C1[0, 1] . Instead L1 ∶ D(A) → C0[0, 1] may impose effective con-
ditions on � that restrict D(A) to a proper subspace of C1[0, 1] . In any case, if we set 
y(t) = (T(t)�)(1) , then y ∶ [0,+∞) → ℝ is the solution of the problem

where

Once y is known, the semigroup is determined by

(6.39)u(g(x0, t), t) = �(x0)e
∫ t

0
c(g(x0,s))ds .

(6.40)
� ∶= u(1, ⋅) ,

h� → � .

(6.41)�(�(�)) = � ∈ [0, 1] ; �(�(�)) = � ∈ [−r, 0] .

(6.42)g(�(�), s) = g(g0(1, �), s) = g0(1, � − s) = �(� − s) .

(6.43)
�(�(�)) = u(1, �(�)) = (h�)(�)e∫ �(�)

0
c(g(�,s))ds

⇒ (h�)(�) = �(�(�))e∫
0

�(�)
c(g(�,s))ds

,

(6.44)(h−1�)(�) = u(1, �) = �(�(�))e∫ �

0
c(�(�−s))ds ,

(6.45)

⎧⎪⎨⎪⎩

y� = L1hyt ,

y0 = h−1� ,

(6.46)yt(�) = y(t + �) , � ∈ [−r, 0] .

(6.47)T(t)� = hyt .
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Remark 6.2  We are under the assumption that b > 0 . If instead we assume b < 0 , 
then the operator L1 does not impose a restriction and can be defined for all 
� ∈ C1[0, 1] while the operator L0 may restrict D(A) to a proper subset of C1[0, 1] . 
Once the operator L0 is specified, in case b < 0 , we can define the analogous of the 
homeomorphism h and show that the semigroup T(t), t ≥ 0 is determined by equa-
tions similar to (6.45) and (6.47).

We also observe that (6.45) includes delay equations as a special case. Indeed 
if we think of T(t) as a C0-semigroup on C0[−1, 0] rather than on C0[0, 1] , then the 
delay equation corresponds to the case where h is the identity.

One can also consider the extension of (6.38) to negative time. For b > 0 the 
extension to t ≤ 0 depends on the choice of L0 while, for b < 0 , depends on the 
choice of L1.

If b(x0) = 0 for some x0 ∈ (0, 1) , then x = x0 is an asymptote for the characteris-
tics. Moreover, b(x)(x − x0) > 0 for x ≠ x0 implies that the characteristics approach 
the asymptote for t → +∞ . To extend the solution for t ≥ 0 one needs to specify 
both operators L0 and L1 while the solution is automatically defined for t ≤ 0 . The 
opposite situation arises when b(x)(x − x0) < 0 , for x ≠ x0 . More complex situations 
where b has several zeros can be analyzed along the lines developed before. We dis-
cussed the case b > 0 as the simplest significant case which, for b ≡ 1 , includes the 
delay equation.

Next we determine what properties are required for L1 in order that V± be a Lya-
punov functional for the semigroup defined by (6.47).

Lemma 6.4  Let L1 ∶ D(A) → ℝ be a linear functional and assume that the semi-
group T(t), t ≥ 0 , defined by (6.45) and (6.47) satisfies

Then

with � ∈ ℝ and ∓a ≥ 0 , respectively for V∓.

Proof  We only consider the case of the negative sign in (6.48). The discussion of the 
other case is similar. Observe that from (6.39) and the definition of h it follows that

Therefore it suffices to show that V− is a Lyapunov functional for the solution t → yt 
of the generalized delay equation (6.45). We divide the proof in tree steps:

Step 1 Let � ∈ C0[0, 1] a map that satisfies �(1) = 0 and such that z(𝜑) < +∞ . 
For small t > 0 , the solution yt of (6.45) satisfies

(6.48)V∓(T(t)�) ≤ V∓(T(�)�) , t ≥ � ≥ 0 .

(6.49)L1� = a�(0) + ��(1) ,

(6.50)z(yt) = z(hyt) .
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and, if t > 0 is sufficiently small

The continuity of � , (6.50) and the assumption z(𝜑) < +∞ implies the existence of 
� ∈ (0, r) and �0 ∈ [−�, 0] such that

for V∓ respectively.  This and (6.52) imply that, if ±L1(𝜑) > 0 , then the func-
tion yt has a sign change in the interval [−�, t] . Together with (4.8) this yields 
z(yt) = z(�) + 1 . If z(�) is odd this implies V−(yt) = V−(y0) + 2 in contradiction 
with (6.48). This contradiction proves that

 
Step 2 Assume now that � ∈ C0

00
 has z(𝜑) < +∞ and even. Let 0 < 𝜉1 < 𝜉2 < 1 

be such that supp(𝜑) ⊂ [𝜉1, 𝜉2] and let � ∈ C0[0, 1] be a function with sup-
port in [0, �1] ∪ [�2, 1] that satisfies 𝜓(𝜉) > 0, 𝜉 ∈ [0, 𝜉1) , 𝜓(𝜉) < 0, 𝜉 ∈ (𝜉2, 1) , 
and �(1) = 0 (see Fig.  5). The function � has z(�) = 1 . For � ∈ ℝ define 
�� = � + �� ∈ C0[0, 1] . It results that ��(1) = 0 and

(6.51)yt(�) =

⎧
⎪⎨⎪⎩

(h−1�)(t + �), � ∈ [−r + t, 0] ,

�L1� + o(�), � ∈ (0, t] ,

(6.52)z(yt|[−r+t,0]) = z(y0) = z(�) .

(6.53)∓y0(𝜃) ≥ 0 , 𝜃 ∈ [−𝛿, 0] and ∓y0(𝜃0) > 0 ,

(6.54)� ∈ C0[0, 1] , �(1) = 0 and z(�) odd ⇒ �(�(�0))L1� ≥ 0 .

(6.55)z(��) = z(�) + z(�) = z(�) + 1 , � ∈ ℝ ⧵ {0} .

10

ϕ

ξ1 ξ2

10

ψ

ξ1 ξ2

10

ϕλ

10

ϕλ

Fig. 5   � , � and �� , for 𝜆 > 0 and 𝜆 < 0
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Hence z(��) is odd for all � ∈ ℝ (see Fig. 4). Then (6.54) implies

since 𝜑𝜆(𝜉(𝜃0)) < 0 . If L1� ≠ 0 then there exists � ∈ ℝ such that L1(𝜓) + 𝜆L1𝜑 > 0 , 
in contradiction with (6.54), and therefore we conclude that

Since the set of functions with these properties is dense in the set 
C0
0
= {� ∈ C0[0, 1] ∶ �(0) = �(1) = 0} , we have

whatever the parity of z(�).
Step 3 Each � ∈ C0[0, 1] has a unique decomposition of the form

where �∗(�) = � , �∗(�) = 1 − � , � ∈ [0, 1] . This and (6.58) imply that

where we have set a = L1�
∗ and �̃ = L1�∗ . Finally, we observe that if �(1) = 0 , 

�(0) ≠ 0 and z(�) is odd we have 𝜑(0)𝜑(𝜉(𝜃0)) < 0 . From this and (6.54) it follows 
that

which implies a ≤ 0 unless L1� ≡ 0 . The proof is complete. 	�  ◻

Remark 6.3  Note that the above analysis confirms the idea that relaxing the smooth-
ness assumptions on the phase space restricts the class of semigroups which admit a 
given discrete Lyapunov functional. Indeed the discussion above shows that we must 
have � ≡ 0 while � is allowed to be ≥ 0 in Theorem 4.1.

Remark 6.4  We can ask how the statement and the proof of Theorem  6.1 change 
when we replace (ii) by the assumption

This replacement does not affect the proofs and the statements of Lemma 6.2 and 
Lemma 6.3. On the other hand, if (6.48) in Lemma 6.4 is replaced by (6.62), then 
(6.49) becomes

For the proof we observe that, with the new assumption, the argument in Step 1 
yields

(6.56)L1�� = �L1� + L1� ≤ 0 , � ∈ ℝ ,

(6.57)� ∈ C0
00
and z(�) even ⇒ L1� = 0 .

(6.58)L1� = 0 , � ∈ C0
0
,

(6.59)� = �̃ + �(0)�∗ + �(1)�∗ , �̃ ∈ C0
0
,

(6.60)
L1� = L1�̃ + �(0)L1�

∗ + �(1)L1�∗ = a�(0) + �̃�(1) , � ∈ C0[0, 1] ,

(6.61)�(�(�0))L1� ≥ 0 ⇒ �(0)L1� = �(0)2a ≤ 0

(6.62)z(T(t)�) ≤ z(T(�)�) , ∀ t ≥ � , � ∈ C0[0, 1] .

(6.63)L1� = ��(1) , � ∈ ℝ .
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instead of (6.54). Then, arguing as in Step 2 but without accounting for the parity of 
z(�) one obtains (6.58) and (6.60). Finally, if �(1) = 0 , equations (6.64) and (6.60) 
imply that a�(�(�))�(0) ≥ 0 independently of � . Therefore, a = 0 follows.

7 � Conclusion/discussion

The existence of a discrete Lyapunov functional has proved to be an essential tool 
for the detailed description of the global dynamics of Eqs. (2.1) and (2.7), [7–9, 15]. 
These results rise the question of existence of other classes of equations which admit 
some other type of discrete Lyapunov functionals.

A systematic study of this question would require the introduction of an abstract 
notion of discrete functional, say V  (see [19] for an attempt in this direction), which 
generalizes the known examples: the zero number z and the related functionals V± . 
Then, beginning with the finite dimensional case, one should determine all the pairs 
(V,H) where H  is the class of linear operators which generates semigroups that 
admit V  as a discrete Lyapunov functional. This may be the object of future research 
but it is outside the scope of the present paper.

For Eqs. (2.1) and (2.7) the phase space is a set of scalar functions defined on 
an interval: a one dimensional domain. We guess that this fact is essential for the 
existence of a discrete Lyapunov functional. Therefore we conjecture that, besides 
the known examples, there is not too much to be discovered. In particular we don’t 
expect the existence of a  discrete Lyapunov functional for equations defined on 
higher dimensional domains or for vector valued equations like, for instance, the 
damped wave equation or parabolic equations on n > 1 dimensional domains. See 
[19] where it is shown that no discrete functional exists for a parabolic equation on a 
two dimensional domain.

In search of other situations where the existence of a discrete Lyapunov func-
tional can be ascertained we note that, if H is a separable Hilbert space with the 
Hilbert basis {ej}∞j=1 , the operators A which in {ej}∞j=1 are represented by a semi-
infinite Jacobi matrix with positive bounded off diagonal elements admit a dis-
crete Lyapunov functional. But again this functional is related to the number of 
sign changes in the sequence of the coordinates of the generic element 
x =

∑
j=1 xjej of H. Note also that from Theorem  7.13 in [48] any self-adjoint 

transformation with a simple spectrum has, in a suitable Hilbert basis, a matrix 
representation of semi-infinite Jacobi type with positive off diagonal elements. 
The study of this class of operators and their nonlinear counterparts may have a 
mathematical interest but does not seem to be related to some problem of physi-
cal relevance.

This seems to substantiate our conjecture that the discrete functionals defined via 
the zero number and their variations are actually the only possible.

(6.64)� ∈ C0[0, 1] , �(1) = 0 ⇒ �(�(�))L1� ≥ 0 ,
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It is well known that the parabolic equation (2.1) has a variational structure given 
by a continuous Lyapunov functional, usually called energy function [11, 31, 38, 
50]. Therefore, a comment is in order to clarify the role played by continuous and 
discrete Lyapunov functionals on the detailed description of the global dynam-
ics defined by (2.1). Under general dissipative conditions on the nonlinearity f, 
the decreasing character of the energy function leads to the existence of a global 
attractor A  : a compact connected maximal set which is invariant under the dynam-
ics defined by (2.1). This is almost all the information that can be deduced from 
the existence of the energy function. On the other hand all the beautiful surpris-
ing results on  the dynamics restricted to A  , like the Morse–Smale property [1, 
22, 25] or the description of the global attractor A  from the  meander permuta-
tion � ∈ S(n) [8, 18], depend on the decay property of the zero number. This decay 
property induces, on the function space, a geometric structure consisting in a nested 
family of cones Kn =

{
u ∈ C1

n
[0, 1] ∶ z(u) < n

}
 , n = 1,… . The key point is that the 

decay of the zero number implies the positively invariance of Kn , n = 1,… , both 
under the linearization of (2.1) around any of its solutions or for the difference of 
any two such solutions.

In the previous Sections, we have characterized the infinitesimal generators of 
semiflows with given discrete Lyapunov functions derived from the zero number 
(2.2). We have shown that, besides the discrete Lyapunov functions associated to 
the semiflows, the smoothness required for the domain of the infinitesimal genera-
tors also determines their characterization. In fact, we have shown that infinitesimal 
generators acting on C2 correspond to scalar parabolic equations while infinitesi-
mal generators acting on C1 correspond to transport equations, both with adequate 
boundary conditions.

We next discuss some topics related to our results and some lines of research that 
could follow-up our research.

Here we have discussed only equations with discrete Lyapunov functions. How-
ever, it is well known that most equations considered here are also gradient-like, 
exhibiting a variational structure given by a continuous Lyapunov function. For 
example, this holds for scalar one-dimensional semilinear parabolic equations, with 
C2-smooth dissipative nonlinearities, under separated boundary conditions, see [10, 
38, 50]. We remark that such equations define semiflows in X = Cr , 1 < r < 2 , [28, 
33, 41]. Note that due to the dissipative conditions on f, each semiflow has a global 
attractor A  . Then, assuming hyperbolicity of all the equilibria, the Sturm attractor 
A  has the Morse-Smale property. See, for example, [1, 22, 25]. This argument was 
also adapted to the case of periodic boundary conditions, see [11–14]. The existence 
of a continuous Lyapunov function also holds for quasilinear parabolic equations, 
see [29]. In addition, we remark that Lappicy and Fiedler extended this result to the 
case of fully nonlinear scalar parabolic equations, see [31].

The continuous Lyapunov function is essential to establish the existence of the 
global attractor A  , but from the mere knowledge of the continuous Lyapunov func-
tion very little information on the structure of A  could be derived. On the other 
hand, from the discrete Lyapunov function one could deduce which equilibria are 
connected by heteroclinic orbits, and the transversal intersection of stable and unsta-
ble manifolds of equilibria, see [7, 18, 49]. We note that all these examples also 
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exhibit discrete Lyapunov functions (lap numbers derived from the zero number). 
This also holds for the monotone feedback delay differential equations considered.

Finally, we remark that degenerate parabolic equations like p-Laplacian prob-
lems already mentioned in the Introduction, generate semiflows in W1,p(0, 1) , p > 2 , 
which possess a continuous Lyapunov function and a discrete Lyapunov function 
(i.e., the zero number), [20]. This example raises the following questions: Can we 
obtain characterizations of infinitesimal generators acting on less regular spaces 
Cr[0, 1] with r < 1 ? Also, can we obtain such a characterization for fractional semi-
linear parabolic equations? How far can we reduce r? We leave these questions to 
future research.
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