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Abstract
This paper presented a method on the configuration of a social simulation model 
intended for general-purpose application as “inter-system control model”, for analyz-
ing real societies engaged in complex and diverse organizational decision-making. 
The model in this paper is a micro-agent-based model, configured using one replica-
tor dynamics for each decision-making behavior, whether the agent is an organiza-
tion or an individual. Through the model in this paper, it is possible to configure 
broad types of decision-making model by individuals, internal organization of cor-
porations, inter-corporate relations and the national economy. This paper describes 
a method of social simulation model primarily focusing on an inter-organizational 
decision-making and demonstrates a configuration method for this simulation model 
using case studies on long-term economic growth model with technological change.

Keywords  Simulation model · PDCA cycle · Decision making · Replicator 
dynamics · Inter-system control

JEL Classification  C63 · E27 · M10

1 � A point of view for social simulation modeling

1.1 � A replicator dynamics as a method of configuring evolutionary economic 
process and practical decision‑making on business

Decision-making, whether by organizations or individuals, is configured from 
diverse evaluation axes. The behavior of organizations and individuals arises from 
a bundle of such decision-making. The model in this paper is a micro-agent-based 
model, whether the agent is an organization or an individual, which is configured 
using one replicator dynamics for each decision-making behavior. Each replicator 
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dynamics is a unit making one decision. This paper describes a method of social 
simulation model primarily focusing on an inter-organizational decision-making.

On the other hand, there could be controversial issues against the use of repli-
cator dynamics as the agent-based model that it is too simple and preliminary to 
depict industrial organizations and macroeconomic system. First, replicator dynam-
ics mainly investigates selection issues while the mutations are not addressed at all. 
That is to say, the replicator dynamics describes selection only, no drift and no muta-
tion. It is true, but a factor of mutation can be embedded in a model by other ways.

From a macroscopic point of view, we may certainly observe a phenomenon of 
mutation in such an evolutionary process as a society or economic system. However, 
a phenomenon of mutation in society or economic system cannot simply attribute 
to genetic miscopying or randomness in biology but can be derived from complex 
“path-dependency” on previous activities. For example, let us consider the prob-
lem of economic growth with technological change, which is a typical evolutionary 
process.

Dosi and Orsenigo (1988) argue that innovation is generally dominated by unin-
tended results or uncertainty brought by the decision-making of an alien object with 
diverse technical capabilities, expectations, and beliefs. In other words, the exist-
ence of “events (world status)” to be aimed at by innovation is not fixed, but often 
must be recognized as a “non-stationary” existence that cannot be separated from 
the action of an activity object and is endogenously given.

Dosi (1990) says that the problems that need to be solved before implementing 
innovation activities are not only the renewal of methodologies or knowledge, which 
is required for the implication but also the dependency on problem settings in imple-
menting the innovation itself. These problem settings depend on the technical capa-
bility and knowledge stored by an activity object. In this sense, innovation activity 
itself distinctively becomes “path-dependent” on previous activities and takes on a 
non-stationary characteristic.

In the sense mentioned above, it is virtually impossible to predict a phenome-
non of mutation, that is, what kind of new technology can find practical applica-
tion in the future or which technology becomes commercially practical in what area. 
Accordingly, it is impossible to determine the most appropriate allocation of R&D 
investments by specifying individual areas.

Although it is difficult to specify an investment area, it is possible to address this 
problem as an economic resource allocation issue under the presumption that muta-
tions should occur. That is, we can consider how to contribute more to the sustaina-
ble growth of companies or the entire national economic system as described below 
by setting the ratio between investments in extending existing (well known) technol-
ogy and investments in changing to totally new (unknown) technology. As a result, 
we can manage an economic balance between selection and mutation in the context 
of sustainable growth.

This paper attempts to configure a method for modeling social and economical 
system associated with the evolutionary process as a resource allocation problem 
using a replicator dynamics. In other words, it models the evolutionary economic 
process in which both an occurrence and diffusion of a new phenomenon (mutation 
and selection) take place continuously and are implemented in a system where two 
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alternative phases A and B are alternately selected over time. We suppose that phase 
A has occurred when its diffusion rate becomes infimum over time.

Second, Cantner et al.  (2016) point out that the pure model of replicator dynam-
ics, though providing important insights in the evolution of markets, has not found 
much of empirical support such as the so-called “adverse selection”. They devel-
oped an extended replicator dynamics model to analyze the market share changes of 
firms vertically integrated into value chains and succeeded to show several proposi-
tions. For example, they concluded in proposition 2 as follows:

“The average fitness in upstream layers of a value chain can increase rather than 
decrease over time if upstream firms that are less fit than the average of the mar-
ket they are operating in are linked to highly fit partners in downstream layers of 
the value chain. This dynamics violates the predictions of the standard replicator 
dynamics model and can be considered a regressive development of market selec-
tion driven by value chain relations.”

But adverse selection phenomena in the market, as well as natural selection, can 
also be commonly occurred in a replicator dynamics model based on a coordination 
game with very simple settings dependent on initial values, counterpart agent’s pref-
erences, transaction relations and so on. Therefore, in this paper, we adopt replica-
tor dynamics model because of producing and depicting diverse phenomena or state 
transitions and of its fitness for practical decision-making on business, as described 
below.

1.2 � A way of thinking for practical decision‑making on business

Generally, decision-making in economics model is supposed to be configured under 
rational expectations, whether bounded rationality or perfect foresight. Accordingly, 
a general equilibrium state is supposed to exist where transactions are all balanced. 
On the contrary, practical decision-making on business, for example, is executed 
based on PDCA (Plan, Do, Check and Action) cycle. That is,

1.	 Collection, compilation and analysis of information on macroeconomy, industry 
(counterparties and competitors) and internal accounts.

2.	 Planning based on the above evidence.
3.	 Selection of plans based on feasibility and profitability.
4.	 Execution of the optimum plan at the concerned time.
5.	 Comparison between the forecast and actual achievement of the plan.
6.	 Modification of the plan.

The above process on PDCA cycle can be based on rational activity where the 
most profitable and therefore optimum plan is selected of the possible ones at the 
concerned time. But it is almost difficult theoretically and computationally to con-
figure the process approaching the general equilibrium based on the practical PDCA 
cycle by each concerned agent.

On the contrary, we can propose the activity hypothesis that the relation 
between each practical decision making on business and the whole system (market 
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mechanism and macroeconomy) can be configured through the actions where each 
decision-making agent on PDCA cycle adapts to the business environment as 
a whole system. A replicator dynamics, which the model covered in this paper is 
based on, can be consistent with the adaptive decision-making.

1.3 � An outline for configuration procedure of replicator dynamics

In this section, we demonstrate the configuration procedure where the action based 
on a series of PDCA cycle is constructed using replicator dynamics as in Table 1.

The first stage configures a social organization such as a corporate organization 
or inter-corporate relations for a virtual system composed of (1) agent, (2) field and 
(3) interaction.

In the second stage, we define strategies that agents select as demonstrated above. 
Both strategies “P1, P2,…, Pn” and “Q1, Q2,…, Qm”, which each agent select, 
respectively, can be planned based on the research results at the concerned time. 
Newly setting ups and abolitions of strategies can be approached whereby selection 
rates of strategies are varied from zero to a positive value or positive to zero, respec-
tively, only if all the possible strategies are supposed in advance.

The third stage configures payoffs, respectively, based on each strategy of the 
party concerned and counterparties as demonstrated above. A state transition can be 
embedded into the payoff configuration over time.

In the fourth stage, we can summarize the above three-stage procedures using the 
following payoff matrix (see Table 2).

In the fifth stage, we can define replicator dynamics according to the above pay-
off matrix. Generally, replicator dynamics assumes a well-mixed population with a 
finite number of strategies and posits that the per capita growth rate of each strategy 
is proportional to its fitness. The state transitions of each strategy can be configured 

Table 1   Summary of configuration procedure on PDCA cycle using replicator dynamics

Stage Stage description

First stage System configuration
 (1-1) Agent as individuals, internal divisions, corporations and so on
 (1-2) Relations: competition, transaction and so on

Second stage Strategy planning
 (2-1) Strategies which counterparties select are assumed to be “Q1, Q2, …, Qm” 

based on the research at the concerned time
 (2-2) Strategies the party concerned can plan and select at the concerned time are 

assumed to be “P1, P2, …, Pn”
Third stage Payoff definition

 (3-1) Payoffs are defined as (U, V), respectively, according to the combination of 
strategies which the party concerned and counterparties select

 (3-2) Inter-organizational relations such as competitive and complementary nature can 
be configured based on the above payoff relations

Fourth stage Payoff matrix
Fifth stage Replicator dynamics
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as population dynamics where each agent selects the concerned strategies over time. 
The selection ratios of each strategy in the whole system are equivalent to the popu-
lation ratios of the agents that adopt the concerned strategy.

1.4 � An outline for configuration procedure of social simulation model

The model covered in this paper is configured from a combination of multiple repli-
cator dynamics, whereby a state transition of each decision is made using the respec-
tive replicator dynamics. Through the model in this paper, it is possible in principle 
to uniformly describe all decision-making from the decision-making of individuals, 
which consists of a bundle of diverse decision-making, to the organizational deci-
sion-making, such as corporate organizations and the national economy consisting 
of many agents.

This paper will configure a general-purpose simulation model for collective deci-
sion-making such as social or organizational one through the following three-stage 
procedure.

Stage 1 Replicator dynamics as the basis for decision-making.
Stage 2 Indirect control among replicator dynamics through the cross-reference 

of payoffs: interests in them.
Stage 3 Control between the systems configured using multiple replicator 

dynamics.
In indirect control model of Stage 2, each agent behaves based on its own deci-

sion-making, and the relationship among agents is mutually autonomous. In terms of 
social system, the model is configured as a laissez-faire market system so to speak.

It is, however, also possible to embed control functions based on some kind of 
value standards between the systems configured using multiple replicator dynamics. 
These are the corporate planning departments in corporate organizations and corre-
spond to the policymaking departments of government, etc., in the macroeconomy. 
This Stage 3 model is the general-purpose model that is the objective of this paper. 
This paper presents this three-stage model configuration method in the following 
sections and case studies in the Appendices based on Sakaki (2004a).

Table 2   Payoff matrix
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2 � Basic structure of decision‑making: replicator dynamics

Generally, replicator dynamics describes the relationship, whereby n types of agent 
“j” directly affect each other while making decisions out of mj types of alternative, 
respectively. A state transition, called the ratio of adoption of mj types of alterna-
tive, is derived from replicator dynamics. This selection ratio is an interpretation 
called the mixed strategy of the players in game theory but corresponds to the state 
of organizational and social selection in replicator dynamics, which is the dynamics 
of the agent group. Especially in the case of inter-system control explained later, 
direct policy interpretation is possible about the state of system selection.

In the replicator dynamics that form the basis for the model in this paper, the 
number of types is limited to two types of agent and two types of alternative, with-
out losing generality in relation to the model configuration. In other words, the defi-
nition is based on

1.	 the interdependence between two different agents X and Y; and
2.	 two alternatives (strategies) A and B that each agent could adopt.

By deriving a collective choice from individual decision-making through this 
replicator dynamics and by creating a complex of micro replicator dynamics, a 
social system can be formed. In other words, the general-purpose simulation model 
configured in this paper will be built as an integrated system for social and collective 
decision-making, based on replicator dynamics consisting of these basic constituent 
elements, via the following stages:

1.	 indirect control through the cross-reference of payoffs between agents;
2.	 the configuration of multiple systems using multiple replicator dynamics; and
3.	 control between each of the above systems.

This section will introduce the basic configuration of replicator dynamics based 
on the above problem statement. Let us start using Ut to represent the payoff of 
agent X, which is one of the groups of parties, at time t and using Vt to represent the 
payoff of the other group Y. Furthermore, we will define the payoff that each agent 
will obtain if it adopts alternatives A and B according to the alternatives A and B of 
the counterparty. Let us make the left side of the superscript express the selection 
outcome of X and the right side express the selection outcome of Y. For example, the 
payoff that agent X will obtain if it chooses A is defined as follows according to the 
alternatives A and B of counterparty Y.

Alternatively, the payoff that party Y will obtain if it chooses A can be defined as 
follows according to the alternatives A and B of counterparty X.

UAA
t
, UAB

t

VAA
t
, VBA

t
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The matrix in Table 3 expresses the payoffs that can be defined from all the inter-
relationships between the above two groups.

Next, based on the payoff matrix in Table  3, let us try to configure replicator 
dynamics. Now, let us assume that X and Y are each configured as groups consisting 
of agents that could adopt the two alternatives A and B. We then express the agents 
that adopt alternative A at a certain time t as a ratio to the total populations of X and 
Y, respectively, as xt and yt. Since there are two types of behavior the agents could 
choose, the population ratio of agents that adopt B can be expressed as 1 − xt and 
1 − yt, respectively.

If we then use E(Ut
A) and E(Ut

B), respectively, to represent the expected payoff that 
agents belonging to Group X will obtain if they adopt alternative A or B, we are able 
to express them, respectively, as an average payoff in proportion to its population 
ratio of agents belonging to the counterparty Group Y that adopt each alternative.

The total payoff that agents belonging to Group X can expect on average through 
alternatives A and B at this time: E(Ut) can be expressed by averaging the expected 
payoffs: E(Ut

A) and E(Ut
B) using population ratios xt and 1 − xt, which are the respec-

tive selection ratios of Group X itself.

Generally, replicator dynamics assumes a well-mixed population with a finite 
number of strategies as mentioned above and posits that the per capita growth rate of 
each strategy is proportional to its fitness. Thus, using the above result, the popula-
tion dynamics of the group of agents belonging to Group X that adopt alternative A 
can be defined as shown below (Weibull 1995). In other words, the state transition 
of the population ratio of the group adopting alternative A is defined based on and 
proportional to the ratio of expected payoff in the case of adoption of alternative A to 
total average payoff.

(1)E(UA
t
) = ytU

AA
t

+ (1 − yt)U
AB
t

(2)E(UB
t
) = ytU

BA
t

+ (1 − yt)U
BB
t

(3)

E(Ut) = xtE(U
A
t
) + (1 − xt)E(U

B
t
)

= xt
{
ytU

AA
t

+ (1 − yt)U
AB
t

}
+ (1 − xt)

{
ytU

BA
t

+ (1 − yt)U
BB
t

}

= xtytU
AA
t

+ xt(1 − yt)U
AB
t

+ (1 − xt)ytU
BA
t

+ (1 − xt)(1 − yt)U
BB
t

(4)

xt+1

xt
=

E(UA
t
)

E(Ut)
=

ytU
AA
t

+ (1 − yt)U
AB
t

xtytU
AA
t + xt(1 − yt)U

AB
t + (1 − xt)ytU

BA
t + (1 − xt)(1 − yt)U

BB
t

Table 3   Payoff matrix of agents 
X and Y 

X/Y A B

A
(
U

AA

t
,VAA

t

) (
U

AB

t
,VAB

t

)
B

(
U

BA

t
,VBA

t

) (
U

BB

t
,VBB

t

)



296	 Evolutionary and Institutional Economics Review (2018) 15:289–313

1 3

Similarly, expected payoff to be obtained by agents belonging to Group Y if they 
adopt alternative A or B: E(Vt

A) and E(Vt
B), the total average payoff: E(Vt), and the 

population dynamics of the group that adopts alternative A can each be expressed as 
follows:

If the interdependence of transactions between the groups is defined as shown 
in Table 3 and the payoffs shown in the matrix are defined concretely through the 
above process, the ratio of behavior selection adopted over time by each group can 
be found as population dynamics.

Replicator dynamics as a unit of micro decision-making is based on adaptive 
behavior theory in relation to the behavior selection of the direct counterparty, as 
seen above. For example, a typical example of decision-making by companies is 
management plans, such as plans for the next fiscal year, medium-term plans and 
long-term plans covering capital investment. All management plans involve drawing 
up an initial plan based on forecasts and estimates, reviewing the plan as the plan 
progresses in light of the movement in competitors, the external macroeconomic 
environment, and other factors, and reformulating a revised plan, etc. In addition, in 
the case of day-to-day decision-making related to profit and loss during the period, 
managers always compare previous budgets and plan with actual results and revise 
the plan where necessary. In this way, adaptive decision-making behavior takes 
place based on a PDCA cycle at every level from day-to-day decision-making to 

(4′)xt+1 =
xtytU

AA
t

+ xt(1 − yt)U
AB
t

xtytU
AA
t + xt(1 − yt)U

AB
t + (1 − xt)ytU

BA
t + (1 − xt)(1 − yt)U

BB
t

(5)E(VA
t
) = xtV

AA
t

+ (1 − xt)V
BA
t

(6)E(VB
t
) = xtV

AB
t

+ (1 − xt)V
BB
t

(7)

E(Vt) = ytE(V
A
t
) + (1 − yt)E(V

B
t
)

= yt
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xtV
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t
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BA
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ytxtV
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long-term management plans. The principles of decision-making through replicator 
dynamics are consistent with decision-making in practice.

3 � Indirect control among replicator dynamics 
through cross‑reference of payoffs

According to Deguchi (2000), rather than simply describing the interaction that 
depends directly on the population ratio of each agent, which is the definitional equa-
tion of replicator dynamics, it is now possible to configure the relationship, whereby 
agents indirectly affect each other by cross-referencing information concerning the 
payoff structure. Through this system configuration called indirect control, it became 
possible to describe the relationship among multiple replicator dynamics as well, 
and the application domain expanded dramatically.1 This is because even if agents 
are not directly affected through the decision-making of other agents, generally they 
are affected by each other through competition to acquire payoffs.

Let us try looking at the next system consisting of replicator dynamics. These are 
Eqs. (4′) and (8′) for the replicator dynamics of Groups X and Y described in Sect. 2 
(reproduced), and Eq. (9) for new Group Z. Group Z is configured such that deci-
sion-making is made within a group consisting of the same type of agents unlike the 
decision-making between different agents such as Groups X and Y. As before, there 
are two types of decision-making alternatives A and B. In addition, since Group Z 
is a homogeneous group, the payoffs in the case of differing alternatives between 
agents are symmetric, and WAB = WBA.

(4′)xt+1 =
xtytU

AA
t

+ xt(1 − yt)U
AB
t

xtytU
AA
t + xt(1 − yt)U

AB
t + (1 − xt)ytU

BA
t + (1 − xt)(1 − yt)U

BB
t

(8′)yt+1 =
ytxtV

AA
t

+ yt(1 − xt)V
BA
t

ytxtV
AA
t + yt(1 − xt)V

BA
t + (1 − yt)xtV

AB
t + (1 − yt)(1 − xt)V

BB
t

(9)zt+1 =
z2
t
WAA

t
+ zt(1 − zt)W

AB
t

z2t W
AA
t + zt(1 − zt)W

AB
t + zt(1 − zt)W

AB
t + (1 − zt)

2WBB
t

1  In replicator dynamics, as shown in the payoff matrix in the previous section, the relationship between 
the agents is assumed to be an interaction through random matching. But Deguchi (2000) succeeded in 
reconfiguring this as learning dynamics relating to the attitude change of the alternatives of each agent 
using the Markov process, which configures the adoption of alternatives in replicator dynamics as transi-
tion probability, as a basis. In this event, the configuration equation for replicator dynamics presented in 
the previous section was not affected at all and a new interpretation was given by reconfiguration through 
the Markov process. As a result, replicator dynamics was freed from the restrictions of the random 
matching assumption, which had become a bottleneck in the economic phenomenon application domain.
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Equations (4′) and (8′) for the replicator dynamics of Groups X and Y mutually 
depend directly on the population ratios of the agents that belong to X and Y. Let 
us note, however, that Eq. (9) for Group Z directly depends on the population ratio 
of agents that belong to Group Z only. In other words, Eqs. (4′), (8′) and (9) do not 
mutually depend directly on the population ratios of each other and the definition of 
replicator dynamics is not valid between these three equations. Equations (4′), (8′) 
and (9) are independent replicator dynamics, respectively.

However, with the indirect control expounded by Deguchi (2000), it became pos-
sible to configure a system having relationships through common variables within 
the payoff configuration of Eqs. (4′), (8′) and (9), and enabling practical interpreta-
tion. For example, if a relationship whereby each payoff depended on each of the 
population ratios:

could be defined, interdependence between Eqs.  (4′), (8′) and (9) would arise 
through their respective population ratios and this would indirectly affect the state 
transition of each population ratio.

4 � Inter‑system control

The model of indirect control in Sect. 3 configured a relationship between systems, 
whereby multiple replicator dynamics indirectly affect each other by cross-referenc-
ing information concerning the payoff structure. Any of agents then behave based on 
their own decision-making, and their relationship is configured as a mutually auton-
omous laissez-faire market system so to speak.

It is, however, also possible to embed direct control functions based on some kind 
of value standards among the systems configured using multiple replicator dynam-
ics. These are the business planning departments in corporate organizations and 
correspond to the policymaking departments such as government in the national 
economy. With significant progress in information network technologies, the gather-
ing, compiling, analyzing and distribution functions of the information necessary for 
such control have improved dramatically, and the possibility has emerged that the 
mechanisms, which achieve control or inducement among systems, can be realisti-
cally organized.

And so to configure the mechanisms of inter-system control, let us consider mul-
tiple virtual systems. Let the virtual systems be replicator dynamics configured as 
social systems, whereby the configurations of agents are the same but elements such 
as the payoff configuration and/or interdependence relations are different. We then 
define the aggregate value per capita to be generated using a configuration equation 
that is common to these multiple virtual systems. Using this as a standard measure, 
we control the existence ratio of each system through “the third replicator dynam-
ics”, which selects the multiple virtual systems. The inter-system control is a system 
design model combining the merits of each virtual social system according to these 
existence ratios based on such an idea. This paper will consider control of the sys-
tem in which the two virtual systems are two opposite extreme alternatives.

Ut

(
xt, yt, zt

)
, Vt

(
xt, yt, zt

)
, Wt

(
xt, yt, zt

)
,
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As seen in Sect. 2, generally, the replicator dynamics of a group consisting of two 
different types of an agent can be expressed using the following equations (Repro-
duced). Each of the equations is configured from the population ratios at the begin-
ning of the period of the two types of groups X and Y: xt and yt and each of their 
payoffs. And since the payoffs themselves also depend on the population ratios of 
the two types of the group at the beginning of the period, this means that the repli-
cator dynamics of each group can consequently be expressed using functions of the 
population ratios of the two types of the group at the beginning of the period.

So let us try rewriting Eqs. (4) and (8) for the replicator dynamics of groups X 
and Y consisting of two different types of agents as functions of the population ratios 
at the beginning of the period of the two types of groups: xt and yt. And we will 
distinguish the population ratios between the two virtual social systems consisting 
of the same group configuration, in other words, each system using the superscript 0 
and 1, respectively. The replicator dynamics (10) and (11) are for the virtual social 
system “0”, and (12) and (13) are for the virtual social system “1”. The functional 
types of f, F, g, and G will be different between systems “0” and “1”, respectively, 
due to the configuration of payoffs, etc,

(4)
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t
)
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t
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t
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t + xt(1 − yt)U

AB
t + (1 − xt)ytU

BA
t + (1 − xt)(1 − yt)U

BB
t

(8)

yt+1

yt
=

E(VA
t
)

E(Vt)
=

xtV
AA
t

+ (1 − xt)V
BA
t

ytxtV
AA
t + yt(1 − xt)V

BA
t + (1 − yt)xtV

AB
t + (1 − yt)(1 − xt)V

BB
t

⎧⎪⎪⎨⎪⎪⎩
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Next, let us define the aggregate value per capita produced in society as a whole. 
This value is configured as a measure that is common to virtual social systems “0” 
and “1”. The configuration procedure (calculation formula) for the aggregate value 
per capita is the same, but due to differences of the population ratios in the config-
ured virtual social systems, each value at the relevant point in time will be different.

With this aggregate value per capita as the evaluation standard, and using the vir-
tual social systems “0” and “1” as two opposite extreme alternatives, let us consider 
the sector that determines the selection ratios: the system control sector. The system 
control sector is configured of groups consisting of the same type of agents, which 
select the two virtual social systems. Then, with aggregate value per capita as the 
evaluation standard, if we use virtual social systems “0” and “1” to represent each of 
the alternatives and use �0

t
 to represent the population ratio of agents that select the 

former system and �1
t
 to represent the population ratio of agents that select the latter, 

we can define the following replicator dynamics:

In the system control sector, as in the research and development sector in Appen-
dix 2, for agents adopting each alternative, the existence of agents adopting the same 
alternative affects average payoff. If the groups of agents belonging to the system 
control sector make the same judgment on the virtual social system to be selected, 
the aggregate value per capita of this system in the “current period” is used as the 
evaluation standard. Because they can calculate “the aggregate value for this term” 
as they can share the same information on the current term relating to the selection 
ratio of knowledge stocks chosen in the groups X and Y.

However, if they make different judgments on the virtual social system to be 
selected, the aggregate value per capita in the “previous period” is used as the evalu-
ation standard. Because in this situation, only the already known “aggregate value 
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for the previous term” can be calculated as they cannot share information on the 
current term.2

The aggregate value per capita in each of these periods is produced based on the 
population ratios in each period, respectively. In addition, since there are two types 
of virtual social system as alternatives, the sum total of the population ratios of the 
groups in the system control sector that choose both is 1 as shown in Eq. (18).

Then, if the selection ratios of the two virtual social systems are determined 
by Eqs.  (16) and (17), we can define a state transition in decision-making in the 
real society. This real society can be induced to be controlled into the more desir-
able state based on the aggregate value per capita standard. The numerator, which 
expresses the average payoff if both agents X and Y adopt one of the alternatives, and 
the denominator, which expresses the average payoff through both alternatives, are, 
in both equations, average values calculated through the two virtual social system 
selection ratios, and satisfy the definition configuration of replicator dynamics.

To sum up the above, the system of the general-purpose simulation model using 
inter-system control can be configured as a complex form of replicator dynamics 
(A), (B) and (C). And it guides real society using the distribution ratios obtained 
from simulation of the virtual systems: �0

t
 and �1

t
 as policy variables.

(A)	 Two virtual social system sectors: (10), (11) and (12), (13).
(B)	 System control sector: (16), (17).
(C)	 Real society sector: (19), (20).

5 � Concluding remarks

This paper presented a method for the configuration of a social simulation model 
intended for general-purpose application as “inter-system control model” to analyze 
real societies engaged in complex and diverse decision-making. The author so far 
developed three types of simulation model applying the inter-system control concept 
to economic problems. These are “Management Model for Technological Change 
and Sustainable Growth (Sakaki 2004a)”, “Model for Evaluation between Open 
Access and Reinforcing Private Ownership (Sakaki 2009)”, and “Model for Income 
Distribution and Economic Growth (Sakaki 2017)”.

(19)
xt+1

xt
=

�
0

t
f 0
(
xt, yt

)
+ �

1

t
f 1
(
xt, yt

)

�
0
t F

0
(
xt, yt

)
+ �

1
t F

1
(
xt, yt

)

(20)
yt+1

yt
=

�
0

t
g0
(
xt, yt

)
+ �

1

t
g1
(
xt, yt

)

�
0
t G

0
(
xt, yt

)
+ �

1
t G

1
(
xt, yt

)

2  The aggregate value per capita could also be set at 0 when the agents make different judgments. In this 
case, we interpret this situation as not sharing or appreciating the information on the previous term.
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Appendices

These appendices demonstrate the outlines of case studies for Sects.  2, 3 and 
4, which describe science technology policy that manages long-term economic 
growth through a technological change based on Sakaki (2004a) (refer this paper 
for details). They introduce models that express the process of S-shaped long-term 
economic growth configured from the creation of new technologies and the substi-
tution of existing technologies in the alternation of two types of knowledge stocks 
over time, which are the source of technologies (Yoshikawa 2000). In other words, it 
models the process of sustainable economic growth in which technological change 
takes place continuously in a system where two alternative knowledge stocks A and 
B are alternately selected over time.

Appendix 1: case study for Sect. 2—replicator dynamics

This system is configured with two sub-sectors: Group X consisting of business 
companies, and Group Y consisting of financial institutions, as the private business 
sector. The private business sector has a decision-making system that accumulates 
knowledge stocks A and B, which are the two alternatives, in each sub-sector, while 
selecting the “fields and domains” that are more productive. The standards for evalu-
ating the productivity of this knowledge stock are total productivity and marginal 
productivity that knowledge stock generates. The evaluating agents are business 
companies whose behavior standard is total productivity and financial institutions 
whose behavior standard is marginal productivity.

Now, let us try configuring payoff structures in this case.3 First, the payoff of 
Group Y (to which financial institutions belong), whose behavior standard is mar-
ginal productivity, is defined as follows based on the scarcity of the “fields and 
domains” of the knowledge stock being commercialized.

(21)VAA

t =

(
1 −

xt + yt

2

)c

; c ≥ 1

(22)VBB

t =

(
1 −

(1 − xt) + (1 − yt)

2

)c

; c ≥ 1

3  The following payoff configuration produces evolutionary growth model in which technological change 
takes place continuously [See Sakaki (2004b) and (2018) for detail].

http://creativecommons.org/licenses/by/4.0/
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Each of these takes a value in the range 0–1. For example, Eq. (21) for the mar-
ginal product obtained if both the business companies and the financial institutions 
select A is structured so that the closer the population ratios of both: xt and yt, get to 
0, the more scarcity increases, and as a result, the marginal product takes a maxi-
mum value close to 1. Conversely, the closer the population ratios of both get to 
1, the more the scarcity of the technology decreases and the technology becomes 
commonplace, and as a result, the marginal product drops to a minimum value 0. 
And because of parameter c, the equation is structured so that the more the value of 
c increases beyond 1, the more a high marginal product is concentrated on a small 
number of agents.4

Next, the payoff of Group X (to which business companies belong), whose behav-
ior standard is total productivity, is configured as the total value corresponding to 
the accumulated value of each period’s marginal product.

Under the system, financial institutions engage in financial transactions with busi-
ness companies that select the same “fields and domains” consisting of knowledge 
stocks A and B. Financial institutions give finance to business companies in relation 
to such knowledge stock fields, and business companies pay to financial institutions 
the portion of the total production value obtained as a result of using these funds to 
engage in capital investment and production in such knowledge stock fields, which 
corresponds to the marginal product. The system selects and accumulates knowl-
edge stocks A and B over time through financial transactions between business com-
panies and financial institutions as outlined above. Based on the above configuration 
and the already described Eqs. (4) and (8), we can define the replicator dynamics for 
this system as follows:

(23)UAA
t

= UAA
t−1

+ VAA

t =
∑t

�=0
VAA

�
; UAA

0
= VAA

0

(24)UBB
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= UBB
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+ VBB

t =
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�=0
VBB

�
; UBB

0
= VBB

0

(25)xt+1 =
xtytU

AA
t

xtytU
AA
t + (1 − xt)(1 − yt)U

BB
t

(26)yt+1 =
ytxtV

AA
t

ytxtV
AA
t + (1 − yt)(1 − xt)V

BB
t

4  This paper assumes a skew distribution where a high amount of reward is to a degree concentrated on a 
few entities in the sense of Scherer (1999). In the simulation, the Scherer condition is set as c = 9.5 in line 
with Sakaki (2004a, 2009, 2017).
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This difference equation-type model has an inherent chaotic structure and this 
structure is an essential requirement necessary for long-term economic growth 
accompanied by technological change. This requirement corresponds to the intro-
duction of a social system. That is, it is the system that fully depreciates the payoff 
valuation when two knowledge stocks A and B do not match on transactions between 
business companies and financial institutions.5 At this event, the system allows trial 
and error for technological development and supports a technological change in 
terms of the allocation of resources.6 This allocation of resources is the antithesis of 
the allocation of resources that promotes efficiency or dissemination in society. The 
trajectory of the replicator dynamics that expresses this system has a chaotic and 
fractal structure.7 Figure 1 is one example of the results of its numerical calculation.

Appendix 2: case study for Sect. 3—indirect control among replicator dynamics

Case studies on indirect control include, first, Deguchi (2000). It models the disin-
tegration of social norms and the formation of order based on a prisoners’ dilemma 
game. Sakaki (2015) also uses a similar model to design systems such as corrective 
education, publicly supported education and privately supported education through 
indirect control and to examine the possibility of the formation of order in social 
norms.

This appendix introduces the research and development sector in addition to the 
private business sector presented in the case study in Appendix 1. There are indirect 
control relationships through mutual reference to each payoff among these sectors.

Let us begin by finding the average of the two alternative knowledge stocks A and 
B according to the selection ratios of agents that belong to the research and develop-
ment sector Z, and thereby considering average stock per capita throughout society 

20 40 60 80 100
t

0.2

0.4

0.6

0.8

x

20 40 60 80 100
t

0.2

0.4

0.6

0.8

1.0
y

0.2 0.4 0.6 0.8
x

0.2

0.4

0.6

0.8

1.0
y

Fig. 1   Knowledge stock selection ratios of business companies: X and financial institutions: Y. From the 
left and middle sides of the figure, knowledge stock selection ratios of business companies X and finan-
cial institutions Y, respectively. The right side of the figure is scatter plot of both

5  That is, Ut
AB = Ut

BA = 0 and Vt
AB =  Vt

BA = 0.
6  Information about the concepts relating to this social system has been introduced in Sect. 4 Inter-sys-
tem control.
7  Generally, when the maximal Lyapunov exponent is positive, a figure that configures the attractor is 
considered to have a fractal structure. According to the results of the numerical calculations of the model 
in this paper, the maximal Lyapunov exponent = 0.421, and when the embedding dimension is 8, correla-
tion dimension ν = 1.315 [for details, see Sakaki (2004b)].
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as a whole: st. We assume that in relation to this st, agents belonging to this sector 
select behavior consisting of three alternatives regarding knowledge stock renewal.

The first alternative is to completely renew existing average knowledge stock 
accumulated as of the beginning of the current period (end of the previous period): 
st with new knowledge stock related to knowledge stock A. In other words, this alter-
native is to invest all this average stock in the R&D of new knowledge stock related 
to knowledge stock A and to obtain the return on this investment. We then express 
the population ratio of agents that adopt alternative A to the total populations of Z, 
as zA

t
.

The second alternative is to invest all the average stocks: st in the R&D of new 
knowledge stock related to the other knowledge stock B and to obtain the return on 
this investment. We then express the population ratio of the agents that adopt alter-
native B to the total populations of Z, as zB

t
.

Finally, the third alternative is to keep the existing stock level as of the beginning 
of the period: st, without engaging in R&D for the renewal of either knowledge stock 
A or B. Since there are three types of behavior the agents could choose, the popula-
tion ratio of agents that keep the existing stock level can be expressed as 1 − zA

t
− zB

t
.

Let us consider the case of investing all average knowledge stock per capita accu-
mulated as of the beginning of the period: st to generate new knowledge stocks A 
and B, respectively. The source of the funds for research and development in this 
event is st itself.

In relation to this source of funds, we consider the relationship, whereby the 
return on this R&D investment depends on the population ratios of the R&D agents 
that use each knowledge stock, respectively. In other words, the closer the popu-
lation ratios at the beginning of the period zA

t
 and zB

t
 get to 0, the more scarcity 

increases, resulting in a limitless expansion in the investment return.8 However, the 
closer the population ratios get to 1, the more the commercial value of each knowl-
edge stock deteriorates and the investment return becomes 0. Further, we assume a 
similar relationship with the marginal product defined for the private business sec-
tor in Appendix 1, that is, Eqs. (21) and (22), because this sector benefits from the 
investment return.

From the above relationship, the gains obtained by renewing the average knowl-
edge stock balance at the beginning of the period into the domains A and B are 
defined as Wt

AA and Wt
BB, respectively, as follows. The parameter “a” affects the 

scale of the R&D results, and “c” affects the degree of concentration of these results. 
Parameters “a” and “c” have the effect of controlling the degree to which high mar-
ginal productivity is concentrated on a small number of R&D agents, respectively.9

(27)WAA
t

= st

((
1

zAt

)a

− 1

)(
1 −

xt + yt

2

)c

; a ≥ 1, c ≥ 1

8  On the other hand, the expectation value on this R&D return increases as each population ratio of this 
sector gets to 1 as seen in replicator dynamics (29) and (30).
9  As in “Appendix 1”, in the sense of Scherer (1999), we configure a skew distribution in which a high 
amount of reward is to a degree concentrated on certain entities by setting a = 1.8 and c = 9.5.
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Based on the above configuration, we can define the equation for determining the 
change in the population ratios adopting each alternative using discrete-type replica-
tor dynamics (Weibull 1995).

Next, the private business sector’s gains are redefined as follows. First, the mar-
ginal product, which is the gain of financial institutions, is found by multiplying Eqs. 
(21) and (22), which express scarcity in private business sectors, by the value corre-
sponding to the results of the implementation of R&D (equal to the product obtained 
by multiplying the average value of the knowledge stock renewed in the R&D sector 
st+1 by the R&D investment ratio zA

t
+ zB

t
).

Meanwhile, the gain of business companies is redefined as the value obtained by 
deducting R&D investment from the balance of each knowledge stock accumulated 
as of the beginning of the period and then substituting/adding the new marginal 
product. It is to be noted that there are indirect control relationships through mutual 
reference to each payoff among these sectors, (27), (28), (31), (32), (33) and (34).

These population ratios in this sector: zA
t
 and zB

t
 represent the R&D ratio in rela-

tion to the knowledge stock A and B, respectively. Figure  2 is an example of the 
numerical calculations.
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Appendix 3: case study for Sect. 4—inter‑system control

Finally, we will finish a social simulation model that we can construct and use as a 
social system introducing the inter-system control structures. In relation to the indi-
rect control-type system configured with two sectors (research and development sec-
tor and private business sector) presented in Appendix 2, we will consider two vir-
tual social systems. Furthermore, we will add the system control sector that controls 
these two virtual systems, and configure an inter-system control model consisting of 
complex-type replicator dynamics. Its structure can be expressed as shown in Fig. 3.

We construct two virtual social systems, in which the payoffs obtained in the pre-
vious period are fully evaluated or fully depreciated when two knowledge stocks A 
and B do not match on transactions between business companies and financial insti-
tutions. The latter system can be expressed as (25) and (26) in Appendix 1. On the 
other hand, the former system can be expressed as follows using Eqs. (4) and (8) in 
Sect. 2. It is to be noted that the previous period payoffs when two knowledge stocks 
A and B do not match are fully evaluated in the case of the former system, but on the 
other hand, they are fully depreciated in the case of the latter system.
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Fig. 2   Indirect control system. From top left and middle: R&D ratios of knowledge stocks A and B, 
respectively. Right shows the proportion of both. From bottom left and middle: scatter plots of business 
companies X and R&D sector Z, and financial institutions Y and R&D sector Z, respectively (scatter plot 
of X and Y is the same shape as the right side of Fig. 1). Bottom right is 3-D scatter plot of X, Y and Z 
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The system control sector selects two these opposite extreme virtual social sys-
tems using aggregate output values per capita (e.g., GDP per capita), which are pro-
duced in each of systems, as the evaluation standard.

The aggregate outputs in the relevant system can be defined as follows. First, total 
products in each knowledge stock domain are defined as accumulated knowledge 
stock at the end of the previous period minus R&D expenses in the current period, 
plus the marginal product in the current period based on the population ratio of busi-
ness companies.

Next, the aggregate outputs are composed of the total products in each knowledge 
stock averaged by the population ratios of the private business sector. If business 
companies and financial institutions choose the same knowledge stock domains, the 
current period’s total products in each domain are used to find the average, while in 
the case of different choices, the previous period’s products in the domain chosen by 
business companies are assumed to be used.
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Fig. 3   Structure of inter-system control in sustainable growth model
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We then express the agents that adopt fully depreciating society as a ratio of the 
total populations as ρt. This population ratio in this sector: ρt represents the depre-
ciation or discount rate for payoffs on the level of the previous period in the pri-
vate business sector. On the other hand, 1 − ρt represents the population ratio of the 
agents in the system control sector that adopt fully evaluating society. Based on the 
above configuration and the already described Eqs. (16) or (17) in Sect. 4, we can 
define the replicator dynamics for the system control sector (GDP0 for full evalua-
tion-type society and GDP1 for full depreciation-type society).

Then based on Eqs.  (19) and (20) in Sect.  4, we can construct the real social 
system as (41) and (42), which is controlled by policy objective, in proportion to 
the selection ratios of the two virtual social systems calculated in the system con-
trol sector. The inter-system control model presented in this section is a simulation 
model that manages a sustainable growth path through the depreciation of values 
which knowledge stocks yield.

Let us present the simulation results using the model of inter-system control.10 
Table 4 shows numerical calculation results with the initial values of the deprecia-
tion rates “ρt” varying from 0.01 to 0.99. Phase change trend in the knowledge stock 
domains causes long-term economic growth with technological change, which is 
realizing with the high frequency of over 0.9 when starting at 0.01–0.10, 0.21–0.40 
and 0.61–0.80. But it should be noted that the depreciation rates “ρt” can be induced 
to change gradually and smoothly when starting at 0.01–0.10 and 0.21–0.40 of 
relatively low values, on the other hand, fiercely and drastically when starting at 
0.61–0.80 of relatively high values. The former cases seem to be more likely in the 
real society.

(40)�t+1 =
�
2

t
GDP

0

t
+ �t(1 − �t)GDP

0

t−1

�
2
tGDP

0

t
+ �t(1 − �t)GDP

0

t−1
+ (1 − �t)�tGDP

1

t−1
+ (1 − �t)

2GDP
1

t

(41)

xt+1 =
xtytU

AA
t

+ (1 − �t)xt(1 − yt)U
AA
t−1

xtytU
AA
t + (1 − �t)xt(1 − yt)U

AA
t−1

+ (1 − �t)(1 − xt)ytU
BB
t−1

+ (1 − xt)(1 − yt)U
BB
t

(42)

yt+1 =
ytxtV

AA
t

+ (1 − �t)yt(1 − xt)V
AA
t−1

ytxtV
AA
t + (1 − �t)yt(1 − xt)V

AA
t−1

+ (1 − �t)(1 − yt)xtV
BB
t−1

+ (1 − yt)(1 − xt)V
BB
t

10  As in “Appendix 1”, we are setting a = 1.8 and c = 9.5. The long-term economic growth with tech-
nological change can be realized with the range of a = 1.67–2.03 and c = 9.00–10.16. According to the 
results of the numerical calculations of the model in this paper, the maximal Lyapunov exponent is posi-
tive stably when c is over 9.1 (positive almost stably when c is over 8.6) [for details, see Sakaki (2004b)].
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Table 4   Simulation results for each initial value of ρ 

Each item in the table is expressed by the ratio in each category consisting of the knowledge stock and ρ
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Fig. 4   The case of ρt = 0 (full evaluation-type society)
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Fig. 5   The case of ρt = 1(full depreciation-type society)
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Next, let us demonstrate the three representative cases as follows. Figure 4 is the 
full evaluation-type case where the coefficient of control by the system control sec-
tor, in other words, the depreciation rate ρt is fixed at 0. Figure 5 is the full deprecia-
tion-type case where ρt is fixed at 1. Figure 6 shows the case of inter-system control 
using aggregate output values as the evaluation standard.

Of these, in the full evaluation-type case, both groups (business companies X 
and financial institutions Y) “lock-in” to one of the knowledge stock domains. Then 
R&D ratios to knowledge stock A and B ( zA

t
 and zB

t
 ), both lower to and remain at 0. 

As a result, aggregate output value (illustrated as “GDP” in the figures) also grows 
rapidly in the process of knowledge stock dissemination, but in the end, growth 
stops together with the “locking-in” around 1.06 (Fig. 4).

In addition, in the full depreciation-type case, in both groups (business compa-
nies X and financial institutions Y), the changes in knowledge stock domains are 
drastic and there is no proper dissemination to society. Then R&D ratios to knowl-
edge stock A and B, both stay at low level over time. As a result, aggregate output 
value remains at a low level around 1.02 over (Fig. 5).

However, in the case implementation of inter-system control through the depre-
ciation rate with aggregate output value as the evaluation standard, in both groups 
(business companies X and financial institutions Y), the dissemination and change of 
knowledge stock domains occur with R&D ratios to knowledge stock A and B main-
taining a reasonable level, while at the same time aggregate output value maintains 
s-shaped growth over time (Figs.  6, 7, 8). In other words, the third case, through 
control of the depreciation rate, realizes sustainable growth in actual society by 
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Fig. 6   The case of implementation of inter-system control with ρt starting at 0.02. Knowledge stock 
selection ratio of business companies X in the fully evaluating virtual social system, the fully depreciat-
ing virtual social system and the inter-system controlled real social system, respectively, from the left
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Fig. 7   The case of implementation of inter-system control with ρt starting at 0.02. Knowledge stock 
selection ratio of financial institutions Y in the fully evaluating virtual social system, the fully depreciat-
ing virtual social system and the inter-system controlled real social system, respectively, from the left
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combining the characteristics of the first two cases. That is, they are growth poten-
tial through the dissemination of knowledge, which is the characteristic of the full 
evaluation-type society, and the transition to a new growth path through knowledge 
stock change, which is the characteristic of a full depreciation-type society. As a 
result, real social system, which is under inter-system control on policy objective, 
realizes twice as much aggregate output values as both virtual social systems.

More specifically, what kind of inter-system control is required to achieve sustain-
able growth? If we look at the figure on the right of Fig. 9, generally if the growth 
rate of aggregate output values is positive, the rate of change in the depreciation 
rate is negative, and conversely if the growth rate of aggregate output is negative, 
the rate of change in the depreciation rate tends to be positive. In other words, if the 
productivity of the relevant knowledge stock is high, the control system lowers the 
depreciation rate to disseminate the knowledge stock to society and thereby maintain 
growth, whereas if productivity has declined, the control system raises the deprecia-
tion rate to achieve a change to another knowledge stock. As a result of this control, 
long-term growth through knowledge stock change may be possible.

Moreover, if we closely look at the figure in the middle of Fig. 9, at the beginning 
of the period of low growth in aggregate output values and regardless of whether 
aggregate output values are in the middle of a high growth period, the depreciation 
rate tends to rise ahead of schedule. In other words, to maintain long-term growth, 
the possibility that an early knowledge stock change is required, even if this means 
sacrificing the high productivity of existing knowledge stock, can be identified.
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Fig. 8   The case of implementation of inter-system control with ρt starting at 0.02. R&D ratios to knowl-
edge stock A and B, and the aggregate output value (GDP), respectively, from the left
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Middle figure shows changes in aggregate output values (e.g., GDP) and depreciation rate. Right drawing 
is scatter plot of the rate of change of aggregate output values (GDP) and depreciation rate
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