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Abstract

In this paper, we consider a discrete Hamiltonian system on nonnegative integers, and
using Sylvester’s inertia indices theory, we construct maximal subspaces on which the
Hermitian form has a certain sign. After constructing nested ellipsoids, we introduce
a lower bound for the number of linearly independent summable-square solutions of
the discrete equation. Finally, we provide a limit-point criterion.
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1 Introduction

In this paper, we will consider the following 2m-dimensional discrete Hamiltonian
system
Jn+ Dy +1) —J(m)yn) = 1AM)y(n) + B(n)y(n), ey

where n € N := {0, 1,2,...}, A is a spectral parameter with ImA # 0, y(n) :=

[m (n)

y (n)] is a 2m x 1 vector such that y; and y, are m x 1 vectors and y(n) :=
2
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|:)’1(n + 1):|
y2m) |’
_ 0 —E*@n) | P(n) W¥(n) | K@) L(n)
Jn) = |:E(n) 0 ]’A(”) = [W(n) V(n) ]B(”) = |:M(n) N(n)]’ @)

E is a m x m nonsingular matrix function so that det J(n) # O for eachn € N, 0
denotes the m x m zero matrix, P, W, V, K, L, M, N are m x m matrix functions such
that E(n + 1) — M(n) — AW (n) is invertible for each n € N and complex parameter
A when W (n) is not a zero matrix for n € N and

A*(n) = A(n) >0, K*(n) = K@), N*(n) = N(n), Em+1)—E(n) = M(n)—L*(n).
3)

We assume the following definiteness assumption

D FmAmT®) >0

n=0

for sufficiently large integer r > 0.

The main aim of this paper is to introduce a lower bound for the number of linearly
independent summable-square solutions of (1) that seems to be new in the literature.
However, before passing to the details we shall give some background information on
continuous and discrete equations.

The spectral analysis of singular differential equations has been initiated by Weyl
in 1910 with his pioneering paper [39]. Indeed, Weyl introduced a lower bound for
the number of linearly independent integrable-square solutions of the equation

—(py) +qy =1y, x €[0,00), “)

where A is a spectral parameter, and p, g are real-valued and locally integrable func-
tions on [0, co), p > 0, with the aid of the nested circles corresponding to the linearly
independent solutions of (4) satisfying certain boundary conditions at regular points
in [0, 00). This approach requires symmetric boundary conditions. These results were
rehandled by Titchmarsh [35] and generalized by Kodaira [20], Sims [32], Everitt [9,
10], Pleijel [26, 27] and the others to higher-order differential equations as well as the
equations containing complex-valued coefficients.

In 1964, Atkinson [3] showed that Eq. (1) (with a positive weight function) can be
handled as the following first-order equation

0-17] » 7 _ w 0 —q 0 y
ol blel A e
and indeed, he introduced a lower bound for the linearly independent integrable-square

solutions of the following r-dimensional equation containing (5) as well as any rth-
order formally symmetric differential equation [37]
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JY' =[MA+ BlY, x € [a,b), (©6)

where X is a spectral parameter, J, A, B are r X r matrices, J is a constant matrix with
J* = —J, A and B are locally integrable matrix functions with A* = A > 0, B* = B
and each nontrivial solution of (6) satisfies the so-called definiteness condition

b

/Y*AY > 0.

a

Valuable contributions on this theory have been introduced by Kogan and Rofe—
Beketov [21], Lee [24], Hinton and Shaw [18, 19], Krall [22], Lesch and Malamud
[25] and the others.

Although there exist a huge number of works on continuous scalar and matrix dif-
ferential equations containing Weyl’s results, this is not the case for discrete equations.
It seems that Hellinger is the first bringing Weyl’s results to discrete equations. Indeed,
in 1922 Hellinger [11] considered the following continued fractions

2 2
1 by b5 N
ay—A—-a) —A—az — A—

)
and discrete equation

buynt1 = (@n — A) Yn — byu—1Yn—1, @)

where each a, and b,, are real numbers, n = 1, 2, ..., with bp = 0 and X is a spectral
parameter. After constructing the nested circles corresponding to Eq. (7), he introduced
a lower bound for the number of linearly independent summable-square solutions of
(7). Hellinger’s work was followed by Hellinger and Wall [12], Wall and Wetzel [38]
and Dennis and Wall [8]. In 1961, Akhiezer [2] constructed the nested-circles approach
for Eq. (7 ) with the aid of the orthogonal polynomials on the real line. Berezanskii
[4] and Atkinson [3] also shared some results on Eq. (7).
In 1996, Ahlbrandt and Peterson [1] considered the following system of discrete

equations

yn+1)—ymn) = Am)yn + 1) + B(n)z(n),

zn+1) —z(n) =Cn)yn+1) — A*(n)z(n),

on a certain discrete set, where y and z are m x 1 vector functions, A, B, C are
m x m matrices such that I,, — A(n) is nonsingular for each n on the set ([, is the
m X m identity matrix), B*(n) = B(n) and C*(n) = C(n), whose origin appears in
Atkinson’s book [3], Chapt. 3.

In 2004, Clark and Gesztesy [6] considered the following discrete equation

0 pk)St
p~(k)S™ 0

] y(k) = [AA(k) + B(k)] y(k), ®)
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where k = Z := {..., —1,0,1,...}, yis a2m x r matrix, 1 < r < 2m, STg(k) =
g(k £ 1), p~ 8 is the formal adjoint of pS™, p is a m x m nonsingular matrix for
each k € Z with p*(k) = p(k), A(k) > 0, B*(k) = B(k), such that

_ | Antk) Apa(k)
Al = [Aﬂ(k) Azz(k)]

A;j(k)is anm x m matrix, 1 < i, j < 2, AA12(k) + By2(k) is invertible for each
k € Z, ) complex parameter and

Y Y RAKRYK) > 0.

kelc,dINZCZ

They introduced a lower bound for the number of linearly independent summable-
square solutions of (8) using nested-circles approach.
In 2006, Shi [30] considered the following discrete Hamiltonian system

Jy(n+1) — Jy(n) = [2A(n) + B(m)]1y(n), ©)

where J, A, B are 2m x 2m matrices such that

0 —1I,
Jz[lm 0 } (10)

and
A o sy _ | K L*(n)
A(n)—[ 0 Az(n)} >0, B*(n) = B(n) = [L(n) N(n)] (11)

where I,,, — L(n) is invertible for each n € N such that each nontrivial solution of (9)
is assumed to satisfy

N
D T mAmF®n) >0, s = 50, so € N.
n=0

Shi used nested circles and the extension theory to introduce a lower bound for the
number of linearly independent summable-square solutions of (9 ).

We shall note that in 2011 Shi and Sun [31] showed that operator theory is not
suitable for discrete equation and they rehandled some results of [30] with the aid of
the subspace theory. This theory has been used in [28, 29, 33].

The number of summable-square solutions of discrete symplectic systems has been
examined in [7, 15] and as has been remarked in [15, 16] that these discrete symplectic
systems contain discrete Hamiltonian systems (also see [1, 5]).

We shall note that left-definite version of Eq. (1) has been studied in [36].

In this paper, with the aid of Sylvester’s inertia indices theory and the Hermitian
forms corresponding to the solutions of (1) together with the maximal subspaces we
will share a lower bound for the number of linearly independent summable-square
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solutions of (1) by generalizing Eq. (9). Moreover, we will share the Titchmarsh—
Weyl function and introduce some inequalities. Finally, we will introduce a limit-point
criterion for Eq. (1).

2 Hermitian Forms

In this section, we will share some basic results and maximal subspaces related to the

Hermitian forms that will allow us to construct nested ellipsoids and hence a lower

bound for the number of linearly independent integrable-square solutions of (1). For

the basic theory and results on quadratic forms, we refer the readers to [13, 14].
Equation (1) can be written as

(Em+ 1) = M@m) —2AWm) yi(n+1) = Em)y1(n) + (N@n) + AV (@n)) y2(n),
E*(n+ Dy2(n+ 1) = (E*(n) — L(n) — AW*(n)) y2(n) — (K(n) + AP (n)) y1(n + 1).
(12)
Existence and uniqueness of solutions of (1) can be obtained from the form (12) and
our assumptions. Indeed, from (12) we get the following recurrence relation

y(n+1)=Sm, )yn), n e N,

where
[ S1(n, 1) S$2(n, &)
S(n, %) = |:S3(n,)x) S4(”v)‘):| ‘

Here Sy (n, A) = (E(n+1)—M (n)—AWn)) " 'En), S2(n, ) = (E(n+1)—M(n)—
AW ) “UN @) + AV (), S3(n, 1) = —E* Y+ D)(K(n) + AP(m))(En + 1) —
M) — AW ()" E(n) and S4(n, 1) = E*"'(n+ 1)(E*(n) — L(n) — AW*(n))~' —
E*"'(n 4+ D(K(n) + AP (E(n + 1) — M(n) — AW ()" (N (n) + AV (n)). A
direct calculation and assumptions (3) show that

S*(n, A)J(n + )S(n, A) = [E?n) E(H_)E_ (I;Q(n)] (13)

Therefore, from (13) we obtain that

det J(n)

detS(n, W)[? = —= LW
et St W™= T 1 "

e N.

For y = y(n) and z = z(n), n € N, we shall adopt the notation

(v, 2) ;=Y T AmTn),

n=s

where s, 7 € Nwiths < r.
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79 Page6of 15 E. Ugurlu, E. Bairamov

Let D be the set of all solutions y(n, 1), n € N, of (1). For y(n, A), z(n, n) € D,
one gets the following

r

A i ¢ Am)yn) =Y. {—z*f(n +DE*(n+ Dy2(n+ D+ 25MEM®m+ Dyi(n+ 1)

421+ DE*(n)y2(n) — 23 Em)y1(n) — 25 + DE (m)y1(n + 1)
— 25+ DL y2(n) — M)y (n + 1) — ()N (n) y2(n) )

(14)
and
Y FWAmT0 = 3 {efn+ DE*(n + Dya() — 2501 + DE@ + Dyi(n + 1)
—Z

=5 n=s

TME*(n)y2(n) + 25 Em)y1(n + 1) —zi(n + DKm)y1(n + 1)
—Zf(n + DM*(n)y2(n) — Z5()L*(n)y1(n + 1) — 25 ()N (n) y2(n) }
(15)
Using (14), (15) and (3), we get that

r

A=) X ZmAMYm) = 3 {~zf(r+ DE*(n + Dy2(n + 1)

+Z5M[—E(mn+ 1)+ Mm)]yi(n+1) + zf(n + D[E*(n) — L(n)]y2(n)
—z3 (M) E(n)y1(n) + zi(n + D[E*(n + 1) — M*(n)]y2(n)

—z3(n+ DEMn+ Dyi(n+ 1) + z7(n) E*(n) y2(n)

+23([—E ) + L*(n)]y1(n + 1)}

* * 0 —E*(r+1 +1
=[zfr+1D Zz(r+1)]|:E(r+1) ((; ):||:§;EZ+1;]

* * O _E*
— [z 259 ] [E(s) O(S)} [i;g;} ’

Hence, for y(n, 1) € D we have the following
20ma (y, y) ;= Ly, 1 [, (16)
where [y, y] [{*'= [y, y]- + 1) — [y, y](s) and
[y, y1(n) = y*(n) (J () /i) y(n). (17)

The form [.,.] := [g, g] represents a Hermitian form and such forms admit
Sylvester’s inertia indices theory. To use this theory, we shall first write the equiv-
alent form of (17) as the following

2[y, 1) = (i (n) + i E*(m)y2(n)* (v (n) + i E*(n)y2(n))

Z 51() — i E* )y m)* (i) — iE*(myya(my . 0D

(18) shows that on a finite-dimensional set the Hermitian form [., .](n) can be repre-
sented as a sum of i (n) squares of absolute values minus i_(n) squares of absolute
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values at each n € N such that iy (n) + i_ (n) represents the number of linearly inde-
pendent linear forms, where

ip(n) =m, i_(n) =m. 19)

The numbers i; (n) and i_(n) are called positive and negative, respectively, inertia
indices of the Hermitian form [., .](n) atn € N.
An interesting property of the Hermitian form is the following.

Lemma 2.1 Let ImA # O in (1). Then the inertia indices i+ (n) and i—(n) of [., .](n)
onD are independent fromn € N andiy(n) =i_(n) =m atanyn € N.

Proof We shall consider Eq. (16) for sufficiently large r and ImA > 0. Let the
positive and negative inertia indices of [y, y](r) and [y, y](s) be (iy(r),i—(r)) and
(i (s),i-(s)), respectively. Then the right-hand side of (16) can be written as a sum
of i1 (r) +1i_(s) squares minus i; (s) + i_ (r) squares. Now we suppose that

ir(r) +i-(s) <2m. (20)

If we equate the iy (r) + i_(s) squares to zero in (16), then we obtain a positive-
dimensional subspace of the solution space of (1) because of the assumption (20).
Now for ImA > 0 and a function y belonging to this space, we get that the left-hand
side of (16) is nonnegative but the right-hand side of (16) is nonpositive. Therefore,
y(n) =0, n € N, and this contradicts to (20). Hence, we should have

2m < ig(r) +i-(s). (21)
On the other side, from (19) and (21) we have
2m <ip(r) +i-(s) <2m

and iy (r) = i_(s) = m. Since this is true for each r and s, the proof is completed. O

Theory of quadratic forms and Lemma 2.1 allow us to consider the subspaces
D, Dar of dimension m, but of no higher dimension, on which [.,.](r) < 0 and
[.,.1(0) > 0, respectively, and equalities hold for only zero functions; and Dr+ » Dy
of dimension m, but of no higher dimension, on which [., .]J(r) > O and [., .](0) <0,
respectively, and equalities hold for only zero functions.

Consider an element y € D N DJ for ImA > 0. (16) implies that y = 0. Hence,
D has the representation

D = D; @ Dy, Imi > 0. (22)

Similarly, for y € Dj‘ N D, and ImA < 0 we get from (16) that y = 0, and hence,
D=D}® Dy, Im\ <O0. (23)
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79 Page8of 15 E. Ugurlu, E. Bairamov

Consider that x € D. From (22), one may infer that x = o + B, where « € D
and B € Dy for ImA > 0. Then from (16), we get that

[x — B, x — BIO) + 2ImA Y~ (¥ (n) — B(m))" A(n) (X (n) — B(m)) <0.  (24)

n=0

Let Bq, ..., B be a base of Dar so that B can be represented by
m
B=> Gh, (25)

where 'c‘;(s are constants. Note that the left-hand side of (24) is positive definite on Da' .
(24) and (25) show that the left-hand side of (24) is quadratic in ¢ = (¢1, ..., Cm)-

Let £(r) be the ellipsoid consisting of all m-tuples ¢ = (¢}, ..., C;y) appearing in
the representation (25) and satisfying (24). This set is not empty as € D(‘)F with the
representation (25) satisfies (24). Moreover, (24) also implies that

Er) Cc&Ew), r<ry, (26)

where 7 is a sufficiently large positive integer. Note that (26) is possible as A(n) is not
the identically zero matrix on N. Therefore, using (24)-(26) we obtain the following.

Theorem 2.2 lim,_, o, £(r) = £(00) is not empty.

Using Theorem 2.2, we may infer that there exists an m-tuple ¢ = (cy, ..., ¢p)
belonging to all the sets £(r), r € N. Let us use this m-tuple in (25). Then by (24),
we obtain that

[x — B, x — BIO) + 2ImA Y~ (X (n) — B(m))" A(n) (X (n) — B(m)) <0, Im > 0.
n=0
Hence, we may introduce the following.

Theorem 2.3 Let x € Dand B € D(J)r. Then for ImA > 0, we have

o]

Z X)) — Bm)" A (X(n) — B(n)) < o0

Now consider that xi, ..., x,, be a completion of the base 8, ..., B, of D(‘)|r to a
base of D. Then we obtain the following.

Theorem 2.4 Fork =1, ..., m and ImA > 0, we obtain that
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e¢]

D () = Bim)" A (3 () — Bi(m) < oo 27)

For ImA < 0 using (23) and similar steps introduced above, we may share the
following results.

Theorem2.5 Let x € D, B € Dy and x1, ..., Xm be a completion of the base
B1s ..s Bm of Dy to a base of D. Then for ImA < 0, one gets that

Y (X = Bm)" Am) (X () — B(m)) < oo

n=0

and for k = 1, ..., m and ImA < 0, one obtains that
> (k) = Bem) ™ Am) (Xu(n) — Br(m)) < oo. (28)
n=0

With the aid of (27) and (28), we may introduce the following.

Corollary 2.6 There exist at least m-linearly independent solutions of (1) satisfying
o
Y FmAmMT(n) < oo, (29)
forImA #£ 0.

3 Maximal Nullspace

In this section, we will show that the results shared in Sect. 2 can also be obtained
with the aid of a nullspace which is maximal in D, and using these results, we will be
able to introduce the Titchmarsh—Weyl matrix.

Let Dg be an m-dimensional subspace of D such that [y, z](0) = O for all y and z
belonging to this subspace. This is possible as the positive and negative inertia indices
of the Hermitianform [., .]atn = Osatisfyiy = i_ = m and, hence, min {iy,i_} = m.
Note that Dy is maximal in D on which [., .](0) = 0. For y € D, N1y, we obtain
from (16) that y = 0 for ImA > 0. Hence, one has

D =D, & Dy, Imi > 0. (30)
Similarly, for y € D,+ N Dy we obtain from (16) that y = 0 for ImA < 0, and hence,

D = D! @Dy, Imir < 0. 31
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79 Page100f15 E. Ugurlu, E. Bairamov

Using the representations (30) and (31), we may introduce for x € D and B8 € Dy that

[x — B, x — BIO) + 2ImA Y~ (X (n) — B(m))" A(n) (X (n) — B(n)) <0, Imi > 0,
n=0
(32)

and

[x = B, x — B1O) +2Imr Y " (X (n) — B(m))" A(n) (X (n) — B(n)) = 0, Imx < 0,
n=0
(33)

together with the following results.

Theorem 3.1 Let x € D and B € Dg and x1, ..., xm be a completion of the base
B1s s Bm of Do to a base of D. Then for Im # 0, one gets that

oo

Y (X)) = Bm) " Am) (X(n) — B(n)) < oo

n=0
and for k =1, ..., m and ImA # 0, one obtains that

o]

> (G = Bim)”™ A() (i) — Br(n)) < oo

n=0

4 Titchmarsh-Weyl Matrix

Let 64, ..., O, @1, ..., ¢ be the linearly independent solutions of (1) and we shall
construct the following 2m x 2m matrix

O ®
=[®c1>]:[@;q);]

satisfying U (0) = Ip,, where ©1, ©2, @1, ®; are m x m matrices, ® = [ 61 -+ O |,
o = [(p1 N/ ] and I, is the identity matrix of dimension 2 m.

Note that [®, ](0) = O, where Q is the m x m zero matrix. Therefore, ¢1, ..., o €
Dy. Hence, Theorem 3.1 implies the following

> U (m)Am)T(n) < oo, Imh #0, (34)
n=0

where ¥ (n) = ®(n) — ®(n)H and H is am X m matrix as

Cl1 =+ Cml

Clm *** Cmm
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Now we shall define the following

A B*
* L] _
U (J/z)U—s|:B Ci|,
where ¢ = 1 when ImA > 0 and ¢ = —1 when ImA < 0. On the other side, one gets

that
Ui = | 1 (OTE02 = ©3E01) i (O]E"®y — O3ED))
i (PTE*®, — ®3EO) i (PTE*®) — OSED) |-

Hence, we may introduce the following.

Theorem 4.1 For sufficiently large r, C(r) > 0.

Proof A direct calculation shows that

r—1 _ -~
2ImA Y ®*(n)A(n)®(n), Imi >0,

O*(r)(J (r) /D) P(r) = =0,

—2Imx Y. ®*(m)A(n)®(n), Imi <0,
n=0
and this completes the proof. O
Corollary 4.2 As r increases, C(r) nondecreases.

Using Corollary 2.6 and (34), we may introduce the following.

Theorem 4.3 Suppose that the equation (1) has s— linearly independent solutions,
m <s < 2m, satisfying (29) and let 1 (r) < ... < uu (r) be the eigenvalues of C (r).
Then 1 (r) < ... < U(s—m)(r) remain finite and the others go to infinity as r — oo.

Proof Let W (n) = ®(n)e,, where e, is an unit eigenvector of C(r). Then

r—1
O * T k * . 5 I 0,
ZImAZ(:)\D MAMT () = e D* (1) (J () /i) D (r)e, = { _“M(g)’ I;]r:x>< 0.

where 1 (r) < oo, and

wu(r) -
|2ImA|

r—1
D THmAMT () <

n=0

Now we shall choose a convergent subsequence of {e,} as r — oo and let us
construct a solution U (n) = ®(n)e of ( 1) such that

> U AW (n) < oo.
n=0
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79 Page120f15 E. Ugurlu, E. Bairamov

However, from (34) we know that m — linearly independent summable-square solutions
come from W (n) = ®(n) — ®(n)H and this completes the proof. O

5 Conclusion and Remarks

In this paper, we have introduced a lower bound for the number of summable-square
solutions of (1) using Pleijel’s idea [26, 27] on nested ellipsoids corresponding to the
Hermitian forms. It seems that the form (1) is new in the literature and contains (8 )
and (9). Indeed, if J (n) is chosen as a constant matrix satisfying J* = —J, then using
(3) we get that M (n) = L*(n), and hence, by (2) B*(n) = B(n) for eachn € N.

In Sect. 2, we have shown that nested ellipsoids for discrete Hamiltonian systems (1)
can be constructed without symmetric boundary conditions and we have proved that
at least m—linearly independent solutions of (1) are summable-square on N. We have
also shown that the results can be obtained if one considers a nullspace at the regular
end point. The secondary construction helped us to construct the Titchmarsh—Weyl
matrix of (1).

Using the Titchmarsh—Weyl matrix, we may introduce some additional results.
Indeed let us consider the matrix W(n) = ®(n) — ®(n)H defined in Sect. 4. Using
(32) and (33), we may introduce the following inequalities

o
2ImA Y U (m)Am)W(n) < iE*(0)H — i H*E(0), Imi > 0,
n=0

and

o0
2Imi Z U*(n)A(n)¥(n) > i E*(0)H — i H*E(0), Im\ <O.
n=0
For continuous Hamilonian system (6), Hinton and Shaw [17] characterized the

case _
lim Z*(x, ))JY (x, ) = 0,
X—>00

where Y is a solution of (6) and Z is a solution of
JZ'=(AA+B)Z,

as the limit-point case for (6) at the singular point infinity (also see [34]). Following
this definition, we shall define the limit-point case for (1) at infinity with the aid of the
limit of the Hermitian form as

[y, 2J(00) := lim z*(n) (J () /i) y(n) =0,
for the solutions of (1) having finite values at any n € N in the Hermitian form [y, z].

Indeed, this is possible if one considers the subset D[N] of D consisting of all the
functions as summable-square on N. Then we may introduce the following.
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Theorem 5.1 Assume that J(n) is bounded and A(n) > tly, on N, where T > 0.
Then [y, z](00) =0 for y, z € D[N].

Proof Since J(n) is bounded on N, we obtain that

00 . . 0 —E*(n) yi(n)
n; [Zl(”)zz(”)][E(n) 0 Hyz(n)”

2 o 12 /o 12 (35)
< const. Y. (Z |zk(n)|2) <Z |)’3—k(n)|2>
k=1 | \n=1 n=1
Now suppose that
[y, z](c0) # O. (36)
Because of our assumption, we have

o0 o0
ST mAmTm = 7Y (I DE +Ia?). (37)

n=0 n=0

(37) implies that (35) is finite. However, this contradicts to our assumption (36) and
this completes the proof. O

We shall note that Theorem 5.1 is the discrete version of Krall’s result [23] on Eq.
(6).

Author Contributions E.U. typed the text, and all the authors have read the manuscript.

Funding Open access funding provided by the Scientific and Technological Research Council of Tiirkiye
(TUBITAK).

Availability of data and materials No datasets were generated or analyzed during the current study.

Declarations

Conflict of interest This declaration is not applicable.
Ethical Approval This declaration is not applicable.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

79 Page140f15 E. Ugurlu, E. Bairamov
References
1. Ahlbrandt, C.D., Peterson, A.C.: Discrete Hamiltonian Systems: Difference Equations, Continued

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.
24.

25.

26.
27.

28.

29.

30.

Fractions, and Riccati Equations. Kluwer Academic Publishers, Boston (1996)

. Akhiezer, N.I.: The Classical Moment Problem and Some Related Questions in Analysis. Hafner

Publishing Company, New York (1965)

. Atkinson, E.V.: Discrete and Continuous Boundary Problems. Academic Press, New York (1964)
. Berezanskii, Ju.M.: Expansions in Eigenfunctions of Selfadjoint Operators. American Mathematical

Society, Providence (1968)

. Bohner, M., Dosly, O.: Disconjugacy and transformations for symplectic systems. Rocky M. J. Math.

27,707-743 (1997)

. Clark, S., Gesztesy, F.: On Weyl-Titchmarsh theory for singular finite difference Hamiltonian systems.

J. Comput. Appl. Math. 171, 151-184 (2004)

. Clark, S.L., Zemdnek, P.: On a Weyl-Titchmarsh theory for discrete symplectic systems on a half-line.

Appl. Math. Comput. 217, 2952-2976 (2010)

. Dennis, J.J., Wall, H.S.: The limit-circle case for a positive definite J-fraction. Duke Math. J. 12,

255-273 (1945)

. Everitt, W.N.: Fourth order singular differential equations. Math. Ann. 156, 9-24 (1964)
. Everitt, W.N.: Integrable-square, analytic solutions of odd-order, formally symmetric, ordinary differ-

ential equations. Proc. Lond. Math. Soc. 3(25), 156-182 (1972)

. Hellinger, E.: Zur Stieltjesschen Ketten bruchtheorie. Math. Ann. 86, 18-29 (1922)
. Hellinger, E.D., Wall, H.S.: Contributions to the analytic theory of continued fractions and infinite

matrices. Ann. Math. 44, 103-127 (1943)

Hestenes, M.R.: Applications of the theory of quadratic forms in Hilbert space to the calculus of
variations. Pac. J. Math. 1, 525-581 (1951)

Hestenes, M.R.: Quadratic Variational Theory, Control Theory and the Calculus of Variations. Aca-
demic Press, New York (1969)

Hilscher, R.S, Zemének, P.: Weyl-Titchmarsh theory for discrete symplectic systems with general
linear dependence on spectral parameter. J. Differ. Equ. Appl. 20, 84-117 (2014)

Hilscher, R.S, Zemanek, P.: Time scale symplectic systems with analytic dependence on spectral
parameter. J. Differ. Equ. Appl. 21, 209-239 (2015)

. Hinton, D.B., Shaw, J.K.: On Titchmarsh—Weyl M (1)— functions for linear Hamiltonian systems. J.

Differ. Equ. 40, 316-342 (1981)

Hinton, D.B., Shaw, J.K.: Titchmarsh—Weyl theory for Hamiltonian systems, Spectral Theory Diff.
Op., North Holland, I.W. Knowles and R.E. Lewis, eds. pp. 219-230 (1981)

Hinton, D.B., Shaw, J.K.: Hamiltonian systems of limit point or limit circle type with both endpoints
singular. J. Differ. Eq. 50, 444-464 (1983)

Kodaira, K.: On ordinary differential equations of any even order and the corresponding eigenfunction
expansions. Am. J. Math. 72, 502-544 (1950)

Kogan, V.I., Rofe-Beketov, E.S.: On square-integrable solutions of symmetric systems of differential
equations of arbitrary order. Proc. Roy. Soc. Edinb. 74A, 5-40 (1974/7)

Krall, A.M.: M (1) theory for singular Hamiltonian systems with one singular point. SIAM J. Math.
Anal. 20, 664-700 (1989)

Krall, A.M.: A limit-point criterion for linear hamiltonian systems. Appl. Anal. 61, 115-119 (1996)
Lee, S.J.: Formally self-adjoint systems of differential operators. J. Math. Anal. Appl. 55, 90-101
(1976)

Lesch, M., Malamud, M.M.: On the deficiency indices and self-adjointness of symmetric Hamiltonian
systems. J. Differ. Equ. 189, 556-615 (2003)

Pleijel, A.: Some remarks about the limit point and limit circle theory. Ark. for Mat. 7, 543-550 (1968)
Pleijel, A.: A Survey of Spectral Theory for Pairs of Ordinary Differential Operators, Spectral Theory
of Differential Equations. Lecture Notes in Mathematics, vol. 448. Springer, Berlin (1975)

Ren, G., Shi, Y.: Defect indices and definiteness conditions for a class of discrete linear Hamiltonian
systems. Appl. Math. Comput. 218, 3414-3429 (2011)

Ren, G., Shi, Y.: Self-adjoint extensions for discrete linear Hamiltonian systems. Linear. Algeb. Appl.
454, 1-48 (2014)

Shi, Y.: Weyl-Titchmarsh theory for a class of discrete linear Hamiltonian systems. Linear Algeb.
Appl. 416, 452-519 (2006)

@ Springer



On the Maximal Subspaces... Page150f15 79

31.

32.

33.

34.
35.

36.

37.

38.

39.

Shi, Y., Sun, H.: Self-adjoint extensions for second-order symmetric linear difference equations. Linear
Alg. Appl. 434, 903-930 (2011)

Sims, A.R.: Secondary conditions for linear differential operators of the second order. J. Math. Mech.
6, 247-285 (1957)

Sun, H., Shi, Y.: Spectral properties of singular discrete linear Hamiltonian systems. J. Differ. Equ.
Appl. 20, 379405 (2014)

Sun, H.: On the limit-point case of singular Hamiltonian systems. Appl. Anal. 89, 663675 (2010)
Titchmarsh, E.C.: Eigenfunction Expansions Associated with Second-Order Differential Equations.
Clarendon Press, Oxford (1946)

Ugurlu, E.: Discrete left-definite Hamiltonian systems. JAAC. 13 (2023), 1178-1180 https://doi.org/
10.11948/20210387

Walker, P.: A vector-matrix formulation for formally symmetric ordinary differential equations with
applications to solutions of integrable square. J. Lond. Math. Soc 2(9), 151-159 (1974)

Wall, H.S., Wetzel, M.: Contributions to the analytic theory of J-fractions. Trans. Am: Math. Soc. 55,
373-392 (1944)

Weyl, H.: Uber gewohnliche Differentialgleichungen mit Singularititen und die zugehorigen Entwick-
lungen willkiirlicher Funktionen. Math. Ann. 68, 220-269 (1910)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.11948/20210387
https://doi.org/10.11948/20210387

	On the Maximal Subspaces of Discrete Hamiltonian Systems
	Abstract
	1 Introduction
	2 Hermitian Forms
	3 Maximal Nullspace
	4 Titchmarsh–Weyl Matrix
	5 Conclusion and Remarks
	References




