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Abstract

In this paper, we locally classify the surfaces immersed into the non-flat (Riemannian
or Lorentzian) 3-space forms satisfying the condition LJH = AH for a real number A,
where H is the mean curvature vector field and [J denotes the Cheng—Yau operator
of the surface. We obtain the classification result by proving, at a first step, that the
mean curvature function must be constant and, in a second step, we complete the
classification.
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1 Introduction and Statement of the Main Results

Letus denote by M; (c) the standard model of a three-dimensional non-flat Riemannian
(when the index is ¢ = 0) or Lorentzian (when the index is ¢ = 1) space form with
constant curvature ¢ = =1, which are given as hyperquadrics of the corresponding
pseudo-Euclidean 4-spaces. That is, when ¢ = 0, Mg(c) = M?3(c) will denote the
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unit 3-sphere as hyperquadric of the Euclidean 4-space,
S =x=01x,x3,0) eR: (x,x) =1} cR, ifc=1,
or the hyperbolic 3-space as hyperquadric of the Lorentz—Minkowski 4-space,
H® = {x = (x1, X2, x3,x4) € R} : (x,x)1 = =1} C R}, ifc = —1,

where (,); = —dx12 + dx% + dx% + dxf is the Lorentzian metric in R‘l‘. Similarly,
wheng = 1 M? (c) will denote the de Sitter 3-space as hyperquadric of the Lorentz—
Minkowski 4-space,

S} ={x=(x1,x2,x3,x) €R}: (x,x)1 =1} CRY}, ifc=1,

or the anti de Sitter 3-space as hyperquadric of the pseudo-Euclidean 4-space of index
2’

H} = {x = (x1, %2, %3, x4) € R3 : (x,x)2 = —1} C R, ifc =1,

where (, )y = —alxl2 — dx% + dx% + dxf is the index 2 metric in IR‘Z‘.

Let Rj‘ stand for the corresponding pseudo-Euclidean 4-space of index ¢ where
Mg (c) is lying, with ¢ € {0, 1, 2}, and consider ¢ : M? — M?] (¢) C R} an isometric
immersion of a non-degenerate surface M, sz of index s. As usual and to simplify the
notation, when any of the indexes ¢, ¢t or s vanishes, we will omit it. We will often
omit the dimension of M, writing simply M or M; if the index is relevant. We will
also denote simply by (, ) the corresponding pseudo-Euclidean metric in Rf, without
distinguish the index.

The well-known Laplace—Beltrami equation for the particular case of non-
degenerate isometrically immersed surfaces ¥ : MS2 — Mg (c) C R;‘ states
that

Ay = 2H, (1

where A is the Laplace-Beltrami operator of the surface and H denotes the mean
curvature vector field of the immersion in R#. Since H = HN — cy, where H is
the mean curvature function of MS2 into M; (¢) and N is a unit vector field normal
to M2 in Mg (¢), it follows from here that Ay = Ay for a real constant A if and
only if H = 0, that is, if and only if M is a minimal surface in M; (c), giving so a
simple version of the Takahashi theorem for the particular case of surfaces in MS (c)
[14, 17]. Tt follows from (1) that every surface in M; (c) satisfying Ay = Ay, with
A € R, trivially satisfies also the weaker condition AH = )»_?ITI. Motivated by this fact,
in [1], Alias, Ferrandez and Lucas studied the condition AH = AH for hypersurfaces
in non-flat space forms. In particular, when ¢ = 0 and as a consequence of Proposition
3.3 1in [1], it follows that minimal surfaces and totally umbilicalﬁsurfacqes are the only
surfaces in the non-flat Riemannian 3-space forms satisfying AH = AH. On the other
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hand, for the case of surfaces in the non-flat Lorentzian 3-space forms, g = 1, they
also proved that minimal surfaces, totally umbilical surfaces and B-scrolls are the only
non-degenerate surfaces in M? (c) satisfying that condition.

The Laplace—Beltrami operator of a surface in a 3-space form is an intrinsic second-
order linear differential operator which arises naturally as the linearized operator of
the first variation of the mean curvature of the surface for normal variations. Similarly,
the Cheng—Yau operator, denoted here by [J and introduced in [6], arises naturally as
the linearized operator of the first variation of the Gaussian curvature of the surface.
Since that time, the Cheng—Yau operator has provided fruitful applications to the
study of surfaces with constant Gaussian curvature (and, more generally, to the study
of hypersurfaces with constant scalar curvature in the higher-dimensional setting),
including maximum principles results like those in [2]. The Laplace—Beltrami operator
and the Cheng-Yau operator can be seen as second-order linear differential operators
in trace form given by tr(P; o V2 f), with k = 0 and k = 1, respectively, where
V2f 1 X(M) — X(M) is the self-adjoint linear operator metrically equivalent to
Hessian of f, Py = I is the identity operator and P; = P is the Newton transformation
associated to the shape operator of M (for the details, see next section). Although in
general the Cheng—Yau operator is not elliptic, even in the Riemannian case, it still
shares nice properties with the Laplace—Beltrami operator.

From this point of view, and inspired by Garay’s extension of Takahashi theorem
in [9] and its subsequent generalizations and extensions [5, 8, 11, 12], the first author,
jointly with Giirbiiz in [3] and with Kashani in [4], initiated the study of the general
condition [y = Ay 4 b for (hyper)surfaces in Riemannian space forms, where A
is a constant matrix and b is a constant vector. In particular, as a consequence of
[4, Corollary 1.5] it follows that the only surfaces in the non-flat Riemannian space
forms satisfying the condition [(Jyy = Ay for a real constant A are the totally geodesic
surfaces. This can be seen also as a consequence of Eq. (10) in next section, which is
the equivalent to the Laplace—Beltrami Eq. (1) for the Cheng—Yau operator. However,
in this case Eq. (10) does not imply a direct relation between condition Llyy = Ay and
condition LJH = AH, like it happens between conditions Ay = Ay and AH = AH.

_In this paper, and motivated by the previous results on the study of condition AH =
AH, we consider the study of the condition OH = AH for A € R for non- degenerate
surfaces in non-flat 3-space forms. In particular, for the case of Riemannian 3-space
forms we obtain the following classification result.

Theorem 1 Let M be a surface immersed into the Euclidean sphere S* C R* or into
the hyperbolic space H?> C R?, and let O be the Cheng—Yau operator of M. The

surface M satisfies the condition OH = AH if and only if
(1) A =0and

(a) M is a totally geodesic surface in S3;
(b) M is either a totally geodesic surface or a flat totally umbilical surface in H>.

(2) 2 #0and

(a) M is a totally umbilical, but not totally geodesic, surface in S;
(b) M is a non-flat totally umbilical, but not totally geodesic, surface in H>.
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See Examples 1 and 2 for the precise description of the totally geodesic and totally
umbilical surfaces in S* and H3.

On the other hand, for the case of Lorentzian 3-space forms the classification is
much richer due to the fact that, in that case, the non-degenerate surface can be either
spacelike (s = 0) or timelike (s = 1), and in the latter its shape operator is not
necessarily diagonalizable. In this case, we state separately the case A = 0 and the
case A # 0. For A = 0, we obtain the following classification.

Theorem 2 Let My be a non-degenerate surface immersed into the de Sitter space
S? - R‘f or into the anti de Sitter space H% C R%, and let O be the Cheng—Yau

operator of Ms. The surface M; satisfies the condition OH =0 if and only if

(a) M is one of the following surfaces: a totally geodesic (spacelike or timelike)
surface, a flat totally umbilical (spacelike) surface or a minimal B-scroll in S?,

(b) M is one of the following surfaces: a totally geodesic (spacelike or timelike)
surface, a flat totally umbilical (timelike) surface, a minimal B-scroll or a flat
B-scroll in H%

On the other hand, when A # 0, the classification is as follows:

Theorem 3 Let My be a non-degenerate surface immersed into the de Sitter space
S% C R‘f or into the anti de Sitter space H? C R%, and let O be the Cheng—Yau
operator of M. The surface M satisfies the condition UH = AH, with A # 0, if and
only if

(a) M is either a non-flat totally umbilical, but not totally geodesic, (spacelike or
timelike) surface or a non-minimal B-scroll in S?.

(b) M is either a non-flat totally umbilical, but not totally geodesic, (spacelike or
timelike) surface or a non-minimal and non-flat B-scroll in H?

Again, see Examples 1 and 2 for the precise description of the totally geodesic and
totally umbilical surfaces in S*? and H? , and see Example 3 for the definition of B-
scrolls.

The paper is organized as follows. In Sect. 2, we collect the basic definitions and give
detailed computations for the expression of [JH. In Sect. 3, we show the examples of
surfaces satisfying condition the OH = AH. Finally, in Sect.4 we locally characterize
those examples as the only ones satisfying the required condition.

Remark 1 Certainly, it is an interesting problem to study the condition OH = AH for
general hypersurfaces of any dimension in Riemannian or Lorentzian space forms.
This was actually the first intention of the authors, but the computations became
much more difficult and overall conclusive results were not possible. This is still a
work in progress; the authors hope to obtain in the near future the corresponding
classification results at least for hypersurfaces in four-dimensional Riemannian space
forms. According to the authors’ calculations, in the case of higher dimension it does
not seem feasible to give a unified approach to the problem which can work in general,
as in the two-dimensional case.
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2 Preliminaries

Lety : M2 — M; (¢) C R} be an isometric immersion of a non-degenerate surface
M 3 of index s into Mz (c) and let N be a (locally defined) unit vector field normal to

Ms2 in MZ(C) where (N, N) = ¢ = +1 (inthe case ¢ = 0, ¢ = 1). Let V°, V and
3

q(c) and MSZ, respectively. Then, the

V denote the Levi-Civita connections on R, M|
Gauss and Weingarten formulas are given by

VOY =VxY +e(SX,Y)N —c(X,Y) v, 2)
and
S(X) = —VxN = —V{N,
for all tangent vector fields X,Y € X(M), where S : X(M) — X(M) stands for
the shape operator (or Weingarten endomorphism) of M, with respect to the chosen
orientation N.
Let B = {E1, E>, N} be an adapted (local) frame on M, with E, E» tangent to M.

We will say that B is an orthonormal frame when

(E1, E1) =¢€1, (E2,Ez)=¢ (N,N)=¢, and
(Eq, E2) =(E|,N) = (E2, N) =0,

where €1, &2, ¢ € {—1,1}and e; + ey + e =1,if g = |, while thate] + &, + ¢ =3
if ¢ = 0, and we will say that 3 is a pseudo-orthonormal frame when:

<E17E2)=_1’ <N7N>:8 and (EI’E1>:(E21 E2)=()7
(E1, N) = (E2, N) =0.

It is well known (see, for instance, [15, pp. 261-262]) that the shape operator S of

a non-degenerate surface M SZ can be expressed, in an appropriate frame, in one of the
following types:

|« 0], _|«—=b ) _|«0
I.S~|:OK2:|, II.Sw[bK], b #0; III.S~|:1K1|. 3)

In cases I and 1II, S is represented with respect to an orthonormal frame, whereas
in case III, the frame is pseudo-orthonormal. If s = 0, it only appears case 1. The
characteristic polynomial Qg(t) of the shape operator S is given by

0s(1) = det(t] — S) = 1> — tr(S)t + det(S).
Then, the mean and the Gaussian curvatures of M are given by

H= %tr(S) and K = ¢ + edet(S),
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respectively. The Newton transformation of M is the operator P : X(M) — X (M)
defined by

P=(—17Q2eHI - S). (4)

Note that by Cayley—Hamilton theorem, we have S o P = (—1)7e(K — ¢)I. Recall
that the Newton transformations were introduced by Reilly [16] in the Riemannian
context.

In the next result, we collect the main algebraic and analytic properties of the
Newton transformation P that will be necessary in the rest of the paper. The first four
claims are simply direct algebraic computations; the proof of claims (e) and (f) can be
easily adapted from [3] (for the Riemannian case) and [13] (for the Lorentzian case).
Recall here that, in our notation, the divergence of a vector field X € X (M) is the
smooth function defined as the trace of operator VX, where VX (Y) := VyX. That
is,

div(X) = r(VX) = Y g" (Vg X, Ej),
i

{E;} being any local frame of tangent vectors fields, where (g'/) represents the inverse
of the metric (g;;) = ((E,-, E j)). Analogously, the divergence of an operator 7T :
X(M) — X(M) is the vector field div(T) € X(M) defined as the trace of VT, that
is,

div(T) = w(VT) = ) ¢" (Vi T)E;.
i,j

where VT (E;, E;) = (Vg T)E;.

Lemma4 The Newton transformation P of a non-degenerate surface immersed in
MZ (c) satisfies the following properties:

(a) P is self-adjoint and commutes with S,
(b) tr(P) = (—1)7 2¢H,

(c) tr(So P) = (—1)7 2e(K — ¢),

(d) tr(§*o P) = (—1)? 2 H(K — ¢).

(e) tr(VxSo P)=(—1)1(eVK, X),

(f) div(P) =0.

Using this lemma, we obtain div(P(V f)) = tr(PoV? f), where V> f : X(M) —
X(M) denotes the self-adjoint linear operator metrically equivalent to the Hessian of
f, given by (sz(X), Y) = (Vx(Vf),Y) forall X,Y € X(M). Associated with the
Newton transformation P, we can define the second-order linear differential operator
O:C®(M) —> C*(M) given by

Of = t(P o V2f). Q)
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An interesting property of [ is the following. For every couple of smooth functions
f,g € C®(M), we have

O(fg) =gUf + fOg+2(P(Vf), Vg). (6)

Note that the operator [J can be naturally extended to vector valued functions as
follows: If F = (f1, f2, f3, f1) : M? — R} with f; € C®(M), then OF =
s, s, Ufs, Ofa).

Next, we are going to compute [] acting on the coordinate components of the
immersion , that is, a function given by (a, ), where a € Rf is a fixed arbitrary
vector. A direct computation shows that

Via,y)=a' =a—¢e{a, NVN —cla, V), 7

where a' € X(M) denotes the tangential component of @ along the immersion.

Taking covariant derivative in (7), and using that V?(a = 0, jointly with the Gauss and
Weingarten formulae, we obtain
VxV(a,¥) = Vxa' =¢a, N)S(X)—cla,¥)X, (®)
for every vector field X € X(M). Finally, from (5) and Lemma 4, we find that
U{a,¥)=¢e{a, N)tr(So P) —c{a, ) tr(P)
- (—1)‘1(2(K —¢)(a, N) = 2ecH (a, ¥) ) ©)
Then, we can compute [y as follows:
Oy = (=1)4 (2(1< — N — 2ecH1/f). (10)
On the other hand, a straightforward computation yields
Vi{a,N)=—S(@").
From Weingarten formula and (8), we find that

VxVi{a,N) = —Vx(Sa') = —(VxS)@') — S(Vxa")
= —(V,78)(X) — & {a, N) S*(X) + ¢ {a, ¥) S(X),

for every tangent vector field X. This equation, jointly with Lemma 4 and (5), yields

Oa, N) = —tr (P o V,rS) — ¢ (a, N) tr (P o 32) +cla, ¥) (P o S)

= (—1)q< _e <VK, aT> — 2He(K —¢) (a, N) + 2¢e(K — ¢) {a, ¥) )
(11)
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In other words,
ON = (—1)4(—gv1< —2He(K — ¢)N + 2ce(K —c)1ﬁ>. (12)

Let us consider now H the mean curvature vector field of M? in the pseudo-

Euclidean space R;‘ where I\\/JIZ (c) is lying. Then, it is easy to show that H is given
y

H=HN —cy. (13)
An easy computation from (13), and using (6), (9) and (11), yields the following

O(a, H) = O(H (a, N)) — cO{a, ¥)
— (¢, NYOH + HO (a, N) + 2<P(VH), V (a, N)>
—c(=D?[2(K —¢) {a, N) — 2ecH {a, V) |
= (=1)4 ( —¢H (a, VK) —2(=1)? (a, S o P(VH))
+[(=DI0H —2H¢(K —¢) — 2¢(K — )] {a, N)
+ [2ceH(K — ¢) + 2 H] (a, 1//>).

In other words,

(—1)?0H = —eHVK —2¢(K — ¢)VH
+H[(~1I0H = 2(K =) (c + eH2) IN +2ceHKy.  (14)

3 Examples

Our goal in this section is to give some examples of surfaces in M; (c) satisfying the
condition

OH = AH, A eR. (15)

In the next section, we will show that they are the only ones.

Example 1 (Totally geodesic surfaces) If M is totally geodesic in M3 (c), then S = 0.

Then, H = 0 = det(S) and K = ¢, and it follows easily from (14) that OH = 0
which gives OH = AH with & = 0. Recall here that totally geodesic surfaces in M3 (c)

are obtained as intersections of M; (c) with hyperplanes through the origin of R4 and
they are open pieces of the following surfaces:

1. Round spheres S* C S3, given by the equation (x, a) = 0 for an arbitrary fixed
unit vector a € R*;
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2. Hyperbolic planes H?> c H?, given by the equation (x, a) = 0 for an arbitrary
fixed spacelike unit vector a € R%;

3. Spacelike round spheres S*> C S3, given by the equation (x, a) = 0 for an arbitrary
fixed timelike unit vector a € R4;

4. Timelike de Sitter planes S% - S*} , given by the equation (x, a) = 0 for an arbitrary
fixed spacelike unit vector a € R%:

5. Spacelike hyperbolic planes H?> c H3, given by the equation (x, a) = 0 for an
arbitrary fixed timelike unit vector a € R‘z‘;

6. Timelike anti de Sitter planes H% C H?, given by the equation (x, a) = 0 for an
arbitrary fixed spacelike unit vector a € R%.

Example 2 (Totally umbilical (non-totally geodesic) surfaces) If M is a totally umbil-
ical (but non-totally geodesic) surface in Mg (c),then S = ul for u € R and I the
identity operator, with H = et and K = ¢ + e? = ¢ + ¢ H? both constant, H # 0.
Bearing in mind (13), it then follows from (14) that

OH = (—1)4( —2¢H? (c + st) N+ 2ceH (c + 8H2> w)
— (1)1 2eH (c + 3H2> (HN = cy)

= (=1)9+12eH (c n 8H2) .
Therefore, all totally umbilical surfaces in Mg (c) satisfy condition (15) with
A= (=1)7t12eH <c + 8H2> — (=1)7""2¢HK.

Since H # 0, we have that » = 0 if and only if K = ¢ 4+ ¢ H? = 0, which can happen
only when ¢ = 1 and ¢ = —1 or when ¢ = —1 and ¢ = 1. They all have H = %1
and correspond to open pieces of Euclidean planes in hyperbolic space H?, spacelike
Euclidean planes in de Sitter space S? and timelike Lorentz—Minkowski spaces in
anti-de Sitter space H? (see below for details).

As is well known, totally umbilical (but non-totally geodesic) surfaces in M; (c) are

obtained as intersections of Mg (c) with hyperplanes (not passing through the origin)
of Rf and they are open pieces of the following surfaces:

1. Round spheres S?(r) C S* of radius 0 < r < 1, given by the equation (x, a) = t
for an arbitrary fixed unit vector a € R*and 0 < |7| = V1 =72 < 1, with
K =1/r?

2. Round spheres S*>(r) € H? of radius r > 0, given by the equation (x,a) = 1
for an arbitrary fixed timelike unit vector a € R‘l‘ and || = +/1+r2 > 1, with
K=1/r%

3. Hyperbolic planes H?(r) C H? of radius > 1, given by the equation (x, a) = t
for an arbitrary fixed spacelike unit vector a € R‘l‘ and |7| = /1?2 — 1 > 0, with
K =—-1/r%

4. Euclidean planes R? c H?3, given by the equation (x, a) = t for an arbitrary fixed
lightlike vector a € R‘l‘ and t # 0, with K = 0;
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5. Spacelike round spheres S?(r) C S? of radius r > 1, given by the equation
(x, a) = t for an arbitrary fixed timelike unit vectora € JR‘l1 and 7| =12 —1>
0, with K = 1/r2;

6. Spacelike hyperbolic planes H?(r) C S? of radius r > 0, given by the equation
(x, a) = t foran arbitrary fixed spacelike unit vectora € R‘]‘ and|t| =1 +7r% >
1, with K = —1/r?;

7. Timelike de Sitter planes Sf (r) C S? of radius 0 < r < 1, given by the equation
(x,a) = t for an arbitrary fixed spacelike unit vector a € R‘I‘ and 0 < |t| =
V1=r2 <1,withK = 1/r%;

8. Spacelike Euclidean planes R? C Sj, given by the equation (x,a) = t for an
arbitrary fixed lightlike vector a € RY and t # 0, with K = 0;

9. Timelike de Sitter planes S% (r) C H% of radius 0 < r < 1, given by the equation
(x,a) = t for an arbitrary fixed timelike unit vector a € Ré and 0 < |t| =
V1=r2 <1,withK = 1/r%;

10. Spacelike hyperbolic planes H?(r) C H? of radius r > 0, given by the equation
(x, a) = t for an arbitrary fixed timelike unit vectora € Ré and 7| =+~/14+72 >
1, with K = —1/r?;

11. Timelike anti de Sitter planes H%(r) C H% of radius r > 1, given by the equation
(x,a) = 7 for an arbitrary fixed spacelike unit vector a € Rg and T # 0, with
K =—1/r%

12. Timelike Lorentz—Minkowski planes R% C H%, given by the equation (x,a) =7
for an arbitrary fixed lightlike vector a € R‘é and T # 0, with K = 0.

The situation becomes more interesting when the metric induced on the surface is a
Lorentzian metric, which allows the possibility of non-diagonalizable shape operators.
Let us start by looking for new examples of surfaces that satisfy the required condition
and whose shape operator is not diagonalizable.

Example 3 (B-scrolls) Let y(s) be a null curve in M? (c¢) C Rf with an associated
Cartan frame {A, B,C}; thatis, y : [ € R <« M%(c) C ]Rf is a curve with
(y/ ),y (s)) = 0 and {A, B, C} is a pseudo-orthonormal frame of vector fields along
y (s) with

such that

Y (s) = A(s),
C'(s) = —aA(s) — k(s)B(s),

where a is a real number and « (s) # O for all 5. Then, themap v : I xR — M? (c) C
Rf given by ¥ (s, u) = y(s) + uB(s) parametrizes a Lorentzian surface in M% (c)
which, following the usual terminology, is called a B-scroll (see [7] and [10]).

It is not difficult to see that N (s, u) = —aB(s)u+ C(s) defines a unit normal vector
field along the surface, obviously with ¢ = 1, and the shape operator is given by the
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a 0
§= (k(s) a)

with respect the usual tangent frame {aa—f, % } Observe that S is not diagonalizable

with minimal polynomial mg(t) = (t — a)%. Moreover, H = a and K = ¢ + a%. In
particular, a B-scroll is minimal if and only if a = 0, while a B-scroll is flat if and
only if c = —1 and a = £1. It then follows from (13) and (14) that

matrix

OH = (- 1)7*'2a (e + o) H =
so that B-scrolls in M% (c) satisfy condition (15) with
= (=)t (c + az) .

In particular, A = 0 if and only if it is either a minimal B-scroll in S? (a=0)oritis
either a minimal B-scroll (a = 0) or a flat B-scroll (¢ = %1) in H?

The following result characterizes, at least locally, B-scrolls as the only Lorentzian
surfaces in M? (c) whose shape operator S has minimal polynomial mg(t) = (t — a)?,

where a € R.

Proposition 5 Let M12 be a Lorentzian surface into M? (c) C R;‘, let a be a real

number and let (t — a)* be the minimal polynomial of its shape operator S. Then, in
a neighborhood of any point, M 12 is a B-scroll over a null curve.

Proof A proof of this proposition for a # 0 can be found in [1, Theorem 4.2], but the
proof is also valid for a = 0. For the reader convenience, let us do this proof for the
remaining case a = 0, following the same idea that in [1].

Let us consider p € M 12 and a pseudo-orthonormal frame {A, B} of tangent vector
fields in a neighborhood of p such that

S(A) = kB,
S(B) =0,

where k # 0. Let N be a unit vector field normal to M 12 into Mf (¢).Since M 12 is locally
an embedded surface into M? (c), we can take an integral curve y (s) of A starting from
p. Namely, we can write A(s) = A(y(s)), B(s) = B(y(s)), C(s) = N(y(s)) and
k(s) = k(y(s)) so that the covariant derivate of C is given by

DC
d—(S) = —k(S)B(S)
s
For each s, let x4 (7) denote an integral curve of B starting from y (s). Then,
ar (x5(1)) = Vi (1 B(xs(1)) = Vp B(x4(1)) = Vp B(xs(1)).
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By Codazzi equation, we know that Vg B € span{B}. Thus, there exists a differentiable
function f such that

DB
=y ) = S (s () B (xg (1))
It is not hard to see that the solution of previous differential equation is equal to

B(xs(1)) = gs(1)B(s)

for a certain positive function g, (¢) with g;(0) = 1. Therefore,

t
xs(t) =y (s) +/0 gs(w)dv B(s),

that is, in a neighborhood of p, M ]2 is a B-scroll witha = 0. O

4 Proof of the Main Results

If M is a surface in M; (c) satisfying condition (15), we can use Eqgs. (13) and (14) to
obtain the following formulae

0= HVK +2(K — ¢)VH, (16)
OH = (=1)92(K — ¢) (c+8H2) +AH, (17)
HK = (—1)4“.9%. (18)

We state and prove our first result.

Proposition 6 Let M be a surface immersed into M; (c) satisfying the condition OH =

MH. Then, the mean curvature H is constant.

Proof Let us assume that H is non-constant and consider the set & = { peM:
VH(p) # 0}. On this set, we have from (16)

v (HZ(K _ c)) = H(Z(K _¢)VH + HVK) —0.

In other words, H>K — ¢H? is constant on U, say H>K — ¢H? = C. This, jointly
with (18), yields

A
(—1)‘”185H —¢H? = C is constant on I,
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which implies that H is root of the follow second degree polynomial equation
2 A:
cX” + (—l)"eEX +C =0.

Then, H is locally constant on I/, which is a contradiction. Thus, / must be an empty
set and H is constant. O

In particular, since we already know that H is constant, when A = 0 Egs. (16), (17)
and (18) reduce to

HVK =0, (19)
(K —¢) (c + sHZ) =0, (20)
HK =0. (1)

Thus, we distinguish the following cases:

Casel H = 0. That is, tr(S) = 0. From (20), we have K = c, that is, det(S) = 0.
Therefore, if S is diagonalizable, it must be S = 0, and we have that M is totally
geodesic in Mg (c). On the other hand, if S is not diagonalizable (which can happen
only when g = s = 1 and hence ¢ = 1), we have that its minimal polynomial is given
by mg(r) = 12, that is, zero is a double real eigenvalue of M 12 Thus, by Proposition 5
with a = 0 we conclude that M 12 must be a minimal B-scroll in M% (c).

Case II H # 0. From (21), we conclude that

K =c+edet(S) =0 (22)
and using this in (20), we get H> = —e&c. Since ¢ and ¢ only take values =1, it implies
that

H?>=—¢c=1. (23)

By (22), det(S) = —sc = H* = (¢H)?. Therefore, the characteristic polynomial of
S is given by

Os(t) = 1* —tr(S)t + det(S) = 1> — 2eHt + (¢H)? = (1 — e H)*.

Therefore, its minimal polynomial is either mg(t) =t —e¢H ormgs(t) = (t —¢H )2 =
(t — H)?, with H2 = 1. In the first case, the surface must be a flat totally umbilical
surface and Mfi (c) # S3, while in the second case, and using Proposition 5 with
a = £1, M must be a flat B-scroll in ]H[?

Conversely, from Examples 1 and 2 we already know that totally geodesic surfaces
in MS (c) and flat totally umbilical surfaces in M; (c) #S3 verify condition (15) with
A = 0. Furthermore, from Example 3 we also know that minimal B-scrolls in S?
and in HS and flat B-scrolls in H3 verify condition (15) with A = 0. This reasoning
completes the proof of Theorem 1 for the case A = 0 and the proof of Theorem 2.

@ Springer



185 Page140f15 L.J. Alias et al.

On the other hand, when A # 0 and since H is constant, we know from (18) that
H # 0and K # 0 is also constant. Replacing (18) in (17) leads us to K = ¢ + e H?,
which implies det(S) = H?. Then, the characteristic polynomial of S is given by

Os(1) =12 —tr(S)r + det(S) = 1> —2eHt + ¢*H> = (t — e H)”.

Therefore, its minimal polynomial is either mg(t) =t —e¢H ormg(t) = (t — H )2,
in both case with H # 0 and K # 0. In the first case, the surface must be a non-flat
totally umbilical, but not totally geodesic, surface in M; (¢), while in the second case,

and using Proposition 5 M must be either a non-minimal B-scroll in S? (a#0)ora
non-minimal and non-flat B-scroll in H% (a #0,£1).

Conversely, from Example 2 we already know that non-flat totally umbilical sur-
faces in M?{ (c) with H # 0 satisfy condition (15) with A # 0. Moreover, from

Example 3 we also know that non-minimal B-scrolls in S? and non-minimal and non-
flat B-scrolls in ]H[? also satisfy condition (15) with A # 0. This reasoning completes
the proof of Theorem 1 for the case A # 0 and the proof of Theorem 3.

Acknowledgements The authors would like to thank the anonymous referee for reading the manuscript in
great detail and for giving several valuable suggestions and useful comments which improved the paper. This
research is part of the grant PID2021-124157NB-I00, funded by MCIN / AEI/ 10.13039 / 501100011033/
“ERDF A way of making Europe,” Spain, and was also supported by Comunidad Auténoma de la Region
de Murcia, Spain, within the framework of the Regional Programme in Promotion of the Scientific and
Technical Research (Action Plan 2022), by Fundacién Séneca, Regional Agency for Science and Technol-
ogy, REF. 21899/P1/22. Luis J. Alias was partially supported by both grants. S. Carolina Garcia-Martinez
was partially supported by project Hermes 58350, from Universidad Nacional de Colombia.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

Data availability Data sharing is not applicable to this article as no datasets were generated or analyzed
during the current study.

Declarations

Conflict of interest No potential conflict of interest was reported by the authors.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alias, L.J., Ferrdndez, A., Lucas, P.: Hypersurfaces in the non-flat Lorentzian space forms with a
characteristic eigenvector field. J. Geom. 52, 10-24 (1995)

2. Alias, L.J., Garcia-Martinez, S.C., Rigoli, M.: A maximum principle for hypersurfaces with constant
scalar curvature and applications. Ann. Glob. Anal. Geom. 41, 307-320 (2012)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Surfaces in non-flat... Page150f15 185

11.
12.

13.

14.

15.

16.

17.

. Alfas, L.J., Giirbiiz, N.: An extension of Takahashi theorem for the linearized operators of the higher

order mean curvatures. Geom. Dedicata 121, 113-127 (2006)

. Alfas, L.J., Kashani, S.M.B.: Hypersurfaces in space forms satisfying the condition Ly = Ax + b.

Taiwanese J. Math. 14, 1957-1977 (2010)

. Chen, B.-Y., Petrovic, M.: On spectral decomposition of immersions of finite type. Bull. Austral. Math.

Soc. 44, 117-129 (1991)

. Cheng, S.Y., Yau, S.T.: Hypersurfaces with constant scalar curvature. Math. Ann. 225, 195-204 (1977)
. Dajczer, M., Nomizu, K.: On flat surfaces in S? and H?, Manifolds and Lie Groups, pp. 71-108. Univ.

Notre Dame, Birkhduser (1981)

. Dillen, F, Pas, J., Verstraelen, L.: On surfaces of finite type in Euclidean 3-space. Kodai Math. J. 13,

10-21 (1990)

. Garay, O.J.: An extension of Takahashi’s theorem. Geom. Dedicata 34, 105-112 (1990)
. Graves, L.: Codimension one isometric immersions between Lorentz spaces. Trans. Amer. Math. Soc.

252,367-392 (1979)

Hasanis, T., Vlachos, T.: Coordinate finite-type submanifolds. Geom. Dedicata 37, 155-165 (1991)
Hasanis, T., Vlachos, T.: Hypersurfaces of Entl satisfying Ax = Ax + B.J. Austral. Math. Soc. Ser.
A 53,377-384 (1992)

Lucas, P., Ramirez-Ospina, H.F.: Hypersurfaces in the Lorentz—Minkowski space satisfying Ly =
Avyr 4+ b. Geom. Dedicata 153, 151-175 (2011)

Markvorsen, S.: A characteristic eigenfunction for minimal hypersurfaces in space forms. Math. Z.
202, 375-382 (1989)

O’Neill, B.: Semi-Riemannian Geometry with Applications to Relativity. Academic Press, New York
London (1983)

Reilly, R.: Variational properties of functions of the mean curvatures for hypersurfaces in space forms.
J. Diff. Geom. 8, 465-477 (1973)

Takahashi, T.: Minimal immersions of Riemannian manifolds. J. Math. Soc. Jpn. 18, 380-385 (1966)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Surfaces in Non-flat 3-Space Forms Satisfying  to=0pt=0"0245H=λ"0245H
	Abstract
	1 Introduction and Statement of the Main Results
	2 Preliminaries
	3 Examples
	4 Proof of the Main Results
	Acknowledgements
	References




