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Abstract

The aim of this paper is to prove the theorem which generates many examples of
functions belonging to a geometrically defined class of uniformly starlike functions
introduced by Goodman in 1991. Only a very few explicit uniformly starlike functions
were known until now. Next we obtain inclusion relations between some subclasses
of convex functions and the class of uniformly starlike functions.
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1 Introduction

Let S denote the class of all functions f that are analytic and univalent in the open
unit disk U = {z € C : |z| < 1} and normalized by f(0) = f'(0) — 1 = 0.
A set D C C is said to be starlike with respect to wy, an interior point of D, if the
intersection of each half-line beginning at wq with the interior of D is connected.
We denote by S7 the class of all starlike functions, i.e., the subclass of S consisting
of functions that map U onto domains starlike with respect to wo = 0 (briefly starlike
domains). Recall that a function f € § is starlike if and only if

zf'(2)
f@

Re >0 for allz e U.
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Let CV denote the class of all functions f € S that are convex in U, i.e., such that
f(U) is a convex domain.

Lety : z = z(¢),t € [a, b], be a smooth, directed arc and suppose that a function
f is analytic on y. Then the arc f(y) is said to be
- starlike with respect to wo ¢ f(y) if arg(f (z(f)) — wp) is a nondecreasing function
of t,

- convex if the argument of the tangent to f(y) is a nondecreasing function of 7.

In 1991, Goodman ([ 1, 2]) introduced geometrically defined classes /CY and UST
of uniformly convex and uniformly starlike functions, respectively.

Recall that a function f € S is in the class UCV (UST) if for every circular arc
y C U with center ¢ € U, the arc f(y) is convex (starlike with respect to f(¢)).

If we take ¢ such that [{| < k, 0 < k < | we obtain the following natural extension
of the concept of uniform starlikeness (see [11] and also [10, 12]). Namely, a function
f € S is said to be k-uniformly starlike in U, if the image of every circular arc y
contained in U with center at ¢, where |¢| < k, is starlike with respect to f(¢).

We denote by k-UST the class of all k-uniformly starlike functions. Notice that
0-UST = ST and 1-UST = UST . Moreover, itis clear that UST C k-UST C ST
for every k € [0, 1].

Goodman obtained the analytic conditions for /CV and UST expressed by two
complex variables. For an arbitrary k such that 0 < k < 1, the class k-/S7T can be
characterized (see [11]) as follows

fek-MST@ReM>O for allz e U, [¢] < k.

=01 ~
For k = 1, we get Goodman’s condition for uniform starlikeness.
It turned out that (see [3, 7])

2f"(2)
f(@

, z€eU.

er/ICV@Re{1+ZfN(Z)}>

/(@)

Finding this analytic condition essentially simplified further investigations of uni-
formly convex functions ([3, 4, 7, 8]).

It is more difficult to investigate the class UST (k-UST) because of its character-
ization in terms of two complex variables. In particular checking whether a function
belongs to the class /ST leads to very complicated computations. Hence only simple
examples of uniformly starlike functions are known.

In this paper, we give many examples of members of the class of uniformly starlike
functions YS7T and we establish its connections with some subclasses of convex
functions. For instance, we get that all functions convex of order 3/4 are uniformly
starlike.

2 Some Members of the Class of Uniformly Starlike Functions

Goodman ([2]) gave some examples of uniformly starlike functions. He proved that

Z 1
ceUST & |A| < —
1 — Az ||_ﬁ
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and
3
<|A| < 2£n - 1) = 7+ AZ" € UST.
n

It was proven in [11] that

f(2) =24 A2 € kUST & |A| < V3/V/4(k2 +3).
For k = 1 we get
f(2) =24 Az2 € UST < |A| < V/3/4.
This result was mentioned by Goodman, but without a proof.

We have also more general result (see [11]):
If 0 < k < 1 and for some integer n > 2

1 n+1
Al < - ,
“n\n+14+@m— k2

then f(z) =z + AzZ" € k-UST.

For k = 1 we get the result of Merkes and Salmassi ([5]), which improves the
bound |A| < 1/(+/2n) obtained by Goodman.

Merkes and Salmassi ([5]) proved the following result.

Theorem 2.1 Let f € S. Ifforallz e U, w € U

f'(w) =0

R ,
‘P T

then f € UST.
Using this, we get the following sufficient condition for uniform starlikeness

Theorem2.2 Let f(z2) =2+ Y oy anz”, 2 € U. If

|Argf'(z)| < = for z €U,

A9

then f € UST.

Proof Let f be analytic in U and normalized by f(0) = f/(0) — 1 = 0. Assume that
|Arg f'(z)| < m/4, z € U. This condition implies that Re f/(z) > 0 for z € U, hence
f € 8. Moreoverif z € U, w € U then

f

f/((z)))‘ = |Argf/(w) - Argf/(Z)| = |Argf’(w)| + |Argf’(z)| <

SRR

‘ Arg
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This is equivalent to

f(w)
f(@)

Thus by Theorem 2.1, f € UST.
This result generates many examples of uniformly starlike functions. O

[1+z
Pi(z) = 1_—17 zeU.

Then Pi(U) = {w € C: |Argw| < 7 /4}.
If f{(z) = P1(z), then in view of Theorem 2.2, f; € UST. Thus the function

1
fl(Z)=2arctan‘/1+Z —\/l—zz—i—l—%, zeU,
-z

is uniformly starlike in U.

e >0 for allz,w e U.

Example 2.1 Let

Example 2.2 Let

2
1
+ﬁ> , zeU.
VA

This function plays an important role in the class Z/CV of uniformly convex func-
tions. It is known (see [3, 7]) that f € UCV if and only if

2
P()=1+— <log
T

2f"(2)
f(@

The image of the unit disk U under P, is bounded by the parabola

1+ < Py(z) in U.

(w=u+iv:v>=2u—1}.
Moreover |ArgP>(z)| < m/4 for z in U. Thus fz/(z) = P>(z) for z € U, implies

hel ST.
Using standard methods of integration after some calculations we get that

2
L) =z+ % |:(Z -1 <log ii——\/2> +47 (log L+ ﬁ) + 4log(1 — Z):| ,

NG -z
zeU,

belongs to the class UST .
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Example 2.3 Let

1+ Az

P =—", z€U,

3(2) Az ©

where 0 < A < /2 — 1.
Then Pz maps U onto the disk
cc 1+ A2 2A
w Cw — < .

1 — A2 1 — A2

For 0 < A < +/2 — 1 the disk P3(U) is contained in the region {w € C : |[Argw| <
m/4}. Hence if f3(z) = P3(z) then f3 € UST, since |Argf5(z)| < w/4forz e U.
Thus the function
2
f3(@) =—z—2log(l— A7), z€U (0 < A < V2-1),
is in the class UST .
Example 2.4 Let

Py(z) =

, zeU.

1
V-2
This function maps the unit disk onto the domain bounded by the hyperbola

{w=u+iv:u2—v2=1/2,u>0}
and clearly P4(U) C {w € C: |Argw| < 7 /4}. Thus

1-1 1-1-3 1-1-3-5
—9 2 /T—7= 115 3 2
f4(2) v 7= z~|—1 27 +1 1 ¢° ~I—1 1 6.5°

is uniformly starlike in U, because of f;(z) = P4(z) forz € U.

Example 2.5 Let
Ps(z)=+1+z, zeU.
The image of the unit disk U under Ps is bounded by the lemniscate
(w=u+iv: @ +v>)?>=2w?—=v>)=0,u >0}

and is contained in the region {w € C : |Argw| < 7 /4}. Hence the function

=z+ 12—— z7m—..., z€eU,

] 1, 115 1-1.3,
4° 4.6 "4.6-8

2
fs(2) = 3 [(1 +2)%% —1
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belongs to the class ST, since fi(z) = Ps(z) forz € U.

3 Uniformly Starlike Functions and Subclasses of Convex Functions

Let ¢ be an analytic univalent function which satisfies the following conditions:
Reg(z) > 0forz € U, ¢(0) = 1,¢'(0) > 0 and ¢(U) is convex and symmetric
with respect to the real axis.

By CV(¢), we denote the subclass of convex functions defined by

2f"(2)
f (@)

1+ < @(z) in U.

In particular

1

CV = CV(¢g), where ¢y(z) = 1+Z,

-z

2 147\

UCY = CV(p1). where ¢1(2) +n2<0gl—ﬁ) ,

and for
1 1-2
¢2(Z)=—+(1 a)z, 0O<a<l,

-z

the class CV(¢y) coincides with the class CV(«) consisting of all functions that are
convex of order «, thus

CV(pr) = CV(a) = {f €S:Re <1 + Zf”w) ~a z€ U}.
(@

We need the following result of Suffridge [9]

Theorem 3.1 Let h be starlike in U with h(0) = 0 and let p(z) = a + a,7" +
an12" + ... be analytic in U. If

zp'(2) < h(2),

then
Z
P@) <q@ =a+n"! /h(z)rl ar.
0

The function q is convex and is the best (a, n)-dominant.
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Corollary 3.1 (Corollary 3.1d.1 in [6]) Let h be starlike in U, with h(0) = 0 and let
p(2) =a+ap* + anp 12"+ ... be analytic in U with a # 0. If

zp'(2)
p(2)

< h(z),

then
Z
p(2) <q@)=aexp|n! /h(t)t_l dt
0

and q is the best (a, n)-dominant.

Theorem 3.2 Let f € CV(p). If

Z

-1
Arg expf%dt 5% for zeU,
0
then f e UST.
Proof If f € CV(¢) then
2f"(2) .
1+ <) in U
@ ¢

or

z(log f'(z)) < ¢(z) — 1 in U.

Since ¢(z) — 1 is convex, therefore is starlike, we get by Theorem 3.1

Z

log f'(z) < /

0

H—1
O i v,

From Corollary 3.1, we may also conclude that

Z

@ < eXp/

0

@(1)
t

-1
dr in U.

Thus from Theorem 2.2, if

Z
1) —1
Arg exp/%df 5% for z € U,
0

@ Springer



151 Page8of10 A. Wisniowska-Wajnryb

then f e UST.
Corollary 3.2

CV(p) CUST,
provided that

i 1
t —
I /*"() a| <X zeu.
t 4
0

Theorem 3.3

CV@3/4) CcUST.
Proof Let f € CV(a), 0 < o < 1. Then from the subordination

f"(z) 1+ =2z .

1 U
T T =z "
we get
1
) )
f(@) < 1=z mn U.
We have
P
Argm =2(1 —a)|Arg(l — 2)| <2(1 — 01)5~

Hence for 3/4 < a < 1 the function f’ satisfies the condition

|Arg f'(2)| < sup <n/4, zeU.

lz|=1

Arg

1
(1 _ Z)2(1—0{)
By Theorem 3.2 we get

CV(a) Cc CV(@3/4) cUST for 3/4<a < 1.

Theorem 3.4

CV(p3) CUST,
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where
¢p(z) =1+ Az for zeU and 0 < A <m/4.
Proof If f € CV(¢3) then

z N(Z)

1+ <14+ Az in U.
JS'(@)
Hence
f'(z) < exp(Az) in U
and since
i0 . w
’Arg [exp (Ae )]’ = |Asinf| < A < n
we get

Argf'(2)] < %

Thus by Theorem 3.2, f is uniformly starlike in U.
Theorem 3.4 can be written in an equivalent form as follows: O

Corollary3.3 Let f € S. If

Zf//(z)
()

IA

il eU
47 Z 9

then f e UST.

Proof Let f € S. Then forz € U

2f"(2)
f(@)

'@ < —z in U.
S 4

T
< —
4

Hence f € CV(¢3) with A = 7 /4, so by Theorem 3.4 the result follows. O
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