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Abstract

We study the relation between certain non-degenerate lower Hessenberg infinite matri-
ces G and the existence of sequences of orthogonal polynomials with respect to Sobolev
inner products. In other words, we extend the well-known Favard theorem for Sobolev
orthogonality. We characterize the structure of the matrix G and the associated matrix
of formal moments Mg in terms of certain matrix operators.
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1 Introduction

Let A = (a;, j)?,ojzo be an infinite matrix of real numbers. For m € Z, we say that
the entry g; ; lies in the m-diagonal if j = i + m. Obviously, the 0-diagonal is
the usual main diagonal of A. The matrix A is an m-diagonal matrix if all of its
nonzero elements lie in its m-diagonal and lower (upper) triangular matrixifa; j =0
whenever j > i (j < i). The symbols A" and [A], denote the transposed matrix and
the squared matrix of the first n rows and columns of A, respectively. 1 is called the
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unit matrix; its (i, j)th entry is §; ; where §; ; = 0if i # j and §; ; = 1. A is called
positive definite of infinite order if det([A],) > 0 for all n > 1, where det([A],) is
the determinant of [(A],. If det([A],,) > O forall 1 < n < k and det([A],) = O for
all n > k, we say that A is a positive definite matrix of order k.

According to the definitions given in [5, Ch. II], if A and B are two infinite matrices
such that A - B = 7, then B is called a right-hand inverse of (A, denoted by AL and
A is called a left-hand inverse of B, denoted by 18 The transposes of A (’]ﬂ )
and A™ (the mth power of the matrix A, with m € Z) are denoted by AT TA)
and A™T, respectively. Moreover, A~" = (ﬂ_l)m, where m € Z.

A difficulty of dealing with infinite matrices is that matrix products can be ill-defined
(c.f. [4, (1)]). Nevertheless, in this paper we will only consider the product of infinite
matrices A = (a;, ;)7 _o and B = (b; ;) _( when AB = Ok ai kb )5 is such
that each sum (i, j-dependent) involves only a finite number of non-null summands
(c.f. [4, Def. 1]).

We will denote by U the infinite matrix whose (i, j)thentryis ;1 ; fori, j € Zy;
i.e. the upper (or backward) shift infinite matrix given by the expression

010---
001---
U=]|000---

The matrix U is called the lower (or forward) shift infinite matrix and it is easy to
check that U - U" = T; i.e. U™ = U~", the right-hand inverse of U (c.f. [9, Sec.
0.9]).

An infinite Hankel matrix is an infinite matrix in which each ascending skew-
diagonal from left to right is constant. In other words, H = (h;, j)?jeo is a Hankel
matrix if #; j41 = hiqy,j foralli, j € Z, or equivalently if

UH — HU ' =0, (1)

where O denote the infinite null matrix. If {r; oo 1s a sequence of real numbers, we
denote D(r;) the infinite diagonal matrix whose ith main diagonal entry is 7;, and by
H [r;] the associated Hankel matrix, defined as

roryrp -
ryrpry---

Hr]l=

rpr3rg ---

We say that a matrix M = (m;, j)?.;'=o is a Hankel-Sobolev matrix if there exists a
sequence of Hankel matrices {(Hk},fio such that
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o
M= (U™ Dty D U, @)
k=0

where Dy = 7 and Dy = D(@) foreach k > 0, e.g.

100 200 - 600 -
020 060 - 0240 -
0060

Di=1003---|-D2=]0012...| and D3 =

We say that a Hankel-Sobolev matrix M is of index d € Z4 if Hy # O and
Hi = O for all k > d. Otherwise, we will say that M is of infinite index.

Let M be a Hankel-Sobolev matrix of index d € Z = Z U {oo}. If H;. # O for
all k < d, we say that M is non-lacunary and lacunary in any other case.

Hankel-Sobolev matrices appeared for the first time in [3, 16] in close connection
with the moment problem for a Sobolev inner product. Some of the properties of this
class of infinite matrices have also been studied in [6, 13, 14, 17, 19, 22].

Let IM be the linear space of all infinite matrices of real numbers. For each n € Z.1
fixed, we denote by ® (-, ) the operator from IM to itself given by the expression

n
o e m n—t ¢
(A, 1) .—g( 1) (z)u AU, 3)

where A € M and (Z) denote binomial coefficients. Obviously, ® (-, n) is a linear
operator.

One of the main results of this work is the following intrinsic characterization of
the Hankel-Sobolev matrices using the operator ® (-, n), which we will be prove in
section 2.

Theorem 1 An infinite matrix M is a Hankel-Sobolev matrix of index d € Z.., if and
only if M is a symmetric matrix and

DdM,2d+1)=0 and dM,2d) #O. )
Moreover, fork =0, 1, ..., d; the Hankel matrix Hy_y in (2) is given by
Hy_y = S D (My_i, 2d — 2k) 5)
d—k - (2d _ 2]{)' d—ka ’

where Mg = Mand Ma— = Ma—it1— U Dy cHy i1k Dy UTF
fork=1, 2,..., d.

@ Springer



40 Page4of19 H. Pijeira-Cabrera et al.

An infinite matrix G = (g;, j)?,.;'=o is a lower Hessenberg infinite matrix if g; j = 0
whenever j —i > 1 and at least one entry of the 1-diagonal is different from zero, i.e.

8008, 0 --- 0
81,081 8,2 0

G = S (6)

8n,0 8n,1 8n,2 ** n,n+1 * -

Let us denote by I the set of all lower Hessenberg infinite matrices. Additionally, if
G € H and all the entries in the 1-diagonal are equal to 1, we say that G is monic. If
all the entries of the 1-diagonal of G are nonzero, we say that G is a non-degenerate
lower Hessenberg infinite matrix (for brevity hereafter referred as non-degenerate
Hessenberg matrix). An upper Hessenberg matrix is a matrix whose transpose is a
lower Hessenberg matrix.

For each n € Z fixed, we denote by W (-, ) the operator from H to IM given by
the expression

n
B, =) (- (”) B B-OT g cH. (7
n l;) i

Theorem 9 establishes the relation between the operators (3) and (7).
Given a non-degenerate matrix G € I, we can generate a sequence of polynomials
{On};2 as follows. Assume that Qo(z) = f,0 > 0, then

80,191(x) =xQo(x) — g0,0Q0(x),
81,202(x) =x01(x) — g1,101(x) — g1,000(x),

1 Q1 (1) =x 0 (¥) = D gnk Qi (%), ®)

k=0

Hereafter, we will say that { Q,} is the sequence of polynomials generated by G. As G
is non-degenerate, O, is a polynomial of degree n.

Let 7~ be the lower triangular infinite matrix whose entries are the coefficients of
the sequence of polynomials {Q,}, i.e.
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oo 0 --- 0
ot 0

Qx) =T P(x) where T = R &)
In0tnd " Inp -

Q) = (Qo(x), Q1 (), -+, Q). -+ )T and P(x) = (Lx, -+ 2",

As G is non-degenerate, #; ; = fo,0 (]_[}(;10 gk,kﬂ) # O forall i > 1. Therefore,
there exists a unique lower triangular infinite matrix 7! such that 7 - 7~! = T (c.f.
[5, (2.1.)]), i.e. 7 has a unique right-hand inverse. Furthermore, in this case 7~ —lig

also a left-hand inverse of 7 and it is its only two-sided inverse (c.f. [5, Remark (a)
pp- 22]),

00 0 - 0
T10T,1 0 0

g1 = ot . |, where T =tlfl.l. (10)
Tn,0 Tn,l ** " Tnn ="

We will denote by Mg the matrix of formal moments associated with G (a non-de-
generate Hessenberg matrix) defined by
00 —1 T
Mg = (m,-,,-)l.’jzo =g gl (11)
We say that a non-degenerate Hessenberg matrix G is a Hessenberg—Sobolev matrix

ofindex d € 7. ifits associated matrix of formal moments is a Hankel-Sobolev matrix
of index d. In the following theorem, we give a characterization of these matrices.

Theorem 2 A non-degenerate Hessenberg matrix G is a Hessenberg—Sobolev matrix
of index d € Z., if and only if

V(G 2d+1)=0 and V(G 2d) +O.

The proof of this theorem is an immediate consequence of Theorem 1 and Theorem 9
(stated in section 3).

Let IP be the linear space of polynomials with real coefficients, G be a non-de-
generate Hessenberg matrix and Mg its associated matrix of formal moments. If
p) = XLgaix’ and g(x) = Y72 bjx/ are two polynomials in P of degree n
and ny, respectively. Then, the bilinear form

ny ny

(P.q)g = (@0, + . an,. 0. - IMg(bo. -+ by, 0.~ =D "aimj jby:
i=0 j=0
(12)
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defines an inner producton P and || - |g = /(. -)g is the norm induced by (12) on IP
(c.f. Theorem 7).

Letd € Zy and ji; = (o, (1, - - -, aq) be a vector of d + 1 measures, we write
iy € My(R) if for each k (0 < k < d) the measure p is a non-negative finite Borel
measure with support Ay C R, P C Ly (ux), o is positive and Ag contains infinite
points. If d = 0o and ji, is a sequence of measures that satisfy the above conditions,
we write Lo, € Moo(R).

Ford e Z+ and jt; € My (R), we define on PP the Sobolev inner product

d d
(f &g =Y [ FPWePdu ) =Y (fQ, ¢, (13)
k=0 k=0

where f,g € P and f%® denote the kth derivative of f. The symbol | - [z, =
V(s )i, denotes the Sobolev norm associated with (13). Note that although d is
usually considered a non-negative integer (c.f. [12]), the case d = oo has sense on
P. If all the measures puy involved in (13) are positive, we say that the Sobolev inner
product is non-lacunary and lacunary in any other case.

Taking into account the nature of the support of the measures involved in (13), we
have the following three cases:

Continuous case. The measures (g, - - - , )ig are supported on infinite sub-
sets.
Discrete case. The support of the measure 1 is an infinite subset and
the measures i1, - - - , (g are supported on finite subsets.
Discrete-continuous case. The support of the measure 114 is an infinite subset and the
measures /Lo, - -+ , Ld—1 are supported on finite subsets.

The notion of Sobolev moment and several related topics were firstly introduced
in [3]. The (n, k)-moment associated with the inner product (13)is defined as s, x =
(x™, xk) iy (n, k = 0), provided the integral exists. In [3], it was proved that the infinite
matrix of moments S with entries s, k, (n, k > 0) is a Hankel-Sobolev matrix (c.f.
[3] and Sect.2.1 of this paper). Furthermore, if Q, is the sequence of orthonormal
polynomials with respect to (13) with leading coefficient ¢, > 0, then the infinite
matrix G, withentries g; ; = (xQ;, O ), is anon-degenerate Hessenberg matrix. In
this case, the sequence of orthonormal polynomials @, is the sequence of polynomials
generated by G, -

The following theorem gives a characterization of the non-degenerate Hessenberg
matrices whose sequence of generated polynomials is orthogonal with respect to a
Sobolev inner product as (13).

Theorem 3 (Favard type theorem for continuous case) Let G be a non-degenerate
Hessenberg matrix. Then, there exists d € Z., and Ly € Mq(R) such that (p, q)j .=

(P, q)g if and only if

1. G is a Hessenberg—Sobolev matrix of index d € Z..
2. Foreachk =0, 1,..., d; the Hankel matrix Hy_y defined by (5), is a positive
definite matrix of infinite order.
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The Favard type theorems for the cases discrete and the discrete-continuous are
Theorems 11 and 12, respectively. Some basic aspects about the classical moment
problem and the Sobolev moment problem are revisited in Sect. 2.1.

In Sect. 2, we proceed with the study of the properties of the matrix operator ® (-, ),
the Hankel-Sobolev matrices and the proof of Theorem 1. We revisit the Sobolev
moment problem in Sect. 2.1. The third section is devoted to study the properties of
the bilinear form (12) and the nexus between the operators ® (-, n) and W(-, ). In the
last section, we prove the extension of the Favard Theorem for Sobolev orthogonality
stated in Theorem 3.

2 Hankel-Sobolev Matrices

First of all, we need to prove that the notion of a Hankel-Sobolev matrix introduced
in (2) is well defined.

Proposition 2.1 Let M be a Hankel-Sobolev matrix, then the decomposition of M
established in (2) is unique.

Proof We first recall that for each k € Z., Dy is a diagonal matrix with positive
entries in the main diagonal. Furthermore, if (A is an infinite matrix and k € Z is
fixed, the matrix ((LI —* A ﬂk) is obtained adding to A the first k rows and columns
of zeros. e
Suppose there are two sequences of Hankel matrices, {H};o, and {7—(k }k , such

that -

M= i (ﬂ_k Dy Hy Dy ﬂk> and M= i (ﬂ_k D ﬂk D ﬂk) .
k=0 k=0

Therefore,
o0
—k _ K\ — 0.
;}(fu Dy (wk Wk)Z)kﬂ> o)

Hence, for each k € Z., fixed, the matrix (Hk — i\{k) is a Hankel matrix whose first
row has all its entries equal to zero, i.e. H = 7/:(/(, which completes the proof. O

Obviously, the matrix operator ® (-, ) defined in (3) is linear. Before proving
Theorem 1, we need to study some other properties of this operator and some auxiliary

results.

Proposition 2.2 (Recurrence) Let n € Z fixed and A € M, then

AN+ D) =UDA, ) — PA, U . (14)
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Proof

n
1
OA,n+ 1) =U A+ (Z(—N(" " )fuﬂ“—‘fﬂfu—@) + (—)rHAay!

(=1 t

n
_ g+l IRTY/ n n +1—¢ —¢
=U ?l+(;=]( 1) <<£_1>+<£))‘LI” AU )

+ (- Ay

n n+1
_ Z(_l)z (")wnﬂzﬂ,uz n Z(_l)z( n >(un+lléﬂ(u€
(=0 ¢ =1 t-1

n n

—u —1‘(")11"—‘;21%14 - —1‘f<")w"—‘ﬂw—‘ U
(;( (., §< (.,

=UDA, ) — PA, DU

]
The following proposition is an immediate consequence of Proposition 2.2 and (1).

Proposition 2.3 If for a matrix A € M, there exists n € Z.y. such that ®(A, n) = O,
then

(@) ®(A, m) =0 foralln = n.
(b) Forall c € R and n > 1, the matrix ¢ ®(A, n — 1) is a Hankel matrix.

Proposition 2.4 Assume that A € M is a symmetric matrix, then ® (A, n) is a sym-
metric (antisymmetric) matrix if and only if n is an even (odd) integer number.

Proof

n U
@A =Y (=1 (Z) (wrtau) =3 -1 (n ! K)ufmz@—n
=0 £=0

n n
_ =1 n—~¢ — _ (_1\n e n—e )
_g( 1) <g>fu AU = (=17 (1) (e)ﬂ AU

(=0
=(=D"®(A, n).

O

Theorem4 Let d € 7 and M be a Hankel-Sobolev matrix of index d, as in (2).
Denote

n
My = UDHDU, 0<y=<d.
k=0
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Then,

(a) ®(Mn, 2n+1) = 0.
(=n"

(b) 7'{71 = 2n)! Q(MT]’ 2n)

Before proving the previous theorem, we need the next two lemmas. The first one
is a version of the famous Euler’s finite difference theorem (c.f. [18, Sec. 6.1]).

Lemma 2.1 Let f(z) be a complex polynomial of degree n and leading coefficient
an € C. Then, forallv € 7.y

U ¢ = 0,if0<n<v,
;(—1) (z)f“) = {(_l)v Way ifn .

Lemma 2.2 Let A = |a; j] be an infinite symmetric matrix, whose (i, j) entry is a; ;.
Then, for all n, v € Z., the matrix ((LI" ;?I(Llf") is symmetric.

Proof Given a sequence of double indexes {a; ;} and two functions f, g on Z,, we
denote by A = [ay(;,¢(;)] the corresponding infinite matrix, whose (i, j) entry is
ay,g(j)- Therefore, as a; j = a;j; we get

U AU = [an+i,v+j] = [av+j,n+i] =U AU
= (W AU™) i j=1,2....
O
Proof of Theorem 4 Let 0 < k < d fixed and Ry = U XD H, Dy U*. Then, M, =

n n
ZRk and from linearity ®(M,, 27 + 1) = Z @ (Re, 2n + 1).
k=0 k=0

SR 20+ 1D =3 D7,

2n+1 <277 +1
=0

)wanKRkWK
! 2n+1

— Z(_1)5< ' )(uznﬁ*lﬁﬂkw(
£=0

2n+1
2 1
4 Z (_1)K< ’72‘ )(L[2?7+1—€Rkﬂ—l
=n+1

n

2 +1

=5 :(_1)@< ”; )‘LIZ”HKRIJLI(
£=0

2n+1 2+ 1
¢ nti-tg -t
+E_an+1( ) <2n+1_£) i
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n

20 + 1

= :(_1%( ”; )Wﬂ“—fﬂm—@
=0

- Xn:(—l)" (2" - 1) U RU !
¢
=0

n

2 1

= Z(_U@( '72' ) ((uznﬂ—fzﬂkw—e _ (L{‘ZR,{L{‘_Z"_1> .
£=0

15)

Clearly, Ry is a symmetric matrix. Therefore, from Lemma 2.2, (LIZ"’L]_[R/{LI -t
is a symmetric matrix too and

T
(L{217+1—5qu/{—2 — (7/[27)+1—£Rk7/1—€) — (L[ZRkwl—Zr]—l' (16)

Combining (15)—(16), we get (a) in Theorem 4.
From (a) and Proposition 2.2, it follows that

n—1
(M, 20) =B (Ry, 20) + Y O (Ri 21)

k=0
n—1 n—1
=Ry, 2n) +UY PR, 2n— 1) — Y OR, 2n — HU ™
k=0 k=0
=®(Ry. 2n) + UDPMy_1.2n = 1) = DM, 1,20 — DU

= ®(Ry, 2n).

2n 2n
2 2
O (R, 2) =) :(—1)4( e”)ful’"—fﬂ,]u—f =5 :(—1)‘<E”)fu’?—f@nwnﬂnw—f.
£=0 £=0

Let {my ;} be the sequence of real numbers such that my ; ;> is the (i, j)th entry
of the infinite Hankel matrix Hj, where i, j = 1, 2, ... In that case, we write H) =
[mk,i+j—2]- Thus,

+i=Do+j-D
(—Dr  (—nr M

i — 1\ (n+j—1
= ()2 [(”; )(” ; )mnmz]

@nﬂn@n = |:

and therefore

2n .
2 —14+(n—¢
Ry 2m =02 | | > (—D‘(Z”)(”“ i n ))
=0

@ Springer



Hessenberg—-Sobolev matrices and Favard... Page 110f19 40

(77+j—1—(77—ﬁ)>> :|
. Myt j—2

2n .
Z 2 2n+i—1—-12¢
UD) z:o( ) ¢ .

i —14+7¢
(’ n+ )) mn,iﬂ-_z]. (17)

2 i —1—0\[(j—1+¢
Clearly f(¢) = ( N+l > <J + ) is a polynomial of degree 27 in £
n n

1y
and leading coefficient ((T By Lemma 2.1, we deduce that
n!
21 2\ (20 4i—1—€\/j—1+¢ 2
Yo () )07, )= ()
n n n

£=0

Hence, from (17)—-(18) we get (R, 2n7) = (=" [my,ivj—21 = (=D Cm!H,
and (b). O

We will assume that A is an infinite symmetric matrix because this is obviously a
necessary condition for (2) to take place since the Hankel matrices Hj are symmetric.

Theorem 5 Let A be an infinite symmetric matrix, n € Z.4 (fixed) such that ® (A, 2n+
1) = O. Then,
®(Ay,2n—1) =0, (19)

(=7
@2n)!

Proof If A, = O, the theorem is obvious. Assume that A, # O, from Theorem 4, we

get ®(Ry, 2n) = %(b(ﬂ, 2n), i.e. ®(A,, 2n) = O. According to the recurrence

formula (14), we have U ® (A, 2n—1) = (A, 2n— 1)U~ which is equivalent to
stating that ® (A, 2n — 1) is a Hankel matrix and therefore it is a symmetric matrix.

On the other hand, A, is a symmetric matrix since itis the difference of two symmet-
ric matrices. Hence, from Proposition 2.4 we get that & (Aj;, 2n — 1) is antisymmetric
which establishes (19). O

where A, = A — Ry and R, = UTDy (A, 2D, U".

Proof of Theorem 1 From Theorem 4, a Hankel-Sobolev matrix of index d € Z.
satisfies the conditions (4) and each Hankel matrix #; holds (5), which establishes
the first implication of the theorem.

For the converse, assume that M is a symmetric infinite matrix and there exits

d € 7 such that the conditions (4) are satisfied. From Proposition 2.3, H; =
GD-®(M, 2d) # O is a Hankel matrix.

Denote My_; = My — Ry, where My = Mand Ry = U™ Dy Hy Dy U . From
(19) and Proposition 2.3, H;_| = E;{}—)_{Z)l!@(/\/ld,l , 2d — 2) is a Hankel matrix.
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Let My—x = May1—k—Ray1—kand Ry = (H*‘H+k1)d+1—dk2‘(d+1—ki)d+1—k
Ik, Repeating the previous argument, we getthat Hy_; = % Dd(My_i, 2d—
2k) is a Hankel matrix fork =2, ..., d.

By construction, it is clear that

d d
M= Z‘Rd—k = Z(L’kidﬂd—k(}'{d—k@d—k(adih
k=0 k=0

i.e. M is a Hankel-Sobolev matrix and the proof is complete. O

2.1 The Sobolev Moment Problem

Let u be a finite positive Borel measure supported on the real line and L, (1) be the
usual Hilbert space of square integrable functions with respect to p with the inner
product

(f. 8= /Rf(X)g(X)dM(x), forall f, g € La(u). (20)

The nth moment associated with the inner product (20) (or the measure ) is defined
as m, = (x", 1), (n > 0), provided the integral exists. The Hankel matrix H [m,] is
called the matrix of moments associated with p.

The classical moment problem consists in solving the following question: given an
arbitrary sequence of real numbers {m,},>0 (or equivalently the associated Hankel
matrix H [m,]) andaclosed subset A C IR, find a positive Borel measure u supported
on A, whose nth moment is m,,, i.e.

m, = / x"du(x), foralln > 0.
A

It is said that the moment problem (H; A) is definite, if it has at least one solution
and determinate if the solution is unique. There are three named classical moment
problems: the Hamburger moment problem when the support of 1 is on the whole real
line, the Stieltjes moment problem if A = [0, 00), and the Hausdorff moment problem
for a bounded interval A (without loss of generality, A = [0, 1]).

As H. J. Landau write in the introduction of [11, p.1]: “The moment problem is a
classical question in analysis, remarkable not only for its own elegance, but also for
the extraordinary range of subjects, theoretical and applied, which it has illuminated” .
For more details on the classical moment problem, the reader is referred to [2, 8, 11,
20, 21] and for historical aspects to [10] or [8, Sec. 2.4].

Without restriction of generality, we now turn our attention to the Hamburger
moment problem referring to the following lemma as a necessary and sufficient con-
dition for the problem of moments to be defined and determined.

Lemma 2.3 ([21, Th. 1.2]) Let {m,}°, be a sequence of real numbers and denote by
H = H [m,,] the associated Hankel matrix. Then,
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1. The Hamburger moment problem (H; R) has a solution, whose support is not
reducible to a finite set of points, if and only if H is a matrix positive definite of
infinite order (i.e. det([H],) > O foralln > 1).

2. The Hamburger moment problem (H; R) has a solution, whose support consists
of precisely k distinct points, if and only if H is a matrix positive definite of order
k (ie. det([H],) > O forall 1 < n <k, and det([H],) = O for all n > k). The
moment problem is determined in this case.

The analogous results for the moment problem of Stieltjes (; R) or the moment
problem of Hausdorff (#; [0, 1]) are [21, Th. 1.3] and [21, Th. 1.5], respectively.
Other equivalent formulations of these results can be seen in [15, Ch. 1, Sec. 7] or [21,
Sec. 3.2].

The (n, k)-moment associated with the inner product (13) is defined as m, ; =
(x™, xk) i (n, k > 0), provided the integral exists. In the sequel, the values (x™, xk) i
are called S-moments. Here, instead of a sequence of moments, we have the infinite
matrix of moments M with entries m, y = (x", xk)ﬁ, (n, k> 0).

Now, the Sobolev moment problem (or Smoment problem) consists of solving
the following question: given an infinite matrix M = (m;, j)j?j.zo and d 4+ 1 subsets
Ay C R (0 <k <d), find a set of d + 1 measures {ug, 11, ..., wq}, where g # 0
and supp (ux) C Ay, suchthatm; ; = (xi, xj),; fori, j =0, 1, ... Asinthe standard
case, the problem is considered definite if it has at least one solution, and determinate if
this solution is unique. There are three conventional cases of SSmoment problems: the

Hamburger Smoment problem when Ay = --- = Ay = R; the Stieltjes Smoment
problem if Ay = --- = Ay = [0, 00), and the Hausdorff Smoment problem for
Ag = -+ = Ag = [0, 1]. Nonetheless, other combinations of the sets Ay C R

(0 < k < d) are possible too. An equivalent formulation of the Sobolev moment
problem is made for the special case d = oo.

The following result was proved in [3, Th. 1]. In virtue of Theorem 1, we can now
reformulate it in the following equivalent form.

Theorem 6 Given an infinite symmetric matrix M = (m;, j)io,.}:O and d + 1 subset
Ay CR (0 <k <d € Z), the Smoment problem is definite (or determinate) if
and only if ®(M,2d +1) = O, (M, 2d) # O and for eachk = 0, 1,...,d the
Hankel matrix Hy, (defined in (5)) is such that the classical moment problem (Hy; Ay)
is definite (or determinate).

Although [3] is devoted to the study of the case in which 4 is finite and the measures
involved are supported on subset of the real line, there are no difficulties in extending
these results when d = oo or if the measures are supported on the unit circle, as
confirmed by the authors of [13, 14]. The S moments problem for discrete Sobolev-
type inner products was studied in [22].

3 Hessenberg-Sobolev Matrices

From the definition of the matrix of formal moments Min (11), we have two immediate
consequences.
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Proposition 3.1 Let G be a non-degenerate Hessenberg matrix and Mg be its associ-
ated matrix of formal moments. Then, Mg is a symmetric and positive definite infinite
matrix.

T
Proof Obviously, ML = (T -1 T_T) =7l T= Mg. Moreover, foralln > 1,

det (IMgli) = det ([7'],;1) det ([T],;T) =10 T T > O,

where 7; ; is the (i, i)-entry of g1, O

The following theorem clarifies the relation between the sequence of polynomials
generated by G and the matrix of formal moments.

Theorem 7 Let G be a non-degenerate Hessenberg matrix and Mg = (m,‘,j) be its
associated matrix of formal moments.

1. If p(x) = Z;io aix" and g (x) = Z’;z:o bjxj are two polynomials in P of degree
ny and no, respectively. Then, the bilinear form (12) defines an inner product on
Pand]| - llg = /(' ‘)g is the norm induced by (12) on P.

2. Letm; ; be the (i, j)th entry of Mg, as in (11), then m; ; = (x', xj)g.

3. {Qn}, the sequence of polynomials generated by G, is the sequence of orthonormal
polynomials with respect to the inner product (12).

4. gjx = (xQj, Ox)g, where g;  is the (], k)-entry of the matrix G given in (6),
with j >0and0 <k < j+ 1.

Proof From Proposition 3.1, the statement 1) is straightforward. The assertion 2)
follows from (12).

Let &; be the infinite column-vector whose i-entry is §; ;, where i, j € Z.. Denote
by Qn(x) = Y7ty x" the nth polynomial generated by G, as in (9). Then, for
j=0,...,n

(On, x7)g =(tn0, -+ s tan, 0, ) Mg Ej = E T MgE; = ET T 1 T7TE;

T T T .
ZSnT 8]‘ = Tu,n 8n 8j = Tu,n 8,,,]4,
where 1, , # 0. Furthermore,

(an Qn)Q :(tn,O, R tn,n’ 0, o ) Mg (tn,O» ) tn,nv 01 o ')T
=S TMgT & =TT ' 7 TTTE, =1.

Hence, Q,, is the nth orthonormal polynomial with respect to (12). The fourth assertion
is straightforward from (8) and the orthogonality. O

Remark 3.1 From (8)—(9), we have that the leading coefficient of Q,, is

k=0

n—1 -1
tnn = 10,0 (H gk,k+1) #0; forall n>1.
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Therefore, the corresponding nth-monic polynomial orthogonal with respect to (-, -)g
is gn = Ta,n Qn and || gnllg = Ta,n = 1,5 as in (10).

Theorem 8 The matrices G and Mg are closely related by the expression

G=TUMGT". (21)

n
Proof From (9) Q,(x) = Z tn’,'xi, therefore

i=0
kL k¢
e =(x0k Qg =D D tite; (xxl)g =" "nitejmis1;
i=0 j=0 i=0 j=0
which is the (k, £) entry of matrix 7~ ‘LIMgTT and (21) is proved. O

Theorem9 Let G € M be a non-degenerate Hessenberg matrix, Mg € M be its
matrix of formal moments associated and n € Z.y fixed. Then

WG, ) = (=1)"T (Mg, )T

Proof From (11) and (21), we get that G = 7TUT ~'. Therefore, for each k € Z we
obtain
G =7UT" and G =7 TUFTT. (22)

Now, from (3), (7), (11) and (22) it follows that
U
G =y (- (Z) G g T = Z( 1)k( )7‘71" Mg U177
k=0
U
=7 [ (=D" ) (-1 (n) U Mgu* |77
(o et (e e

4 Favard Type Theorems

One of the main problems in the general theory of orthogonal polynomials is to char-
acterize the non-degenerate Hessenberg matrices, for which there exists a non-discrete
positive measure p supported on the real line such that the inner product (12) can be
represented as

(P.9)¢ = (P9 1=qudu. (23)

The aforementioned characterization is the well-known Favard Theorem (c.f. [7] or
[1] for an overview of this theorem and its extensions), that we revisit according to
the view-point of this paper.
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Theorem 10 (Favard theorem) Let G be a non-degenerate Hessenberg matrix and
(-, -)g be the inner product on P defined by (12). Then, there exists a non-discrete
positive measure |1 such that {p,q)g = (p,q)u for all p,q € P if and only if
v(@G, 1) =0.

Proof Assume that there exists a non-discrete positive measure y such that (p, g)g =
(p,q)yu for all p,q € P, where G is a non-degenerate Hessenberg matrix. From
the orthogonality of the generated polynomials Q, (Theorem 7) and the fact that
the operator of multiplication by the variable is symmetric with respect to (-, -),.
((xp,q)u = (p,xq) ), itis clear that G is a symmetric tridiagonal matrix, which is
equivalent to ¥ (G, 1) = O.

On the other hand, if G is a non-degenerate Hessenberg matrix such that ¥ (G, 1) =
O, we get that G a symmetric Hessenberg matrix or equivalently a non-degenerate
tridiagonal matrix. From Theorem 9,

0=dMg. 1) =UMg — MgU™",

i.e. Mg is a Hankel matrix, which from Proposition 3.1 is positive definite. From
Lemma 2.3, the proof is complete. O

Obviously, under the assumptions of Theorems 7 and 10, the sequence {Q,} of
polynomials generated by G is the sequence of orthogonal polynomials with respect
to the measure u (i.e. with respect to the inner product (23)).

Example 4.1 The sequence of polynomials {1, x, X2, x" . .} is generated by the
non-degenerated Hessenberg matrix

010...
001...
G=1000...1|:

hence from Theorem 7, the sequence is orthonormal with respect to the inner product
(12). As G is a non-symmetric matrix, ¥ (G, 1) # O. Then, from Theorem 10 there
does not exist a non-discrete positive measure (i, such that (p, g)g = (p, g, for all
p,q €P.

Proof of Theorem 3 Let p(x) = Y a;x' and q(x) = 2?2:0 bjx/ be polynomials
in IP of degree n and n;, respectively. Then, from the Sobolev inner product (13) we
have the representation

nyp np

(P @jiy = (@0, @, 0, )S(bo, -+ by 0, )T =" "ajsi jbj, (24)
i=0 j=0

where S = (s;, /)% _ With s; j = (x', x7),, is a Hankel-Sobolev matrix of index d.
If G is a Hessenberg—Sobolev matrix of index d € Z., from (12) and (24), to prove
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that (p, q)i, = (P, q)g is equivalent to prove that S = Mg, where Mg is the matrix
of formal moments associated with G.

Let G be a non-degenerate Hessenberg matrix. Assume that there exists d € Z
and Ly = (Lo, A1, - - - Ha) € My (R) (continuous case), such that S = Mg. From
Theorem 6, S is a Hankel-Sobolev matrix. Therefore, combining Theorem 1 and
Theorem 9, we get that W (G, 2d + 1) = O and W (G, 2d) # O. Furthermore, each
matrix Hy defined by (5), is the moment matrix of the measure uy, which is a non-
negative finite Borel measure whose support is an infinite subset. Hence, from Lemma
2.3 we have that H} s a positive definite matrix of infinite order.

Reciprocally, let G be a non-degenerate Hessenberg matrix satisfying 1 and 2. From
Theorems 2 and 9, we conclude that Mg, the matrix of formal moments associated
with G, is a Hankel-Sobolev matrix of index d, i.e. there exist Hankel matrices Hy,
k=0,1,...,d,such that

Mg = Zd: ((Llfk Dy Hi Dy (le> .
k=0

From Theorem 6 and Lemma 2.3, the Smoment problem for Mg is defined. Let
d—k be a solution of the problem of moments with respect to Hy_; for each k =
0, 1,...,d.If (p, q), is as in (13), from Proposition 2.1 we get S = Mg. O

The following result may be proved in much the same way as Theorem 3, using
the appropriate assertions of Lemma 2.3 for the case of measures supported on finite
subsets.

Theorem 11 (Favard type theorem for discrete case) Let G be a non-degenerate
Hessenberg matrix. Then, there exists d € Zy and jpy; € Mg(R) such that

(P @i, = (P> q)g if and only if

1. G is a Hessenberg—Sobolev matrix of index d € Z..

2. The Hankel matrix Hy defined by (5) is a positive definite matrix of infinite order
and for eachk =0, 1, ..., d — 1; the matrix Hy_y is a positive definite matrix
of order my € 7.

The previous theorem is a refinement of [7, Lemma 3].

Theorem 12 (Favard type theorem for discrete-continuous case) Let G be a non-
degenerate Hessenberg matrix. Then, there exists d € Zy and Ly € My(R) such that

(P. @i, = (P> q)g if and only if

1. G is a Hessenberg—Sobolev matrix of index d € Z..

2. The Hankel matrix Hy defined by (5), is a positive definite matrix of infinite order
and for each k = 1, 2..., d; the matrix Hy_y is a positive definite matrix of
order my € 2.
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