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Abstract
In this work, we look at the extension of classical discrete dynamical system to mul-
tidimensional discrete-time dynamical system by characterizing chaos notions on
Z
d -action. The Z

d -action on a space X has been defined in a very general man-
ner, and therefore we introduce a Zd -action on X which is induced by a continuous
map, f : Z × X → X and denotes it as T f : Zd × X → X . Basically, we wish
to relate the behavior of origin discrete dynamical systems (X , f ) and its induced
multidimensional discrete-time (X , T f ). The chaotic behaviors that we emphasized
are the transitivity and dense periodicity property. Analogues to these chaos notions,
we consider k-type transitivity and k-type dense periodicity property in the multidi-
mensional discrete-time dynamical system. In the process, we obtain some conditions
on (X , T f ) under which the chaotic behavior of (X , T f ) is inherited from the original
dynamical system (X , f ). The conditions varies whenever f is open, totally transitive
or mixing. Some examples are given to illustrate these conditions.
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1 Introduction

A Z
d -action on a topological space X is also known as a multidimensional discrete-

time dynamical system. The goal of this study on the dynamics of Zd -action is similar
to the study on the classical theory of discrete dynamical system (Z-action, N-action)
which is to understand the nature of orbits in large iterations. It is necessary to
understand the chaotic properties within the multidimensional discrete-time dynam-
ical system, as for classical discrete dynamical system. However, the study on chaos
theory in multidimensional case is far from complete and more chaos terms needed to
be clearly defined in analogue to the classical chaos theory.

The existence of k-type chaos notion was firstly started by Oprocha who studied
about chain recurrences in multidimensional discrete-time dynamical systems [5]. In
order to work in Zd -action case, Oprocha had created a special inequality which will
divide all limit points into 2d different limit sets. They are called as k-type limit sets,
where k is said to be a number of the appropriate d-dimensional quarter. The ideas
of k-type limit sets had given Shah and Das to introduce some other kinds of chaos
notions.

In multidimensional chaos theory, Shah and Das introduced k-type Devaney chaos,
k-type periodic points, k-type transitive, k-type sensitive dependence on initial condi-
tion, k-type mixing and many more [7–9]. The definitions are mostly analogue to the
chaos notions (Devaney chaos, periodic points, transitivity etc.) which are considered
in the classical dynamical system.We had known clearly that the sensitive dependence
on initial condition is redundant to describe the Devaney chaos of a system of infinite
metric space [1]. Then, the same goes to Zd -action on infinite metric space, Shah and
Das has proved that k-type sensitive dependence on initial condition is also redundant
for k-type Devaney chaos [8].

In another perspective, Shah and Das showed that conjugacy preserves k-type
exact, k-type weak mixing and k-type Devaney chaos [8]. In addition, they found
that the uniform conjugacy of Zd -actions preserves k-type densely chaos and k-type
Auslander-Yorke chaos. In [9], they also proved that k-type collective sensitivity and
k-type collective Auslander-Yorke chaotic are preserved under uniform conjugacy.

Besides, Shah and Das [7] explored the relationship between Zd -action on a space
X with its induced action on hyperspace K (X) which is also known as a collection
of compact subsets of X . It was found that there exist relationships between the two
actions in terms of dense set of periodic points, dense set of k-type recurrent points,
k-type transitive, k-type sensitive dependence on initial condition, k-type mixing and
k-type weak mixing.

Note that Z and Z
d are the topological groups, and therefore there is a study on

general action called a group action. The group action is defined in a similar way as
Z
d -action but topological group G is used instead of Zd . Barzanouni et al. [2] showed

that for an action of group, if it is expansive then the action of its syndetic subgroup is
also expansive. Besides, they also proved that conjugacy between two group actions
preserve the expansive property.

In Z
d -action case, Shah had defined the concept of generator and studied on the

expansive property of Zd -action [6]. The study proved a Zd -action is expansive if and
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only if it has a generator. Futher, the study had also prove several properties of an
expansive Zd -action such as the characteristic of its expansive constants.

There is also an interest to Z
d -action on product of two spaces. Shah and Das [8]

found equivalent relation between Zd -action on product space with Zd -action on each
space with k-type sensitive dependence on initial condition, k-type mixing and k-type
transitive.

In a more particular view, Kim and Lee focused on Z
2-action and introduced the

notions of k-type limit sets and k-type nonwandering sets. They found that k-type
nonwandering points of aZ2-action can be decomposed into a disjoint union of closed
and T -invariant sets such that each of the sets is topologically k-type transitive if T is
expansive and has shadowing property [4].

TheZd -action on a space X induced by a continuous map was introduced in [3] and
we verified a relation of dynamics ofZd -action and transitive shift map. In 1-step shifts
of finite type over two symbols, we proved that theZd -action induced by the shift map
is k-type transitive for all k ∈ {1, 2, ..., 2d} whenever the shift map is topologically
transitive or satisfies some sufficient conditions.

2 Preliminary Definitions

In this section, we discuss some definitions which will be used in this article. Let
(X , f ) be a discrete dynamical system with a continuous map f on X into itself and
the space X that we consider is always a metric space.

A Z
d -action on a space X is a continuous map T : Zd × X → X such that

(i) T (0, x) = x , for all x ∈ X ,
(ii) T (n, T (m, x)) = T (n + m, x), for all n,m ∈ Z

d and for all x ∈ X .

For a Z
d -action, T : Zd × X → X , the map T n : X → X is defined by T n(x) =

T (n, x) for all n ∈ Z
d and x ∈ X . Note that the map T n is a homeomorphism on X

[7].
In classical topological dynamics study of (X , f ), we have that f : X → X is

topologically transitive if for every pair of open sets U and V of X , there exists an
integer n > 0 such that f n(U )∩V �= ∅. To define a correlated topologically transitive
(and some other chaos notions) in multidimensional case, we have to specify an order

in Z
d . We let k ∈ {1, 2, 3, ..., 2d } and k′ ∈ {0, 1}d such that k = 1 +

d∑

i=1
k′
i2

i−1.

Let x = (x1, x2, ..., xd) ∈ Z
d and y = (y1, y2, ..., yd) ∈ Z

d . We say that x >k y if
(−1)k

′
i xi > (−1)k

′
i yi for i ∈ {1, 2, ..., d} [5]. Then, a Zd -action T : Zd × X → X is

said to be k-type transitive if for every open set U and V of X , there exists n >k 0
such that T n(U ) ∩ V �= ∅ where n ∈ Z

d [7].
For a map f : X → X , a point x is said to be periodic point of f (with period n) if

there exists an integer n > 0 such that f n(x) = x . Analogously, in multidimensional
case,a point x ∈ X is called a k-type periodic point if there is an n >k 0 satisfying
T n(x) = x where n ∈ Z

d [7].
On an infinite metric space, a continuous map on it is said to be Devaney chaotic if

it is transitive and has dense periodic points [1]. In multidimensional case, aZd -action
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is said to be k-type Devaney chaotic if it is k-type transitive and has dense k-type
periodic points [8].

The dynamical system (X , f ) is said to be totally transitive if for every n ∈ N and
every pair of open setsU and V of X , there exists k ∈ N such that ( f n)k(U )∩V �= ∅.
The dynamical system (X , f ) is said to be topologically mixing if for any pair of
nonempty open sets U and V , there exists an N > 0 such that f n(U ) ∩ V �= ∅ for
all n > N . Note that a map which is totally transitive or topologically mixing is also
topologically transitive.

This work is started by specifying Z
d -action on a space X which is induced by a

continuous map f on X into itself. This newZ
d -action is a generalization of examples

ofZd -actions considered by Shah andDas [8] and others. The examples ofZd -action is
definedwith respect to a continuousmap and another function r ′(n) = n1+n2+...+nd
for n = (n1, n2, ..., nd). By generalising r ′ to r(n) = h1n1 + h2n2 + ... + hdnd for
some integers hi , we then define a general formofZd -action inDefinition 1. Therefore,
it is worth to investigate the behavior of the Zd -action in dynamical sense.

Definition 1 Let f : X → X be a continuous map. T f : Zd × X → X is a map
induced by f and is defined by

T n
f (x) = T f (n, x) = f r(n)(x) (1)

for n = (n1, n2, ..., nd) ∈ Z
d , x ∈ X and r : Z

d → Z is a map of the form
r(n) = h1n1 + h2n2 + ... + hdnd where hi ∈ Z for every i ∈ {1, 2, ..., d}.
Remark 1 r : Zd → Z is a homomorphism if and only if r(n) = h1n1 + h2n2 + ... +
hdnd for some integers hi ∈ Z where i ∈ {1, 2, ..., d}.
Lemma 1 The map, T f which is induced by continuous f : X → X and a homomor-
phism r : Zd → Z is a Zd-action.

Proof Suppose that r : Z
d → Z is a homomorphism. Therefore, r is given by

r((n1, n2, ..., nd)) = h1n1+h2n2+...+hdnd for some hi ∈ Zwhere i ∈ {1, 2, ..., d}.
Then,

T f ((01, 02, ..., 0d), x) = f r((01,02,...,0d ))(x) = f 0(x) = x . (2)

Let n = (n1, n2, ..., nd),m = (m1,m2, ...,md) ∈ Z
d . Then, T f (n,

T f (m, x)) = T f (n, f r(m)(x)) = f r((n1,n2,...,nd ))( f r((m1,m2,...,md ))(x))
= f r((n1,n2,...,nd ))+r((m1,m2,...,md ))(x) = f r((n1+m1,n2+m2,...,nd+md ))(x)
= T f ((n1 + m1, n2 + m2, ..., nd + md), x) = T f (n + m, x). Therefore, T f is a
Z
d -action. �	
Here are some examples of the Z

d -action, T f which is induced by a continuous
map f on X .

Example 1 Shah and Das gave an example of map T : Z2 × S1 → S1 defined by
T ((n1, n2), θ) = 2n1+n2θ [8]. This map is a Z2-action induced by the doubling map
g : S1 → S1 on the unit circle S1 with r((n1, n2)) = n1 + n2. Therefore, T = Tg . It
has been shown that T is k-type transitive for k ∈ {1, 2, 3} but not 4-type transitive.
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Kim and Lee also considered this example and shown that Per(T ) �= Lk(T ) for
k ∈ {1, 2, 3, 4} where Per(T ) is the set of all periodic points and Lk(T ) is k-type
limit set of T [4].

Example 2 Define a map f : [0, 1] → [0, 1] by f (x) = x − 1
10 sin 2πx . Kim and Lee

considered aZ2-action T : Z2×[0, 1] → [0, 1]which be defined by T f ((n1, n2), x) =
f n1+n2(x) [4]. Then, T = T f is a Z2-action induced by the map f on the unit interval
[0, 1] with r((n1, n2)) = n1 + n2. It has been shown that Lk(T ) �= Ωk(T ) for
k ∈ {1, 2, 3, 4} where Ωk(T ) is the set of k-type nonwandering points of T .

Example 3 Let A = {0, 1} and AZ
2
be the set of all sequences s = {si }i∈N where

si is either 0 or 1. Equipped with this space is a map called the shift map, σ which
shifts each sequences s = s0s1s2 . . ., one step to the left, i.e., σ(s) = s1s2s3 . . .. Shah
and Das defined the Z

2-action, Σ on AZ
2
as follows: (Σ(n1,n2)(x)) = xn1+n2 [8].

Therefore, the Z2-action,Σ is induced by the shift map σ with r((n1, n2)) = n1 +n2.
It has been shown that (AZ

2
,Σ) is 1, 2, 3, 4-type Devaney chaotic.

It is natural to ask the relation between chaotic behavior of the dynamical system
of (X , f ) and (X , T f ). Therefore, we explore the relationship between the dynamics
of these dynamical systems.

3 Transitivity and k-type Transitivity

According to Shah and Das, the Z2-action which induced by the doubling map on the
unit circle S1, Tg as in Example 1 is k-type transitive for k ∈ {1, 2, 3} but not 4-type
transitive [8]. Since the doubling map is transitive, it then shows that the transitivity
of f on X does not guarantee that T f is k-type transitive for all k ∈ {1, 2, ..., 2d}.
Therefore, in this section, we derive some conditions on homomorphism r so that f
passes this chaos notion to T f .

Theorem 1 Let f : X → X be a transitive continuous map and T f : Zd × X → X
be a Zd-action on X induced by f . Suppose k ∈ {1, 2, ..., 2d}. If there exists m >k 0
such that r(m) = 1, then T f is k-type transitive.

Proof Suppose that f is transitive. Suppose that m >k 0 such that r(m) = 1 where
k ∈ {1, 2, ..., 2d}. Then, r(m) = h1m1 + h2m2 + ... + hdmd = 1 where hi ∈ Z

for all i ∈ {1, 2, ..., d} and m = (m1,m2, ...,md) ∈ Z
d . Then, for all n ∈ N,

n = n(1) = n(h1m1 + h2m2 + ... + hdmd) = h1(nm1) + h2(nm2) + ... + hd(nmd).
LetU and V be nonempty open sets of X . Since f is transitive, then there exists l > 0
such that f l(U ) ∩ V �= ∅. Since l > 0, then l = h1(lm1) + h2(lm2) + ... + hd(lmd).
Choose s = (lm1, lm2, ..., lmd). Since (m1,m2, ...,md) >k 0, then s >k 0. Then,
T s
f (U )∩V = f r(s)(U )∩V = f h1(lm1)+h2(lm2)+...+hd (lmd )(U )∩V = f l(U )∩V �= ∅.

Therefore, T f is k-type transitive. �	
To illustrate this result, let us consider Z

2-actions on X which is induced by
f and with four different cases of homomorphism r((n1, n2)) = an1 + bn2, i.e.,
r1((n1, n2)) = n1 + n2, r2((n1, n2)) = n1 − n2, r3((n1, n2)) = −2n1 + n2 and
r4((n1, n2)) = −5n1 − 3n2. The examples are explained in the following.
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Example 4 Let f : X → X be a continuous map and T f : Z2 × X → X is defined by
T n
f (x) = T f (n, x) = f n1+n2(x). If f is transitive, then T f is 2, 3-type transitive but

not necessarily 4-type transitive.

Proof If k = 2, then we have (−1, 2) >2 0 such that (−1) + 2 = 1. By Theorem
1, T f is 2-type transitive whenever f is transitive. If k = 3, we have (2,−1) >3 0
such that 2 + (−1) = 1. Similarly, T f is 3-type transitive whenever f is transitive.
For k = 4, consider the doubling map, g on the unit circle S1 as counterexample. By
taking the doubling map g as g(θ) = 2θ , then the Z2-action induced by g is given by
Tg((n1, n2), θ) = 2n1+n2θ whenever r(n) = n1+n2. Let α ∈ S1 such that 0 ≤ α ≤ π

2
(in radian) and (m1,m2) >4 0. Then, m1 + m2 < 0. Then, Tg((m1,m2), α) =
2m1+m2α = 2 jα such that j < 0. Then, Tg((m1,m2), α) = 1

2− j α ∈ [0, π
2 ]. Thus, for

any arc U and V in the first and third quadrant, respectively, Tm
g (U ) ∩ V = ∅ for all

m = (m1,m2) >4 0. Therefore, Tg is not 4-type transitive. �	
Note that the occurrence of 1-type transitivity property is unknown.

Example 5 Let f : X → X be a continuous map and T f : Z2 × X → X is defined by
T n
f (x) = T f (n, x) = f n1−n2(x). If f is transitive, then T f is 1, 4-type transitive but

not necessarily 2-type transitive.

Proof If k = 1, then we have (2, 1) >1 0 such that 2 − 1 = 1. By Theorem 1, T f

is 1-type transitive whenever f is transitive. If k = 4, we have (−1,−2) >4 0 such
that (−1) − (−2) = 1. Similarly, T f is 4-type transitive whenever f is transitive.
For k = 2, consider the doubling map, g on the unit circle S1 as counterexample. By
taking the doubling map g as g(θ) = 2θ , then the Z2-action induced by g is given by
Tg((n1, n2), θ) = 2n1−n2θ whenever r(n) = n1−n2. Let α ∈ S1 such that 0 ≤ α ≤ π

2
(in radian) and (m1,m2) >2 0. Then, m1 − m2 < 0. Then, Tg((m1,m2), α) =
2m1−m2α = 2 jα such that j < 0. Then, Tg((m1,m2), α) = 1

2− j α ∈ [0, π
2 ]. Thus, for

any arc U and V in the first and third quadrant respectively, Tm
g (U ) ∩ V = ∅ for all

m = (m1,m2) >2 0. Therefore, Tg is not 2-type transitive. �	
Note that the occurrence of 3-type transitivity property is unknown.

Example 6 Let f : X → X be a continuous map and T f : Z2 × X → X is defined by
T n
f (x) = T f (n, x) = f −2n1+n2(x). If f is transitive, then T f is 1, 4-type transitive

but not necessarily 3-type transitive.

Proof If k = 1, we have (1, 3) >1 0 such that −2(1) + 3 = 1. By Theorem 1, T f

is 1-type transitive whenever f is transitive. If k = 4, we have (−1,−1) >4 0 such
that −2(−1) + (−1) = 1. Similarly, T f is 4-type transitive whenever f is transitive.
For k = 3, consider the doubling map, g on the unit circle S1 as counterexample.
By taking the doubling map g as g(θ) = 2θ , then the Z

2-action induced by g is
given by Tg((n1, n2), θ) = 2−2n1+n2θ whenever r(n) = −2n1 + n2. Let α ∈ S1

such that 0 ≤ α ≤ π
2 (in radian) and (m1,m2) >3 0. Then, −2m1 + m2 < 0. Then,

Tg((m1,m2), α) = 2−2m1+m2α = 2 jα such that j < 0. Then, Tg((m1,m2), α) =
1

2− j α ∈ [0, π
2 ]. Thus, for any arc U and V in the first and third quadrant respectively,

Tm
g (U ) ∩ V = ∅ for allm = (m1,m2) >3 0. Therefore, Tg is not 3-type transitive. �	
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Note that the occurrence of 2-type transitivity property is unknown.

Example 7 Let f : X → X be a continuous map and T f : Z2 × X → X is defined by
T n
f (x) = T f (n, x) = f −5n1−3n2(x). If f is transitive, then T f is 2, 3-type transitive

but not necessarily 1-type transitive.

Proof If k = 2, we have (−2, 3) >2 0 such that −5(−2) − 3(3) = 1. By Theorem 1,
T f is 2-type transitive whenever f is transitive. If k = 3, we have (4,−7) >3 0 such
that −5(4) − 3(−7) = 1. Similarly, T f is 3-type transitive whenever f is transitive.
For k = 1, consider the doubling map, g on the unit circle S1 as counterexample. By
taking the doubling map g as g(θ) = 2θ , then the Z

2-action induced by g is given
by Tg((n1, n2), θ) = 2−5n1−3n2θ whenever r(n) = −5n1 − 3n2. Let α ∈ S1 such
that 0 ≤ α ≤ π

2 (in radian) and (m1,m2) >1 0. Then, −5m1 − 3m2 < 0. Then,
Tg((m1,m2), α) = 2−5m1−3m2α = 2 jα such that j < 0. Then, Tg((m1,m2), α) =
1

2− j α ∈ [0, π
2 ]. Thus, for any arc U and V in the first and third quadrant respectively,

Tm
g (U ) ∩ V = ∅ for allm = (m1,m2) >1 0. Therefore, Tg is not 1-type transitive. �	
Note that the occurrence of 4-type transitivity property is unknown. Gaps in the

above examples are going to be clarified by using the next results. We obtain a sharper
result for an open map and the condition found earlier is adjusted so that T f is k-type
transitive (for all k) whenever f is transitive.

Theorem 2 Let f : X → X be a transitive continuous open map and T f : Zd × X →
X be a Zd-action on X induced by f . Suppose k ∈ {1, 2, ..., 2d}. If there exists m ∈ N

such that for all integers s ≥ m, there exists n′ >k 0 such that r(n′) = s for n′ ∈ Z
d ,

then T f is k-type transitive.

Proof Let m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d and k ∈ {1, 2, ..., 2d}. Let U and V be nonempty open
sets of X . Since f is transitive, then there exists l > 0 such that f l(U ) ∩ V �= ∅.
Consider two cases. The first case is if l ≥ m. Then, there exists nl >k 0 such that
r(nl) = l where nl ∈ Z

d . By taking nl , we will have T
nl
f (U )∩V = T f (nl ,U )∩V =

f r(nl )(U ) ∩ V = f l(U ) ∩ V �= ∅. While the second case is if l < m. Since f is an
open map, then f l(U ) is an open set. Since f is transitive, then there exists t ∈ N

such that f l+t (U ) ∩ V �= ∅. Then, we will eventually find f p(U ) ∩ V �= ∅ where
p ≥ m and p ≥ l + t . So, it will also be in the first case. By these two cases, we have
completed the proof. �	

This result is then being used to fill up the gaps in the previous examples. To
illustrate this, we consider similar examples of r1, r2, r3 and r4 in Examples 4-7.

Example 8 Let f : X → X be a continuous and open map. Let T f : Z2 × X → X be
defined by T n

f (x) = T f (n, x) = f n1+n2(x). If f is transitive, then T f is 1, 2, 3-type
transitive but not necessarily 4-type transitive.

Proof By Example 4, T f is 2, 3-type transitive but not necessarily 4-type transitive.
For k = 1, there is no (n1, n2) >1 0 such that n1 + n2 = 1. However, for all l ≥ 2,
we have (l − 1, 1) >1 0 such that (l − 1) + 1 = l. By Theorem 2, if f is a continuous
and open map, then T f is 1-type transitive whenever f is transitive. �	
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Example 9 Let f : X → X be a continuous and open map. Let T f : Z2 × X → X be
defined by T n

f (x) = T f (n, x) = f n1−n2(x). If f is transitive, then T f is 1, 3, 4-type
transitive but not necessarily 2-type transitive.

Proof By Example 5, T f is 1, 4-type transitive but not necessarily 2-type transitive.
For k = 3, there is no (n1, n2) >3 0 such that n1 −n2 = 1. However, for all l ≥ 2, we
have (1,−(l−1)) >3 0 such that 1−(−(l−1)) = 1−(−l+1) = l. By Theorem 2, if
f is a continuous and open map, then T f is 3-type transitive whenever f is transitive.
�	
Example 10 Let f : X → X be a continuous and open map. Let T f : Z2 × X → X be
defined by T n

f (x) = T f (n, x) = f −2n1+n2(x). If f is transitive, then T f is 1, 2, 4-type
transitive but not necessarily 3-type transitive.

Proof By Example 6, T f is 1, 4-type transitive but not necessarily 3-type transitive.
For k = 2, there is no (n1, n2) >2 0 such that −2n1 + n2 = 1. However, for all l ≥ 3,
we have (−1, l − 2) >2 0 such that −2(−1) + (l − 2) = l. By Theorem 2, if f is a
continuous and open map, then T f is 2-type transitive whenever f is transitive. �	
Example 11 Let f : X → X be a continuous and open map. Let T f : Z2 × X → X be
defined by T n

f (x) = T f (n, x) = f −5n1−3n2(x). If f is transitive, then T f is 2, 3, 4-
type transitive but not necessarily 1-type transitive.

Proof By Example 7, T f is 2, 3-type transitive but not necessarily 1-type transitive.
For k = 4, there is no (n1, n2) >4 0 such that −5n1 − 3n2 = 1. However, for all
l ≥ 16, we have three cases.
Case 1: If l = 10+ 3 j where j ≥ 2, we have (−2,− l−10

3 ) >4 0 such that −5(−2) −
3(− l−10

3 ) = 10 + 3( 10+3 j−10
3 ) = 10 + 3 j = l.

Case 2: If l = 5 + 3 j where j ≥ 4, we have (−1,− l−5
3 ) >4 0 such that −5(−1) −

3(− l−5
3 ) = 5 + 3( 5+3 j−5

3 ) = 5 + 3 j = l.
Case 3: If l = 15+ 3 j where j ≥ 1, we have (−3,− l−15

3 ) >4 0 such that −5(−3) −
3(− l−15

3 ) = 15 + 3( 15+3 j−15
3 ) = 15 + 3 j = l.

By these three cases, we can say that for all l ≥ 16, there exists s >4 0 such that
r(s) = l. By Theorem 2, if f is a continuous and openmap, then T f is 4-type transitive
whenever f is transitive. �	

The implication in Theorem 2 is also true for totally transitive and topologically
mixing map, as given by follows.

Theorem 3 Let f : X → X be a continuous totally transitivemap and T f : Zd×X →
X be a Zd-action on X induced by f . Suppose k ∈ {1, 2, ..., 2d}. If there exists m ∈ N

such that for all integers s ≥ m, there exists n′ >k 0 such that r(n′) = s where
n′ ∈ Z

d , then T f is k-type transitive.

Proof Let m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d and k ∈ {1, 2, ..., 2d}. Let U and V be nonempty open
sets of X . Since f is totally transitive, then f n is transitive for all n ≥ 1. Choose
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l = m. Then, f l is transitive so there exists j > 0 such that f l+ j (U ) ∩ V �= ∅. Since
l + j ≥ m, then there exists nl >k 0 such that r(nl) = l + j . By taking nl , we may
have T nl

f (U )∩V = T f (nl ,U )∩V = f r(nl )(U )∩V = f l+ j (U )∩V �= ∅. Therefore,
T f is k-type transitive. �	
Corollary 1 Let f : X → X be a continuous topologically mixing map and T f :
Z
d × X → X be a Zd-action on X induced by f . Suppose k ∈ {1, 2, ..., 2d}. If there

exists m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that r(n′) = s
where n′ ∈ Z

d , then T f is k-type transitive.

Proof Let m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d and k ∈ {1, 2, ..., 2d}. LetU and V be nonempty open sets of
X . Since f is topologically mixing, then there existsm′ > 0 such that f e(U )∩V �= ∅
for all e ≥ m′. Choose integer p which p ≥ m and p ≥ m′. Then, f p(U ) ∩ V �= ∅.
Since p ≥ m, then there exists np >k 0 such that r(np) = p. By taking np, we will
have T

np
f (U )∩V = T f (np,U )∩V = f r(np)(U )∩V = f p(U )∩V �= ∅. Therefore,

T f is k-type transitive. �	
We use similar examples to illustrate these results and we omit the proofs as they

are similar to the proofs in previous examples.

Example 12 Let f be either totally transitive or topologically mixing and T f be a
Z
2-action on X induced by f . Then, we have the following:

1. If r((n1, n2)) = n1+n2, then T f is 1, 2, 3-type transitive but not necessarily 4-type
transitive.

2. If r((n1, n2)) = n1−n2, then T f is 1, 3, 4-type transitive but not necessarily 2-type
transitive.

3. If r((n1, n2)) = −2n1 + n2, then T f is 1, 2, 4-type transitive but not necessarily
3-type transitive.

4. If r((n1, n2)) = −5n1 − 3n2, then T f is 2, 3, 4-type transitive but not necessarily
1-type transitive.

4 Dense Periodic Points and Dense k-type Periodic Points

In this section, we show that the same conditions are used to guarantee that density
property of periodic points and Devaney chaotic is inherited from f to T f .

Theorem 4 Let f : X → X be a continuous map with dense periodic points and
T f : Zd × X → X be a Z

d-action on X induced by f . Suppose k ∈ {1, 2, ..., 2d}.
If there exists m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d , then T f has dense k-type periodic points.

Proof Let m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d and k ∈ {1, 2, ..., 2d}. Let U be a nonempty open set
of X . Since (X , f ) has dense periodic points, then there exists y ∈ U such that
f l(y) = y for some l ∈ N. Consider two cases. The first case is if l ≥ m, then
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there exists nl >k 0 such that r(nl) = l where nl ∈ Z
d . By taking nl , we will have

T nl
f (y) = T f (nl , y) = f r(nl )(y) = f l(y) = y. While the second case is if l < m,

since f l(y) = y, then f tl(y) = y for all t ∈ N. Take pl ≥ m where p ∈ N. Then, it
will also be in the first case. By these two cases, we have completed the proof. Hence,
T f has dense k-type periodic points. �	

It turns out that some type of the density of periodic points is guaranteed for the
same cases considered in the previous section.

Example 13 Let f has dense periodic points in X and T f be a Z2-action on X induced
by f . Then, we have the following:

1. If r((n1, n2)) = n1 + n2, then T f has dense 1, 2, 3-type periodic points.
2. If r((n1, n2)) = n1 − n2, then T f has dense 1, 3, 4-type periodic points.
3. If r((n1, n2)) = −2n1 + n2, then T f has dense 1, 2, 4-type periodic points.
4. If r((n1, n2)) = −5n1 − 3n2, then T f has dense 2, 3, 4-type periodic points.

We have some corollaries about the conditions of a Zd -action on an infinite metric
space X induced by a continuous map f to be k-type Devaney chaotic whenever f is
Devaney chaotic.

Corollary 2 Let f be a continuous Devaney chaotic on an infinite metric space Y and
T f : Zd × Y → Y be a Z

d-action on Y induced by f . Suppose k ∈ {1, 2, ..., 2d}. If
there exists m >k 0 such that r(m) = 1, then T f is k-type Devaney chaotic.

Proof Suppose that (Y , f ) is Devaney chaotic. Then, (Y , f ) is said to be transitive
and has dense periodic points. Suppose that there exists m >k 0 such that r(m) = 1
where k ∈ {1, 2, ..., 2d}. By Theorem 1, T f is k-type transitive. Then, for all s ≥ 1, we
must have n′ >k 0 such that r(n′) = s. By Theorem 4, T f has dense k-type periodic
points. Thus, T f is k-type Devaney chaotic. �	
Corollary 3 Let f be a continuous open Devaney chaotic on an infinite metric space Y
and T f : Zd × Y → Y be a Zd-action on Y induced by f . Suppose k ∈ {1, 2, ..., 2d}.
If there exists m ∈ N such that for all integers s ≥ m, there exists n′ >k 0 such that
r(n′) = s where n′ ∈ Z

d , then T f is k-type Devaney chaotic.

Proof Suppose that (Y , f ) is open and Devaney chaotic. Then, (Y , f ) is said to be
transitive and has dense periodic points. Let m ∈ N such that for all integers s ≥ m,
there exists n′ >k 0 such that r(n′) = s where n′ ∈ Z

d and k ∈ {1, 2, ..., 2d }. By
Theorem 2, T f is k-type transitive. By Theorem 4, T f has dense k-type periodic points.
Thus, T f is k-type Devaney chaotic. �	

5 Conclusion

We have introduced a Zd -action, T f on a space X which is induced by a continuous
map f on X . Counterexamples were given to show that T f does not necessarily inherit
all chaos properties from f . The study has found some conditions for T f to satisfy
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k-type transitive whenever f satisfies some chaos notions such as transitive, totally
transitive and topologically mixing. The conditions depend on the homomorphism r
which maps from Z

d into Z. Some examples were given to illustrate the findings.
We suggest that the future work on Z

d -action on X induced by f to be extended by
considering other chaos notion such as k-typemixing and k-type totally transitive. One
can proof or disproof if k-type mixing on T f can be inherited from the topologically
mixingmap f . Then, one can think of sufficient conditions required for the implication
to be satisfied. The work on k-type totally transitive can also be done in similar way.
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