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Abstract
One of the main problems of practical applications of degressively proportional 
allocations of goods and burdens is lack of uniqueness of this principle. Even 
under given boundary conditions of allocation, i.e. determined minimal and maxi-
mal amounts of a good that can be assigned in a given allocation, there are usually 
many feasible solutions. The lack of formal rules of allocation is the reason why the 
allocation is typically a result of negotiations among its agents. A number of allo-
cations favor some of agents or their groups, therefore other agents cannot accept 
them. The aim of this paper is to indicate a way of reducing the set of all feasible 
solutions exclusively to those that are neutral to all agents. As a result of the term 
of lexicographic preference of allocation agents defined on the basis of the relation 
theory followed by a numerical analysis of sets of all feasible solutions, it is pos-
sible to determine a core of this set in the form of a subset of all feasible solutions 
that are acceptable by all agents. In addition, this subset can be further divided into 
smaller subsets with regard to the degree of acceptance of their elements. Theoreti-
cal analysis is complemented by case studies, one of which is application of this idea 
to the allocation of seats in the European Parliament among the member states of the 
European Union.
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1 Introduction

Allocation problems concern most aspects of the functioning of contemporary 
societies. Distribution methods must be decided by enterprises or communities 
as well as by government administrative units such as voivodeship, and also state 
and international organizations. In most cases, the allocation depends on the 
value of the agents involved in the division. These values, called entitlements, 
can be significantly diversified and in most cases are numerically defined. When 
dividing a company’s profit for example, it is the number of shares held. On the 
other hand, in the election of social representation, it is the population of individ-
ual constituencies. In the case of shared costs of investment it is the degree of its 
use by investors. A decision-making problem arises when there is more than one 
allocation applicable to one allocation problem. As a result, the decision maker 
requires the assistance of some tools.

In the literature on the subject, there are many analysis trends regarding multi-
criteria decision support and decision aiding. One of them refers to the problem 
of numerical evaluation of acceptable alternatives from the perspective of given 
criteria and on this basis selecting solutions that can be accepted by the decision-
maker (Papathanasiou & Ploskas, 2018; Xu, 2001; Yildirim & Mercangoz, 2020). 
In this paper, a similar decision problem is considered in terms of order. Based 
on the order relation, the best and the worst alternatives for a given criterion are 
determined, and then by eliminating them, neutral elements that constitute an 
initial point for the next evaluation are found. Iterating this procedure does not 
always lead to a single solution, but in the case of a large set of alternatives, it 
significantly reduces its cardinality and thus facilitates negotiation or choice.

The conditions defining an allocation are typically derived from one of three 
general concepts of fairness. The first one is equal rights implying equal treat-
ment of all agents. Next, proportionality involves the acceptance of differences 
between agents and the division of a good proportionately to those differences. 
The last concept is priority that demands to confer a good on the most entitled 
agent (Young, 1994). All these concepts determine the allocation without ambi-
guity. Assuming one of them leads directly to the solution of a division problem 
that precisely indicates the due amount of a divided good allocated to each agent. 
In the first case, each agent is given the same amount of the good. In the second 
one, the amount of allocated good is proportional to the ratio of value (claims, 
entitlements) of the given agent to the sum of all values of all agents participating 
in division. The third case allocates the whole resource to one agent that has got 
the highest priority over all contenders.

In some instances, however, the unambiguity does not hold. There are circum-
stances where the conditions defining an allocation to comply with a certain con-
cept of fairness do not allow to unambiguously allocate respective amounts of 
goods to agents participating in division. A typical example is a degressively pro-
portional division. According to its conditions the goods are distributed among 
agents depending on their values in such a way that the agents with greater values 
are given the number of goods greater than the agents with smaller values, but 
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at the same time the number of allocated goods is limited so that the ratio of 
the number of goods received to the entitlements of an agent with greater claims 
should not exceed this ratio for an agent with smaller claims. Hence, when com-
pared to the fairness concept called proportionality, a degressively proportional 
allocation favors the agents with smaller claims by giving them the right to a 
greater number of goods than they would receive in case of a proportional divi-
sion. By contrast, from the viewpoint of the concept of equal rights, now agents 
with greater claims are more privileged.

The concept of degressive proportionality can be therefore located between clas-
sical concepts of equal rights and proportionality, and thus perceived as an indica-
tion of solidarity among all participants in division. They respect the differences 
resulting from their values and as a result, they relinquish equal rights, but at the 
same time, they choose proportionality, which may lead to the domination of agents 
with greatest values, and on the other hand, to marginalization of agents with small-
est values. For this reason, one may interpret this case in such a way that agents with 
greater values transfer a part of their entitlements to those with smaller values for 
the sake of a more balanced division that is easier to be endorsed by the entire group 
and thereby achieving common goals can take precedence over particular interests 
of agents.

This concept was acknowledged by the leaders of the European Union and the 
Lisbon Treaty proclaimed that the allocation of seats in the European Parliament 
among member states has to be degressively proportional with respect to the number 
of population. Thanks to it, in spite of largely disproportional populations, a just 
representation was guaranteed to the smallest states in the community and their mar-
ginalization was avoided in decision taking on the most important issues concerning 
the European Union. The solution is consequently an indication of international soli-
darity and the good of all members of the community takes precedence over indi-
vidual interests of member states.

However, the solution is flawed due to the aforementioned lack of unambiguity. 
Even in case of integer divisions subject to fixed boundary conditions, i.e. predeter-
mined minimum and maximum number of goods available to respective agents, as 
is the task of allocation of seats in the European Parliament, the number of feasible 
solutions can be large. For example, when allocating the seats for the 2014–2019 
term the cardinality of the set of all feasible solutions was more than five million 
(Arora et al., 2016; Łyko & Rudek, 2013).

The lack of uniqueness implies that the required division depends on numeric 
quantities which characterize the participants in division and that is subject to prede-
termined conditions, therefore there are many feasible solutions. All participants in 
division are interested in being allocated as many goods as possible, hence various 
feasible divisions are differently valued by each of them. How to efficiently negoti-
ate in this situation so as to determine one solution out of many possible outcomes? 
The problem is not just purely theoretical. In spite of imposing the principle of 
degressive proportionality by the Lisbon treaty in 2007, the European Parliament 
has not adopted so far any real, repeatable method to determine its composition, and 
each time the numbers of seats are decided in negotiations that is an inefficient task 
in view of many millions of potential solutions.
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The goal of this paper is to indicate a method which makes the decision process 
efficient by reduction of the cardinality of a set of divisions. Through ordering the 
set of all divisions and then precisely determining which of them favor and disfavor 
ordered sets (permutations), it is possible to indicate allocations which are neutral to 
all agents in a sense that they neither favor or disfavor anyone. The favoring and dis-
favoring allocations are understood as the maximal and minimal elements in a given 
relation, i.e. those that are most or least favorable for a given permutation of agents 
(see the sets Favour(X) and Disfavour(X) set in the Methodology section). By elimi-
nating those allocations which favor or disfavor, the neutral ones can be found (see 
the set Core(X) in the Methodology section) and this limitation of negotiations to 
the set of neutral divisions significantly reduces the problem. A proposed iterative 
method of determining neutral divisions makes it possible to significantly reduce 
the cardinality of the set of all feasible solutions and consequently, to streamline 
the process of negotiations. The presented algorithm along with its interpretation 
of favoritism and disfavoritism can be used in any allocation problem. However, the 
motivation for its development was the problem of degressively proportional divi-
sion of indivisible goods, therefore considerations mainly relate to this problem.

The main contribution of this paper is a reduction of the cardinality of a given 
set of degressively proportional allocations through the use of its properties as a set 
with lexicographical ordering. The authors, to the best of their knowledge, introduce 
the notion of lexicographical order with respect to permutation in the context of a 
degressively proportional allocation problem for the first time. Such an approach 
enables the reduction of the cardinality in such a way that extreme solutions are 
excluded and hence the remaining allocations are acceptable to every agent. There-
fore, the decision-making process is improved. The main result of this paper is the 
identification of neutral allocations by defining the favoring and disfavoring ones 
and, as a consequence of eliminating them, obtaining a significant reduction of the 
cardinality of the set of feasible solutions while maintaining the status quo.

2  Review of literature

The literature on allocation problems is highly diversified. It applies, for example, 
to allocation of government spending across administrative units (Agenor & Nea-
nidis, 2011; Zang & Zou, 1998), cost sharing problem (Chen et  al., 2017; Pham, 
2019; Rudek & Heppner, 2020; Young, 1994) or problem of proportional represen-
tation (Leeman & Mares, 2014; Pukelsheim, 2014; Young, 1994). One of the newer 
research directions of the allocation problems is the problem of degressively propor-
tional allocations.

Researches into the issue of degressive proportionality became more intensified 
after its introduction to the Lisbon Treaty. The early papers were directly dealing 
with the division of seats in the European Parliament and mostly focused on pro-
posing actual methods to determine degressively proportional allocations of seats in 
the European Parliament. Progressively the research became wider and degressive 
proportionality was analyzed from the viewpoint of its theoretical properties, apart 
from the European Parliament. Degressively proportional allocation is applied in 
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many political, social and business institutions such as the US Electoral College, the 
Senate of Canada or the Governing Council of the European Central Bank, as well 
as in many university senates.

At present, the published papers can be classified into the three main streams. The 
first one deals with generally approached foundations of degressive proportionality. 
Its mathematical properties and potential applications in practice are studied. The 
idea of degressive proportionality, among others, is drawn from the Penrose square 
root law (Kurz et al., 2017; Miller, 2012). This approach is flawed by the require-
ment to assume that agent’s preferences are independent and identically distributed. 
Another approach based on utility theory is presented in the paper by Koriyama 
et al. (2013),Barbera and Jackson (2006), Beisbart and Bovens (2007).  It is gener-
ally assumed that utility functions of individual voters are increasing and concave, 
thus leading to a conclusion that the optimal apportionment is a degressively propor-
tional division. In addition, the measures of degression of divisions or of families of 
degressively proportional divisions are introduced using, among others, measures of 
inequality and disproportionality. Furthermore, algorithms producing degressively 
proportional divisions are put forward. Among others, the papers (Arora et al., 2016; 
Charvat, 2019; Chen et al., 2017; Dniestrzański, 2014a, b; Dniestrzański & Łyko, 
2014; Haman, 2017; Łyko & Rudek, 2013; Słomczyński & Życzkowski, 2012) deal 
with those topics.

The next stream focuses on developing actual methods to determine degressively 
proportional divisions. Most papers published in this area can be organized in two 
main groups. The first one makes use of so-called allocation functions. Methods 
based on parabolic allocation functions, power allocation functions, piecewise lin-
ear allocation functions and other are constructed in this part (Dniestrzański, 2014a, 
2014b; Grimmet et  al., 2012; Haman, 2007; Martinez-Aroza & Ramirez-Gonza-
lez, 2008; Pukelsheim, 2010; Ramirez-Gonzalez, 2012; Ramírez-González et  al., 
2006, 2012). The second group is formed by proposals of divisions generated using 
numerical methods (Florek, 2012; Serafini, 2012).

The third stream of research encompasses papers dealing primarily with political 
aspects of degressive proportionality, i.e. the compliance of legal acts with the pro-
visions of the Lisbon Treaty which introduced the degressive proportionality to the 
community (as in Łyko & Łyko, 2020). A lot of research is also focused on one of 
the most important proposals developed in 2011 by the participants of the scientific 
meeting held at the instigation of the Committee on Constitutional Affairs of the 
European Parliament (AFCO) at the Centre for Mathematical Sciences, University 
of Cambridge. The papers such as   Cegiełka et al. (2019), Duff (2012), Grimmett 
(2012), Grimmett et  al. (2012), Habermas (2017), Haman (2017), Laslier (2012), 
Łyko and Rudek (2017), Macé and Treibich (2012), Moberg (2012), Pukelsheim 
and Grimmett (2018), Policy Department (2017) and Słomczyński and Życzkowski 
(2012) deal with this subject among other things.

Another approach to studying the properties of degressively proportional divi-
sions can be found in Cegiełka et al. (2017). This paper presents the origin of a new 
research stream in the area of degressive proportionality. In it, a new concept of the 
so-called transfer order was introduced so as to order the set of all degressively pro-
portional divisions, under some given boundary conditions, with respect to potential 
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transfers of the units of a good being distributed among the division participants. 
The results contained in the paper have been further developed in Cegiełkaet al. 
( 2019a), where the authors introduce an algorithm that finds the maximal element 
in the transfer order and hence indicates an allocation considered to be the nearest 
to proportional allocation. Both of the papers, by opening the ordering stream of 
a degressively proportional allocation problem, provide new perspective and tools 
for it. To the best of our current knowledge, the ordering properties of a set of all 
degressively proportional divisions have not been previously investigated. This 
paper also belongs to that stream. The newly proposed approach, based on analysis 
of lexicographical order with respect to any permutation, enables the indication of 
allocations which are neutral for all agents and makes it possible to look at the issue 
from the perspective of priorities and the order in which claims are satisfied, similar 
to procedures known from the literature on handling customers’ claims problems. In 
this paper, unlike previous papers where the maximal elements of a fixed order were 
sought, all possible lexicographical orders are considered. Thus, a full study of all 
possible cases is done and allocations that neither favor nor disfavor any agent are 
found.

3  Problem statement

The apportionment problem arises whenever some amount of goods has to be 
divided among a group of allocation participants. A decision-making problem arises 
when there exist more than one feasible allocation and only one needs to be chosen. 
Such an issue is a problem of degressively proportional apportionment. For exam-
ple, as already mentioned in the case of degressively proportional allocation of seats 
in the European Parliament, the cardinality of the set of all feasible allocations in the 
2014–2019 term was more than five millions.

Formally, the apportionment problem can be specified as follows. Let n be a num-
ber of participants of the allocation (agents), v =

(

v1, v2,… , vn
)

 , vi > 0—sequence 
of real values characterizing agents and H > 0—amount of goods to be divided. 
The problem is to allocate H goods among n agents, i.e. based on the sequence 
v =

(

v1, v2,… , vn
)

 , to find a sequence a =
(

a1, a2,… , an
)

 of nonnegative reals such 
that 

∑nn

i=1
ai = H . If a sequence a =

(

a1, a2,… , an
)

 is nonnegative and integer, then 
the allocation is called integer.

In many cases the underlying conditions make it possible to find the sequence 
a =

(

a1, a2,… , an
)

 in a unique way. We deal then with a so-called allocation rule, 
i.e. any function R ∶ ℝ+ ×ℝ

n
+
→ A , where 

A =
�

�

a1, a2,… , an
�

∈ ℝ
n
≥0

∶
∑n

i=1
ai = H

�

 (Pukelsheim, 2014). The allocation 
rules, as functions, always return a unique solution to the problem. For every pair 
(H, v) there exists exactly one sequence a =

(

a1, a2,… , an
)

 that is a realization of 
this rule. For example, in case of classical concepts of fairness we have for equal 
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rights, proportionality and priority, respectively: Ru(H, v) =
(

H

n
,
H

n
,… ,

H

n

)

 , 

Rp(H, v) =

�

v1
H

∑n

j=1
vj
, v2

H
∑n

j=1
vj
,… , vn

H
∑n

j=1
vj

�

 , Rpr(H, v) = (0,… , 0,H, 0,… , 0).

However, it may happen that the conditions of allocation do not allow to find 
a unique sequence a =

(

a1, a2,… , an
)

 , and instead they lead to a so-called set of 
feasible solutions. Then one deals with an allocation criterion that can be for-
mally defined as a function whose values are subsets of the set 
�

�

a1, a2,… , an
�

∈ ℝ
n
≥0

∶
∑n

i=1
ai = H

�

 , i.e. the function K ∶ ℝ+ ×ℝ
n
+
→ P(A) . 

The value of such a function is above-mentioned set of feasible solutions. This 
set can be empty and then there is no allocation satisfying given conditions. 
When the set of feasible solutions is not empty, the allocation satisfying prede-
termined conditions is possible, but except for the case of a set with exactly one 
element, it cannot be determined uniquely. What are the possibilities to practi-
cally perform a division in such a case? One approach is to specify the alloca-
tion conditions more precisely, so that the value of the allocation criterion could 
always be a set with one element, i.e. in reality the allocation criterion becomes 
the allocation rule. However, the allocation conditions must be changed and the 
underlying concept of fairness could be violated. In some cases therefore it is 
not viable. Another possibility is to let the interested participants in division 
select one element from the set of feasible solutions. This option leads to nego-
tiations among agents to ensure each of them the position as good as possible, 
i.e. mostly the allocation of the largest number of goods.

Formally approached, the general conditions of degressively proportional 
allocation are defined by two sequences of inequalities:

1. if v1 ≤ v2 ≤ ⋯ ≤ vn then a1 ≤ a2 ≤ ⋯ ≤ an (monotonicity),
2. if v1 ≤ v2 ≤ ⋯ ≤ vn then a1

v1
≤

a2

v2
≤ ⋯ ≤

an

vn
 (degression),

with additional assumptions for the case of division of seats in the European 
Parliament, i.e. the solution must be integer, and the boundary conditions for m 
and M , defining the minimal and maximal number of seats available to member 
states. As a result, the allocation criterion determines the set of feasible solu-
tions DP . The cardinality of this set obviously depends on parameters H , v , m , 
and M , whose values for the division of seats in the European Parliament of its 
past three terms used to vary between several millions to several hundreds of 
millions.

As of today, there have been no decision yet regarding a more precise defini-
tion of allocation conditions to generate the set of feasible solutions with exactly 
one element, therefore all previous allocations of seats were results of political 
negotiations. One is not able to imagine that they can be precise and effective, 
when there are many millions of feasible solutions at hand. For this reason, our 
paper puts forward an algorithm to significantly reduce the cardinality of the 
set of feasible solutions without detriment to the choice of optimal allocation, 
accepted by all agents. Such reduction is achieved by eliminating those alloca-
tions which cannot be accepted by agents because they either favor or disfavor 
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some agents. First, the algorithm will be presented generally and then it will be 
applied, inter alia, to the task of allocating seats in the European Parliament for 
its first term.

4  Methodology

The fundamental idea employed in the remainder in order to reduce the cardinal-
ity of the set of all feasible solutions is to distinguish allocations which favor and 
disfavor particular agents. Favoring is meant as allocation of the maximal num-
ber of distributed goods available under given conditions. By contrast, disfavoring 
means that the minimal available number of goods is allocated. Certainly, more than 
one agent can be allocated either maximal or minimal number of goods and that is 
why the problem is considered in the context of lexicographically ordered set of all 
agents. Lexicographical ordering of agents specifies here the succession in which 
their claims are satisfied. This succession is not relevant for the final solution but 
significantly simplifies the formal description of the problem.

A lexicographical order in set ℝn is called the relation ≤L defined as follows:

Let [n] = {1, 2,… n} be a set of n first natural numbers. Symbol Sn will denote 
the set of all permutations of the set [n] , i.e. Sn = {� ∶ [n] → [n] ∶ �is bijective} . For 
� ∈ Sn and x =

(

x1, x2,… xn
)

∈ ℝ
n we define x� =

(

x
�(1), x�(2),… , x

�(n)

)

 . A lexico-
graphical order with respect to permutation � will be called the relation ≤

�L defined 
as follows:

In case when relation x ≤
�L y holds, x is said to be smaller than y with respect to 

relation ≤
�L or y is said to be greater than x with respect to relation ≤

�L.
An element from the non-empty and finite set X ⊂ ℝ

n , which is greater than all 
elements of the set X with respect to relation ≤

�L is said to be a maximal element 
in the set X with respect to relation ≤

�L and is denoted by max
(

X,≤
�L

)

 . Similarly 
we define a minimal element in the set X with respect to relation ≤

�L which will be 
denoted by min

(

X,≤
�L

)

 . Obviously, since the considered set X is non-empty and 
finite and a lexicographical order is a linear order, there always exists exactly one 
maximal element in every 

(

X,≤
�L

)

 . The same is true for minimal elements. It should 
be also intuitively clear that, aside from trivial cases, there does not exist an element 
in X which is a maximal (minimal) element in every permutation (as in examples in 
Sect. 5.1). However, there may exist an element in X which is a maximal (minimal) 
element for more than one permutation (as a1 in first example in Sect. 5.1).

A set of all maximal elements with respect to some permutation will be denoted 
by Favor(X):

x ≤L y ⇔
((

x
1
< y

1

)

∨
(

x
1
= y

1
∧ x

2
< y

2

)

∨⋯∨
(

x
1
= y

1
∧ x

2
= y

2
∧⋯ ∧ xn−1 = yn−1 ∧ xn ≤ yn

))

.

x ≤
𝜃L y ⇔

((

x
𝜃(1) < y

𝜃(1)

)

∨
(

x
𝜃(1) = y

𝜃(1) ∧ x
𝜃(2) < y

𝜃(2)

)

∨⋯∨
(

x
𝜃(1) = y

𝜃(1) ∧ x
𝜃(2) = y

𝜃(2) ∧⋯ ∧ x
𝜃(n−1) = y

𝜃(n−1) ∧ x
𝜃(n) ≤ y

𝜃(n)

))

.
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The set Favor(X) contains all elements that are maximal with respect to some 
relation ≤

�L . Since for every permutation there is exactly one maximal element, the 
set Favor(X) is non-empty for every non-empty set X . If the cardinality of X is equal 
to n , n ∈ ℕ , then the set Favor(X) contains at most n! elements, since there are n! 
permutations of a set of cardinality n and, as mentioned earlier, there may exist an 
element which is maximal with respect to more than one lexicographical order rela-
tion. This is the case in Sect. 5.1. Analogous considerations apply to the following 
set Disfavor(X).

A set of all minimal elements with respect to some permutation will be denoted 
by Disfavor(X):

Let Neutral ∶ X → P(X) be a function assigning to the set X the set

Let us assume by definition that C0(X) = X . The set Neutral(X) includes the ele-
ments from the set X , which are neither maximal nor minimal with respect to any 
permutation. The set Neutral(X) is said to be the first core of the set X and is denoted 
by C1(x) . Hence, C1(X) = Neutral(X) . The set Ck(X) = Neutral

(

Ck−1(X)
)

 is said to 
be the k th core of the set X . It follows from construction of the sets Ck(X) that for 
every set X ⊂ ℝ

n there exists a natural number k, such that the set Ck(X) is empty. 
If k is the largest natural number for which the set C

k
(X) is nonempty, then the set 

C
k
(X) is said to be a core of the set X and is denoted by Core(X).
Definition of set Core(X) is recursive. It contains those elements of set X that 

are neither maximal nor minimal with respect to any relation ≤
�L at any step of the 

recursion. Elements of set Core(X) may therefore be considered as the most neutral, 
i.e. which least favor any permutation �.

5  Results

It can be easily noticed that if X is the set of all allocations meeting some allocation 
criterion, then Core(X) can be interpreted as a set of divisions which are as neutral 
as possible for all participants of division. Indeed, because at each step of recur-
sively working algorithm divisions a� =

(

a
�(1), a�(2),… , a

�(n)

)

 which either favor or 
disfavor any sequence of agents for permutation � ∈ Sn are eliminated. Favoring or 
disfavoring mean that a given division a� is a maximal or a minimal element, respec-
tively, in the set Ck(X) with respect to relation ≤

�L . At the final step of algorithm the 
core of the set X is determined, i.e. the set Core(X) = C

k
(X) . Assuming that during 

negotiations aimed at the selection of one division out of many feasible solutions no 
agent will either accept the allocation of the minimal number of goods available or 

Favor(X) =
⋃

�∈Sn

{

max
(

X,≤
�L

)}

.

Disfavor(X) =
⋃

�∈Sn

{

min
(

X,≤
�L

)}

.

Neutral(X) = X�(Favor(X) ∪ Disfavor(X)).
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veto the allocation of the maximal amount to another agent, then the core of the set 
is a natural subset of solutions to be considered by negotiators.

5.1  Examples

Let us consider a task of division of 14 goods among four agents, whose values 
are represented by a nondecreasing sequence v =

(

v1, v2, v3, v4
)

 . The allocation 
criterion determining the set of all feasible solutions X includes the condition 
of monotonicity as well as the constraints on minimum and maximum of goods 
available to agents. The constraints are defined by sequences min (X) = (1, 1, 1, 4) 
and max (X) = (3, 4, 6, 11) . For example, agent one can be allocated between 1 
and 3 goods, similarly other agents.

Table 1 illustrates the effect of algorithm working in the set X. Division one 
a1 = (3, 3, 4, 4) is the maximal division for relation defined by permutation 1324 
and permutation 1342 (abbreviated as 13 + ; symbol + denotes that it is the maxi-
mal element, whereas the lack of numbers of remaining two agents implies that 
it is maximal for any permutation of them) and permutation 1234. Division a1 
belongs therefore to the set of favoring divisions. It is also the minimal division 
for relations defined by permutation 4213 and permutation 4231 (analogously 
denoted as 42−) and by permutation 4321. Hence, it is also a disfavoring divi-
sion. At the first step of the algorithm this division is eliminated, likewise divi-
sions two, three, ten, eleven, eighteen and twenty-three. As a result, the initial 
set is reduced by elimination of seven divisions, therefore C1(X) will contain six-
teen divisions. At step two of algorithm ten divisions are eliminated, thus C2(X) 
contains just six divisions. After applying such reduction for the third time, all 
remaining divisions will be eliminated. The core of this set is therefore the set 
C2(X) containing divisions 7, 8 15, 16, 20 and 21. Hence, the negotiations about 
the selection of one division out of twenty-three feasible solutions can be limited 
to just six elements.

One can prove that the presented algorithm, under some additional assump-
tions on the set of divisions X , leads to a very intuitive solution known as the 
Maimonides’ rule for rare goods. Indeed, if the number H equals the sum of con-
straints regarding the minimal number of goods and a certain natural constant b, 
then Core(X) = min (X) + b . In other words, if there are H indivisible goods to be 
divided among n agents, then if there exists a division allocating to each agent the 
minimal number of goods available, and the surplus is divided equally among all 
agents, then this division is the single element of the set Core(X).

Table  2 presents the algorithm working to find the core of 
the set X , where min (X) = (1, 3, 5, 7), max (X) = (3, 5, 7, 9) and 
H = 20 = (1 + 1) + (3 + 1) + (5 + 1) + (7 + 1). It can be easily seen that in this 
case Core(X) = {(2, 4, 6, 8)} = {min (X) + 1} , and it is both the mean and the 
median of coordinates of the set X.
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6  Case studies

In this section, we describe examples of practical cases that can be supported by 
the proposed method. Since the motivation for its development was the problem 
of degressively proportional division of indivisible goods we begin this section 
with its source, i.e. the problem of allocation of seats in the European Parliament. 
Next, as the algorithm can be used in any allocation problem, we present two 
additional cases—allocation of company shares and allocation of slots for FIFA 
World Cup.

Table 1  Algorithm working example
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6.1  Allocation of seats in the European Parliament

At first, we applied the algorithm presented in this paper to determine the core of 
the set DP of all feasible allocations of the seats in the European Parliament for its 
first term beginning in 1979. According to legal rules there were 410 seats to be 
allocated among nine countries, whereas a less populated country could not obtain 
more seats than a more populated country. There were also requirements that no 
country could obtain less than six seats and that more populated countries get less 
seats compared to the proportionality principle, hence the adopted division satisfied 
the conditions of proportional allocation. One can also assume, although it was not 
explicitly written in any document, that the boundary conditions m = 6 and M = 81 
seats were followed.

The numbers of populations in member countries were given by sequence 
v = (360.9;3, 228;5, 065.3;9, 811;13, 770;54, 159;55, 839;52, 216.1;61, 644.6)  . 
Table  3 presents the binding division of seats (row 2). Further rows of this table 
show the results of the algorithm proposed in this paper. First, the set was deter-
mined of all degressively proportional divisions of 410 seats among nine countries 
with values corresponding to numbers of their populations.

As a result, the set of feasible solutions with 7177 elements was obtained. Rows 
three and four of Table 3 present the values of sequences min(DP) and max(DP) . A 
procedure being a part of the algorithm was performed 42 times. Consequently, the 
core Core(DP) = C42(DP) with 6 elements was produced (rows 4–8 in Table 3).

In all allocations from the set Core(DP) four countries: Germany, the UK, Italy 
and Luxemburg are allocated the same numbers of seats (Germany—81, the UK and 
Italy—77, Luxemburg—6). In case of Luxemburg and Germany the numbers results 
from the boundary conditions, therefore the allocations from the core are both favor-
ing and disfavoring for two remaining countries, i.e. those countries can be neutral 
in negotiations.

Based on the values of sequences of minimal and maximal elements (see Table 3, 
rows 3 and 4) one can notice that the differences for the remaining countries as 
regards the numbers of allocated seats are one (Ireland, Denmark, Belgium) or two 
(Netherlands). In addition, for two countries (Ireland and Netherlands) the greatest 

Table 3  Core(DP) for the 
European Parliament as of 1979

Lux Irl Den Bel Ned Fra Ita UK Ger

a 6 15 16 24 25 81 81 81 81
min 6 9 13 19 21 72 74 74 81
max 6 25 28 35 43 81 81 81 81
a
1

6 16 19 26 32 76 77 77 81
a
2

6 16 19 27 31 76 77 77 81
a
3

6 16 20 27 30 76 77 77 81
a
4

6 16 20 26 31 76 77 77 81
a
5

6 17 19 26 31 76 77 77 81
a
6

6 16 20 27 31 75 77 77 81
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number of allocated seats emerges only once, respectively in a5 for Ireland and in a1 
for Netherlands. For this reason, the allocation a5 is most advantageous for Ireland, 
and a1 for Netherlands. Likewise, the division a3 is the only allocation that is least 
advantageous for Netherlands, and a6 is least advantageous for France (it is worth 
noting that both these divisions allocate the greatest number of seats to Denmark).

The binding division of seats in the European Parliament was the allocation 
a = (6, 15, 16, 24, 25, 81, 81, 81, 81). This division is not an element of the set 
Core(DP) . It turns out that a ∈ C11(DP) , hence it is far away from the core of the 
set DP . Furthermore, when comparing the actual allocation of seats in the Euro-
pean Parliament in 1979 with the set Core(DP) it is obvious that Ireland, Denmark, 
Belgium and Netherlands were allocated less seats than they could get if any divi-
sion from the set Core(DP) would have been selected. France, Italy and the UK in 
contrast were allocated more seats than any division from this set would allocate. 
One can therefore assert that the division a favors three largest countries (exclud-
ing Germany) and at the same time it disfavors four smallest countries (excluding 
Luxemburg). However, notice that not every allocation giving more seats to smaller 
countries needs to be in the set Core(DP) . Such an allocation may, for example, 
favor middle sized countries and hence be eliminated at some step of the algorithm 
procedure (compare for example allocation a1 in the second example in Sect. 5.1). 
Therefore, not every allocation that gives more seats to small countries than the 
actual division is neutral in the considered sense.

6.2  Issue of company shares

The second example of a practical application of the method proposed in this paper 
is the allocation of company shares to employees. Among many different prob-
lems of this type, let us consider the following example. Company X plans to issue 
shares. A part of the shares, treated as an element of motivation, is to be allocated 
to employees, where 60 of the shares are intended for employees of the sales depart-
ment. The head of the department is to divide the shares among 5 employees with 
respect to the length of their employment in such a way that each employee is guar-
anteed 4 shares and none of the employees receives more than 20 shares. Addition-
ally, to motivate employees with shorter lengths of employment to greater involve-
ment in the company’s results, the amount of shares per each year of employment 
cannot increase with an increase in the length of employment. Suppose further that 
lengths of employment are given by the sequence v = (2, 3, 7, 10, 15) . Clearly, the 
described example is a problem of degressively proportional allocation of H = 60 
goods with boundary conditions m = 4 and M = 20.

Table 4 presents the results of the algorithm proposed in the paper applied to this 
example. First, the set of 222 feasible solutions with respect to sequence v together 
with the values of sequences min(DP) and max(DP) (rows one and two, respectively) 
were determined. Then, the procedure determining the core was performed 6 times. 
As a result, Core(DP) = C6(DP) with 12 elements was produced (rows 3–15 in 
Table 4).
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6.3  Allocation of slots for FIFA World Cup

Another example is the allocation of slots for the FIFA World Cup (WC). From 
2026, 48 countries will participate in the WC. According to FIFA’s decision, 
two slots were reserved for the winners of a special intercontinental qualifying 
tournament, and the remaining 46 slots were distributed among six confedera-
tions representing different regions of the world: UEFA (Europe), CAF (Africa), 
CONCACAF (North and Central America), CONMEBOL (South America), OFC 
(New Zealand and South Pacific island nations) and AFC (Asia). Since one of 
the most important parameters describing the representational strength of FIFA’s 
members is the number of points (and the related position) in the FIFA World 
Ranking, it was assumed that it would also be the basis for the analysis. The sum 
of the ranking points of all its members on May 4, 2017 (this ranking was valid 
in the month of the FIFA decision concerning the allocation of WC slots between 
confederations) was taken as the value characterizing given confederation. More-
over, the boundary conditions m = 1 and M = 16 were adopted, i.e. each confed-
eration must receive at least one slot and no one may receive more than 16 slots. 
The upper boundary is consistent with the greatest number of slots allocated by 
FIFA, which prevents the dominance of one of the confederations. Thus, a set of 
43 feasible solutions was obtained. The third and fourth rows of Table 5 present 
the values of the min(DP) and max(DP) sequences. The procedure being a part of 
the algorithm was performed 5 times. As a result, the Core(DP) = C5(DP) with 
only one element was obtained (row 5 of Table 5).

The allocation established by FIFA ( a = (1, 6, 6, 8, 9, 16)—second row in 
Table  5) does not belong to the set of feasible solutions, but meets the mono-
tonicity condition, i.e. no confederation has received a smaller number of slots 
than confederations with fewer points. The Core(DP) allocation differs signifi-
cantly from allocation a but only for the smallest (OFC) and the largest (UEFA) 

Table 4  Core(DP) for the 
example of shares issue

Employee1 Employee2 Employee3 Employee4 Employee5

min 4 6 10 11 12
max 12 12 16 18 20
a
1

7 8 13 14 18
a
2

7 8 13 15 17
a
3

7 9 12 14 18
a
4

7 9 12 15 17
a
5

7 9 13 14 17
a
6

7 9 13 15 16
a
7

7 10 12 14 17
a
8

8 9 12 14 17
a
9

8 9 12 15 16
a
10

8 9 13 14 16
a
11

8 10 12 13 17
a
12

8 10 12 14 16
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confederation. In the case of CAF the number of slots in Core(DP) is equal to the 
number of slots in a , for the remaining confederations the difference is 1.

7  Conclusions

In many practical applications constraints resulting from the conditions of 
degressively proportional allocation allow to numerically generate the set of all 
possible solutions. As a result, one can also define divisions which favor and 
disfavor, in a sense explained in this paper, ordered sets of agents. Hence, it 
is possible to indicate neutral divisions interpreted as most acceptable during 
negotiations leading to the selection of one division out of many possible alloca-
tions. The proposed iterative algorithm generates the set which can be consid-
ered as neutral as possible. The set can be a basis for efficient and reduced nego-
tiations under transparent and equal conditions for all participants in division.

As shown in the example analyzed in the paper of how seats in the Euro-
pean Parliament of the first term were allocated, the actual allocation of goods 
assigned to individual countries can significantly diverge from the core of the set 
of all feasible solutions. What is more, the accepted solution in this example was 
the element of the eleventh core, i.e. 30 iterations before the end of algorithm. 
The situations of this type may evidence a stronger position of some agents in 
negotiations or their incomplete knowledge about available potential gains. The 
reduction of the cardinality of the set under analysis during negotiations makes 
this incompleteness smaller and streamlines the selection of a “compromise” 
solution. The same applies to the other examples. Furthermore, as the example 
of allocation of slots for FIFA World Cup shows, a unique solution can be found.

In perspective of further research, a major role can be played by those allo-
cation sets for which a set with a single element is generated by the algorithm 
proposed in the paper. In this case, as suggested by the example presented in 
Table 2 in Sect. 5.1, the proposed algorithm can return the same outcome as the 
intuitive allocation, applied in practice for a long time, that is based on the Mai-
monides’ rule. The method that can be applied to solve this problem comes from 
the well-known idea of transferring goods between agents.

Table 5  Core(DP) for FIFA World Cup 2026

OFC CONCACAF CONMEBOL AFC CAF UEFA

Value 1211 9296 10,807 11,773 19,721 34,836
a 1 6 6 8 9 16
min 1 6 6 6 7 8
max 7 8 8 8 11 16
Core(DP) 4 7 7 7 9 12
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