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Abstract Singh and Kumar (A family of estimators of population variance using informa-
tion on auxiliary attribute. Studies in sampling techniques and time series analysis, 2011)
and Singh and Malik (Appl Math Comput 235:43-49, 2014) suggested some estimators for
estimating the population variance using an auxiliary attribute. This paper suggests a gen-
eralized class of estimators based on the adaption of the estimator presented by Koyuncu
(Appl Math Comput 218:10900-10905, 2012) for population variance using information
on an auxiliary attribute in simple random sampling. The properties of the suggested class
of estimators are derived and asymptotic optimum estimator identified with its properties.
The large numbers of known estimators are member of the suggested generalized class
and it has been shown that proposed generalized class of estimators are more efficient
than usual unbiased estimator, ratio, exponential ratio and regression estimator, estima-
tors due to Singh and Malik (Appl Math Comput 235:43-49, 2014) and Singh and Kumar
(A family of estimators of population variance using information on auxiliary attribute. Stud-
ies in sampling techniques and time series analysis, 2011) using information on auxiliary
attribute. In addition, theoretical results are supported by an empirical study and findings are
encouraging and support the soundness of present study.

Keywords Auxiliary information - Auxiliary attribute - Simple random sampling -
Bias - Mean square error

Introduction

In the sampling literature, it is well established that efficiency of the estimator of population
parameters of interest can be increased by the use of auxiliary information related auxiliary
variable x, which is highly correlated with study variable y. In literature of survey sampling
many authors have suggested estimators based on auxiliary information. However in many
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situations of practical importance, instead of an auxiliary variable x there exist an attribute
(say, ¢) which is highly correlated with study variable y. In these situations by taking the
advantage of point bi-serial (see [1]) correlation between the study variable y and the auxiliary
attribute ¢, the efficient estimators of population parameter of interest can be constructed.
Several authors including [2—10] have paid their attention towards the improved estimation
using auxiliary attribute.

Let us consider a sample of size n is drawn by SRSWOR from a population of size N.
Further let y; and ¢; denote the observations on variable y and ¢ respectively for the ith unit
(i=1,2,3,...,N). It is assumed that attribute ¢ takes only the two values 0 and 1 according as
¢ = 1, if ith unit of the population possesses attribute ¢ = 0, if otherwise. The variance of
the usual unbiased estimator Sg is given by

S4
V(S ==0uo— 1 (h
n
where
N N @i = ) (¢ — P
T wp g M= N—1

Moo o2

In this paper a family of estimator have been proposed for the population variance S% when
the auxiliary information is available in the form of attribute. For main results we confine
ourselves to sampling scheme SRSWOR ignoring the finite population correction.

Estimators in Literature

In order to have an estimate of the study variable y, assuming the knowledge of the population
proportion P, [11] proposed the following estimators.
S2
th=s2 @
S
o
ty = sy + by (S5 — s5) 3)
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t3 = 53 exp |:S§ n S§i| 4)

The MSE expression of the estimator t; and variance of t are given, respectively, by

SylOuo — 1)+ (hoa = 1) —20n22 — 1]

MSE(t)) = (&)
n
1
Vi) =~ [s;‘(m — 1) +b3Sg (hoa — 1) — 2byS7S5 (hx2 — 1)] (6)
On differentiating (6) with respect to by and equating to zero we obtain

S22 = 1)
b= o) o

S (s — 1)
Substituting the optimum value of by, in (6), we get the optimum variance of estimator t, as

4 2
(22— 1)
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The MSE expression of the estimator t3 is given by
4
(s — 1D

MSE(t3) = )

[(Mo -1+ — (22— 1)} ©)

2y

n
Following [12,13] proposed the following variance estimator using known values of some
population parameters

S2 +Cp
ke =s§( > (10)
sy +Cp
S2 +Bag
tke2 = si(j’ (1)
S5 + 52¢
S2Ba¢ + Cp
tkcz = S§ 3)7 (12)
S¢Bz¢ + Cp
S2Cp + B
tkes = s 20— (13)
S¢Cp + BZ(I)

where s2 and s2 are unbiased estimator of population variances S% and Si, respectively.
To obtain the bias and MSE, we write-
sy =S5 (1 +eo) andsdz) :sdz)(1+e1).
Such that E (eg) = E(e;) =0
and E (e(z)) = L‘“{l), E (e%) = LU‘{D, E (eper) = 7(“%171)
and Kpp = ppbg—z.
The MSE expression of tgc, (i=1,2,3,4) to the first order of approximation are respectively
given by

S4
MSE(tkc,) = ;y [Ouo — D+ w2 0os — 1) —2wiOn — D], (1=1,2,3,4)  (14)
where
2 2 2 2
B S¢ S¢ B S¢Bz¢ _ S¢Cp
1= 2 , W2 3 — Wy = D o a
S5 +Cp S5Cp + B2

W =@ s WT2 ’
S¢+B2¢ S¢Bz¢+cp

Following [5], Singh and Malik proposed the following variance estimator.
s§ + b¢(Sdz) - sdz))

ts =
(Hlsdz, +1ny)

(Hlsi +ny) (15)

where ny, nj are either real numbers or the functions of the known parameters of attribute
such as Cp, Ppb, Bag and Kpb.
The MSE expression of tg to the first order of approximation are respectively given by

1
MSE(t) = ~ [S)0u0 = D+ (o — 1) {035 + ATS] + 241045353 |
283022 = 1) {boS3 + AI52}] (16)

nlsé
> .
nls¢+n2

where A| =
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The minimum MSE of t; is observed at n; = Ppp and np = 52¢~
Following [5], Singh and Malik proposed another improve ratio type estimator t,s for the
population variance as

) (71542) )]

(17)
Hast — v+ (1 - 0ms3 - v

s =S

where M, v are either real numbers or the functions of the known parameters of attributes
such as Cp, B2y, Ppb and Kpp. o N o
Up to the first order approximation, the minimum MSE of t; is given by,

4

S
MSEin (ts) = ;y {Ouo — D) + AJod(hos — 1) — 2A200(h22 — 1)} (18)
2
__OGm-D _ 1S,
where op = AyOror=D and A, = vy

Another improved class of estimator suggested by [13] is as follows

i5+0] [ +4]

[ssdz) + u] + [855, + u]

th = s§ [ml + mz(qu, - qu,)] exp | Y (19)

where Y and p are either real numbers or function of known parameters of the auxiliary
attribute ¢ such as Cp, Bz¢, Ppb and kpp. The scalar Y takes value -1 and +1 for ratio and
product type estimators, respectively.

The min MSE of estimator t, up to the first order of approximation is given by,

MSE(ty) = Sy [1 + m{R; + m3R; + 2mjmyR3 — 2m; Ry — 2m;Rs] (20)

where,

g
I

1 Y

T+ [(MO — 1) +Y%0*(hos — 1) +2V (1 + 5) 6> (hos — 1) — 4v0(h22 — 1)]

1
Ry = —Sg(hao — 1)

n

1
R; = HSQ‘, [2(h22 — 1) +2Y8(ho4 — D]

1 Y\ »

R4:1+H y 1+§ 8°Cwa — 1) = Y6022 — 1)

1
Rs = —S{ [¥0os — 1) = (22 = D]
2
oo %
2(853 + 1)

(R2R4 — R3R5)
m=-———>°

(RiRy —R?)
_ (RiRs —R3Ry)
(RiRy —R3)
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Table 1 Set of estimators generated from the class of estimators tyg

Subset of proposed estimator Y n N
SZ—s2
tM] = (w]s§ + wz) exp(sg’“g’) 0 1 0
LIRS
s2 SZ _g2
tM2 = [w]s§ + mz(SZZZ) CXP(S§+32) —1 1 0
]
[ 52 S2 _g2
2 (0] ¢
t =1wisc +wr | = expy —————— —1 1 1
M3 "y 2(Sﬁ,) P (s3 +s2)+2]
s2 S3—s
_ 2 ¢ )
tMa = Jo18y + 02l 5 )t eXpy 75— —1 1 S
M4 = @18y 2(sé) P (s§,+s2)+zs¢] ¢
s2 SZ—s2
2 (0] L)
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M6 18y + w2 52 P (S¢+S§,)+2Cp P
S2—s2
tM7 = (w 2+ wy)exp] 2 0 0 1 C
M7= 1y 2) p[ (S3+3)+2G P
Sz 2
— 2 1)
thMg = (w]sy + wz) exp[ (S¢+s )+ZS¢ } 0 1 S¢
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— 2 ¢ )
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» | »n
em‘ew
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i} 1 1 0
)}“"(sm)

tM10 = [0)]8% + Wy

The Suggested Class of Estimators

Motivated by [14] we propose generalized class of estimators tyf for estimating the population
variance Sg, as

v 2 _ 2
5 n(s3-5%)
th = u)]s + o @ exp| ————— (21)
n(

2 2
S¢+s¢) £

where wj and wy (w] + wy # 1) are suitable constants to be determined such that MSE of
tp is minimum, M, Y and ) are either real numbers or the functions of the known parameter
associated with auxiliary attribute (See [15]).

Y and M are chosen in such a way that they generate ratio type and product type estimators
for variance estimators for particular values as +1 and —1.

A set of new estimators generated from (21) using suitable values of wy, wy, ¥, N and A
are listed in Table 1.
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Expanding Eq. (21) in terms of e’s up to the first order of approximation, we have,

Yy —1 1
tm — S?, = S§ (0w — 1)+ 0)1556() + ((.02 + wyYe + wz%e%) — E(Dlsgvel

1 1 1 3 3
—iwls vepe] — —wove| — fwzvyel + oolszv er + wzvze% (22)

2 2 8 8
s2-§?2 52 52 nS2
where, eg = YS§ Y oep = 82 and v = Siix'

To obtain the bias and MSE of the estimator ty to the first degree of approximation, we
write

Such that E(eg) = E(e;) =0

Also E(eg) = 2= E(e;) = =1 and E(epe;) = 22!

Taking expectation both sides of Eq. (22), we get the bias expression of estimator tyy as

1 —1 3 —1
Bias(ty) = —S§ + (1)185 [1 — EV% + §V2()\22117):|

+oo2[ [Y(Y—l)—le—f—g ]w] (23)

Squaring both sides of Eq. (23) and taking expectation we get the MSE expression of estimator
tm as
_[4 2q4 2 4 2 2
MSE (1) = [} + 01S}A + 03B + @ S{D + 082G + w10, S3F ] (24)

where

—1 —1 —1
N (hao — 1) 2 (s —D - (22 ):|
n n n

(hos — 1)
e

B= |1+ {V+V =2vww+Yy(¥ -1

D= _—2—§V2[M]+V[M”
L 4 n n

G=|-2+ lvv— évz—y(y— 1)] (hos — 1)}
4 n

F= 2+{2v2—2vy+v(\/—1)}w %}

+2(Y —v)

Partially differentiating Eq. (24) with respect to w; and w, and equating to zero, we get the
optimum value of w; and w; as

1(0pt) = [ GF — 2BD ]
4BA — F?

w3(0pt) = ‘ DF — 2GA ’
4BA — F?

Substituting the optimal values of w; (i=1,2) we obtain the minimum MSE associated with
t™,
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(25)

BD? — DFG + AG?
MSEmin(ty) = Sy [1 - i ]

(4AB — F?)

Efficiency Comparisons

We compare the efficiency of the proposed estimator ty; under optimum condition with the
usual unbiased estimator, ratio estimator, exponential ratio estimator, regression estimator
for variance estimation using an auxiliary attribute:

4

V(Sg) — MSE(tm) = — [(ha0 — D]

>y
n
_ [s‘y‘ (1+ w}A + ©1D) + S (02G + wjwF) + wgg] >0

(26)
S¥[0w0 — hos — 2222)]
MSE(t}) — MSE(ty) = Y20 — ™ 22
n
_ [S‘yt (1+ ©7A + ;D) + 83 (02G + wjoF) + co%B] >0
(27)
Sy a2 — 1)?
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_ [83 (1 + @3A + ®D) + 82 (3G + w1mF) + w%B] 0
(28)
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MSE(1) — MSE(y) = > [m et (0447> }
_ [53 (1+ WA+ w1D) + 53 (02G + o1 F) + m%B] >0
(29)

S4
MSE(tkc;) — MSE(tm) = ;y [0 — D+ wi(nos — 1) = 2wi(h2 — 1)]

— [s‘y‘ (1+ w}A + D) + S2 (@G + w ) + w%B] >0

(30)
MSE(ts) — MSE(ty) = - [S“(m — D+ Ou—1 {bZS“ + A28 +2A,b stz}

oLy o2 T Py Oy ¢

287 [boS3 + A1} ]

- [53 (1+w}A+w D)+ S§ (02G 4+ wjwF) + w%B] >0
31

4

S
MSE(t;s) — MSE(ty) = ;y {Ouo — 1) + AZ0?(hoa — 1) — 2A20(020 — 1)}

—[58 (1 + oA+ @1D) + 87 (26 + w102F) + w3B] 2 0
(32)
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Table 2 PRE’s of various

estimators w.r.t. S% Estimators PRE’s
Population I Population IT
S 100.00 100.00
t 141.89 96.41
t2(min) 262.19 101.13
t3 254.27 98.49
tkc, 108.84 99.40
tKC,y 103.82 99.49
tKCs 155.19 99.37
tke, 110.31 99.54
S (min) 118.23 100.44
trs(min) 262.19 101.13
th(min) 284.63 324.94
tM1 728.53 31103.76
th2 468.79 3488.95
™3 1427.47 6411.99
tM4 1032.11 5709.92
t™M5 1335.77 6162.57
t™M6 1692.00 6289.62
tM7 367005.50 623329.90
tMs 9342.04 277128.00
tMo 14050.20 5983.66
t™M10 413.18 32095.56

MSE(ty) — MSE(ty) = Sy [1 + mjR; + m3R, + 2mmyR3 — 2m Ry — 2moRs]
—[58 (1 + @A+ @1D) + 87 (26 + w102F) + wiB] 2 0
(33)

From Egs. (26) to (33), we conclude that the proposed estimator ty; under aforesaid conditions
performs better than the other existing estimator for the same scenario discussed in this

paper.

Empirical Study

In this section we compare the performance of different estimators considered in this paper
using two population data sets. The description of population data sets are as follows.

Population I [Source: [16], p. 256].

y = Number of villages in the circle.

¢ = A circle consisting more than five villages.

N=89,n=23, S7 = 4.074, S§ = 0.11,Cy = 0.601, C;, = 2.678, Py = 0.766, Bpy =
6.162, W22 = 3.996, h40 = 3.811, N4 = 6.162.
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Population II [ Source: [17], p. 203].

y = Household size in each household of village.

¢ = Household consisting size more than five.

N=35, n=15, 7 = 4.232, §7 = 0.252,Cy = 0.346, C;, = 0.879, ppp = 0.773, Bpy =
1.052, h22 = 0.952, ha0 = 4.977, hos = 1.052.

Table 2 exhibits that the PRE’s of the proposed estimators including the different members
of the proposed class along with the PRE’s of the existing estimators with respect to S% for two
real population data sets. Estimators ty; (i=1,2, ..., 10) are obtained from class of estimators
tm by taking different values of N and Y and percent relative efficiency shown in the table.
The highest PRE is obtained for ¥ = 0, N = 1 and \. = C;, of estimator ty. It has also been
observed that the suggested class of estimators ty; under optimum condition is more efficient
than the usual unbiased estimator, ratio estimator, regression estimator, [11,13] estimator
and other estimators discussed in this paper. Hence for observed choice of parameters the
proposed estimator ty is best among the entire estimators considered in this paper.

Conclusion

In this article we have suggested a generalized class of estimators for the population
variance of study variable y when information is available on an auxiliary attribute in
simple random sampling without replacement (SRSWOR). In addition, some known esti-
mators of population variance such as usual unbiased estimator, ratio, and exponential
ratio type estimators are found to be members of the proposed generalized class of esti-
mators. Some new members are also generated from the proposed generalized class of
estimators. We have determined the biases and mean square errors of the proposed class
of estimators up to the first order of approximation. The proposed generalized class of
estimators is advantageous in the sense that the properties of the estimators, which are
members of the proposed class of estimators, can be easily obtained from the properties
of the proposed generalized class. Thus the study unifies properties of several estimators for
population variance using information on an auxiliary attribute. In theoretical and empiri-
cal efficiency comparisons, it has been shown that almost all the members of the proposed
generalized class of estimators are more efficient than the usual unbiased estimator, ratio,
exponential ratio, regression estimator, estimators due to [11,13] and all other estimators
considered here using information on an auxiliary attribute, scrupulously, estimator ty7 is
best among all the members of generalized class in the sense of having least mean square
error.

References

1. Kendall, M.G., Stuart, A.: The Advanced Theory of Statistics, 2nd edn. Charles Griffin and Company
Limited, London (1967)

2. Naik, V.D., Gupta, P.C.: A note on estimation of mean with known population proportion of an auxiliary
character. J. Ind. Soc. Agric. Stat. 48(2), 151-158 (1996)

3. Jhajj, H.S., Sharma, M.K., Grover, L.K.: A family of estimators of population mean using information
on auxiliary attribute. Pak. J. Stat. 22(1), 43-50 (2006)

4. Shabbir, J., Gupta, S.: On estimating the finite population mean with known population proportion of an
auxiliary variable. Pak. J. Stat. 23, 1-9 (2007)

5. Singh, R., Cauhan, P., Sawan, N., Smarandache, F.: Auxiliary Information and a Priori Values in Con-
struction of Improved Estimators. Renaissance High Press, Ames (2007)

@ Springer



508 Int. J. Appl. Comput. Math (2016) 2:499-508

6. Singh, R., Cauhan, P., Sawan, N., Smarandache, F.: Ratio estimators in simple random sampling using
information on auxiliary attribute. Pak. J. Stat. Oper. Res. 4(1), 47-53 (2008)

7. Abd-Elfattah, A.M., Sherpeny, E.A., Mohamed, S.M., Abdou, O.F.: Improvement estimating the popula-
tion mean in simple random sampling using information on auxiliary attribute. Appl. Math. and Comput.
215, 4198-4202 (2010)

8. Sharma, P, Verma, H., Sanaullah, A., Singh, R.: A study of some exponential ratio-product type estimators
using information on auxiliary attributes under second order approximation. IJSE 12(3), 58-66 (2013a)

9. Sharma, P, Singh, R., Kim, J.M.: Study of some improved ratio type estimators using information on
auxiliary attributes under second order approximation. J. Sci. Res. 57, 138-146 (2013b)

10. Sharma, P, Singh, R.: Improved estimators in simple random sampling when study variable is an attribute.
J. Stat. Appl. Probab. Lett. 2(1), 1-8 (2015)

11. Singh, R., Kumar, M.: A Family of Estimators of Population Variance Using Information on Auxiliary
Attribute. Studies in Sampling Techniques and Time Series Analysis. Zip Publishing, Columbus (2011)

12. Kadilar, C., Cingi, H.: Ratio estimators in simple random sampling. Appl. Math. Comput. 151, 893-902
(2004)

13. Singh, R., Malik, S.: Improved estimation of population variance using information on auxiliary attribute
in simple random sampling. Appl. Math. Comput. 235, 43—49 (2014)

14. Koyuncu, N.: Efficient estimators of population mean using auxiliary attributes. Appl. Math. Comput.
218, 10900-10905 (2012)

15. Sharma, P., Singh, R.: Efficient estimators of population mean in stratified random sampling using auxiliary
attribute. World Appl. Sci. J. 27(12), 1786-1791, ISSN: 18184952 (2013)

16. Sukhatme, P.V., Sukhatme, B.V.: Sampling Theory of Surveys with Applications. lowa State University
Press, Ames (1970)

17. Mukhopadhyay, P.: Theory and Methods of Survey Sampling, 2nd edn. PHI Learning Pvt. Ltd, New Delhi
(1998)

@ Springer



	Generalized Class of Estimators for Population Variance Using Auxiliary Attribute
	Abstract
	Introduction
	Estimators in Literature
	The Suggested Class of Estimators
	Efficiency Comparisons
	Empirical Study
	Conclusion
	References




