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Abstract A doubling transformation ¥ (x) = x — A — xfu, b, A, € R, b > 0, has the

property that for any absolutely integral function F(x) on R we have ffcoo F(y(x)) dx =
ffooo F(x) dx. Compositions of doubling transformations also satisfy this integral invariance
property. In this paper we give criteria for determining when a given rational function is a

composition of two or more doubling transformations, and use this criteria for giving explicit
(x—a)(x+a>) (x—a®) (x+a*) (x2—a?)(x2—a®)
x(x—a?)(x+a3) x(x+a?)(x—a3)’

families of such transformations such as ,fora > 1;

(x2—a?)(x2—D?

. )
fora > 1; and o7 —ab) ,forO <a < b.
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Introduction

Transformations on the real number line of the type

b
Ppx)=x—h— —, ey
X —pu
with A, i, b real numbers with b > 0, called doubling transformations, have the interesting
property that for any absolutely integrable function F(x) on R, we have

/oo F(p(x)) dx = /oo F(x) dx. 2)
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This result can be found for example in Wilson’s Advanced Calculus [4, p. 386]; a proof is
provided in Section “Proof of the Integral Formula” for the reader’s convenience. The name
doubling comes from the fact that ¢ (x) is a two-to-one function on R — {u}, and thus the
graph of F(¢(x)) is a doubling of the graph of F(x). By taking compositions of doubling
functions we generate new rational functions satisfying (2). Our interest in this paper is to
characterize all such rational functions. This extends work started by Hagler in [1], [2] and [3]
where doubling transformation were used in the study of orthogonal systems of polynomials
such as those of Jacobi, Hermite and Laguerre.

We shall establish criteria for recognizing when a given rational function is a composition
of n doubling transformations. For example, the following are all examples of compositions
of two doubling transformations,

(x —a)(x +a?)(x —a®)(x +a*)

x(x —a?)(x +a3) » (@>1, ®
(X2 _ aZ)(XZ _ a8)
x(x +a2)(x — a3) CE )
2 a2 g2
i C e O )

x(x2 — ab)
see Examples 9, 10 and 11. Thus, by (2) we obtain integral formulae such as
00 00 _[wr
V= / e dx = / e *e=al)eta®) dx,
—00 —00

fora > 1 and

/°° dx /°° x2(x% — ab)? dx

T = —_— = ]
oo 1+ x2 oo X2(x2 — ab)? + (x2 — a?)2(x2 — b2)2
forO <a < b.

In general, for compositions of two doubling transformations we establish the following
characterization.

Theorem 1 A rational function is a composition of two doubling transformations if and only
if it is of the form f>(x — ) for some real number | and rational function

H?:l (x — 91'(2))

Hrx) = FE=TRN N Bt 61‘(1))’

where the Oi(j ) are real numbers satisfying

0 <6V <0? <0 <6 <0V <6,
oo = 6@ — 9P,

Theorem 1 is an immediate consequence of Theorem 7, which establishes both existence
and uniqueness criteria for such decompositions. Similar criteria are established for n = 3
in Section “The case n = 3” and for general n in Section “The General Case”. Forn = 3 we
give an explicit family of such functions in Example 12. Writing down explicit families for
n > 3 is more challenging and we have not endeavored to do so at this point.
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Compositions of Doubling Transformations

Suppose that for 1 < k < n, ¢y is a doubling transformation,
by
X —
for some Ak, by, ur € R, by > 0. For any real number u, let ¢, denote the translation
t,(x) :=x — u, and t;l denote its inverse, t;l (x) = x + . Then we have

Gr(x) =x — A —

-1 -1 -1
Pnopu—10---00 :(¢n0tp_n)o([,u«nO¢n*10tun7|)o"'o(tugod)lOtMl)Otul
= PnOpPp-10---0pP1 0Ly

say, where py is a doubling transformation with pole at 0, 1 < k < n. Thus we have the
following lemma.

Lemma 2 Any function that can be expressed as a composition of doubling transformations
can be expressed in the form f(x — ) for some . € R, where f is a composition of doubling
transformations having poles at 0.

Henceforth, we shall assume that the poles 14 in all of our doubling transformations are
zero. The ¢y then take the form

b _ (x—a)& =B

Gr(x) ==x — A — — (6)
X X
where oy > 0, Br < 0 are real numbers given by
A\ JA7 + 4y
o, fpp=—"—""7—"",
2
and satisfy the basic relations
ok + Pr = Ak, (N
axfr = —by. (®)
Set
Ja(xX) = dnop_10---0¢1(x). 9

Each ¢ is strictly increasing on (—oo, 0) and on (0, c0), and is a 2-to-1 mapping on the
extended real number line R U {oco}, where we define ¢y (0) = 0o, ¢ (c0) = oo. Thus f is
a 2"-to-1 mapping on the extended real number line, strictly increasing on the open intervals
where it is defined, having 2" — 1 distinct real simple poles, and can be expressed in reduced
form as a rational function

Pn(x)
qn(x) '

Sa(x) =

for some monic polynomials p, (x), g, (x) of degrees 2", 2" — 1 respectively. The graph of

Jfn(x) consists of 2" connected components C,(") , 1 <r < 2" each containing a unique zero

60" of f,(x). We call C™ the component of the graph corresponding to 6". Thus we have,
2"
pa) =[x = 6.
r=1
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Since

S () = Ou(fu1(x)) = fum1(X) — Ay — b/ fu—1(x),

we see that the poles of f, are just the zeros of f,_; together with the poles of f,_i.
From this observation and the fact that p, (x), g,(x) are monic, we see that f(x) = plT(x)

falx) = x’;fl(()%, and by induction that,

s

Pn(X)
xp1(x)pa(x) - pao1(x)

fu(x) =

The zeros of f, (x) can be put into positive-negative pairs inductively as follows. Forn = 1
we already have the positive-negative pair (91(1), 92(1)) = (a1, B1). We will use odd subcripts
for the positive zeros and even subscripts for the negative zeros. Suppose that we are given
a pairing of the zeros of f,,_1(x), say (92(2:}), 492(2_1)), 1<k<2"2 Let CEZ:II), Cglz_l) be

the corresponding components of the graph of f,,_(x). Note that Cé’;:i) lies in the right half-

plane (x > 0), while C; " lies in the left half-plane (x < 0). Since f, (x) = ¢u(fu—1(x)),
the zeros of f,(x) are just the solutions of the equations f,—1(x) = oy, fu—1(x) = Bn.
Let 92(2)71 be the solution of f,_i(x) = a, with (x, a,) on CEZ:}) and 92(2) the solution of
fn—1(x) = o, with (x, @,) on Céz_]). Then (02(211, 92(2)) is a uniquely defined pair of zeros
of f,(x). Similarly, let (6yn—1,5;_1, Opn-1,5;) be the positive negative pair corresponding to
the solutions of f,_1(x) = B,.

In particular, we see that forn = 2,

0 <o <0 <0<0? <oV <. (10)

Thus, between any two consecutive zeros of g2 (x) = xp1(x) there is a zero of py(x). Also,
to the right of the largest zero of g2 (x) and to the left of the smallest zero of ¢ (x) there is a
zero of ps(x). Similarly, for n = 3 one obtains from the construction above that,

0 <6 <6 <6V <60 <0 <6 <0
0<6 <0 <0 <oV <0 <6 <0, (1)

and we see the same type of splicing of zeros. Continuing this process we have the following
lemma.

Lemma 3 The Splicing Principle. For n > 2, between any two consecutive zeros of ¢, (x)
(with respect to the standard ordering on R), as well as to the right of the largest zero and to
the left of the smallest zero of q,(x), there is a unique zero of p,(x). Moreover, we have the
following consecutive triples of zeros of g, (x):

9(’1) < 9(”_1) < 9(”) 0(”)

(n—1) (n) -2
2n=142k—1 2k—1 k1> =1 4ok < Oy  <by, 1<k<2"" (12)

The positive-negative pairs can be defined in a purely algebraic manner as follows. They
correspond to the choice of positive-negative signs in the successive applications of the
quadratic formula that one would use for calculating the zeros. For instance,
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62 = (xl tor+ v +an)? + 4b1) /2

0 = (M + 02 = VO + ) +4b1) 2

0y = (xl + B2+ (1 + B2 + 4b1) /2
2 _ _ 2

04 (?»1 + B2 A+ B2) +4b1) /2.

Fundamental Relations

As noted above, the zeros of f,(x) are the solutions of the equations f,_1(x) = oy,
fn—1(x) = B,. We call the former the « zeros of f,(x) and the latter the 8 zeros of f,(x).
Let

1 (X) i==¢n_jopp20---0p1(x),
f ) =gt () o200 ¢1(x),
where

¢:: 1(x) =X — (Ay—1 +ay) — by_1/x,
¢n 1(x) =x— (Ay—1 +Bu) —bp_1/x.

Let 91*(" D Q;k*(" D denote the zeros of L

* | respectively. Then the alpha zeros of f;,

are just the zeros of f,*_,, while the beta zeros of f, are the zeros of f*,, that is,
(n) *(n—1) n) _ px(n—=1)
01 =01 s Oy =0y (13)
(n) _ pxk(n—1) (n) sx(n— 1)
Ot ap1 = Ot s Opumr gy = Oy (14)

Because f,° ;(x) and f*, (x) are functions of type (9), identical to f,,—1(x) except for
the value of A,,_, we have

Lemma 4 The Correspondence Principle. Any relationship satisfied by the zeros of f,—1(x)
that has no dependence on A,_1, will be satisfied by the corresponding a-zeros and B-zeros

of fu(x).

As an example of this phenomena we give the most basic such relationship.

Lemma 5 The Basic Relationship. For any n > 1 and any positive-negative pair (92k >
9(")) of zeros of f,(x) we have

(n)  y(n)
Ork—10 = —b1.

Proof The relationship holds for n = 1 by (8). Since it has no dependence on the A, the
same relationship holds by induction and the Correspondence Principle for all n. O

The next lemma provides a more general class of relationships.

@ Springer



38 Int. J. Appl. Comput. Math (2015) 1:33-44

Lemma 6 For any positive integer n, we have

.
(i) D 00" =y 20y + 22 2" (15)
;n—]l 2;1—1
i) >0 =>"0""=q, (16)
i=1 i=1
2n—1 zn—l
(iii) > 03, = > 60 =B a7

i=1 i=1
2n—1 211—1 211—1 2n—l

() —by= (220" =2 0"V (Do, = > 6. a8
i=1 i=1 i=1 i=1

When n = 1, the relationship in (iv) is just the basic relationship of Lemma 5.

Proof The proof of (i) is by induction on n the case n = 1 being the identity o] + 1 = A1.
Suppose the statement is true for n. Then for n + 1 the «-zeros of f,4+1(x) are the solutions of
fn(x) = ap41, that s, the zeros of f,(x) where f,"(x) is the same as f; (x) with A, replaced
by A, + @,+1. Thus by the induction assumption the sum of the a-zeros is A, + op41 +
> 273, ;. Similarly, the sum of the B-zeros of f,41(x) is Ay + Bus1 + D} 2 Anoi.
Thus the full sum of zeros of f;,1(x) is

n—1
g1+ Burt + 20 +2 D 2 M = At + 2k + 27 A1+ 2700

i=1

The sum in (ii) is just the sum of the a-zeros of f,(x) minus the sum of all the zeros of
fn_1(x), which by (i) equals Z?;(} 2 i+ ay — Z;':ol 2'An_i = a,. The proof of (iii)
is identical, using the B-zeros in place of the «-zeros. The identity in (iv) follows from (ii),
(iii) and the fact that «,, 8,, = —b,,. ]

Since the identity in part (iv) of the lemma has no dependence on the 1;, one can invoke
the correspondence lemma to produce further relations. We do this in Section “The General
Case”, but first we explore the cases n = 2 and n = 3 in detail.

The casen =2

Compositions of two doubling transformations are quadrupling transformations, that is,
4-to-1 mappings on the extended real number line. In the notation of the previous section,
any such transformation has the form

p) T -62)

LX) =¢r0¢1(x) = P 2, G — 9i<1))’

19)

where, by the Splicing Principle (Lemma 3), Basic Relationship (Lemma 5) and Lemma 6
(iv) and (i), we have
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952) < 92(1) < 492(2) <0< 93(2) < 91(1) < 91(2), (20)
b =0"05" =66 = 6767, 21
by = (le +6® — M _ 92(1)) (ef) +62 — 0" — 92(1)) , (22)
=00 1oV, (23)
=02 +0 469 +0 — 20" — 208" (24)

Thus, the values A1, A2, b1, by are uniquely determined by f>(x), and we have established
one direction of the following theorem.

Theorem 7 Let f(x) = % be a rational function over R, expressed in reduced form
with q(x) monic. Then f(x) is a composition of two doubling transformations with poles
at zero if and only if p(x) is a monic fourth degree polynomial with distinct real zeros 91.(2),
1 <i <4, g(x) is a third degree polynomial with distinct real zeros 0, 9](1), 92(1), and the
zeros of p(x), q(x) can be ordered in such a manner that the relations in (20) and (21) hold
for some by € R.

To establish the converse part of the theorem we need the following uniqueness lemma.

Lemma 8 For a given set of values by, by, A1, Ay € R, with by > 0, by > 0, the system of
equations (21), (22), (23), (24) has a unique solution 91(1), 92(1), Qi(z), 1 <i < 4, satisfying
(20).

Proof The values 91(1), 92(1) are roots of the quadratic equation x2 — Ax — by = 0, with
60 > 0> 0" Putx =0 +67, v =0 + 6. Then we have

X=2 )Y —-X)==by, X+Y =20 =1, X>VY.

The first two equations give X, Y as zeros of a quadratic equation, and the inequality X > Y
then uniquely determines X, Y. Next, the system

076 = —by, 67 +07 =x, 67 > 6.
uniquely determines 01(2), 9(2), while the system

2) 5 (2 2 2 2 2
0,76 = —b1, 657 16 =v, 67 > 6,

uniquely determines 93(2), 922). O

Proof of Theorem 7 Suppose that f(x) = % is a given rational function with p(x) monic
()

and having zeros 91(2), 0,”, 93(2), 6%, and ¢ (x) monic with zeros 0, 91(]), 92(1). Suppose also
that the relations in (20) and (21) hold for some b € R. Define b,, A1 and A, as in (22), (23)
and (24), and set

b b
Ppr(x)i=x—r1——, )=x—i— —.
X X

By (20) we see that by > 0 and b > 0 and so ¢1, ¢, are doubling transformations. The zeros
and poles of ¢, o ¢ satisfy the relations (20), (21), (22), (23) and (24). Thus, by Lemma 8,
the zeros and poles of ¢, o ¢; must be the values 01(]), 92(1), 91.(2), 1 <i <4.Since ¢y 0 ¢ is
a ratio of monic polynomials, we have ¢, o ¢1(x) = f(x). ]
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In the next three examples, we give families of quadrupling transformations having par-
ticularly nice sets of zeros and poles. The strategy for constructing such examples is to find
a set of real numbers satisfying (20) and (21).

3 2 3

Example 9 Leta > 1. Observing that —a* < —a3 < —a®> < 0 < a < a* < a> we put

00 =a, 00 =~ 6% —a, 00 = —a*, o =a’, o = _a.

Then, with by = a°, by = —2a’(a — 1)*(a*> + 1), relations (21) and (22) hold. Defining
M =a%—a? = —a(a—1)3, we have
(x —a)(x +a*)(x —a®)(x +a*)

x(x —a?)(x +ad)

LX) =¢r0¢1(x) =

Example 10 Leta > 1. Observing that —a* < —a? < —a <0 < a < a® < a*, we put
912) = —a* 93(2) =a, 92(2) = —a, 91(2) =a*, 92(1) = —ad?, 91(1) =d.
Then we have b; = a°, by = a*(a* — 1)(a® — 1), ,; = a® —a®, Ay = —2(a® — d?), and

(? —a?)(x? —ab)
x(x+a®)(x —ad)’

f2(x) = ¢ro¢i1(x) =
Example 11 Let0 < a < b, sothat —b < —+v/ab < —a < 0 < a < +/ab < b. Then with
by = ab, by = (a — b)%, A\] = Ay = 0 we have

(x? —a®)(x? = b?)
x(x2 — ab)

() =¢r0¢1(x) =

The Case n = 3.

Let
[, -6

[3() =¢30¢r0¢1(x) = - (25)
x 1_[1‘2=1 e 91'(1)) H?=1 (= 91‘(2))
By the Splicing principle,
0 <0 <0 <oV <0 <0? <65 <0
0<0y <0 <0 <oV <0 <6 <6 (26)

By the basic relationship,
— b =00 =00 =660 = 696 = 0P0P = 0P6P =oVoV. (27)
By Lemma 6 (iv) together with the Correspondence Principle,
by = (0 +08" — oV — ") (687 + 0" — 0" — o)
= (08 + 6 — 0" —oi") (6 + 65 — 0V — ")

= (07 + 67 — 0" —oi") (67 + 057 — 6" — 6"}, (28)

and again by Lemma 6 (iv),
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by = (0" + 68 + 08 + 0" — 0 — 0 — 0 — 0?)
B L g® 4 6B 4 50 _ @ _g@ _ 4@ _ o0
(68 + o 0 + 0 — 0P — 0P — 0 —07). (29)

By Lemma 6 (i) the values A1, X2, A3 satisfy

2
1
=36,
i=1
4 2
2 1
=302 239"
i=1

i=1
8 4 2
3 @ M)
r=20"—2>"01" —4> 6.
i=1 i=1 i=1

Again, given any 6 satisfying the relations in (26), (27) and (28), by defining
b1, by, b3, A1, A2, A3 as above we obtain an f3(x) of the form (25). Thus we have the analogue
of Theorem 7 for the case n = 3; see Theorem 13.

Example 12 Let ag = 1.839... be the real zero of x> — x?

with a > ag, and set 91(1) =1, 92(1) =—1,

—x —1 = 0. Let a be any real

@ _ o_ 1 o_a-1 o a+l
or=a b= = ST

1 a’ -1 a’+1
G _ 2 .0 _ 3) _ G _
= = = W e

2 2

@_a+l 3 a-1 3 1 G _ 2
95 _a2_l’ 96 __a2_i_17 97 _a2’ 98 =—a.

It is easy to see that (26) holds since, by assumption, a®—a?>—a—1>0,and that (27)
holds with b; = 1. Next, we have

(67 + 68 — 6" — 6" (657 + 657 — 6" — o)

1 2 _ 2
(2_ L a l_a +1 — 4
a?) \a2+1 a2-1

(3) 3 ) ) (3) (3 &) &)
(0 + 68 — 6" — ") (6 + 0 — 6" — 6")

2 2
_ ac+1 a”—1 i—az — 4
a?—1 a?2+1)\a?

(6 + 6 — oV — 6" (67 + 65 — 6" — 6")

1 a—1 a+1
= a — — — =—4,
a a+1 a-—1

and so (28) holds with by = 4. Thus there exist ¢1, ¢2, ¢3 such that

( - ﬁ) (x — a¥) (x2 B (%)2 (xz _ (gi—})z)

r@ =D (4 ) e a) (r+45) (v - 5H)

f[3(x) :=¢30p200¢1(x) =
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The General Case

For general n, we start with the relationship of Lemma 6,

2m—l 2m—l zm—] om— 1

i=1 i=1 i=1 i=1

for m < n. For a fixed m we apply the Correspondence Principle to obtain 2"~+1 — 1
companion relationships:

zm—] zm—l 2m—l 2m—]
_ (m+) (m=1) (m+) (m=1)
~bu = D O — D6, 2 O it — 220 G
i=1 i=1 i=1 i=1
O<j<n-m, 0<t<2/ -1, GD

where 6{” := 0. Thus form = 1,2, 3 and j, € satisfying (31), we have

1+ 1+
—by =03,703,77 (32)
24 24+ 24+ 2+
by = (0577 + ol — oV — 0" (03 1] + 0T — 0 —6V). (33)

_ (pB+h) (B3+j) (3+)) (B+j) 2 (2 (2) (2
—bs = (682+1 05042 + 0513 + 0540 — 07 — 07 — 057 — 0 )
B+)) B+J) (B+j) G+ 2 (2 2) (2)
' (08£+5 g6 T 05047 O3y —07 — 07 —07 — 0 ) N €

There are 2" — 1,2"~! — 1 and 2"2 — | equations in (32), (33) and (34) respectively. For
m = n we have a single relationship,

—bn = (9](”) R T 92<;:1>)
-(9;?3,“ oo oY - ..._92(":7—11))' .

Altogether, there are > _ (2" +! — 1) = 2"*1 — 2 — p equations in 2"*! — 2 variables

Ql.(j ), Insisting that the b; be positive gives n more soft conditions.

Theorem 13 Existence-Uniqueness property. Let n be a positive integer. Given a collection
of 2"t —2 real numbers 91.(]), 1<j<n1<i<?2/ satisfying the 2"t —2 —n equations in
(30) for some positive real numbers b,,, m < n, and ordered in accordance with the Splicing
principle (12), there exists a unique sequence of doubling transformations ¢; (x), 1 <i <n,
with poles at zero, such that with f,(x) := ¢, o ¢pp—1 0 -+ 0 P1(x), we have

lell (x - ei(n))
X Hj;} H?;l (x — 95(1))

Sa(x) =

Proof The proof is an extension of the proof of Theorem 7 and so we just give a sketch. To
define the ¢;, we simply define the b; as in (30), and the A; by the relations in Lemma 6 (i),
to wit,
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2

A = Ze}“, (36)
i=1

4 2
2 1
=60 -2>"6" (37)
i=1 i=1

8 4 2
=00 -2>"07 —4> (38)
i=1 i=1 i=1

on on— 1 2

-1 — 1
i=1 i=l i=l

The composition ¢, o ¢,_1 o --- o ¢ then has zeros and poles satisfying (30) and the A;

equations (36), (37), ..., (39). The theorem then follows by the analogue of the uniqueness
lemma, Lemma 8, which can be proven by induction following the line of argument in the
proof of Lemma 8. O

Proof of the Integral Formula

Theorem 14 Let p(x) = x — A — x% with .,b € R, b > 0. Then for any continuous,
absolutely integrable function F (x) on (—oo, 00), we have

/OO F(¢(x)) dx =/OO F(x)dx.

—0o0
Proof LetI = ffooo F(x) dx. Replacing x by x + p, we may assume that 4 = 0 and
b
Ppx)=x—r— —.
X

Since ¢ (x) is continuously differentiable on (0, co) with image (—o0, 00), and ¢'(x) =
1+ x%, we have, substituting x = ¢ (1),

oo o0 b
1 =/0 F(¢u)¢' () du :/o Flp@) + F(¢w))_7 du. (40)

Now, since |F (¢ (u))| < [F(¢u))||¢'(w)|, and IF(¢(M))M%| < |F(¢pw)||¢'(w)| for u €
(0, 00), and F(¢(u))¢’(u) is absolutely integrable on (0, 0o), the functions F (¢ («)) and
F (¢ (u))ui2 are integrable on (0, 00), and so we can break up the integral in (40) to get,

de.e} oo b
I:/ F(pu)) du+/ F(¢u)— du.
0 0 u
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Next, we substitute # = —b/t, and note that ¢ (_Tb) =¢(1),dt = Mb—z du, to obtain

o0 0
1 :/ F (o)) du+/ F(p(—=b/t)) dt
0 00

0 0
:/0 F(p(u)) du—l—/ F(¢(1)) di

:/ F(pw) du.
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