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Abstract

We study a popular kinetic model introduced by Saintillan and Shelley for the dynam-
ics of suspensions of active elongated particles where the particles are described by
a distribution in space and orientation. The uniform distribution of particles is the
stationary state of incoherence which is known to exhibit a phase transition. We per-
form an extensive study of the linearised evolution around the incoherent state. We
show (i) in the non-diffusive regime corresponding to spectral (neutral) stability that
the suspensions experience a mixing phenomenon similar to Landau damping and we
provide optimal pointwise in time decay rates in weak topology. Further, we show (ii)
in the case of small rotational diffusion v that the mixing estimates persist up to time
scale v~1/2 until the exponential decay at enhanced dissipation rate v!/? takes over.
The interesting feature is that the usual velocity variable of kinetic models is replaced
by an orientation variable on the sphere. The associated orientation mixing leads to
limited algebraic decay for macroscopic quantities. For the proof, we start with a gen-
eral pointwise decay result for Volterra equations that may be of independent interest.
While, in the non-diffusive case, explicit formulas on the sphere allow to conclude
the desired decay, much more work is required in the diffusive case: here we prove
mixing estimates for the advection-diffusion equation on the sphere by combining an
optimized hypocoercive approach with the vector field method. One main point in
this context is to identify good commuting vector fields for the advection-diffusion
operator on the sphere. Our results in this direction may be useful to other models in
collective dynamics, where an orientation variable is involved.
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1 Active Suspensions

Over the last decade, a significant mathematical effort has been put into the under-
standing of mixing mechanisms in kinetic equations. The easiest example is free
transport

Wf+v-Vif =0, F0,x,0)=f"xv), xeT? veR? (1.1

The explicit representation f (¢, x,v) = f in(x — vt, v) shows a filamentation of the
support of the solution through time, leading to convergence of the solution as time goes
to infinity, in weak topology, despite the absence of diffusive mechanisms. The rate of
convergence depends on the regularity of the data, from exponential convergence for
analytic data, to polynomial convergence for Sobolev data. When diffusion is added,
leading to

O f+v-Vif —vAyf =0,

the small scales created by the filamentation allow for an acceleration of the diffusive
process; this leads to an enhanced dissipation on time scales v~!/3 shorter than the
usual v,

Identifying these phenomena in more complex kinetic equations, either of transport
or weakly dissipative type, linearly and nonlinearly, has attracted a lot of attention. A
main example is the analysis of Landau damping in the Vlasov-Poisson equation of
plasma physics, with pioneering works [26, 30]. More recent works were dedicated
to weakly dissipative cases, trying to exhibit both Landau damping and enhanced
diffusion at the same time [2, 5].
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Another field where similar mixing phenomena are identified is the one of col-
lective dynamics. A famous example in this direction is the Kuramoto model, a
system of ODEs describing the dynamics of coupled oscillators, known to exhibit
phase transition, from incoherence to synchronization. At the mathematical level, the
mean-field limit of this system of ODEs leads to a kinetic equation, with unknown
f(t,0, w) describing the fraction of oscillators with phase 6 € T and natural fre-
quency @ € R. Depending on a bifurcation parameter quantifying the intensity of the
coupling, solutions converge weakly either to the uniform distribution (incoherence),
or to the so-called partially locked states modeling synchronization (and containing
Dirac masses in ). It turns out that this convergence is again due to a mixing pro-
cess, as noticed for the first time in [37]. Such phenomenon is now fully confirmed
mathematically, both linearly and nonlinearly [4, 7, 15-17, 20].

In this paper, we will study mixing properties of a popular model describing a dilute
suspension of elongated active particles in a Stokes flow.

1.1 The Model

In [36], see also [35] for a review, D. Saintillan and M. Shelley have introduced a
system of PDEs to describe the dynamics of a dilute suspension of elongated active
particles in a viscous Stokes flow. The word “active” refers to the fact that they convert
chemical energy into mechanical work. A typical example are bacteria, which are
able to swim and create stress through the use of their flagellas. To write down the
model, the first step is to consider a collection of N elongated particles (ellipsoids)
immersed in a Stokes flow. They are described by the position of their center of mass
x; € T3 = (R/(LZ))* and their director p; € S?, 1 < i < N. The choice of a
torus of size L for the spacial domain instead of a real container is for mathematical
convenience: it introduces a typical length scale L without problems related to the
boundary of the domain. Neglecting interaction between the particles, one can use
the work of Jeffery about a single passive ellipsoidal particle in a Stokes flow, see
[24, 38]. If the typical size of the particle is very small compared to L, the torque
experienced by the particle i is approximated by P Pt (Y E(u) + W (w)) |y, pi, where
P pt = =1 — p; ® p; is the projection orthogonal to p,, while E(u) and W (u) are the
symmetnc and skew-symmetric parts of Vu. The parameter y is related to the aspect
ratio of the ellipsoid, with y = 1 in the limit case of a rod. Note that in the work of
Jeffery, u refers to the unperturbed velocity field, that is the one forgetting the particles.
It is thus defined everywhere on T3, especially in x;. The dynamics is then given by

X =u(x)+Uopi, pi=P,. (v E(u) + W(w))ly, pi + possible Brownian noise.

The first equation describes the velocity of the particles as a sum of two contributions:
the first one corresponds to advection by the velocity field u of the flow. The second one
corresponds to swimming along the director p;, at constant speed Uy > 0. The second
equation describes the rotation of the particle, which is known in the absence of noise
to experience periodic trajectories (Jeffery’s orbits). As far as we understand, these
orbits are not really observed in experiments, and it is more accurate to perturb them

@ Springer



20 Page4of53 M. C. Zelati et al.

F/2

F/2
(A) Pusher: bacteria with flagella at the back, (B) Puller: bacteria with flagella at the side at
e.g. E. coli. the front, e.g. C. reinhardtii.

Fig. 1 Tllustration of pusher and puller active particles moving to the right. Depending on configuration,
the force for propulsion is differently applied on the fluid, which yields a different induced flow around the
active particle [35]

by adding additional rotational Brownian motion, of small amplitude v < 1. On the
other hand, we neglect Brownian motion in x, that is translational diffusion. As pointed
out in [36, page 7], it is not expected to play a big role in the linear stability properties
of the model. We stress though that it could be included in the analysis below, and all
the results would then hold independently of the strength of this diffusion.

Besides the swimming velocity Uy p;, another feature of active suspensions that
needs to be retained is the stress that they create on the fluid. Saintillan and Shelley
depart here from the work of Jeffery by including this effect at the level of the Stokes
equation on u. The extra stress due to particle i can be thought as a dipole: the sum of
two opposite and close point forces, along the direction of p;: typically, for bacteria,
one point force is centered at the body of the particles, while the other is centered
at the flagella, see Fig. 1 distinguishing between two kinds of bacteria: pushers and
pullers. One ends up with

N
—Au+Vg=ayy Ve ((pi ® piddy), Vi-u=0,
i=1

where this appearance of the divergence operator in front of a Dirac mass is typical
of a dipole. Depending on the orientation of the dipole, the sign of «y can be positive
(pullers) or negative (pushers). We refer to [6] for a more rigorous derivation.

Eventually, with the right scaling of «y, and performing a (formal) mean-field limit,
one obtains the Saintillan-Shelley model, with two unknowns:

e U = W(t,x, p), the distribution of particles in space and orientation,
e u = u(t, x), the velocity field of the fluid.
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It reads
QW+ (Uop+u) - VoW +V,- (PPL [(vE@) + Ww)p] \1/) = VA, Y,

—Axu+qu=an'/Z\P(t,x,p)p(@pdp, (1.2)
S

Vi-u=0,

where we remind that
1 T 1 T
E@w =3 [Vu+ @], W= 5 [Vu— @], (1.3)
The first equation on W reflects transport along the stream lines associated to

i=u@)+Uop, p=P, [(yEW +Ww)x)p]

inspired by the dynamics of the particles mentioned above. It also contains some
diffusion term vA,¥ (v « 1), where A, refers to the Laplace-Beltrami operator
associated to possible Brownian rotational noise. The other equations describe the
Stokes flow, which is forced by the extra stress div o, with o given by the marginal in
pofa¥p ® p.

Let us notice that this model is very close to the Doi model [18] which describes
passive suspensions of rodlike polymers. In this setting, Uy = O (passive particles),
and @ > 0 is proportional to the Boltzmann constant and the temperature: the tensor o
models viscoelastic stress. While local existence and uniqueness of smooth solutions
of both the Doi and the Saintillan-Shelley models can be obtained by standard methods,
the question of global in time well-posedness is harder. In the case of the Doi model,
global well-posedness was proved in [32] for v > 0, and in [9] for v > 0. Actually
a look at the proof of [9] shows that it is still valid for « of any sign. However,
for non-zero Uy, as far as we know, global well-posedness is unknown (except for
the addition of diffusion in x, see [6]). It seems to be an interesting open problem,
especially when v = 0: indeed, one can check that the force field in the equation for
]P)pi [(yE(u) + W(u))p] has the same regularity in x as . This is to be compared
with Vlasov-Poisson equation, where the force field has one degree of regularity more
than the density p. In the present paper, we will not contribute to this well-posedness
theory, but will rather investigate qualitative properties at the linear level.

1.2 Asymptotic Stability of Incoherence: Main Results
A class of equilibria of interest is given by
v =wS(p), u$=0 (1.4)

of which the isotropic suspension W*° = 1/47x is a particular case. By analogy with
the Kuramoto model, we will call W**° the incoherent state, as it reflects zero alignment
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between the orientation of the particles. The linearized system around (W5, 45 = 0)
reads

1
o+ Uop - Vo + =V (B [WEG) + Wa)p] ) =va,y, (19)

—Axu+qu=Vx-af821/f(t,x,p)p®pdp, (1.6)

Vi -u=0. .7
Since E (u) is symmetric, W (u) is skew-symmetric and u is divergence-free, we have

Vo (I=p@pEWp)=-3p&p:Ew), V- (I-pp)W(u)p)=0.

(1.8)
Hence the equations become
3y
Uy +Uop VoV — 2P @ p: Ew) =vApy,
_ _ 1.9)
Axu+Veqg=Vy-a - Y(t,x,p)p®pdp,

Vi -u=0.

A partial analysis of system (1.9) is performed in [23, 36]

e inthecasev = 0,looking for unstable eigenmodes, the authors manage to calculate
an explicit dispersion relation. They show that in the case of suspensions of pullers
(¢ > 0), no unstable eigenvalue exists. As pointed out by the authors, this is
consistent with the fact that for the full nonlinear system (1.9), forany & > 0, v >
0, the relative entropy of any solution ¥ with respect to ¥/5 decays. However, the
situation changes completely for pushers (¢ < 0).In this case, unstable eigenvalues
exist at low enough x frequencies. In other words, the length L of the torus is a
bifurcation parameter: there is a critical value L., computed numerically in [36],
such that for L < L., there exists no unstable eigenvalue, while for L > L, there
exists at least one. Above this threshold, the incoherent state loses its stability,
some partial alignment of the ellipsoidal particles is observed numerically, while
the corresponding velocity field develops patterns that are favourable to mixing of
passive scalars advected by the flow. See the nice recent work [31] for more on
the nature of the bifurcation process.

e inthecaseof smallv > 0, noexplicitdispersion relation is available. But numerical
computations in [36], confirm the picture given at v = 0, with some threshold close
to L.. This numerical observation will be confirmed rigorously here.

Our focus in the present paper is on what we call the incoherent regime, that is
L < L., both in the case v = 0 and v > 0. Again, some theoretical observations are
already contained in [36], see also [23]. For v = 0, the absence of unstable eigenvalue
for the linearized operator in (1.9) does not imply automatically linear stability, due to
the possible unstable continuous spectrum. Numerical simulations in [23] show high
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frequency oscillations but no instability. Moreover, some decay at rate (k7)~2, where
k is the x-frequency of the perturbation, is seen for some moment of the solution
with respect to p. Stability of the incoherent state is conjectured on the basis of these
simulations. Regarding v > 0, stability is confirmed by simulations, but no clear rate
of convergence with respect to v is given.

Our aim is to clarify most of these aspects, through a detailed mathematical study
of the linearized equation (1.9). Since x € T3, we take the Fourier transform of ¥

; 2
Yi(t, p) = /w e Ty, x, p)dx, ke %23, (1.10)
L
1 .
Yx.p) =13 3 k(. p)e, (1.11)
keZZz3

and similarly for uy, the Fourier transform of u. The Fourier transform of the equation
is then

. 3
Ok + Upik - p Y = éﬁ ® p: Erx(up) + vA i,

i k k i
Uup = k—z]P)kLUkk, P = <I — m ® m) , Er(u):= E(k@u +u®k),

ok :=Ot/2 Yi(t, p) p® pdp.
S
Note that for k = 0, the equation reduces to the simple heat equation

Yo —vApYo =0
so that we restrict to k # 0. Moreover, through the change of variables

t u _ Ve _ v _ kK _

ti=——, Uu:i=——, = , Vi= , ki=—, &= —,
Uplk| otk Uoplk| Uplk| k| lex|
(1.12)

the system becomes

. 3r
O +ik - piyy = el ® p: E(ug) +vA iy,

up =iPrork, P =U—-k®k), (1.13)

Ok =8f§2 Yi(t, p) p ® pdp,
where
k € Sz, e =21 with ¢ =1 forpullers, ¢ = —1 for pushers. (1.14)

@ Springer



20 Page8of53 M. C. Zelati et al.

In this rescaled setting, our main results are the following:

Theorem 1 (Inviscid case, pointwise decay through mixing)

Letv = 0, yi" = " (p) € H¥(S?) for some § > 0, k € S?, ¢ = £1 and
I' € Ry. Let Yy, = Y (¢, p) be the solution of (1.13) such that Yy |;—0 = 1,0;{" There
is an absolute constant T'; € (0, +00], with ' = +o0o fore = 1, and C = C((S, F),
such that if T' < T, then forallt > 0

C
luk ()] < arn? 1" 3+ 52, (1.15)

C :
+MWHMm@y (1.16)

Ik, )l g-1-s(s2) < a
Theorem 2 (Diffusive case, mixing persists for small v up to time v=1/%)
Letv € (0, 1), yj" = ¢i"(p) € H**3(S?) for some § > 0, k € S*, ¢ = £1 and
I' € [0,T.), with ¢ as in Theorem 1. Let ¥ = Y (¢, p) be the solution of (1.13)
such that Yy |i—o0 = 1,0;{" There exist vg = vo(I') > 0, C = C(8, ') > O, such that for
0<v<vgandt € [0,v"Y2] it holds that

Cln@2+1) .
lug (D] < W”W}THHHNSZ), (1.17)
Cln@2+1)
IV, )l g-1-s(s2) < W”W}T”HHB(S% (1.18)

After the time v~!/2, we have the mixing estimates with an additional log factor

until the enhanced dissipation takes over.

Theorem 3 (Diffusive case, enhanced dissipation at timescale v—!/ 2)) Under the
assumptions of Theorem 2, there exist M, n, vo > 0dependingonT, andC = C(5,T)
such that for0 < v < vy andt > v~ Y2 it holds that

k1 = € min (|, &) [y oss e, (1.19)
) .
IOl 22y < CA+ 0™ Y | ass g2y, (1.20)

A few remarks are in order.

Remark 1.1 On the torus the largest length scale is L, so that in the unscaled equation
the original wavenumber |k| is at least 27t /L. This leads to the upper bound

_vlelL
- 2n Uy

(1.21)

Hence the stability condition on I" can be translated into a maximal size of the torus.

Remark 1.2 Theorem 1 is the expression of an inviscid damping: it leads to a O (r~2)
decay for the velocity field uj. Notice that uy involves Y through an average in p:
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this average allows to take advantage of the mixing phenomenon. As a byproduct,
one has a O(r~") decay of v itself in weak topology (negative Sobolev space). The
difference in the rate of decay is very much related to the special structure of uy in
terms of ;. We stress that these polynomial rates cannot be improved, even taking
analytic initial data. This is a major difference with Landau damping, and is related to
the fact that the orientation variable p € S? replaces the velocity variable v € R>.

Remark 1.3 In our proof of Theorem 1, the stability constant I", that we exhibit when
& = —1 is sharp: it means that for I > T, there exist eigenmodes with u; growing.
Concretely, condition I' < I'; is equivalent to the fact that some dispersion relation
has no root in the unstable half-plane:

F,(z) #0, VRe(z) = 0. (1.22)

Our rigorous analysis of this dispersion relation, including the identification of I, is
inspired by the work of Penrose [33] on the stability of plasmas. It substitutes for the
numerical analysis carried in [36].

Remark 1.4 Theorem 2, dealing with the weakly diffusive setting, shows that forv > 0
small enough, the mixing phenomenon persists up to time v~!/2, more generally up
to time Cv~!/2 for arbitrary C > 0. The fact that v~!/2 is a natural time threshold
for our problem is confirmed by Theorem 3: solutions of the equation experience an
exponential decay after this typical threshold. This exponential decay before the natural
diffusive timescale v~ reflects the well-known phenomenon of enhanced dissipation
[3, 10, 12, 13], evoked in the introduction, although one can notice again a strong
qualitative difference between variable p € S? and variable v € R3. In the latter case,
the enhanced dissipation would hold with typical time scale v~'/3. Here, the typical
time scale is much longer, which creates strong mathematical difficulties in showing
mixing up to this time scale, and enhanced diffusion afterwards.

For the transition time until the enhanced dissipation takes over, we show the per-
sistence of the mixing estimates with additional log factors. In advection-diffusion
problems, a diffusion-limited mixing behavior is often observed [29]. That is, invis-
cid mixing does not persist as t — oo, rather the ratio of the H~! to the L? norm
converges to a positive constant. This corresponds to the existence of a characteris-
tic filamentation length scale, often referred to as the Batchelor scale in the physics
literature.

Remark 1.5 While completing our manuscript, we noticed the release of the interesting
preprint [ 1], about the same Saintillan-Shelley model (except for the introduction of an
additional diffusion in variable x). Although paper [1] and ours share a few common
features, we believe that they are different enough to provide distinct and valuable
insights into the stability of active suspensions.

Regarding mixing, which is the focus of the present paper, [1] only contains a
weaker version of our Theorem 1, showing that under condition (1.22), a L? in time
stability estimate

/ lur )P +1)3€dr < 00

R4
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holds. Our extensive discussion of (1.22), see Remark 1.3, as well as our optimal
pointwise in time decay estimates are not covered. We stress that these pointwise
estimates are based on the general Theorem 5 on Volterra equations, which is of
independent interest.

More importantly, [1] does not contain any analogue of our Theorem 2, which is
the heart of our paper, and requires completely different arguments from the inviscid
case.

On the other hand, [1] contains the derivation of Taylor dispersion estimates when
x € R?, and two nonlinear stability results (diffusion in x is crucial there). First,
in the case of pullers (¢ = 1), using an approach a la Guo [22], the authors prove
nonlinear stability of the incoherent state Wiso poth for x € T and x € R? (but
without enhanced dissipation). Second, in the case of pushers, they prove nonlinear
stability of the incoherent state with enhanced diffusion, under the stringent assumption
I' = o(v!/?), which allows to treat the model as a perturbation of the advection-
diffusion equation. With regards to these last two results, and although we restrict
here to a linear analysis, our Theorem 3 is a significant progress.

1.3 Key Ideas
The evolution (1.13) can be split as

Wk = L1k + Loy - ug[y] (1.23)

where
Liy:=—ik-p+vA, (1.24)

is the advection-diffusion operator, and uy is the low-dimensional linear map from the
kinetic distribution to the macroscopic velocity field given by

uglyl = ilPriok, PLu=U0—-k®k), o:=c¢ /2 Y(p)p® pdp. (1.25)
S
Finally, Zz, « 18 the vector field independent of time defined by

- 3i°
Loy (p) = E(P k)P p. (1.26)

Here, we have used that u; satisfies k - u = 0 so that

3r —~
w? ® p: Ex(ug) = Lo - ug.
TT

By Duhamel’s formula

t
it ) = etLreydn 4 / UL (Do - wln(s, )]) ds. (127

0
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Applying the linear map uy then yields the Volterra equation

up(t) + /Ol Ki(t —s)ur(s)ds = Ur(2) (1.28)
with the source
Ur(t) = ugle'™ 1y (1.29)
and the matrix kernel K defined by
K = —ug[e B (Lay - v)], veC. (1.30)

In the proof of Theorems 1, 2 and 3 the key point is to work on the Volterra equation
(1.28) and to show that u; decays like =2 at infinity. Once this is obtained, to go
back to the evolution of 1 and estimate its decay in negative Sobolev norms is direct.
Regarding the decay of uy, there are two main steps:

i) To show that the source term Uy and the kernel K decay like in the corresponding
theorem.

ii) To show that under appropriate conditions on I', this decay passes to the solution
uy of the Volterra equation.

Let us stress that the mathematical questions raised by the second step are not specific
to our model, and can be asked for any Volterra equation. They will be examined in
Section 2. Obviously, before relating the decay rate of the solution to the decay rates
of the source and the kernel, a prerequisite is the stability of the solution. Using the
classical theory of Volterra equation, one knows that it is equivalent to the spectral
condition

det(/ + LKk (z)) #0, VRe(z) >0, (1.31)

where L is the Laplace transform. Under this condition, we achieve Step ii) by proving
Theorem 5 in Section 2. We provide a short proof, that uses the notion of Volterra kernel
of type L°° and the underlying structure of Banach algebra of this class of kernels

As regards Step 1), there is a main difference between v = 0 and v > 0. In
the inviscid case v = 0, considered in Section 3, the evolution e’£1% can be solved
explicitly: the kernel and sources are given by Fourier transforms on the sphere, whose
decay properties are well-known, and analyzed through stationary phase arguments.
This implies that Uy and K; are O(r~2). Moreover, the spectral stability condition
can be fully understood through an analysis a la Penrose, see Section 3, completing
the proof of Theorem 1.

For the diffusive case v > 0, we cannot solve the evolution e'“1:+ explicitly and
the main effort in proving Theorem 2 and 3 is to obtain optimal mixing estimates
on the advection-diffusion equation. This is performed in Section 4. In terms of the
advection-diffusion evolution e’L!, the first result is an enhanced dissipation result,
which can be proved by adapting hypocoercive methods:
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Proposition 1.6 There exist constants Co, o, vo > 0 with the following property: for
every vy > v > 0 and Y'" the advection-diffusion evolution is bounded for all t > 0
as

le g™ | oy < Coe™ " Iy | e (1.32)

The main novelty is that the inviscid mixing estimates persists until the enhanced
dissipation takes over:

Proposition 1.7 There exist vo > 0 and M > 2 such that for ¢, § > 0 there exists a
constant C with the following bounds: For any v < vy, any scalar function F and
t < v~V it holds that

VIn2Z +1)

Tr IFI s 19" ] s (1.33)

and

NIVED)

(1 +1)2 [ F |l gars 9™ | gases. (1.34)

' f Py E Y (p - k) dp‘ <c
SZ
Further, fort € [\fl/z, cv’1/2| In v|] it holds that

< Cv 2 I v|M | F|l s ||| s (1.35)

[enspmray
and

'/ (Y FY(p - kydp| < Colln oY [IF |l gass |9l g2es. (1.36)
S

The key idea is the use of the vector field method. This method, introduced for the
analysis of decay properties of wave equations [25], was used recently in the context of
Vlasov type equations on R? [5]. It allowed to exhibit mixing when 0 < v < 1, despite
the loss of explicit representation formula. Let us just mention at this stage that the key
point is to construct good vector fields, meaning that they commute to the advection-
diffusion operator ik - p — vA . In the Euclidean setting (1.1), the natural choice
J =V, + itk works well over the time scale v~1/3 after which enhanced dissipation
dominates. On the sphere this has no good analogue as the obvious generalization
J = V,+iV(p-k)t, when applied to a solution r of the advection-diffusion equation,
creates commutators of the form vt Vi, with a time integral that can not be controlled
over the large time scale v~!/2. We overcome this difficulty by combining two ideas.
We first introduce a better vector field,

Jy=a(@®)V+iB()V(p-k), where «(t):=cosh(~/—2ivt),
B() = sinh(v/—2ivt).

1
v =2iv

@ Springer



Orientation Mixing in Active Suspensions Page 130f53 20

Roughly, it allows to replace the bad commutator by one that behaves like v¢(1 —
k - p)Vr, hence vanishing near +k. Then, we adapt Villani’s hypocoercivity method
[39], using additional weights in time. The key point of this adaptation is that, besides
proving enhanced diffusion at time scale v~'/2, see Remark 1.4, it provides extra
decay information for some quantities vanishing near the poles =k of the sphere. This
allows to control the commutator and apply the vector field method. All details will
be found in Section 4.

Using the decay estimate, the proof of Theorem 2 is achieved in Section 5.1. Regard-
ing the enhanced dissipation estimates of Theorem 3, a key point is to understand the
behaviour of the diffusive Volterra kernel past time v—'/2, and notably to check the
spectral condition (1.31) for small v. In the Euclidean case, see for instance [5], this
can be proved perturbatively from the inviscid case, using the decay of the diffusive
kernel uniformly in v. In our spherical setting, this is where we need the second part
of Proposition 1.7. This analysis and the proof of Theorem 3 are performed in Section
5.2.

2 Volterra Equations

In this section we study a general Volterra equation:
u(t) + K xu(t) =v@), t=>0, 2.1

with unknown u : Ry — C", and data K : Ry — M,,(C) (the kernel), v : Ry — C”
(the source). The convolution is here on R, defined by Fxg(t) = f(; F(s)g(t—s)ds.
We are interested in the global in time solvability of this equation, and in accurate
polynomial decay estimates for solution # under assumptions of polynomial decay
on K and v. The classical path to study this equation, detailed in [21], is to construct
the so-called resolvent of the equation, that is a matrix-valued R : Ry — M, (C)
satisfying

R(#)+K » R(t) = R(t)+ R » K(t) = K(2). 2.2)

Note that the convolution product does not commute when n > 1, so that in this case,
the resolvent satisfies two distinct equations. It is then straightforward to check that if
K and v are integrable, and if there exists an integrable solution R of (2.2), then an
integrable solution u of (2.1) is given by u = v — R x v and is unique.

For the construction of the resolvent, a vague idea of proof is the following. Assum-
ing there is a solution R to (2.2), and extending both R and K by zero on R_, the
relation (2.2) holds now for all # on R, replacing the convolution on R by the usual
convolution on R. Taking the Fourier transform yields in particular

(I+KE)HRE) = KE), VEeR. (2.3)
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This suggests to impose the condition

det(/ + K) #0 on R (2.4)
and to define

R=F'U+K'k. (2.5)

This is however too quick. We remind that, in order to obtain (2.3), we have extended
our hypothetical solution R by zero on R_. Hence, we must not only verify that
the formula (2.5) makes sense, but also that it gives a function that vanishes on R_.
Condition (2.3) is not sufficient for that. Still, under the stronger condition

det(I + LK(z)) 20 forall Rez > 0, 2.6)

where LK (z) = 0+°° e “ K (¢) dt is the Laplace transform of the kernel, everything
goes nicely. This is the content of following theorem.

Theorem 4 [ [21, Chapter2]] Assumethat K € LI(R+, M, (C)), and that the spectral
condition (2.6) is satisfied. Then, there exists a unique solution R € L' (R, M, (C))
of (2.2). As a consequence, for any v € L'(Ry,C"), (2.1) has a unique solution
ue L' (R, CH.

Once global existence of an L! solution has been obtained, a natural question is its
decay, depending on the decay of the kernel and data. While many works, for instance
on Landau damping, treat this kind of question, most results fall into one of the
following two types. Either they use weighted spaces and use the stronger assumption
fooo |K(¢)| (1 4+ t)* dr to conclude from v in O((1 + ¢)~%) that u is O((1 + t)™%),
e.g. [15, 20]. Or they establish L” in time estimates without loss for p = 1, 2. Indeed,
while weighted L' estimates behave well with respect to convolution formulas such
as (2.2), L? estimates may be established using (2.3) and Plancherel formula, see [1].

Note that this is a significant loss of information, and a look at (2.1) shows that we
may expect much more: if K, v are O((1 4 t)~%) for @ > 1, one may hope that u is
O((1 4+ 1)™%) as well because this property is stable by convolution. Our main result
exactly shows this:

Theorem 5 Assume that (2.6) holds. Let « > 1, and assume that K satisfies
KM <Cg(1+1)"% =0, (2.7)
for o > 1 and a constant Cg. Then, for any v, the solution u of (2.1) satisfies

sup (1 +D)%u(r)| < sup (1 +0)*Jv(@)].

teRy teRy

Remark 2.1 Faou, Horsin and Rousset [19, Corollary 3.3] have a related result for
specific weights. Our proof is different and easily applies for general weights, notably
weight In(2 4 £)(1 + t) ™%, that will be used later.
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Our proof relies on the analysis of Volterra equations of non-convolution type
carried in [21, Chapter 9]. These equations take the form

u(t) + / k(t,s)u(s)ds = v(t), foralmostevery?in J, 2.8)
J

where J is a subinterval of Ry. An important notion developed there is the one of
Volterra kernel of type LP, that we introduce here only for p = co.

Definition 2.2 A Volterra kernel on J is a measurable mapping k : J x J — M,,(C),
such that k(¢,s) = Oforall s, € J withs > 1.

Definition 2.3 A Volterra kernel is said to be of type L on J if it satisfies
lkllloo,s < o0,  where |lkllloo, s = SUP/ k(z, s)|ds.
teJ JJ
On J we can define a generalized convolution product
(ki * ko) (2, ) == / ki(t, u) ka(u, s) du
J

and one can directly verify that the set of Volterra kernels of type L on J, equipped
with (+, %), is a Banach algebra for the norm |||l ;. Moreover, one can show
that the space L*°(J,C") is a left Banach module over it, through (kv)(t) =

[k, u)v(u) du.
As for classical Volterra equations, one has a notion of resolvent:

Definition 2.4 Given a Volterra kernel k on J, a resolvent of k on J is another Volterra
kernel satisfying

r+kxr=r4+rxk==k.

As in the convolution case, the resolvent determines the solution.

Lemma 2.5 [[21, Chapter 9, Lemma 3.4]]

If k is a Volterra kernel of type L* on J, which has a resolvent r of type L*° on J,
then, for any v € L*°(J, C"), equation (2.8) has a unique solution i € L*°(J,C"),
given by

u(t) =v(@) — / r(t,u) v(u) du.
J

Inparticular, ||IZ||Loo(j) S ||17||Loo(1).

Using the standard von Neumann series for perturbations of the resolvent map in
the Banach algebra, we can control the resolvent around a known resolvent.
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Proposition 2.6 ([21, Chapter 9, Theorem 3.9])
If k = ki + ky is the sum of two Volterra kernels of type L*™ on J, if k| has a
resolvent ry of type L™ on J, and if

k2lloo,s <
’ L+ lrillloc, s

then k has a resolvent of type L™ on J.

Proof of Theorem 5 For € > 0 (to be chosen later sufficiently small), we consider
() = (1 +e)u), @) :={+e)%v().

By (2.1), they satisfy
u(t) +/ k(t,s)u(s)yds =v(), VteR4 (2.9)
Ry

with the Volterra kernel

1 1«
k(t,s) = ﬂK(t —ys) ift>s, k(,s):=0 otherwise.
(1 +es)e

By Lemma 2.5 it suffices to show that & is of type L° on R and has a resolvent of
type L on R. We decompose k as

k(t,s) =K@ —s)lg + (M - 1) Kt —s)l3 = ki1(2,s) +ka(t,s).
(1 +es)®

Clearly, [llk1llloo,r, =< IIKll.1 so that k; is of type L°°. By Theorem 4, under (2.6),
the convolution Volterra kernel K has a resolvent R, solution of (2.2). Setting

ri(t,s) =Rt —s) ift>s, ri(,s):=0 otherwise,

yields the resolvent r of k1 on R. Moreover, [|71llloo,r, < [[RI[z1 so that ry is of
type L. By Proposition 2.6, it then suffices to show that we can make [[[k2llo0 R,
arbitrarily small by choosing € small enough. For this last claim, first consider t < A /e
for a parameter A > 0. Then

ds ds’

t t
k ds < 1 “-1)— 1 o _ 1 =
/0 lka(t, )] SN/O (T +2) )(l—l—t—s)"‘ < (A+1*—1) T4
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which can be made arbitrary small by choosing A small enough. This A being fixed,
we consider now ¢ > X /e and split the integral at §¢ for 0 < § < 1. First,

! ! 1 t\? d
mmmmgf e )y
St St 1 4 €dt (1+1—s)~
1 t\* ds’ 1+ 1\
(Y ) [ Y ()
1 + €5t R, (1+5)% ~ yeg, \1+ 81/

which can be made arbitrary small by choosing some § < 1 close to 1. Then, for fixed
A, 8 we find

St St o o
(+en” _(ten ds
/ ka(t, ) ds < sup |K(— sn/ _d a‘/ _
0 5€(0,81) (I+es)* = (A+0* Jr, (1+es)

o o
< UHen” g LHeD” < (r1+1)°‘s“—1,
Te(l+n* T o et 7

which again can be made arbitrary small by choosing € sufficiently small. O

3 Isotropic Suspensions in the Inviscid Case

As the incoherent state is rotational invariant, we can always choose a coordinate
system so that k € S? equals the coordinate vector e := (0, 0, 1)’. More precisely, if
Y [¥'"] is the solution of (1.13) with initial data 1/'", one has for any rotation matrix
R:

YreY " (RTIIHIE, p) = il¥™ 1z, R p),

so that it is enough to assume k = e to prove Theorem 1 or Theorem 2. For easier
readability we then also drop the explicit dependence in the index k. The system (1.13)
reduces to

Y = L1y + Lo - uly] 3.1
where Li := Ly, uly] = u,[¥], Ly = Ly, see definitions (1.24)~(1.25)~(1.26).
By standard methods, for any Yy e HS (S?), s > 0, there exists a unique solution
1/; e CRy, HS(SH) NCYRy, H7I(S?) if v = 0, resp. ¥ € C(R4, H*(S?)) N

lm Ry, HSTS?) if v > 0, of (3.1). The point is to obtain the decay estimates,
first for u, then for v itself. We consider in this section the case v = 0.

3.1 Volterra Equation on u
As indicated in Section 1.3, we can rewrite the evolution for u as a Volterra equation

u(t) + K xu(@t) =U(@)
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with
U@) :=ule'yi™], K@) :=—ule't(Ly-v)], veC. (3.2)
As v = 0, by the definition of u[-], we find explicitly for a test function ¢ that
ule'1g] = ie/ P,ip(e-p)e't¢)(p)dp = iS/ P,ip (e p)(p)e P dp.
s2 s2
(3.3)

We recognize a Fourier transform over the sphere, with well-known decay properties,
quantified in

Lemma3.1 Let M € N, § > 0 and F € H**+145(S2) be a function over S%. For a
unit vector e € S? define the integral

1(¢)=/ e “P'F(p)dp, t=>0.
§2

Then there exist complex numbers ¢y, +, | <m < M, and Iy = Iy (t) such that

Cm. € span ({af‘F(ie), Bl < 2m — 2}) (3.4)
C
Vi > 0, |IM(I)| < W”F”HZMJHJNS(SZ) (35)
and
M . .
1(1) = Z (cm,+€" +cm—e YA+ + Iy (). (3.6)

m=1

For completeness, we shall provide the proof of this lemma, directly inspired from the
lecture notes [8], at the end of this subsection. In the special case of our source U and
kernel K, the integrand F of the lemma contains the projection [P, ., that is vanishing
at p = *k so that Lemma 3.1 with M = 1 implies the bounds

UM S A+ 072" | s,
KO < (141072

Hence we find by Theorem 5 that under the spectral condition
det(I + LK(A)) #0 forall ReA >0, 3.7
the first bound (1.15) on the decay of u holds. To complete the proof of Theorem 1, it

remains to check when assumption (3.7) is satisfied, and finally to analyse the decay
of y itself. This will be done in the following Subsections 3.2 and 3.3.
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Proof of Lemma 3.1 We introduce a smooth partition of unity o, x+, with o + x+ +
x— = 1 over S?, where xq is supported away from p = 4 and y is supported in a
neighborhood of +e. We decompose

10 = b0+ L0+ 10, 10 = [ Feup)dp. 1€0.+-)

By the rotational symmetry, one can introduce coordinates such that e is along the
z-axis. Then any point p € S? can be parametrized as

p=py.2)=K1—-22siny,V1—22cosy,2)! (3.8)

for z € [—1,1] and y € [0, 27). The surface measure on the sphere is do = dy dz
so that

2

1 .
10(l)=/le_’”Fo(Z)dz, Fo(2) 2/0 (Fxo)(p(y,2))dy. (3.9

The key point is that Fy is compactly supported in (—1, 1) so that its extension by
zero to R, still denoted Fj, is in chM +2(R). We find in particular that

Viz1, M @)) = 1M Fy )] < I Follym g

< ”FO”WM-H,I(SZ) < ||F||H2M+1+5(§2). (3.10)
It remains to treat /4 (I_ can be handled in the same way). Let
¢:BO,1)CR* > S x— (x,v/1—[xP).

We find
L) = f VITRP (B x4 1) (9(0)) da
B(0,1)

where j is the Jacobian from the change of variable.

The key point is that the phase /1 — |x|? has a non-degenerate critical point at
x = 0, with Hessian matrix at zero being —2/. By Morse lemma, there exists a
smooth diffeomorphism v from a neighborhood U of 0 in R? to B(0, 1), for 5 small

enough, so that /1 — [ (y)|2 = 1 — |y|%. By taking the support of x, sufficiently
small, we can perform another change of variables and arrive at

1) = e / eI, (3) dy
U
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where F is the product of Fj o ¢ o ¢ with a smooth function, compactly supported
in U coming from the Jacobian. Extending F by zero outside U, we end up with

it —ily|t elt=i% e A
Ii(t)=¢e R2e Fi(y)dy = RZe T FL(§)dE

t

with the Fourier transform ﬁ+ of F and where the last line comes from Plancherel
identity.
We can then perform a Taylor expansion

L o QPN e
© _n;(m—l)! <_’T> +0(5r)
Setting
i 1 S\ 1— m—2 g
e = 1T (D 1/}Rzm2 2f, (6) de

—iZ 1 m—1 m—1
=2me 4 m(—l) [(=A)" F4]1(0)

we obtain that

M it
C ,+e C A
L) =3 ===+ s @, s O < S NEPY il

tm
m=1

One can then notice that

HEPM Pl ey < IAHED ™ 2l L2y I AHIEDM T Fyll 22y
S ||F+||H2M+1+5(R2) S ||F||H2M+1+5(SZ)~

The result of the lemma follows directly. O

3.2 Stability Condition

We now study the stability condition (3.7). This condition was already studied through
explicit numerical computations in [36], but here we provide another angle through
the argument principle which allows a complete solution.

We first compute the determinant.

Lemma3.2 For A € CwithRe A > 0 we have

B e (Y1 20-22)  \°
ifrdi(=1,1). (3.11)
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3ar ar +1,201_,2 2
det(1+ LK) = 1+ 2 p2(1—b?) + PV 22 202
4 4 J1 b+z

if L =ibforbe (—1,1). (3.12)
Proof We remind that
- 3T
Ly=—(p-e)p
4

We again take the parametrization (3.8). We then deduce from (3.2) and (3.3) for
Re A > O that

LK) =— sinycosy cos’y 0]dydz.

3re (] 2201 2y siny  sinycosy 0

This directly yields the expression for Re A > 0. For Re A = 0 the result follows
from continuity and Plemelj formula. O

Remark 3.3 The principal value can be computed explicitly: forall b € (—1, 1),

220 -22 4 1-b
PV/ A=) b A 6t — by .
—1

(3.13)
b+z 3 1+b

This is an odd function, that vanishes at O and at £b,. where b. > 0 can be evaluated
numerically to

b, ~ 0.62375.

Moreover, the function is negative on (0, b.), positive on (b, 1).

Proposition 3.4 For the inviscid system, one has depending on ¢

(1) If e = 1, then the spectral condition (3.7) is satisfied for all " € R.
(2) If e = —1, the spectral condition is satisfied if and only if I' < ', where

1 3
.= be(l — b))

c

Proof For Re A > 0 define the analytic function F (1) by

3i [t 22(1-2%)
Fa+mzz—/ S 7 dz if(a,b) ¢ {0) x (=1, 1),
( ) ol A z if (a,b) ¢ {0} x ( )
37 3i 1221 = 22
F(ib) = ———b2(1 — b> —PV/ S 2 7dz ifbe(—1,1).
(ib) ) ( )+4 L The z ifbe( )

By Lemma 3.2, there exists then an eigenmode if and only if F attains in the right
half plane the value ¢/ T".
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Fig.2 Encircled area of the
curve b — F(b) for the spectral 0.6 - -
condition in Proposition 3.4

0.4 - -
0.2 - -

O, —

Im F

—0.2 - -
—04 - -

—0.6 - -
| | | | | |

|
-0.6 -0.5 -04 —-0.3 -0.2 —-0.1 0
Re I’

By the explicit expression, we also see that F'(A) — 0 as |A| — oo. Hence by the
argument principle the attained values are exactly those values encircled by the curve
b — F(ib). This curve is plotted in Fig. 2 but can also be understood analytically.

For |b| > 1, the expression directly shows that F(b) is purely imaginary, while for
|b| < 1 we find that Re F' < (. Hence it cannot encircle positive real numbers, which
proves the first statement of the proposition.

In {|b| < 1} the curve crosses the real axis atb = 0 and b = £b.. By the expression
of F, we see that it indeed crosses the real axis at —3wb2(1 — b2)/4. Hence we then
have an eigenmode if and only if

1 37
o = e =p,
which shows the claimed stability. O

3.3 Control on y

With the control of u we go back to prove (1.16). Again, it is enough to treat the case
k =e.Let g € H'(S?). From (1.27), we deduce

/S LV pg(p)dp = /S Y (p)e(p) dp

t . —_
+/o /gz =P o(p) Lo (p) - u(s) dpds = I(t) + L (0).

We apply Lemma 3.1 with M = 0, to obtain

. 1 ,
1l = a+0 1" @l i+ S 1—H||1/f’"||H1+5||90||H1+6,
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as H11%(S?) is an algebra. As regards I, we write

t/2 ) _
L(t) = f (/ e’(’_s)e'p(p(p)Lz(p)dp> -u(s)ds
0 S?

t . —_
+ / / ' =P o(p)La(p) - u(s)dpds
t/2 Js?
=: DL 1(t)+ DLa(t).

We bound the parenthesis in the first term using again Lemma 3.1 with M = O: it
follows

t/2 1 _
0] 5f0 o el )l ds

1 2 1 in
< 1—H||§0||H1+5/0 mds 1| graes

1 .
S 1—_{_t||<ﬂ||H1+6||¢m||H3+6,

where we have used (1.15) for the second inequality. Eventually, we use again (1.15)
to get

t 1 . _
Lo < d | 3 Lo||1
Iz,z()IN/t/2 T+ sIY " g+ lleLalic

1 .
S mllwllmwllllf'"llmw,

where we applied the Sobolev imbedding H 14+5(§2) <5 [,%°(S?). This concludes the
proof of (1.16) and of Theorem 1.

4 Decay Estimates for Advection-Diffusion on the Sphere

In this central section of our paper we prepare for the results under small angular
diffusion v by proving Proposition 1.6 and Proposition 1.7.

Here we study mixing estimates for the semigroup e’~1* where L1 = —ik-p+vA,
k € S%. As explained at the beginning of Section 3, there is no loss of generality in
assuming k = e = (0, 0, 1). We shall later use spherical coordinates (6, ¢), with colat-
itude & € (0, ) and longitude ¢ € (0, 27),sothat p = sin6 cos ¢ e;+sin 6 sin g ey +
cosfe.

Setting (1) = /L1y, we thus study decay estimates for solutions to

W +ip-ey =vAy, peS? .1

where, from now on, we suppress the subscript on all differential operators, as it is
understood that they are all with respect to the variable p on the sphere S?.

@ Springer



20 Page24of53 M. C. Zelati et al.

A first feature of (4.1) is that the interaction of transport and diffusion leads to an
enhanced diffusion time scale O(1/./v) that is much shorter than the heat equation
one O(1/v). This phenomenon is analysed in details in Section 4.1. Furthermore, we
exhibit an auxiliary time v—!/3 for the decay of || V(p-e)¥/|| ; 2, a quantity that vanishes
near the pole. This additional time scale is coherent with classical results for enhanced
dissipation in the Euclidean setting, where the absence of critical points also leads to
typical time v~1/3.

In the following Section 4.2, we build a vector field J,, under the form

Sy =a,(OV +iB,(1)V(p - e)

such that, roughly:

(i) ay ~ 1, By, ~ t over times 12,

(ii) J,y is well-controlled over times v~1/2.

In the usual Euclidean setting, where e - p is replaced by e - v, v € R3, the vector
field J = V, +ite is an easy and convenient choice: it commutes with the advection-
diffusion operator, so that J can be controlled easily for all times. In the case of the
sphere, we do not know how to construct such a commuting vector field. Designing a
Jy for which we can show properties (i) and (ii) is difficult, and relies on the refined
estimates of Section 4.1.

By these vector fields we can obtain the first part of the mixing estimates of Propo-
sition 1.7 up to time v~!/2 in Section 4.3. For the estimates on the longer time scale,
we adapt the estimates in Section 4.4 which then concludes the proof of Proposition
1.7.

4.1 Hypocoercive Estimate for Advection-Diffusion

In this subsection we will introduce the hypocoercive estimates which will yield the
enhanced dissipation of Proposition 1.6.

Using the covariant derivatives V as discussed in Appendix A, we find in our case
of S? that

VAY = AVYy — Vi
where the Laplacian A = tr(V?) is the connection Laplacian (the correction comes
from the Ricci curvature tensor which equals the metric on the sphere). Taking the
covariant derivative of (4.1), we therefore get

VY +ip- eV +iV(p-e)y = vVAVY — vV 4.2)

We explicitly compute A(V(p - e)y¥) in Lemma A.1 and this concrete expression
yields

0 (V(p-e)y) +ip-e(V(p-e)y) =vANV(p-e)y) +vV(p-e)y +2v(p-e)Vi.
“4.3)
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We further note that |p - e] < 1 and |V(p - )| < 1. In spherical coordinates, we
find explicitly that [V (p - e)| = sin which is uniformly lower-bounded away from
the poles where it vanishes linearly.

We now derive several energy identities for the solution to (4.1). In all what follows,
(-, -) and || - || stand for the complex scalar product (with the conjugate on the second
variable) and norm on L2(S?) respectively. For simplicity, we will use the same nota-
tions for the scalar product and norm of L? vector fields, or more generally for L?
sections of any tensor bundle over S>. A direct computation using the antisymmetry
of the operator ip - e allows us to derive the L? balance

1d 5 5
F g WIF VIV =0. (4.4)

By testing (4.2) with V/, we obtain the H' balance

—Re(iV(p-e)y, V)
=IV(p -yl Vel 4.5

1d 2 2 2
S IVYIE+vIVVEIm vVl

A

Next we find

d
gy ReliV(p- )y, V) + [V(p - Yy’

= VRe(iA(V(p-)Y), V¥) + v(iV(p - &)y, Vi)
+2vRe(i(p-e)Vy, Vi) + vRe(iV(p - )y, VAY) (4.6)
= —vRe(iV(V(p - e)¥), V) — vRe(i(p - )Y, AY)
—VRe(iV - (V(p- oY), Ay)
< W[V (11 + IV(V(p - W)]).

From (4.3) we find

li||V( Y IP+vIV(V(p-OWI* +vIIV(p-ev?
P p p-ey
=20Re(V(p-e)y + (p- )V, V(p - e)y)
— V(- Oyl + u/<p~e)V<p-e) V()

< 2[V(p-e)yl*+2vlly ).

4.7

For positive constants a, b, ¢ to be chosen later independently of v, define the energy
functional

1
EWl = [ I912 + ave V917 + 2602 Re(iV (p - )y, V) + vV (p - )12,
(4.8)
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Such a form of time-dependent functional takes inspiration from [14, 28, 40].
Assuming that 2b?> < ac, the mixed term can be controlled by the squares so that

1 5 avt 2 cvt? 5
E[y] = 3 v~ + TIIVWII + TIIV(P-e)IﬂII . 4.9)
Moreover, from (4.4)—(4.7), we deduce that E[] satisfies the identity

d 3cvr?
SEWI = = (v = ) IVYI? —avr| V2 = (mz - %) 19 - ey?

— V2P |V(V(p - )P + 26vt [V IV (p - Y |l + avt [ V(p - ¥ || VY|
+4bv2 2 V2| (1 1+ IV (V(p - W)l) + 200 (IV(p - W 1> + ¥ ]I7). (4.10)

It follows that

v av

d 5 avit 5
EEW] <- (Z - 7) IV~ — TIIVVV/II

3cvt?
— b t2 —
( )

8b%v2¢3 1652
— (cvzr3 - : ! ) IV(V(p-e)y)lI* + (7 +2c) V235 |||
4.11)

— 2008 = 24%v? — 8b2vt2> IV(p-ev|?

We will choose the constants according to the following lemma, which is crucial for

the subsequent analysis and holds for the longer time-scale v

Lemma4.1 For any § > 0, there exists by such that for the constants a = b2/ 3,
0 < b < by and ¢ = 32b*/a and for all times t < §v=" it holds for 0 < v < 1 that

gt + 2ive? + 22 vve i + 22 v oul?
—_— —_— [ [ .e
dr 2 2 2 P

2.3

+c
2

1652
IV(V(p-e))l* < (7 + 2c) V2 g%,

Proof By the choices a = b33 ¢ = 32b2 /a and the constraint t < § v~ 12 the result
follows from (4.11) as soon as

3 b 3
7‘: +2¢8 4+ 2a% + 8b% < 5 © (5 + 25) 16b%3 +2p*3 1+ 8p% <

SN

Hence we find the result for a small enough by. O

To conclude the enhanced dissipation from the previous lemma, we need to control

.
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This is achieved by an interpolation in equality involving ||V (p - e)¥ ||, which gives
a good control apart from the poles +e, and | V||, see also [1, Lemma 4.3].

Lemma4.2 Forallo € (0, 1], all vectors e € S? and all complex-valued g € HI(SZ),
the following inequality holds

o' 2lgl* < ||Vg||2+2||V<p-e>g||2. (4.12)

Proof Introducing the spherical coordinates (0, ¢), with latitude 6 € (0,7) and
longitude ¢ € (0, 27), the inequality (4.12) becomes

o 2gl* < 5/ <|398|2+

Now, for o < 1, we have

wg|2> sin0do dy +2||gsind|?.  (4.13)

o' 2lgl* = o'?|gsinb)* + o2 gcos O < llgsinO]|* + o /?||g cos O]

(4.14)

Moreover, an integration by parts entails

g cos 0> = / cos 09y (sin)|g|* sin6 do dp = ||gsin 0> — ||g cos O]
SZ

— 2Re(dypgcosh, gsinb)

—1/2

<o 12| gsind|* — |lgcosO> + o) apg?,

implying

. o
a2 gcos|* < |lgsin6| + §||39g||2~ (4.15)

Combining the above estimate with (4.14), we obtain the desired estimate (4.13). O
We can now conclude the enhanced dissipation.

Proof of Proposition 1.6 Fix the constants a, b, ¢ according to Lemma 4.1. Let A > 0

to be fixed later independently of v. Let vy such that 4a% < 1. From the definition of

)»2
E[Y], we have, for all v < v, at time t = A~ 1/2

1 - V1723 ) A3v—1/2 )
E[y] = Elllﬂll — V¥ IT+ ———IIV(p - oVl
1 , e 3v—1/2
Elllﬂll Y

v

(znwp : e>1/f||2 + mnwuz)

\

1
> 5 (1+ @2 ) .
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where the last line comes from Lemma 4.2, with ¢ = day < 1. By the evolution

cA?
estimate of Lemma4.1 we also find (as ||/ || is non-increasing), thatat time r = Av~1/2,

1 . .
E[y] < Enw’"nZ + eyttt

Hence we find that at time t = Av—1/2,
14 2c?

||1ﬂ||2 = m”l/finHZ-

Taking A small enough (depending on a, b, ¢ but independently of v), the factor at the
right-hand side is less than 1, which implies exponential decay with a rate proportional
tov!/2. O

4.2 Hypocoercive Estimate for Vector Fields

In this subsection we introduce the vector fields to show the mixing estimate Proposi-
tion 1.7 for v > 0 when the semigroup e’/! cannot solved explicitly. This has already
been used in a few instances for mixing estimates [5, 11]. In terms of L, the evolution
of v of (4.1) can be written as

(0 — L))y =0, Ly =—ie-p+VvA.
and the idea is to find a vector field J for which we control J. A natural candidate
for a vector field is J = V 4+ itV (p - ), which commutes with the inviscid part of the

equation. However, it does not commute well with the diffusion operator. Namely, we
find that

@ — L)JY +vJy = 2ivt(V(p- )Y + (p - ) V).

By Duhamel’s formula,

t
JY (1) =e<L1*“>’Jw(0)+2iv/ L1 (T (p )Y (s) + (p - e)Vi(s))ds.
0

If we were to rely only on the straightforward (yet optimal on time scales O(1))
bounds

U2 = C VYO = CA+5),

we would get

t

1Y @)l < C(l + v/ s(1 +s)ds>, Vi <v1/2,

0
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-1/3

The second term behaves like Cvz3, and therefore diverges for ¢t > v , whichis a

faster time scale than the enhanced dissipation one for this problem.
To overcome this issue, we introduce the viscosity-adapted vector field J, of the
form

Ly =a@VY +ip@)V(p-e)y. (4.16)
for scalar functions « = «,,, B = B,. For the evolution, we then find
(a, Ti(p-e)— vA) @VY) =o'V — iaV(p - e)r — vaV,

(3 +i(p-e) = vA)(BY(p - )p) =iBV(p- ey —iBVV(p- )
+ ZiﬂvV((p . e)lﬂ).

In order to control the commutator error terms, we set
B'=a and o =-2ivB

and thus take

a(t) = cosh(v/—2ivt) and B(t) = sinh(+/—2iv ).

1
V=2iv
For the time frame ¢ < v—1/2
that now X = J, ¢ solves

we see that  ~ 1 and B ~ ¢. By this choice, we find

(8;+i(p~e)—vA>X+vX=2i/3vV([p-e—1]1#) 4.17)

or

. 2iBv
(8,+l(p~e)—T[p-e—l]—vA)X—i—vX
282 .
:__a v[p-e—11V(p-e)yy +2ivV(p - e)y. (4.18)

The gain from the adapted vector field J, is that the right-hand side now vanishes at
the north pole p = e. As the enhanced dissipation estimate from Section 4.1 provides
better decay properties for quantities that vanish at the poles +e, this will provide a
better control of the source term, and in turn a better control of X. Obviously, the right-
hand side still does not vanish at the south pole p = —e, so that we need to localize
the estimates away from this pole. Symmetrically, one could construct another vector
field X for which the roles of the north and south poles would be reversed.

To obtain good control of X (away from the south pole), our starting point is Lemma
4.1 with § = 1. After integration in time, using that ||/ ()| < |[¥"|| for all ¢, we get
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for all 7, < v~ that

sup (112 + ve Vw2 + vV (p - o)
te(0,ty)

[
+/ (VIVYI2 4+ 0219 - eI+ 2 V2| (4-19)
0
V2V WIP) S (1 + 2Dy

From there, as a preliminary step, we deduce a few easy bounds on X and R:

Lemma 4.3 There exists vy > 0, such that forall0 < v <vgandallt, < v Vit holds
that

1y 1y 2 )
/ v||X||2dt+/ v VX|2dr < sup (|oe|2+'%)(Hvzti)uwmnz.
0 0 [0,2]

Furthermore, for
R = 2i,3vV([p ce— l]w) (4.20)

and any cutoff x excluding the south pole —e we have

t 2

: 8 -

[ irniar < sup (1 + S5 bR,
0 [0,7%]

In particular,

/ v||X||2dt+f
0 0

Proof The bounds relative to X follow from the definition X = aVy +iBV(p - e)y
and from the hypocoercive estimate (4.19). For the control of R, we decompose

12 172 12

v%uvxude/O IR I*dr < [ly™ 12

(IR IP = 202181 (ILp - e = IV w2 + 19 x1?)

2
<c ('%') e (I V- x> + 1w IP)

and the estimate also follows from (4.19). O
We now state the key estimates of this paragraph, where we first focus on times up

to v~1/2. In the first iteration, we use the nested cutoffs x and x’ excluding the south
pole —e.
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Lemma 4.4 There exists vg > 0, such that for all 0 < v < vy and cutoffs all x, x' :
S? — [0, 1] such that x' = 1 on the support of x and such that —e does not belong
to the support of x', one has for some C > QO the estimate

sup  (IXx I + vt VXX + 02 [V (p - &) ® Xx )
1. €[0,v=1/2]
b-172

+f0 (VIV X+ 22X 2

+ 02 |V(p- &) & XxI? + VPRIV (V(p - ) @ X)x|1?) di

<C (nw""ui,l +/0

Before the proof, we show that iterating this estimates shows the estimate with the
sharp rates.

12

VB |V(p-e) ® Xx/llzdt> :

Corollary 4.5 There exists vo > 0, such that for all 0 < v < vy and cutoff x : s? -
[0, 1] such that —e does not belong to the support of x, one has for some C > 0 the
estimate

sup  (IXxI> + vl VX X2+ 0|V (p - ) @ XxI1?)
te[0,v=1/2]
12

+/ (VIVX + 21V XX + vV (p - ©) @ X2
0

+ 2BV (p o) ® X)x ||2) dr

inn2
< Clly™2,.

Proof Consider nested cutoffs x, x’, x” : S> — [0, 1] such that x’ = 1 on supp x
and x” = 1 on supp x’ and x” excludes —e.

In a first step, applying Lemma 4.4 with x’ and x” yields in particular with the
factor v!/? the bound

V172 ~12
[ RV @ xR < co P+ o0 [ RV e o @ xR

w12

<OV Py + Cvfo X117 < C'lly™ 113,

where the last inequality comes from Lemma 4.3. Hence we gain the control

-1/2 U—I/Z

vV
/ VEIV(p-e) ® Xx'IP < / V22V (p-e) @ Xx'I1? < CIY " I3,
0 0
so that the corollary now follows by another application of Lemma 4.4. O
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We now come to the proof of Lemma 4.4.

Proof of Lemma 4.4 The basic idea is to reproduce the hypocoercive estimates of Sec-
tion 4.1, where we have additional contributions from the cut-off x and the remainder
R. We rewrite (4.17) as

0 +ip-e—vA)X+vX =R. 4.21)

We find

1d
EEIIXxllz + v XxlI> = vRe(Xx, AXx) +Re(Xx, Rx)
< —V[IVXxII> +2v[VX x|l IVx ® X|| +Re(X x, Rx).

For the last term, we use the explicit expression (4.20) of R and integrate by parts to
find

Re(Xx, Rx) < 212UV X + Ix VX — p-e)y
xI < ColBI(IVXXIT+ X VXI)IV(p - e)ll.

It follows from Young’s inequality that
1d v
—— I XxI?+ = IIVX x> < E1(0), 4.22
Zdz‘” x| +2|| xlI© < Ei(®) (4.22)
where, for some absolute constant C,

Ei(t) := C(vIIXI* + vIBIPIV(p - ¥ I?). (4.23)

For the gradient, we find, using the commutation VAX = AVX + O(|VX]), see
Appendix A:
EEIIVXXII +V[IVXxI® =vRe(VXx,V
AXx)—Re(VXy,iV(p-e)® Xx)+Re(VXx, VRy)
< | VVXxI? +20]Vx ® VXIVVX x| + Col|VX x|
FIVXXIIV(p-e) @ Xxl
+IAX X IRx N +201VXXI IR ® V.

Hence, by Young’s inequality,

1d

v
53 IVXXIP+ ZIVIXXI? < IVXXIIV(P - ©) ® XXl + E2(0),  (424)

where, for some absolute constant C,
. 2 1 m2
E)(t) . =C | v|VX| + ;IIR)( . (4.25)
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For the mixed term we find

d
EReUV(p-E) ® Xx,VXx)+2vRe(iV(p-e)® Xx. VXx)+ [V(p-e) ® Xx|*

=VRe(iV(p -e) @ AXx,VXyx)+VvRe(iV(p-e) @ Xx, VAX )
+Re(iV(p-e) @ Rx,VXx)+Re(iV(p-e) ® Xx, VRy)

< Covl|AXxI (IV(p-e) @ VXxI+IXxII+ VX - V(p-e)XI)
+Co(IV(V(p-e) @ X)xll + IIXxID IR+ CollV(p-e) @ XxII VX ® Rl

It follows by Young’s inequality that

d_
3 ReliV(p- &) ® Xy, VXX) +[V(p-e) ® Xx|?
< Cov|AX X1 (IIV(V(p-e) @ X)xI + 1 XxIl) + E3(1),
where

E3(1) :== Cov[| AXx[[IVx - V(p- X[+ Co(IIV- (V(p-e) @ X)xl

/ (4.26)
HIX XD IR

Finally, we find using the explicit calculation of Lemma A.1 that

EEHV(P-e)@XXH +lIV(p-e) @ Xy

=vRe(V(p-e)@ Xx, A(V(p-e) @ X)x)+VvRe(V(p-e) @ Xx,V(p-e)® Xx)
+2vRe(V(p-e) @ Xx.,(p-e)VXx)+Re(V(p-e) @ Xx,V(p-e) ® Rx).

For the contribution of R, use the explicit expression of R and the definition of X to
find that

Vp-©)@R=V(p-e)@2ipvV([p-e— 1)
=2ivV([p-e—11(X —aVy)) —2ipvVi(p-e)lp-e— 11¢,

so that

Re(V(p-e)® Xx,V(p-e) ® Ry)
< CV(IIV(V(p )@ X)xII+1IV(p-e)® XX||>

(IIV(p )@ Xyl + 1lIV(V(p -yl + Iallllﬁll)
+CvIBlIV(p-e) @ XxIIIV(p - el

Hence we find
EEIIV(p-e) @ Xx|I”+vIIV(p-e) @ Xxl
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< —V[V(V(p-&) @ X)xII* +2vIV(p-e) ® Xx|* + Cvll X x|I> + Ea(t),
where

Eq(@) :=Col[V(V(p-e) ® X)XII(IIV(P )@ Xyl +1lIV(V(p -yl + |Ol|||'ﬁ||)
+C|Vip-e)® Xxll(HXII +IV(p-e) @ Xy + lelIV(V(p - )yl + Idllllﬁll)
+ CBllIV(p-e) @ XxIIIV(p-e)il.

From here, we can proceed exactly as in the proof of Lemma 4.1: for suitable positive
constants a, b, ¢, v, for all v < vg, an energy of the form

E[X]:= E[y] = %[llXxllz + avt||VX x|I> +2bvi’ Re(iV(p-¢) ® Xx, VX x)
+ e[V (p - X xI?]
is both coercive
EIX) = 3 [IXIP + SV Xl + 5o IV G- X ]

and satisfies for times r < v~! the inequality

v 5 avit 5
37 BT+ ZIVXL™ + —— IVV XX

bvt? p2e3 4.27
+ VG0 @ XxlP + V(-0 @ Xx P 27

< Cvzl I1X x|I1* +E1(t)+avtE2(t)+bvt E3(t) + cviP E4(t).

Thanks to (4.19) and Lemma 4.3, we have for all 7, < v~ that
/ E +/ viE; < sup (|a| + L& )(1 viH w2 (4.28)
[0,4]

In particular,

Y o-12
/ Eq +/ vtEy < 1.
0 0

Regarding E3, we have by Young’s inequality that for all « > 0:

Vi2Es < kvt |[VVX|2 + Cv? 3| Vip - o) @ Xx'|I?
+kVIPV(V(p-e) @ X)xIIP + kv | X x| + Cet[Rx|1?
<k(VHIVVX[*+ 2P V(V(p-e) ® X)x|?)
+C?PV(p-e) @ Xx'I* + v X x|* + Es,
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where still using Lemma 4.3, we have for all 7, < v

[ s [ orriar < sup (1 T L e

In particular,
—1/2 —1/2

vV - v
/ Es 5/ ARYP S 1.
0 0

Regarding E4, we estimate for all ¢ < p~!

VP Ey < k23| V(V(p-e) @ X)x|I?
+ P (IV(p -0 © Xx'I2 + IV (p - )W) + a1 12)
+ kv |[V(p-e) @ Xx|I* + Cev’tH X | + Co’ P BPIV(p - )y |
<k(VEIVV(p o) @ X)x|* +vi2|V(p - e) ® XxII?)
+CV*PV(p-e) ® Xx'I* + Ea.

where, for all 7, < v~!

o 24 [ 2
/ EsSv t*/ v Xl
0 0

Ly
+f0 (PRI - w12+ 2Rl I + BRIV (- v )

< sup (1o + ) ot (4.30)

[0.:]

Here we used in the last step (4.19) and Lemma 4.3. In particular, this shows

172
/ E4 < 1.
0

For « small enough independently of v, and for all < v~

, we get

9 eixt+ L 1vs? + 2 v )2
ar g"vax 2 X

bvt2

023
IV(p-e)® XxI+ IV (V(p - o) ® X)x |2

< C/v2t3||Xx||2 Vi3 |v(p - e) ® Xx'I? + Ei(t) + avt Ex(t) + bE3(t) + cE4(t).
(4.31)

The desired inequality follows by time integration from 0 to v 172 using the bounds
on Ey, Ez, E3, Ea. O
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To obtain a good decay rate for the velocity field of our linearized model, we will
need to control also the L° norm of i near the pole. This is the purpose of the next
lemma.

Lemma 4.6 There exist absolute constants C > 0 and vy > 0 such that for all v < vy
and t < v=Y2 it holds that

1X(t, p)I* < IVY™ |70
3 .4 2.2.5 2 in2
+C<[l—p-e] v 1= p- eV 4+ 11 = p - elur +1)||W"||Loo.

Proof Using the Leibniz rule for the covariant derivative, we have
1 2 _ 2
EAIXI =g(AX, X) +|VX]7,

where AX still refers to the connection Laplacian of the vector field X and where
|X| = +/g(X, X) is the usual norm induced by the metric on tensors. Back to (4.18),
it follows that

2
(&—vAﬂ—L+|VXP+wXF

2 2
:g(—%v[pw— 1IV(p - ey +2ivV(p - )y, X). 4.32)
so that
2 2
(&—v&% <v t|X|2+Cv||f|}2| P —p el |w|2+c|ﬂ| [l — p - el|y?
<X +C (vt —p-eP+vfl—p- e])||1/fi"||%oo,

where the latter inequality holds for all # < v—1/2_ Tt is then easy to find absolute
constants c¢g > 0, vo > 0, ag, a1, a2, az > 0, such that for all v < vy, the function

f= (aovt4[1 —pePHan? [l — p-elP+awi®[l — p-el+ a3) 112
satisfies
(0 — vA)(e_C°“’2|X|2 - f) <0 Vi<v2

The lemma then follows from the maximum principle for the scalar heat flow on the
sphere. O

The estimates on X = J, 4 can roughly yield a decay like r~!. For the sharp
decay of 12 for the velocity field, we need to iterate and thus also need a control of
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WX =aVX +iBV(p-e)® X. From (4.17), we get

(at Ti(p-e)— vA)JVX T X
=—va[A,V]X —ifvV(p-e) @ X + 2i,3vV([p -e—11X)+ JuR,

where we recall R = 2i vV ([p - e — 1]¥). By Ricci’s formula, see Appendix A, one
has [A, V]X = RVX for some tensor R so that

—va[A,V]X = —vRIL,X +ViBRV(p-e) ® X

and eventually

(a, Fi(p-e)— UA)JUX — VRADLX iR —-DV(p-e)®X
+2ipvV((p-e—1DX)+ JR. (4.33)

Using the previous estimates, we shall prove:

Lemma 4.7 There exists vo > 0, such that for all 0 < v < vo and cutoffs x : S* —
[0, 1] such that —e does not belong to the support of x, one can find C > 0 independent
of v satisfying for all t < v=1/2

I, X@O x> < Clly™ 13,2

Proof Let x, x' suchthat ¥’ = 1 on the support of x and such that —e does not belong
to the support of x’. Performing an L? estimate on (4.33), we find after standard
integrations by parts that
1d 2 2 2
o¥T, I XX II7+ VLX) " S 20[IVLX X I X @ VI + CvllJy X x|
+CvIBIIV(p-e) @ XxIIIJvX x|l
+2v|Blll(p-e—DXx ”(”VJVXX I+2]/hX ® Vxl|>
+Re(JyRx, JuXx).

It follows that

1d

2 v 2 / 2
> q o X x|l +§||VJVXXII = CvlLXXl

+CVIBPIV(p-e) ® XxII* + (JuRx, X x).
We first notice that
VI X ) IIF +vB2IV(p-e) ® XxII* S vl IVX X I +vIBIPIV(p-e) ® Xx'II%
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For the last term, we use that

SR =2ivBL,V([p-e— 1Y) =2ivV([p-e — 11LY) + 2ivB[Jy, V([p-e — 11)]¥
= 2ivBV([p-e— 11X) + 2ivBlJy, V([p - e — 11)]¥ =: Ry + R,.

For the first part, we find by integration by parts that

Re(R1x. /,Xx) < 20181 1(p - e = DXl IV XXl + 214X © V).
This right-hand side was already encountered above and we bound it as

Re(Rix, JyXx) < guvmx I+ vl 5 XX 11+ CoIBRIV(p - o) ® Xx|I*.

For the other component, we further compute that

Ry, = 2iv,3aV(V(p . e)w) + 2v/32V(p ce)(pre— DY :=Ry1+ R
One has

Re(Ra1x X x) < CvlalIV(p - v x| (IVLXx ]l + 14X © V),
so that one ends up with

Re(Ry1x, JuXx) < < IVLXxI? + Coll X X1 + CvlefPIV(p - ¥ x I

ool <

Eventually, we notice that

2
Ry» = lfvﬂ(p e —1D(X —aVy),
resulting after integrations by part in

Re(Raox, X x) < CvIBlI(p-e — DX xIIJ X x|
+CvlaplIV(p - OV I(IIVLX XN+ 17X X'l
v
= gV XX I+ Cvll X x'I2 + CvIBIP(IV(p - o) ® Xx |12

+ e IV(p -y |?). (4.34)

Hence, collecting all these bounds, we find for all # < v~! that
L x4 LIV XK S EG) (4.35)
2 qp AT IV AXT S '
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where

E@®) = v IVXX 1>+ vIBPIV(P-e) ® Xx'II* + vIeplPIV(p - ¥ I*. (4.36)
Fort < U_I/Q,

E@) SvIIVX I + vV (p-e) @ XxX'I? + v | V(p - e ¥

12
and thanks to Lemma 4.4, one has fov E(¢)dr < C, independent of v. This yields
the claimed estimate for J, X. O

4.3 Mixing Estimates

We now show how the obtained estimates can be used to obtain the mixing estimates
up to time v~1/2 of Proposition 1.7.

Proof of Proposition 1.7 for times up to v—'/> We start with the proof of the first
inequality. We split the integrand

/ w(t)de=/ w(t)deer/ Y@ F(1 - x)dp,
S? S? S?

where yx is a smooth function which is 1 near e and 0 near —e. By symmetry consider-
ation, it is enough to show the decay for sz Y (t) F x. We introduce a cutoff x. which
is 1 in a ball of radius € around the pole p = e, zero outside a ball of radius 2¢, and
satisfies |V ye| < e~!. We write

/Sszxdp=fszl/foexdp+fgsz(l—xe)xdp=: I + I.

As | llLe < Y™ Lo, we get
11| < CEX||F el || 1oe.

As regards I, we write

F
[ora—rox= [0V oo s - ox

IV(p

1 F
?/V(p o) (X — aVlﬁ)—_e)P(l — X)X

IV(p

/3/ Vi(p-e Vi )I2( — XX

F
+—/WV <V(P e)l Vi )|2( Xe)X) =Dhi+ by
(4.37)
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We introduce again spherical coordinates (6, ¢), with colatitude 8 € (0, ) and
longitude ¢ € (0,27), so that p = sinfcosge, + sinf singey, + cosf e, and
V(p-e) = —sin ey, while the surface measure on the sphere is ds = sin 6d6d¢. For
the first term, we find that

1
|X| 1 3
Il < SFl / X a5 < S Fe ——ds ) 1 Xx
1Bl oi=e | sin 0| 1B 0> | sin@]?

C’ 1
< —lIFllLee (/ - d9> 1Xxll < _||F||L°°\/|ln6 X xIl-
1Bl 6= | 8in 6| I

In particular with Corollary 4.5 this shows for times # < v~1/2 that

c .
(L1l = Z I F Ly Ine] I 1l -

For the second term, we get

ol <cle [ i (VAL ¢ L yr e L) g
T B rze “Ising|  |sin6)|? sind|

<C’!g}||wi”||Loo(||F||Loo/ ! ds+||F||Loo/ _ g
- 262 [0)z¢ €] SN0 9|=c | sin 62

I Fll : d v
Ty R
H 16]>€ |S1[19|2

< G I s el (1F s + 1F ).

In particular for times ¢ < v~ 12 it shows that

4

22| = —=|In€] I Lo (1 F llzoe + I1F [l 1)

Taking € = %ﬁ yields the first inequality.
As regards the second inequality, we write

1
/vaV(p e)x——/F(X—aVzﬁ)x— 5/FXX+—/WV (Fx)
=J1+ />

Applying the first inequality to the integral in J,, we find for times r < v~!/? that

NIV ED)

|2l = C—IIW"IIHHBIIFIIHM-

@ Springer



Orientation Mixing in Active Suspensions Page 41 0f53 20

The term J; is similar, except that ¢ is replaced by X, on which we have a weaker
control. Using the same strategy as in the proof of the first inequality, we can write

1 1 1
J1=.—/XFX =.—/XFxEx+.—/XF<1—xe)x — K1+ Ko,
ip ip i

We treat K as I1, except that we use Lemma 4.6 as a substitute to the L° bound on
Y. We get

c .
K| < ?(62 + V12 + v et £ vV |y oo | F | oo

We then treat K7 as I, resulting in

K ! fV( e)- L, X L(l— )
2T ) T NG g T
F
— | XV V(p-&)— 1 — xe =K K>>. (438
+_ﬂ2/ < (p e)|V(p'e)|2( X)X) 2,1+ Kpo.  (4.38)

As before we find

|K2,1] < |’3|2||J v X[V In€el[[FllLee,

which yields in particular for < v=1/2 that

c o
K211 < t—zlllﬁ’"IIHZIIFllLoox/llnd.

For K> >, we further decompose it as

F
Kryp=— | XVxc-|V(p-¢)———
22 ﬂZ/ * (“’ e)W(p-e)PX)

F
X1 —=x)V-|V(p-e)——
fﬂ/ (1= xe) (“’ e)|V<p~e)|2X)

F
XVyxe - (V(p-e)————
ﬂ2/ X (“’ €)|V<p~e>|2X>

Vip-o) o < F )
JyX(1 — -
ﬁ3/ = 15e oY VP 9NG op*

o? V(p~e) ( F ))
—— [ xV (U= yo)—— -
iﬂ3/ <( gpor” VP NG ork

=: Hi 4+ H, + H3.
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For H; we obtain the bound

)< & 12 ||F||Loo/ 1X|
€ |,3| €<|0|<ce

-1/2

and in particular for times ¢t < v we get by Lemma 4.6 that

C .
|Hy| < z(e + Vit + v v ) | Fl oo [ y1.oo.
For H, we compute

1 = € ELiFIys [ B a0dp < 5 L iF Il X1,
8l o1ze [5n(@)] Z il

—1/2

In particular for r < v it shows by Lemma 4.7 that

!/
|Hy| < @HFHWIMHW’I”HL

Finally,

|H3| < C

ﬁ/ xi (v |(|F|+|VF|) (IF|+|VF])  |V?F|
1B13 Jioj=e " |sing)? | sin 0|3 |sin@| /"

—1/2

In particular, forr < v we use Lemma 4.6 to find

C .
|H| < t—3<e*2 2 o2+ Ine]) + v‘/zte*‘)||¢’”||W1.m||F||Hz+a.
Taking € = \lﬁ yields the second inequality. O

4.4 Mixing estimates after time v—"/2

In this subsection, we prove the remaining estimates in Proposition 1.7, i.e. for times
tev /2, cv_1/2| In v|]. The general idea is the same and it has already been antic-
ipated in the previous subsections. The main difference is to notice that we cannot
approximate anymore « by 1 and 8 by ¢ but that & and 8 are exponentially growing
in this time scale.

Proof of Proposition 1.7 for times after v

Performing the proof of Lemma 4.4, we do not substitute o and 8 in the last step
but rather take out a supremum. As an analogue of Corollary 4.5 this yields for all
te < v~! the bound

1/2.

sup (X2 + ve VXX + vV (p - ) @ XxI?)
1€[0,1x]
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Iy
+/0 (VIVX I+ 2192 X2 4+ 029 (p -0 @ X I + 23V (V(p - ) @ X)x]2) di

< C sup (\a|2 + ﬁ)(1 )2 . (4.39)
[0.0%] l‘2 H

Using this inequality in (4.35)-(4.36), we find as an analogue of Lemma 4.7 that for
all ,, < v~! the bound

1BI%\2 -
sup XN = C sup (Jof + 20 ) (1 + ¥ D12, @40)
re[0.1,] [0,r%] t

Regarding the L bound on X near the poles, we restart from (4.32) to deduce

X2 vt o 1BI* 3 3,0
0t —VA)—— < X C|1 t’[1—p-
(@ = &) == < X+ Cllnvly g L = p-ePly |
2
vt
+C|1nu|ﬂm[1—p~e]|¢|25—IXI2
2 [Inv|
s B s 3 iny2
+ vl (vl = pe el 4 vill = p el ) 19 I

where we used that |8|%/(Ja|?t?) < 1 for the second inequality. Mimicking the end
of the proof of Lemma 4.6, we find that for all 7, < cv_l/zl Inv]|,

sup |X(t, p)I> < IV ||

t€[0,t4]
181° 34 225
+ C|Inv|{ sup T [I=p-elvt, +[1—p- el v,
[0,2:]
1= p el +vi2) + 1) |2 . (4.41)
Taking into account that
2
% ~v, 1 < viInv|?> for r € v~ V2, cv™2|Inv|]
and using (4.39)-(4.40)—(4.41), we can adapt the proof of Section 4.3 to obtain the
second part of Proposition 1.7. O

5 Proof of Mixing and Enhanced Diffusion for the Diffusive
Saintillan-Shelley Model

The good decay estimates for the semigroup e’~! of the previous subsection now allow
us to conclude the results by studying the Volterra equation (1.28).
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5.1 Proof of Theorem 2

We first prove Theorem 2. Coming back to the Volterra equation (1.28), we drop the
subscript k and restore the superscript v so that it now reads

u”(t)—i—/ot K’ —s)u’(s)ds = U" (1), (5.1
with
UY(t) = ule'1y™], K (v = —ule'™ (Ly-v)], veC.
We remind that
Ly=—i(p-k)+vA, z2=%(P'k)PkLP

and

uly] =iPok, Pou=U—-k®k), 01=8/82W(P)P®Pdp~

(p-K)Pip=—-PV(p-k),
we find that
00 = [ @ mEe -k dp,
K”Uh}=wégkﬂ“£240FVKp-k)dp, F = —igP,.,

Then, Proposition 1.7 shows that there exists a constant C independent of v such that

Cln +1)
(1+1)2

Cln@2+1)

Trr vi<v 12 (5.2)

U] < 1 ™ lg2es, 1K @) <

Introduce U" := U"ll,<,-1/2 and KV := KV, .,-1/2 that satisfy

~ Cln2+1t) ~ Cln(2+41)
U'(t) < ———= n s K (t < — V>0, (5.3
001 = = Wl 1KY O1 < =575 >0, (5.3)
and consider the corresponding modified Volterra equation
t ~ ~
i (t) —i—/ K"t —s)a"(s)ds = U"(1). 5.4
0
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Let K" be the invis_cid kernel considered in Section 3, that is the kernel for v = 0.
We have seen that K™V decays like ~2. We now claim that

351}) ||Kv - Klnv”Ll(RJr) = 0 (55)

Indeed, let « > 0 be arbitrarily small. We fix some large 7 > 0 independent of v,

so that
+00 . 400 -
/ |K'"”|+/ R <«
T T

Note that the second condition can be achieved because the constant C in (5.3) is
independent of v. Now, for all v such that v 12 5 T we write

+00

IR = K™ l1ge < 1KY = K™ + [ (1R71+ 1K)

T
< ||Kv — Klnv”Ll(O’T) + k.

Eventually, it is standard to show that, given any initial data in L?(S?), and any finite
time interval (0, T), the solution ¥/" of the advection-diffusion equation

WY’ +i(p- Y —vAY’ =0

converges in L°(0, T, L2(S?)) to the solution ¥ of ;¢ + i(p - k)" = 0
(with the same initial data). With the choice of initial data y;, = Ls - v, it follows that
limy,—o K" — K| ;19,7 = 0, and the claim (5.5) follows.

From there, we can conclude by the stability of solutions of Volterra equations for
v small enough equation (5.4) has a solution, that decays like O (In(2 + 1) /12). More
precisely, one can construct perturbatively the resolvent R”, satisfying

R"+K' %R =K,

see Proposition 2.6, which even applies to non-convolution kernels. In particular, the
stability condition det({ + LKV (z)) # 0in {Rez > 0} is satisfied, and ||R"||;1 < C.
Using the estimates in (5.3) and Theorem 5 (see also Remark 2.1), we deduce that

Cln2 +1)

la” ()] < W

I || yass, t>0.

But,as K” = K" on[0, v=1/2), by uniqueness of the solutions of the Volterra equation
on a finite time interval, one has #” = u" on [0, vl 2), and the first inequality in
Theorem 2 follows. From there, the second one can be obtained exactly as in Section
3.3, by relating ¥ to u through Duhamel’s formula. This concludes the proof of the
theorem.
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5.2 Proof of Theorem 3

Here we use the additional decay estimates from the enhanced dissipation of Proposi-
tion 1.6 and the extended time-frame of Proposition 1.7. Using the second inequality
in Proposition 1.7, we have

1KY S vlinv™, (0@ S vl My | gaes, Ve e ™2 o™ 2 Inv]].
(5.6)

Moreover, by Proposition 1.6, we also have for v small enough
K01 S e U@ < ey . (57)

We first prove that || K'Y — Kl 1®,) — 0asv — 0. We fix ¢ such that cgp > % We
decompose

T 00 p—1/2
K" — Kl 5/ |K”—K|+/ |K|+/ K|
0 T T

cv_l/z\lnvl 00
+f & [ Kl
v=1/2 cv=1/2|Inv|

The first three terms can be treated as in Section 5.1: for any « > 0 there exists T
large enough and v small enough so that

T 00 v—1/2
f |K”—K|+/ |K|+/ K| < k.
0 T T

For the fourth term, we use (5.6), that yields

v V2| nv| " Ml
/1/2 K" S o2 <,
-

for v small enough. Finally,

* v > —8()\)1/21‘ Cé;"o—l
K" < e ST <k,
cv= 12| Inv| cv=1/2|Inv|

for v small enough. Hence, ||K" — K||L|(R+) — 0 as v — 0. Arguing as in Section
5.1, we deduce that the spectral condition det(I + LK"(z)) # 0 in {Rez > 0} is
satisfied, and that the resolvent R” associated to K" satisfies [|[R"| ;1 < C.

We now would like to establish the bound

12 .
lu’ (@) S eV Y [ gars, om0 = - (5.8)
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We come back to the proof of Theorem 5, replacing the weight (1 + €¢)“ by e mov' %1
The non-convolution kernel k(¢, s) = 8:;; K(t — s)1;_g-0 is now replaced by

2
K@, s) = ek o1, o

=Kyt —8);—g>0+ (eno"l/z“*“) — DKVt =) —g=0 = k] (t,5) + k3 (1, 5).

It is easily seen that k¥ is a Volterra kernel of type L°°. Moreover, by the previous
considerations, for v small enough, k| has the resolvent r (¢, s) := R"(t — 5)1;_s=0,
which satisfies [|7][loo,r, < [R" ||L1(R+) < C for a constant C independent of v. By
using Proposition 2.6, it is enough to show that ||k} ||k, can be made arbitrarily

4 _ ﬁ, and decompose for some § > 0 to

small for v small enough. We fix ¢ = e

be fixed

v %1 v /2s )
K oc.. = | [ — 1)Ky (s)|as
2

sy=1/2 cllnvjp~V o0 12
mov's _ )y ‘d
(~/O +/8U_1/2 dl—w/c|]nv|v—'/2>‘(e ) I(S) ’

=L+ L+

IA

Let ¥ > 0. Using the uniform bound K¥ = O(In(2 + 1)t~2) on [0, v~ /2], we find
I <@ —1) <k for § small enough.

This 8 being fixed, using the bound |[K"| < v|Inv|™ on [§v~1/2, cv~1/2| In v|], which
follows from (5.2) and (5.6), we find

B < v 2|y MHL < 12713 <

for v small enough. Eventually, using (5.7), we get

I < pEo—=no)e—1/2 < v1/2 <k,

for v small enough. Hence, for v small enough, k" has a resolvent r" that satisfies
I lloo®, < C. Also, by the bound (5.7), we know that U = e™""*/U/" is bounded
by C||¢""|| y2+s, and finally

' =0" —/ r(t, $)U" (s)ds,
Ry

is bounded as well, which yields that u¥ = e~V 21V satisfies (5.9).
For the intermediate time regime, we fix ¢ such that nopc = 2. Combining (5.2) and
(5.6), we find that

In(2 + r)M+2

Txr vt € [0, cv™ 2| Inv|].

|Kv(D] S
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Arguing exactly as in Section 5.1, we deduce:

In(2 4 r)M+2

(1 +1)2 ||1ﬁin||H2+s, Vi € [0, cv™ 2| Inv]],

u’®)] <
which in particular gives for small enough v:
" O S Vi) M2y s, Vo€ 72 0™ P, (5.9)
Moreover, with our choice of ¢, for v small enough and ¢ > cv Y 2| Inv]|,
e—mov! /1 <2 < v|InvM+?

so that (5.8) and (5.9) imply the first inequality in Theorem 3 (replacing M by M +2).
To obtain the control of ¢ = 1", we use the expression

t
1)01)(t) — elL]wln +/ (e(t_s)Lll_J2> . MV(S) ds.
0
By Proposition 1.6 and (5.8), we get

1 O S eyl + /0 e B0 gy s
S e O g | 4 @ minCo-m / sl
0
which implies the last bound in Theorem 3.
Remark 5.1 (Stability of pullers) The spectral stability condition
det(I + LK"(2)) #0, in {Rez > 0}

was shown above to be satisfied for small v, through perturbation of the inviscid
condition. Actually, in the case of pullers, there is a more straightforward way, valid
for all v and directly for the original kernel KV. Indeed, one can simply notice that

3r _
LK (v -T="— /(z ~ L) 99,
4
where ¢ = (p - k)Ppip-v. Interms of F = (z — L1)~'¢ we thus find

_3r
LK’ (v -v = 2 ((z—L1)F, F)

T
3T ) R

- (Rez||F|| TVVE| ) >0 for Rez > 0.
TT

This implies in particular that det(/ + £K") cannot vanish in the unstable half plane.
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Appendix A. Reminders on covariant derivatives
For the computations on the sphere, it is natural to rely on covariant derivatives from
Riemannian geometry. Classical references are [27, 34], we just provide here a quick

reminder. We start by introducing the natural metric g on the sphere induced by the
Euclidean scalar product on R3. In spherical coordinates (6, ¢) it is explicitly given

by
(10 Lo (10
8ii =\ 0 sin26 8 =\osin20)"

Given this metric and the associated Levi-Civita connection, we introduce the covariant
derivative of a tensor, denoted by V. We remind that the covariant derivative of a
vector X, resp. of a covector w, is the (1, 1)-tensor, resp. the (0, 2) tensor, defined in
a coordinate basis by

Vix/ = o, x7 + 1) x*,
resp.
_ k
V,-a)j = a,wj — Fl-ja)k,
containing the Christoffel symbols I' defined as
K _ 1 u
i = 587 9j8it + digjt — 418ij)-
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For general tensors, the covariant derivative is defined recursively through the formula
VITQT)=VTQT' +T VT’

The basic properties of the covariant derivatives are that they commute with the metric

g and that they satisfy the Leibniz rule.

Thanks to this covariant derivative, we then define the connection Laplacian of a
tensor as

A =tr(V?) = g7V, v;.
Higher-order derivatives do not commute due to the curvature. The Ricci identity

captures the defect by the Riemann curvature tensor R. In a coordinate basis, it takes
for a covector w the form

[Va, Vploe = _Rdcabwd~

By the definition of the connection Laplacian, we thus find for a scalar function f
that

[A,V]f =RicVf
where Ric denotes the Ricci curvature, obtained by contracting the first and third

argument in the Riemann curvature tensor. On a unit-sphere the Ricci curvature just
equals the metric and thus we find

[A,VIf=Vf
which yields a good sign for our estimates in Section 4. The good sign simplifies the
algebra even though the estimates would equally work for a bounded curvature.
Acting on a general tensor X, we find a similar expression with a successive appli-

cation of the Riemann curvature tensor. As the Riemann curvature tensor is bounded
on a sphere, we just note that

[A,V]X = RVX

for a bounded tensor R.
In the enhanced dissipation estimates, we use the commutator between the
Laplacian and the tensor (p - ¢) X, for a fixed vector e. It is provided by

LemmaA.1 Let X be a (0, N)-tensor. Then it holds that

AV(p-e)®X)=-V(p-e)®X —2(p-e)VX +V(p-e) ® AX.
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Proof We compute the expression in the spherical coordinates (6, ¢) where we take e
to be the north pole. Using the Leibniz rule, we find that

A(Vi(p-e)Xi,,..i,) = (AVig(p-e)Xi,...i) +28"" (Vi Vig(p - NV Xy i
+Viy(p-e)AX;, iy

We can explicitly compute that
A(V(p-e)) =VA(p-e)+RicV(p-e) =VAcosh +Vcosh =sinfdf = —-V(p-e).
For the mixed term, we find

Vi Vi cos8 = 9,0, cos 6 — rk Ok cos 6.

mig
In the spherical coordinates, the only non-zero Christoffel symbols are

cosf
r’ — _—cosfsin® and F(pg = Fz’ = —.

This then yields that
8" (Vi Vig(p - NV Xiy iy = (PO Vig Xiy iy

Hence we have arrived at the claimed expression. O
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