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Abstract

We are concerned with strong axisymmetric solutions to the 3D incompressible Navier-
Stokes equations. We show that if the weak L3 norm of a strong solution « on the time
interval [0, T'] is bounded by A >> 1 then for each k > 0 there exists Cx > 1 such
that | D*u () || oo g3y < 1~ 9/ 2 expexp A% forall 1 € (0, T1.

Keywords Navier-Stokes equations - Type I blow up - Critical spaces -
Axisymmetry - Quantitative regularity - Weak L3 space

1 Introduction

We are concerned with the 3D incompressible Navier-Stokes equations,

ou—Au+ wu-Vu+Vp =0, )

divu =0 in R3
for t € [0, T'). While the question of global well-posedness of the equations remains
open, it is well-known that the unique strong solution on a time interval [0, 7') can be
continued past T provided a regularity criterion holds, such as fOT [l curl u|lsodt < 00
(the Beale-Kato-Majda [3] criterion), Lipschitz continuity up to t = T of the direction
of vorticity (the Constantin-Fefferman [11] criterion), or if fOT ||u||[11,dt < oo for any
p € [3,00], g € [2,00] such that 2/g + 3/p < 1 (the Ladyzhenskaya-Prodi-Serrin
condition), among many others. The non-endpoint case g < oo of the latter condition
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was settled in the 1960s [17, 34, 41], while the endpoint case L Li was only settled
many years later by Escauriaza, Seregin, and Sverak [12]. The main difficulty of the
endpoint case is related to the fact that L is a critical space for 3D Navier—Stokes, and
[12] settled it with an argument by contradiction using a blow-up procedure and new
unique continuation results. This result implies that if 7o > 0 is a putative blow-up
time of (1), then ||u(¢) |3 must blow-up at least along a sequence of times #x — T}, .
While Seregin [38] showed that the L> norm must blow-up along any sequence of
times converging to T, , the question of quantitative control of the strong solution « in
terms of the L> norm remained open until the recent breakthrough work by Tao [44],
who showed that

Jj+l

|Vj14(X, Dl < CXpCXpeXp(AO(l))t_T 2)
forallz € [0, T], j =0, 1, x € R, whenever

lleell oo o, 71 £33y < A
for some A > 1. This result implies in particular a lower bound

lu(®)lls

lim sup = 00,
-1~ (logloglog(Ty —n~h)°

where ¢ > 0 and 7Ty > O is the putative blow-up time, and has subsequently been
improved in some settings. For example, Barker and Prange [2] and Barker [1] provided
remarkable local quantitative estimates, and the second author [31] proved that, in the
case of axisymmetric solutions,

Jj+l

IV/u(x, )| < expexp(A?Wyr—7

forallt €[0,T],j=0,1,x € R3, whenever

3
|4 x
Lo=([0.T):LP (B))

for some A > 1, p € (2,3]. In another work [32] he generalized (2) to higher
dimensions (d > 4), where, due to an issue related to the lack of Leray’s intervals of
regularity, one obtains an analogue of (2) with four exponential functions. Recently
Feng, He, and Wang [13] extended (2) to the non-endpoint Lorentz spaces L7 for g <
oo. We emphasize that all these generalizations rely on the same stacking argument
by Tao [44]. In particular, the argument breaks down for the endpoint case g = oo.

1.1 Tao’s Stacking Argument and Type | Blow-Up

In order to illustrate the issue at the endpoint space L3>, let us recall that the main
strategy of Tao [44] is to show that if # concentrates at a particular time, then there
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exists a widely separated sequence of length scales (Ry) ,le and ¢ = «(A) > 0 such
that [|ul 13 ((x|~R,)) = @ for all k, which implies that

||u||3=/ ul® > / ul® = o°K. 3)
’ R3 ; x|~ R

The more singularly u concentrates at the origin, the larger one can take K; thus the
L3 norm controls the regularity of u. More precisely, if ||u||3 < A and u concentrates
at a large frequency N at time T, then one can take o = exp(—exp(A?W))) and
K ~ log(NT%), which, by (3), implies that N < 72 expexpexp(A9(M). This
controls the solution in the sense that higher frequencies do not admit concentrations,
and so a simple argument [44, Section 6] implies the conclusion (2).

Let us contrast this L? situation with that of general Lorentz spaces L9 with
interpolation exponent ¢ > 3. In that case, [[u||13.4((|x|~g,}) = @ implies

1
el sy 2 [l s~ ren oo = €K7,

and so one should expect the bounds from the stacking argument (3) used in the Lorentz
space L34 extension [13] to degenerate as g — oo. Indeed, if |u(x)| = |x|~! then, for
some constanta > 0, wehave [[u]] 3.00(xj~ry) = @ forall R > 0, yet [lul| 13,003y ~ 1
which shows that the first inequality in (3) fails for the L3 norm. For this reason,
the approach of Tao [44] (and, for related reasons, of Escauriaza-Seregin-Sverék) to
the L3 problem cannot be extended to L3>,

This issue is in fact closely related to the study of Type 1 blow-ups and approx-
imately self-similar solutions to (1). Leray famously conjectured the existence of
backwards self-similar solutions that blow up in finite time, a possibility later ruled
out by Ne&as, Rizicka, and Sverdk [26] for finite-energy solutions and by Tsai [45]
for locally-finite energy solutions. The latter reference identifies the following as a
very natural ansatz for blow-up:

1 X
u(t,x) = 1U< 1),
(To — )2 (To — )2

y 1 1
U(y)=a<—>—+0<—> as |y| — oo, @
[yl/ Iyl [yl

where a : §2 — R3 is smooth. While Tsai [45] shows that there are no solutions
exactly of this form, solutions that approximate this profile or attain it in a discretely
self-similar way are promising candidates for singularity formation, as demonstrated
by, for example, the Scheffer constructions [27, 28, 36, 37], and the recent numerical
evidence of an approximately self-similar singularity for the axisymmetric system due
to Hou [15]. Unfortunately, criteria pertaining to L3 such as those in [12, 31, 44] are
less effective at controlling such solutions because |x|~! ¢ L3(R3), which shows the
relevance of the weak norm L3,
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Specializing to the case of axial symmetry, it is known, for instance, that certain
critical pointwise estimates of u with respect to the distance from the axis imply
regularity [6, 7, 33]. Moreover, Koch, Nadirashvili, Seregin, and Sverdk [16] proved
a Liouville-type theorem for ancient axisymmetric solutions. Furthermore, Seregin
[39] proved that finite-time blow-up cannot be of Type I. Thus, roughly speaking, no
axisymmetric solution can approximate the profile (4) all the way up to a putative
blow-up time Ty. However, this regularity is only qualitative (indeed, the proof uses
an argument by contradiction based on a “zooming in” procedure), and so explicit
bounds on the solution have not been available.

The main purpose of this work is to make this regularity quantitative, in a similar
sense in which Tao [44] quantified the Escauriaza—Seregin-gverék theorem [12]. This
allows us to not only to rule out Type I singularies, but also to control how singular
they can possibly become. For example, it lets us estimate the length scale up to which
a solution can be approximated by a self-similar profile, see Corollary 1.3 for details.

1.2 The Main Regularity Theorem

We suppose that a strong solution to (1) on the time interval [0, T'] is axisymmetric,
namely that

Opuy = dguz = dgug = 0, (5)

where u,, ug, usz denote (respectively) the radial, angular, and vertical components of
u, so that

U=ure, +ugep + uzes

in cylindrical coordinates, where e, ey, e3 denote the cylindrical basis vectors. We
assume further that ¥ remains bounded in L3’°°,

lll oo qo,73: L3 @3y = A (6)

for some A > 1. We prove the following.
Theorem 1.1 (Main result) Suppose u is a classical axisymmetric solution of (1) on
[0, T] x R3 obeying (6). Then

. 1+j
IV u@)l ooy < 172 expexp(A%D)

forall j >0,te[0,T].

We note that, although our proof of the above theorem does use some of the basic
a priori estimates (see Section 4.2) pointed out by Tao [44], it follows a completely
different scheme. Our main ingredients are parabolic methods applied to the swirl
©® := rug near the axis, as well as localized energy estimates on
wr g

®:=— and T :=—. @)
r r
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In a sense, we use those estimates to replace the Carleman inequalities appearing in
Tao’s [44] approach.

To be more precise, our proof builds on the work of Chen, Fang, and Zhang [8],
who showed that the energy norm of &, I',

1@l o2 + ITlzegz + IV @I 2,2 + VTNl 2,2, ®)

controls u via an estimate on ||u(%/r |2 (see [8, Lemma 3.1]). They also observed that
one can indeed estimate this energy norm as long as the angular velocity uy remains
small in any neighbourhood of the axis, namely if

||rdu9 ||L;>0([O’T];L3/(l—d)({r5a})) is sufficiently small for some ¢ > O and d € (0, 1).

9
In fact, this can be observed from the PDEs satisfied by &, T,
2 2
o+u-V—A—-09, F—}——zuga),:O,
r r

) (10)
(a, +u-V—A-— -a,) ® — (0,9, + w3d3) = =0,
r r

which show that, in order to control the energy of I, ® one needs to control u, /7, w,,
w3 and ug. However, u, /r can be controlled by I' in the sense that

3
o A 19T =22 A 20T (11)
r r

(see [8, p. 1929] for details), which is one of the main properties of function I'. In
particular, (11) lets us use the Calderén-Zygmund inequality to obtain that

2Ur
[0*=| =185 (12)

for g € (1, 00) (see [8, Lemma 2.3] for details). Moreover w, = r®, and w3 =
or(rug)/r, which shows that the L? estimate of @, T relies only on control of ug.
In fact, away from from the axis, one can easily control uy, while near the axis the
smallness condition (9) is required in an absorption argument by the dissipative part
of the energy, see [8, (3.11)—(3.14)] for details.

In this work we obtain such control of uy thanks to the weak-L3 bound (6), by
utilizing parabolic theory developped by Nazarov and Ural’tseva [24] in the spirit of the
Harnack inequality. Namely, noting that the swirl ® := ruy satisfies the autonomous
PDE

(3,+<u+§er)~V—A>®:O (13)
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everywhere except for the axis, one can deduce (as observed in [24, Section 4]) Holder
continuity of ® near the axis. A similar observation, but in a case of limited regularity
of u was used by Seregin [39] in his proof of no Type I blow-ups for axisymmetric
solutions. We quantify this approach (see Proposition 5.1 below) to obtain an estimate
on the Holder exponent in terms of the weak-L3 norm, and hence we obtain sufficient
control of the swirl ® in a very small neighbourhood of the axis. As for the outside of
the neighbourhood, we obtain pointwise estimates on u and all its derivatives, which
are quantified with respect to A, and which improve the second author’s estimates [31,
Proposition 8]. This would enable one to close the energy estimates for the quantities
in (8) if there exist sufficiently many starting times where the energy norms are finite.
Indeed, given a weak L bound (6) and short time control of the dynamics of the
energy (8), control of | ®(T)||;2 + [II'(T)]| ;2 can be propagated from an initial time
very close to t = T. Unfortunately, there are no times when we can explicitly control
these energies in terms of A due to lack of quantitative decay in the x3 direction. The
standard approach of propagating L? control of ®, I" from the initial data at r = 0 (for
instance, as in [8]) would lead to additional exponentials in Theorem 1.1.

To avoid this issue and prove efficient bounds, we replace (8) with L2 norms that
measure ¢ and I' uniformly-locally in x3: namely, we consider

O r Vo vr 14
” ”L?OL%fuloc + ” ”Llool%—uluc + ” ”LIZL%—uloc + ” ”LIZL%—uloc’ ( )

where || - ||L§7 = sup,eg Il - lz2(R2x[z—1,2417)- See Proposition 6.1 below for an

uloc
estimate of such energy norm. This approach gives rise to two further challenges.

One of them is the x3-uloc control of the solution « itself in terms of (14). We address
this difficulty by an x3-uloc generalization of the L* estimate on ug /r'/? introduced
by [8, Lemma 3.1], together with a x3-uloc bootstrapping via ||u]| Lers 0 8 well
as an inductive argument for the norms ||u|| Lewk=16 with respect to k > 1, where

“uloc” refers to the uniformly locally integrable spaces (in all variables, not only x3).
We refer the reader to Steps 2—4 in Section 7 for details.

Another challenge is an x3-uloc estimate on u, in terms of I". To be more precise,
instead of the global estimate (12), we require L%_uloc control of u, /r, which is much
more challenging, particularly considering the bilaplacian term in (11) above. To this

end we develop a bilaplacian Poisson-type estimate in L% (see Lemma5.5), which

—uloc
enables us to show that
Uy Uy
[vo.r| . +|ves| .  survng, +1VTe . a9
r L%—uloc r L3—uloc 3-uloc 3-uloc

see Lemma 5.3. Note that this is a x3-uloc generalization of (12), and also requires the
whole gradient on the right-hand side, rather than 93" only. Such an estimate lets us
close the bound in (14), and thus control all subcritical norms of « in terms of ||u|| ;3.0
(see Section 7 for details).

Having overcome the two difficulties of controlling the energy (14), we deduce (in
(73)) that [[(1) [z~ < expexp A%W for all r € [1/2, 1], whenever a solution u

satisfies |lull oo (0, 13:23.00y < A; see Figure 1(supposing that 7 = 1). This suffices for
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lully26 < expexp A1)

uloc
Hu||W16 <expeprO(1)
1/2
[[wor=/2]ls g,
< exp exp Ao(l)
Dz lurer +uses| e }

—uloc

< expeprO(l) p € [3,00)

to 1
-
exp(— exp A9M)

N[

Fig. 1 A sketch of the proof of Theorem 1.1

iteratively improving the quantitative control of «# until ¢+ = 1. Indeed, we first deduce

a subcritical bound on the swirl-free part of the velocity on the same time interval,

namely that ||ure,+uzez||L§ 1 Sp expexp A%D for p > 3andt € [1/2, 1]. Wecan
J—uloc

172

then control (in (74)) the time evolution of ||ugr="/¢|| L4, over short time intervals,
—uloc

and so, choosing 7y € [0, 1] sufficiently close to 1 (by picking a time of regularity, see
Lemma 4.2) we then obtain (in (75)) that ||u9r_1/2||L§ 1 and |lu ”L§ . are bounded
by expexp A% forall ¢ € [1g, 1], see Figure 1. This subcritical bound allows one to
also estimate ||u|| who < expexp Ak for every k, on a time interval of the same size
(see Step 4 in Section 7), which yields the claim of Theorem 1.1.

1.3 A Comparison of the Blow-Up Rate

We note that Theorem 1.1, together with the well-known blow-up criterion ||u () ||co >
c/(Ty — 1/ 2 (see [30, Corollary 6.25], for example), where Tp > 0 is a putative
blow-up time, immediately implies the following lower bound on the blow-up rate of
(@)l L300

Corollary 1.2 (Blow-up rate of the weak-L> norm) If u is a classical axisymmetric
solution of (1) that blows up at Ty, then

u(t o0
timsup M@y (16)
Ty P loglog(Ty — 1)1

This corollary is also a consequence of a recent theorem of Chen, Tsai, and Zhang
[9], who prove1

. 16O 521 g,
lim sup . = +00,

l
=Ty (loglog 100)

1 Let us note the existence of a substantial misprint in the published version of [9]: in their Theorem 1.4,
as in our Corollary 1.2, the blow-up rate is double-logarithmic.
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where b := u,e, + usze3 denotes the swirl-less part of the velocity field u (see [22,
Section 3.3] for the relevant definition of By ,). Thus, since B!\ (R3) D L3>, the
above blow-up rate implies (16). We conjecture that a variant of Theorem 1.1 holds
with the weak-L? norm replaced by such a critical Besov norm and can be proved
using the ideas presented here.

In order to describe the relation of Corollary 1.2 to [9], we note that the argument
in [9] proceeds by proving a pointwise estimate of the form

lrug| < C exp(—c|logr|"), a7

where ¢,C > 0, v € (0,1), for axisymmetric solutions obeying the slightly
supercritical bound

1 100\
F”u”Loo((—Rz,O);LZ(BR)) <K loglog ? forall R € (O, 1/4]
2

for some g € (0, %) and K > 0. This is yet another application of Harnack inequality
methods to axisymmetric Navier-Stokes equations. Rather than proving Holder con-
tinuity of ® under a global control of a critical norm as we do in Proposition 5.1, [9]
obtains (17) by an “almost Holder continuity,”

ozen(-e((e ) - (o) )o@
0OSC €X —C 0og — — og — 0SC
0, P gp SR Or

forO0 < p < R <1/4,7 € (0, 1); see [9, Proposition 1.2]. A similar result in the case
of T = 1/4 has been obtained independently by Seregin [40, Proposition 1.3]. Note
that the case of T = 1 corresponds to Holder continuity.

We emphasize that the main point of our work is not to improve the blow-up rate
but to give an explicit bound on u and its derivatives in terms of only the critical
norm—this is a strictly stronger result in the sense that it pertains to all axisymmetric
classical solutions, even those not blowing up. A naive attempt to prove a similar
quantitative theorem (e.g., using ideas of estimating axisymmetric vector fields from
[21]) would lead to a bound which, compared to Theorem 1.1, would contain more
iterated exponentials as well as severe dependence on the time ¢ and subcritical norms
of the initial data. Instead, Theorem 1.1 parallels the results in [44] and improves
on those in [31] in the sense that the final bound depends only on ||u|| Lor3™ and

a dimensional factor in ¢. This also leads to additional interesting corollaries: for
instance, an explicit rate of convergence for u(r) — 0 as t — 400, and the non-
existence of nontrivial ancient axisymmetric solutions in L?OL?(’OO.

A comparison of these results with the work of Chen, Tsai, and Zhang [9] raises the
following question: Is it possible to efficiently control (in the sense of Theorem 1.1) u
and its derivatives in terms of only b measured in some critical norm? In fact, in our
proof of Holder continuity of ® near the axis (Proposition 5.1) one can easily replace
(6) with boundedness of ||b(t)|| ;3. in time, since “u” in (13) can be replaced by “b”,
due to axisymmetry. However, we do require L3 control of all components of u for
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other quantitative estimates leading to Theorem 1.1. These include the basic estimates
(Lemmas 4.2—4.4), quantitative decay away from the axis (Proposition 5.2), as well as
energy estimates on I" and ® (Proposition 6.1) and their implementation in the main
argument (Section 7).

A related open problem is to explicitly control u in terms of ug only. In fact, despite
a number of works [8, 18, 20, 25, 40, 46] on the properties of the swirl rug, its role in
the regularity problem of axisymmetric solutions remains unclear.

1.4 An Estimate on the Self-similar Length Scale

One of the remarkable consequences of the quantitative estimate provided by The-
orem 1.1 above is that it provides an estimate on the length scale up to which an
axisymmetric solution to the NSE (1) can be approximated by a self-similar profile as
in (4).

In order to make this precise, we will say that a vector field b € L>®(R3; R?) is
nearly-spherical if there exists § € (0, 1/2) such that for every R > 0, there exists
xo € R3 with |xg| = R such that

b b
|b(x0)| > % and |b(x) — b(xg)| < % for all x € B(xo, 8|xo]). (19)

Clearly any spherical profile b(x) = a(x/|x|) is nearly-spherical for every a €
C(0B(0, 1)) (in which case the choice of § for (19) to hold can be made by a sim-
ple continuity argument). Let € C2° (R3 ; [0, 1]) be such that f ¥ = 1, and let
Y (x) = 1734 (x /1) denote a mollifier at a given length scale [ > 0. We also set
Vi =Yk Y.

We note that, letting R := 21/8, we can find xo € R> with |xo| = 2//8 and satisfying
(19). In particular

~ b(-
‘(W R %) (x0)

which shows that

~ b b —bllsc/d  8||b
/ TG0 — ) (y)dy‘zl @xo)| = 1blloo/ > Il ”oo’
B(x0,2]) [yl (14 8)|xol 161

(20)

7 b() H . 8116100

| : | 00 161
for every length scale / > 0. This simple fact lets us deduce from Theorem 1.1 that, if
an axisymmetric solution approximates a self-similar profile b(¢, x)/|x| up to length
scale [ (), where b is nearly-spherical uniformly on [0, ¢], then /(¢) cannot be smaller
than a particular quantitative threshold.

Corollary 1.3 If u is a strong axisymmetric solution u of (1) on [0, T,

u(t) — Y *

b(t, x) ’
x|

L =0olb®)lleo 21

L3

@ Springer
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fort € [0,T], and o < cb, where ¢ > 0 is a sufficiently small constant and b(T) is
nearly-spherical with constant §, then

1 o
1T) 2 ST BT oo exp (= exp (16190 1)) ) -
Proof We note that, at time T,

lulloo Z Ml 3 ulloo

~ b b
ke Ml A Gy

|-
—lﬁz*%

811bllco
16l

1)
8oy Il
16 [

Thus [|u(T)|leo = 6116(T)|l00/320 if o € (0,8/32C). Since also

—cIr!

3.0

lu(@) oo < Wi * + |u(®) — Y * < C|b(, )lloo
[ - | 1300 <] | 3.0
forall t € [0, T], Theorem 1.1 implies that
3I16(T) [l oo 1 o
< /2 ( M )
321(,[,) S ”u(T)”OO ~ T eXp exp ||b||L°°([0,T]XR3) ’
from which the claim follows. O

1.5 Organization of the Paper

The structure of the paper is as follows. In the following Section 2 we discuss prelim-
inary concepts related to the Lorentz spaces L7-7, the Bogovskii operator, a simple
Poisson-type tail estimate that we will later (in Section 5.3) expand to obtain our
Poisson-type estimate (15) above, as well as some properties of cylindrical coordi-
nates. In Section 3 we discuss some properties of axisymmetric functions, including an
axisymmetric Bernstein inequality (Section 3.1) and a quantified version of Hardy’s
inequality (Section 3.2). In Section 4 we present some quantitative estimates of the
3D Navier—Stokes equations, including the Picard iterates (Section 4.1), times of reg-
ularity, bounded total speed, and second derivatives estimates (Section 4.2), all of
which remain valid without the assumption of axisymmetry. The following section,
Section 5, is dedicated to quantitative estimates that are specific to the axisymmetric
setting (5) of the equations (1). These include the statement of the Holder estimate of
the swirl ® mentioned above (Section 5.1), pointwise estimates away from the axis
(Section 5.2), as well as the Poisson-type x3-uloc estimate on u, /r (15) (Section 5.3).
In Section 6 we prove the energy estimate (14) for I' and & mentioned above, and
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Section 7 combines the developed methods to prove the main theorem, Theorem 1.1.
Finally, Appendix A includes a detailed verification of the Holder estimate of ®.

2 Preliminaries
Given f: Q — R we let

ogszc f = sgpf —iIslsz

(Sizenote the oscillation of f over Q2. We also denote by fQ = ﬁ fQ the average over

We use standard definitions of Lebesgue spaces L”(£2), Sobolev spaces wk-p (2),
spaces of continuous functions C(£2), spaces C.(€2) of continuous functions with
compact support. For brevity of notation we often omit “$2” in the notation if Q = R3;
for example W1 = W1°°(R3). We use the convention || - lp :== I - llLr w3, and
we reserve the notation || - || := | - || for the L2(R?) norm. We also write f = ng.
Given p € [1, oo], we define the uniformly local L? norms,

”u”L{"IOC = xs;l]]§3 ”u”Lf(B(x,l)) and ”L‘HLtP‘XiulOC = H ”u”LGIOC ”L’P, (22)

as well as the norms that are uniformly local in x3 only,

||f||L§’7uloc(R3) = Suﬂg Il Lp (R2x[z—1.24+1])- (23)
zZ€Ee

We let U (x, 1) := (4mt) =3/ 2¢=x*/4 denote the heat kernel, which satisfies

_3(1_1)_k
IR, = Gy 075)E (24)
We often use the notation e’2 f := W(r) * f.

Given N € {2%: k € N} we let Py denote the N-th Littlewood-Paley projection.
We recall a localized version of the Bernstein inequality

33 33
1PN fllLoy Sk NPU T PN fllLr g + (RN) NP2 "4 |[Py fliLr,  (25)

where Q C R3 is an openset,k > 1, Qr := {x € R3: dist(x, ) < R}, g € [1, o0]
and p1, ps € [1, ¢q]; see [44, Lemma 2.1] for a proof.

2.1 Lorentz Spaces

We recall the Lorentz spaces, defined by
£ lzpa = YA = M) o e, 2 (26)
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15 Page 12 of 52 W. S. Ozariski, S. Palasek

for g < oo and
0 1= 1/p
Ifllzpee = IARIAT = AP oo 02
We recall the Holder inequality for Lorentz spaces,

lfgllLra < Cpi pogrgo I fllLera gl Lr2az, (27)

whenever 1/p = 1/p1+1/p2, 1/q = 1/q1 + 1/q2, p1, p2, p € (0,00), 91,92, 9 €
(0, oo]. We refer the reader to [43, Theorem 6.9] for a proof of (27). The Holder
inequality can be very useful when estimating some localized integrals in terms of the
LP-°° norm. For example, if ¢ € C0°° (£2) is a smooth cutoff function then we have the
simple estimate

Kl

00 lploo
||¢||Lp,1=p/0 |{|¢|zx}|”l’dA5p/0 gl = 2}1YPdr < pIQIYP |1l

which shows that, for example

/ 78 < If s ligllals2l/e.
Q

This simple method allows us to use the weak L3 space to estimate some integrals
over a region close to the axis of symmetry.
We also note two Young’s inequalities involving weak L? spaces

ILf*gllzeee SNFINIgNLre  for p € (1, 00), (28)

o1 1 1
If*gllp SNFlrligliLac  for p,q,r € (1, 00) with > +1= 7 +- (29)
see [22, Proposition 2.4(a)] and [35, Theorem A.16] for details (respectively).

2.2 The Bogovski Operator

We recall that, given p € (1, 00), an open ball B C R, b € Wl*”_(B) such that
divh = 0,and ¢ € C$°(B; [0, 1]) such that ¢ = 1 on B/2 there exists b € W17 (R?)
such that b = 0 outside B and inside B/2,

divh = div(¢b) and (Bl S 1Blwie) (30)

due to the Bogovskii lemma (see [4, 5] or [14, Lemma II1.3.1], for example). Here
we use the non-homogeneous W!:? norm and so the implicit constant in (30) may
depend of the size of B. We note that the Bogovskii lemma often assumes that the
domain is star-shaped (which is not the case for B \ B/2), but it can be overcome in
this particular setting by applying the partition of identity to ¢; see [29, Section 2.3]
for example.
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2.3 A Poisson-Type Tail Estimate

Here we are concerned with a Poisson equation of the form —A f = D?g, and we
show that any Wk'OO(B(O, 1)) norm of V f can be bounded by the Llllloc norm of g, if
g =0o0n B(0,2).

To be more precise, we let v € C°(B(0, 1); [0, 1]) be such that ¥ = 1 on
B(0, 1/2). Given y € R? we set

Yy () =y (x —y). €19

and

= > ¥

jez?
lj1=10

Lemma 2.1 Suppose that f = D*(—A)"'(g(1 — J))for some g € L. Then
1V Fllyeos Skl fork >0,

Proof We note that

1 i 1_
a,-f(x):/(x yi)g(y)( </>(y)) dy

Ix —yI°

for x € supp ¢, and so

|Vf(x)|_/ g dy

{lx—y|=5} |.X _Y|4

x1+j1+1 pxot+jpp+l px3+j3+1 g
/ / / ——dysdyady;
X X2+ X3+ J lx — y]

A

=
1+J1 2+j2 3+J3
|]|>2
Slglzy L slgley s
jez?
1j1=2
as required. An analogous argument applies to higher derivatives of f. O

The above proof demonstrates a simple method of tail estimation which we will later
use to obtain a L3 uloc €stimate of u, /r in terms of I', mentioned in the introduction
(recall (15)). In fact, to this end, a similar strategy can be applied in the x3 direction
only, and can be extended to the more challenging bil.aplacian Poisson equation (see
Lemma 5.5 below).
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2.4 Cylindrical Coordinates

Given x € R3 we denote by x" := (x1, x2) the horizontal variables, and r := (x% +
x%)l/ 2 denotes the radius in the cylindrical coordinates. We often use the notation

(r<ro}:={x eR: r <ro

for a given rg > 0.
We recall a version of the Hardy inequality

I~ Fllza S CENfliagy + IV FllLae), (32)

where 2 is a bounded domain and g € (1, 2]; see [8, Lemma 2.4] for a proof.
We recall the divergence operator in cylindrical coordinates: if v = v,.e, + vgep +
v3e3 then

divv = %8r(rvr) + %8@1}9 + 03v3. (33)
We say that a vector field v is axisymmetric if (5) holds. In such case we have
V)2 = (3,0,)% + (B,09)* + (3,v3)* + 2(v3 +v2), (34)
which implies the pointwise bounds
lor| |vgl

, < [V'vl.
r r

Here V' refers to the gradient with respect to the horizontal variables x” only.
Moreover,

13- f1 < ID? £ (35)

Indeed, since

X1 X2
0, =cos6 0y +sinf 9 = - —/32
'] | x|
where x’ := (x1, xp) refers to the horizontal variables, we can compute that

2 2
311+2 3132+ i /|2822,

o = |x ’|2 |x ’|2

@ Springer



Quantitative control of the axisymmetric NSE Page150f52 15

from which (35) follows. More generally,

2 2 3

3 3x7x2 3x1x5 x5
3rrr=| /|33111+ NE 01192 + NE 81322+| ,|38222,
x4 4x3 x2 2 dx1x 4
3rrrr=| ,|431111+ P 200110y + —2 ' 201100 + — 2= P 313222+| /|432222
This shows that
D} fISIDYfI and D} fI S IDYS] (36)

for any axisymmetric f (here, for example, D* refers to all fourth order derivatives
with respect to x1, x2, x3).

3 Properties of Axisymmetric Functions

Here we discuss some properties of axisymmetric functions, including an axisymmet-
ric Bernstein inequality and a quantified Hardy’s inequality.

3.1 Bernstein Inequalities

Here we discuss a version of the axisymmetric Bernstein inequality provided by [31,
Proposition 1] that involves the weak L> space.

Lemma 3.1 Let T), be a Fourier multiplier whose symbol m is supported on B(0, N)
with |V/m| < MN 7 and1 < g < p < oo.Ifeither—% <a< %—%orpzoo
and a = 0, we have

3_3_
I Tnullr S MNa™ P~ ||ul| .0

for all axisymmetric scalar- or vector-valued functions u.

Proof We normalize M = N = 1. Under these assumptions on p, o, Proposition 1 in
[31] implies

7 Tl Lr S N P<rotell a+e

for T,,, P<10 = T, since an € > 0 sufficiently small depending on p, g, «. Let ¥ be
the kernel such that P<j9 = y*. Then by the weak Young inequality (29),

I P<ioullare S I llp1+o@llullzace S llullzaoe.
O
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A useful consequence of the above lemma is the following heat kernel estimate

eV fllr < 1r¥e®V P<i fllLe + ) Ir*e® VI Py £l e

N>1
~N2/100 \rj+3 3
Sapag. 1 fllLacc(+ Y e N /MONTFa75
N>1
S 1 llLae (37

under the same assumptions on the parameters as in Lemma 3.1.

3.2 A Quantified Version of the Hardy Inequality

By the classical Hardy inequality

341
lr= 72 fllp Sp ALF 2 4+ 1V f1l2)

for any axisymmetric f, and p € (2, 6) (see [8, Lemma 2.6], for example). Here we
prove a version of this inequality, which is localized in the horizontal variables, “uloc”
in x3, and which has a quantified divergence of the constant near p = 2. Namely we
prove the following.

Lemma 3.2 (Quantified Hardy inequality) For p € (2,6 — €),

AT < (=270 (11 f12 IV ElL2 .
LY otr=i) ~e P L2 Lee(tr=1h) L2 Leelr<1)

Proof From the Sobolev embedding

lull 2ore-m @2y S @ = P)"OPNUVUll Lo @2

for p < 2, (see, e.g., [42] where the sharp constant is computed), one can prove the
two-dimensional Gagliardo-Nirenberg inequality

6 1-6

for g > 6. Fix € > 0 to be specified. Then

3_1

H AGES))

3.1
_7+7
< 2 - A
IR T lIra ||L§g/<6 D rzeplf G 38 @2)
X -

11
56 1 6||f(':x3)||L6,(R2)~
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Inside, for any < € (— -1 —) by (38),

1

‘f( , X3)

3.1
77+,
<lr r'2 ||Lj'{,(r<min(1,e)) ILfe, x3)”L)’:'f/(S_”>(B(1))

_1 -1
<(1_i+l) »v(l_l)
~\s 2p 4 p s

31142 -3 e
s y : e
><< 7o xa)MLf, aapl VG2 G,

;52 LY (r=min(l,e))

+IIfC, X3)||Lf,(3(1))) :

Upon taking € = || |3/IV 3 and L = & — L.

3 3

Sp-270 <||f( x3>||L6 6,1V C xa)an )

‘ fC,x3)

3_1

pp2 ML @Ba)

+I1fC, X3)||Lf_/(3<1>)) :

Finally by Holder’s inequality, Sobolev embedding, and Gagliardo-Nirenberg inter-
polation, we find

—0(1
- S @ =27V f s 0)xBr1)s

re

|-+

LY (Bga (1) Br(z,1))

as required. O

4 Basic Estimates for the Navier-Stokes Solutions

Here we discuss some estimates for the Navier-Stokes equations without the
assumption of axisymmetry.

4.1 The Picard Estimates

We define the flat and sharp Picard iterates

t
W (1) == ey (r,) — / APV, @ ul_ (Ndr, uh = u— i
In

39)

foralln =1,2,...and ¢t > t,, where t,, € [O, %) is an increasing sequence of times,
and ug =0, ué := u. We have the following.
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Lemma 4.1 (Basic Picard estimates) Assume u solves (1) on [0, 1]x R with the bound

(6).Ifp e (3,oo]and—% <a< %—%orpzooandazo,wehave
||r°‘V-/uZ||L?OL§([%’1]XR3) =< Aon’j’p(l), (40)
Iluﬁlleq%,uXm < A%aD forallq e (1,3), (41)

. a2 ) )
197 Pty 3 1y < €/ 0D a0, “2)

as well as the energy estimate
IVl 2 1 xms) < A (43)
In particular,

Vull 2

t,x—uloc

o(l1
(L 11xR3) = A M, (44)

The proof of (40)—(42) above relies only on the definition (39) as well as basic heat
estimates (24), which, together with the weak Young’s inequality (29), can be used in

the same way as [44, (3.11)—(3.13)] and [32, Proposition 2.5] to obtain the estimates
with ”l/t ||L°°([O,l];L3’OO) < A on the right—hand side.

4.2 Basic Estimates

Here we assume that u satisfies (1) with the weak L3+ bound (6) on the time interval
[0, T1].

Lemma 4.2 (Choice of time of regularity) If u solves (1) on a time interval I and
satisfies ||u||LoQL3,oc(1XR3) < A, then there exists t, € I such that
t X

i Ly
IV u(@) o sy < 11772 AW
forall j =0,1,2,...,10.
Lemma 4.3 (Bounded total speed) We have the bounded total speed estimate

Lo
||u||L[1L§C(]/2><]R3) <|I7A ( )‘

The two lemmas above follow by the same arguments in [44, Lemma 3.1] and [13,
Propositions 3.1-2] using the estimates in Lemma 4.1. In particular, it is straightfor-
ward to check that the proofs of Propositions 3.1 and 3.2 in [13] are still valid in
Lorentz spaces L+ with ¢ = oo. Furthermore, we estimate V2u in terms of A.
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Lemma 4.4 (2nd order derivatives estimates) If u solves (1) on [0, T] and obeys (6),
then
_3

2

5
IV2ull, » AODT3,

t,x—uloc

(1£.T1xR?) Sp

forp e[l, %), where the “uloc” norm is considered as the supremum of the L? norms
over B(T1/?) c R3 (instead of B(1), recall (22)).

Proof We use an approach due to Constantin [10]. First rescale to make 7 = 1. For
every € € (0, %), we define the approximation to the function (x) := (1 + |x|2)%,

. _ 1 1—e
4e0) = () = 5 ()
which satisfies the properties
IVge| < 1, (45)
R (46)
1 —2¢ - - A7
T (1) =4 = (). (47)

With 7 a time scale to be specified, we define w := g, (t®w) which obeys the equation
O +u-V—ANw=1V¢(Go) - (- Vu) — > tr(Vo! V¢ Vo).

Recall that w := curl 4 denotes the vorticity vector. Multiplying by a spatial cutoff at
length scale R and integrating over R?,

d wy < / (u -V + Ay)w + O(T|VulH)y — 5r2<m>*<1+€>|vcu|2w.
dt Jgs3 R3 2

Let ¥/ be an enlarged cutoff function so that R|Vy| + R?|Ayr| < 104. We set

1Al o= sup N fllrar)-
uloc, B(R)CR3

Integrating in time starting from a 7y to be specified and taking a supremum over the
balls,

t
lwyr ()]l 1 +5r2/ / (tw) "M\ Vo|?y dxdr
uloc, R 2 10 R3

t
Sllwaolly  + / (R + R ulloo) (@)l di’ + 7| Va7

t,x—uloc,R

@ Springer



15 Page 20 of 52 W. S. Ozanski, S. Palasek

Gronwall’s inequality

1
lwllyy S (lwellyy_ +TRACD ) exp(R2r = 1ol + R AVl = 1)),

where |t — fo|'/? comes from applying the Cauchy-Schwarz inequality in the time

integral and by using the energy bound (44). Setting R = A€! and r = A2 for a
sufficiently large C1, we find

[(re(®)) S Iz (1))

||LEIIOC.R ”Lgxloc,R.

By (44) and Holder’s inequality, we can find a #y € [1/4, 1/2] where the right-hand
side is bounded by A9 Therefore

t
//<m>—“+€>|w|2wdxdz56—1A0<1>.
o JR3

We use Holder’s inequality with the decomposition

4 4 _plde o lte
|Vw|3+e = (|Va,|3+e (Tw) 3+e)(fw> 3+e

to conclude

Vel /6o 0400,

t,x—uloc

<
([t0,1]xR3) —

To convert this into a bound on V2u, fix a unit ball B C R3 and a cutoff function Qe
C°(3B) withg = 1in2B. We decompose V2u = a+bwherea = V2A~! curl(pw).
Note that b = V f where f = VA~ curl((1 — ¢)w) is harmonic in 2B so for any
pell. ),

—0() 40
”a”fo([lo,t]XB) S, ||Vw||L£X([to,t]x3B) + HV('D”LOO”a)”er,xfuloc([’O’[]XRS) <€ A

and
-1
”b”L,"_x([tg,t]xB) SIVA™ curl((1 — ‘P)w)”L%X([mJ]sz)
b o
Sl 2 o, 1xk3) 19071 Le o, r1xmey < A,
where we have used (44), Holder’s inequality, (43), and (40). O

5 Estimates for Axisymmetric Navier-Stokes Solutions

Here we provide some estimates of classical solutions of (1) that are specific to the
axisymmetric assumption on the solutions.
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We first note that uy satisfies
1 Uy
8,+u-V—A+—2 ug + —ug =0, (48)
r r
which in particular gives that the swirl ® := rug satisfies
2
(8t+<u+—e,)~V—A>®:O (49)
r

in R3\ {r = 0}) x (0, T). It then follows that, at each time, (r, x3) > ug(r, x3, 1)
is a continuous function on Ry x R with ug (0, x3) = 0 for all x3 (see [23, Lemma 1]
for details). In particular

00, x3,) =0 forallxs e R, ¢ € (0,T). (50)

Moreover, since w = wyer + wyey + wzes is a smooth vector field we see (also by
[23, Lemma 1]) that & = 2¢, " := “ (recall (7)) satisfy

|®(r, x3, )|, IT(r, x3,0)] < C(x3,1) (5D
forr € [0, 1].
5.1 Holder Continuity Near the Axis
Here we consider the parabolic equation
MV =9V —-—AV+b-VV =0 (52)
in a space-time cylinder
Qr(x0. 10) := B(x0, R) x (to — R*, 19).

We assume that at each point of Qg := Qg(0,0)

eitherdivb=0 or V =0. (53)
We also assume that
N(R) :=2+ sup (R/)_“||b||Lsz(QR/) < 00, (54)
R'<R

where a = 3 + % — 1 € [0, 1). In such setting [24, Corollary 3.6] observed that V
must be Holder continuous in the interior of Q g, and in the proposition below we state
a version of their result in which we quantify the dependence of the Holder exponent
in terms of V.
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Proposition 5.1 If'V is a Lipschitz solution of (52) on Q2r then
Y
osc V(0) < (L) oscV
B(r) R Or

forall r < R, where y = exp(—N9(),
Proof See Appendix 1. O

We note that the swirl ® satisfies (52) with b := u + 2e, /r (recall (49) above).
Moreover divb = 0 everywhere except for the axis, since divu = 0, div(e,/r) =0
(recall (33)) there. Furthermore, ® = 0 on the axis (recall (50)), and so the assumption
(53) holds. Thus Proposition 5.1 shows that ® is Holder continuous in a neighborhood
of the axis. We explore this in more detail in the proof of Theorem 1.1 below, where
we quantify A\ in terms of the weak-L> bound A (see Step 1 in Section 6 below).

5.2 Pointwise Estimates Away from the Axis

The following is a more precise version of Proposition 8 in [31].

Proposition 5.2 (Pointwise bounds away from the axis) Let u solve (1) on [0, 1]
satisfying (5) and (6). Then for every € € (0,4/15), we have

\Viul < (r*‘*f + r*%“) AQei(D)

foreacht € [1/2, 1]. We also have

lullLe =1y < A%PD

for each such t, and p € (3, o).

Proof We first pick any @ € (1/3 — €/2,1/3) and ¢ = ¢(j) > 0O sufficiently small so
that

l—a+j)c<e/2 and c<a/(1—a). (55)

We also pick n = n(j) € N sufficiently large so that
) 1
nz(2+1)<1+;>. (56)

We set f;, := 1/2— (1/2)* and we define a sequence of regions {x € R : r > R/2} =
QDOWD---D ={x¢€ R3:r> R} such that dist(SZf, Qiy1) = R/2n.

Given such a sequence of times we now consider the corresponding Picard iterates
up, uf, fork € {0, 1,...,n).
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Step 1. We show that
b i < Rapl—a 4 Oc(D)
| Prug (O llLer=r2n, 1 PNuOllLor=rp2y S RN YA (57

forall @ € [0, %), R >0andt € [, 1],k > 0.
In fact, we first observe that Lemma 3.1 gives that

17 Pyu()lloo S N7 u(@) ] 00 < N1TTHAOD), (58)

~

Thus, since the first inequality above is valid for any axisymmetric function, it remains
to note that the second inequality is also valid for each u,b(, ui, on [, 1],k > 0. Indeed,
the case k = 0 follows trivially, while the inductive step follows by applying Young’s
inequality (28) for weak L? spaces, and Holder’s inequality (27) for Lorentz spaces

b
lug (Dl L3ee S MW@ = )1 (i) Nl 300

t
b b
+ / VU — O, ® i () eds’

73

b2 ! 1 Or(1

IN—5 .
< CkA"‘Ck”“k—l||L<>O([,,(,1,1];L3,w)/ (t — )" 2dt’ < A%
Ik

for ¢t € [#, 1], as required, where we also used the heat kernel bounds (24).

Step 2. We show that the inequality from Step 1 can be improved for u,E for large
k, namely

IPNUG oo g gz ry < NAZDRN)™EDe 4 N=ED) - (59)

forevery k > 1 and N € 2N N [100F max(1, R™1), 00).
We will show that,

Xy = NTSA%D(RN)~ k=D 4 y==D), (60)
fork > 1and N > 100% max(1, R‘l), using induction with respect to k, where

. g
XN = 1PNl ooy 130553 0+

Then (59) follows by the local Bernstein inequality (25).
As for the base case k = 1 we note that (37) gives that

t
1Py (O)llss3 < / | Pae 2 Bdiv(u ® u)(t) 53’
n

t
’ 6
§ / e_(t—f )Nz/O(l)Ng ||(I/l ® u)(t/)”L%OOdt/
n

6 2
S N3l /O0)

~

2
(t1,1) ”u ||L3,oo
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fort € [t1, 1]. Thus
_4
X1,v < IPvufll oo uy.1y. 155y < N 75490, (61)

due to Holder’s inequality for Lorentz spaces (27).
As for the inductive step, we use the Duhamel formula for ui (recall (39)), and the
local Bernstein inequality (25) to obtain

1PN ()l 153

t
¢ . b b
< / [ Pye " 2Pdiv(u @ u — uy_; @ uy_ )l 153, dt’
Tk

4 (4! 2 b b
= / Ne (=N /0 gy (“PN(“ @u =ty ®up_ Pllooqu 1105541
173
_(h— b b
+(NR) (k 1)01||PN(M Qu— Uy ® uk—1)||L°°([tk,l];L5/3))
_ b b

SN (”PN(” Qu—tty_y ®up_Pllroo(ia 1105541

+N%(NR)—("—1>“A0<“) ,

where we used the weak L3 bound (6) and Lemma 3.1 for the 4 ® u term and (40)

for the u,b(_ 1| ® u,b{_ | term. Thus we can use the paraproduct decomposition in the first
term on the right-hand side to obtain

_ _4 —(h—
Xen SN+ 4 Vsl pooqqu 11055y + NS (NR)TETD@A%D 1 (62)
where

Y =2 Z PN/u]E_l © PﬁN/lOOu]ji_]a
N'~N
Yy = Z PN1”1§—1 ® PNz“lti—l’
N]’VNzZN

. b f
Y3 = Z Pyjuy_y ® Pnyuy_y,
N]’VNzZN

b
Yy:=2 Z Pyiity_y © Py j100u}_i.
N'~N

b
Ys:=2 Z P<n 100Uy © PN’”I%—I’
N'~N

where we use the notationa ©® b :=a ® b + b ® a. Using (57),

Vil oo 11253 @) S Xie—1,n7 R™(N)!=* A%
([ (Qk-1))
N'~N N'SN
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S R*OlleolAOk(l) Z Xk—l,N’
N'~N

and

— 1 1—
V2l oo e 15730y S RTVACD Y (N Xy v
N'>N

Moreover, the frequency-localized bounds (42) for u,b{_l give that

(N2
130 e 11255y S AXD Y e CTTHONK
N'>N

and (41), as well as boundedness of P<y /100 on L33 give that

N2 2
”Y4||L°°([tk,1];L5/3(§Zk_1)) < A0k Z e~ (ND7/0k(D) gy < e~ N7/ 0k(1) 4 Ok(1)

N'~N

Finally, using boundedness of P<y/100 on L* and (40) we obtain

Or(1
15l 0w 112550y S A% D0 Ximiw
N'~N

Combining these estimates into (62), we have shown

Xy < A%D (RN +ND) Y Xen +N TR Y (N X
N'~N N'ZN

(63)

NTE S e WIODNT sk NTS(NR) TR D N_le_NZ/O"“)) :
N'>N

Since the upper bounds on X;_;_y/ provided by the inductive assumption (60) are
comparable for all N’ ~ N, up to constants depending only on k, we thus obtain that

Z Xi—1,n = Aok(l)N_% ((RN)—a(k—Z) + N—k—z) ’
N'~N
R Y (W)X
N'ZN
< AR 3 (V)17 ((RN)TUED 4 vy )
N'2N

< A% N3 <(RN)—a(k—1) n N—(k—1)>’
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where, in the last line we used the fact that (k — 1)(1 — «) — 4/5 < O for any k > 2.

.. . 2
A similar estimate for ) " yi> y e~ /Ok(l)N/Xk_LN/ now allows us to deduce from

(63) that
Xk.N < N_%Aok(l)((RN)—(k—l)a + N_(k_l)),

as required.

Step 3. We prove the claim.
We first consider the case R > 100"/¢, and we note that, by (57)

/ On(1) N 1—a+j p—
1Py <re VUil 13 1xemry < D AN R
N<R°¢
<A0n(l)R—Ol+(l—a+j)c <AO’1(1)R_%+£’

where we used the choice of @ > 1/3 — €/2 and the first property of our choice (55)
of ¢ in the last inequality. On the other hand for N > R¢ we can use (59) with k = n
to obtain arbitrarily fast decay in N. Comparing the terms on the right-hand side of
(59) we see that N~ =2 dominates (RN)~ "2 if and onlyif N < R*/(=%) which
allows us to apply the decomposition

Tyt On(1) y—n+2+j
IPN>reV unll oo (1 11x(r=RY) = >, A%ON
Re <N <Ra/(1-a)

+ Z AO"(I)N1+j(RN)7(n71)a
N> Re/(1-0)
< AOn(D) pe(=n+2+j)

< A R=1-j
where we used the second property of our choice (55) of ¢ in the second inequality,
and the choice (56) of n in the last inequality.

We now suppose that R < 100"/¢. The low frequencies can be estimated directly
from the weak L3 bound (6),

‘ o) p—1-j
”PSH)OZ"/”R_'Vj“”L,ﬁ([%,l]x{rzR}) Snoe ACDRTIT

On the other hand, for N > 100%*/¢ R—! we have in particular N > R*/(1=9) \which
shows that the dominant term on the right-hand side of (59) is (RN )~ (=22 and so

1P 0021/ g1 Vel (0) || Low (= R))
< Y NMA%ORN) D < A0 R-1-)

N>10021/¢ R=1
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for every ¢t € [1/2, 1], as desired. As for the estimate for u® we use (40) to obtain

IVIul Lo r=ry < R™VFENPPVIL |l oo Se RTI3HEACi D,

as needed.
The estimate for ||u||pr(r>1}) follows by an L? analogue of Step 1, as well as
applying the X n estimates (60) in the L? variant of Step 3. O

5.3 A Poisson-Type Estimate on u,/r

Here we discuss how derivatives of 1, /r can be controlled by I" using the representation

(11),
9
A AT =22 A 20,T, (64)
r r

see [8, p. 1929], which will be an essential part of our x3-uloc energy estimates for ®
and I' (see Proposition 6.1 below).

Lemma5.3 (The L3, . estimate on u,/r)

7o

Ur
+ HV33—
,

<
, STl 41V, (69

1.2

3—uloc

r

A version of the above estimate without the localization in x3 has appeared in [8,
Lemma 2.3]. As mentioned in the introduction, the localization makes the estimate
much more challenging, particularly due to the bilaplacian term in (64).

In order to prove Lemma 5.3 we note that, since

9
— = A/ - arr»
.
(64) gives that
& AT 9T 4208, — A)A205T (66)

r

Thus, since V3 55| = [(9,93 7%, 9333 5-) | (and similarly for [V, Z- |), we can use (35)
and (36) to observe that

)Vagﬁ
r

Ur
+ ‘Var_
r

SID7 AT+ D7 (8 — A)AT205T|

<|VL| + |D*A~'V'T| + |D*A™2V'T,

where we used 933 = A — A’ in the last line. In particular, each of the terms on the
right-hand side involves at least one derivative in the horizontal variables. Thus, in
order to estimate the left-hand side of (65) it suffices to find suitable bounds on the last
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15 Page 28 of 52 W. S. Ozanski, S. Palasek

two terms, which we achieve in Lemmas 5.4-5.5 below. Their claims give us (65), as
required.

Lemma5.4 If f = A"'V'T then

ID*f1,2

3—uloc

<ITlz +IVTI

ul —uloc ’

Proof Let I(x) denote the kernel matrix of D?(—A)~!. We have that
|Vj1(x)|<—c for j =0,1
f— |x|3+j bl 9

and

D*f(x) = p.v. /]R = YTy
= p.v. /R3 VT (»)¢(y3)I(x — y)dy + p.v. /Rs T —¢(3)V'I(x — y)dy
=: filx) + fo(x).

The Calderén-Zygmund inequality (see [35, Theorem B.5], for example) gives that

Ifillz < 1Al SIVT @l S IV,

3—uloc ’

H dx; dxo _ -2 U .
Moreover, noting that fRZ @rd? = Ca™~, we can use Young’s inequality for

convolutions to obtain

ITC, y3)ll2(1 — (y3)) dys

f2C, x3)ll 2 <

lx3 — y31
re, 1-¢

< / TG, y3) 2 ( ' <15(y3))dy3

=1 M -yslei+n X3 = y3l
=i ITC, y9)ll2dys

=1 {lxa—y3le(j,j+D
= ”F”L%—u]oc.

Integration in x3 over supp ¢ finishes the proof. O

For the bilaplacian term in (66) one needs to work harder:

Lemma5.5 Let f = D*A™2V'T. Then

ILf1l g2

3—uloc

<ITlz, +IVTl,

3—uloc
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Proof We have that

fx) = p.V./ p.V./ V'T()I(x —y)I(y —z)dzdy.
R3 R3

Recalling that ¢ = Z|j|§10 ¢j,and % = stzo ¢; we use the partition of unity,

1= ¢(3) + (- dEFOD+ 3. ¢i(9)d(3)

|j|>10
|k|>20

= $(z3) + (1 — (z3)b(y3)

+ 6| Y @+ D s+ Y s+ Y @)

1jl>10 k|>20 k|>20 k|>20 k|>20
lk—j|<10 lk—j|>10 lk—j|>10 lk—j|>10
k<j/2 j/2<k<2j k>2j

to decompose f accordingly,

fx) =p.v. /]R3 p.v. -/R3 V’F(z)g:b(13)1(x — Iy —z)dydz
+pr;Hx—w&wﬂpr;VT&MP—&QDHy—DMdy

+p.v./Rsl<x—y) > ¢,~(y3)p.v./

VTR > (@) (y —2)dzdy

[jI>10 k|>20
lk—jl<10
+p.v. I(x — i V. V'T(z z3)I(y — z)dzd
p /RS< y)Z¢,(y3>p /]R @ Y ¢y —2)dzdy
[j[>10 k|>20
lk—j|>10
k<j/2
+p.v. I(x — i V. V'T(z z3)1(y — z)dzd
p /RS< y)2¢,(y3>p /]R @ Y. ¢y —2)dzdy
[j[>10 k|>20
lk—j|>10
J/22k<2j
+p.v. I(x — i V. V'T(z z3)I(y — z)dzd
pr [ 1= X aj0mp. [ V@ Y duGeitr —dzdy
[j[>10 k|>20
lk—j|>10
k>2j

=: filx) + 2(0) + f3(0) + fa(x) + f5(x) + fe(x).

Clearly fj involves localization of V'T" in z3, and so we can use the Calder6n-Zygmund
inequality twice to obtain

< |vr
I fille S UVl
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15 Page 30 of 52 W. S. Ozanski, S. Palasek

As for f> we integrate by parts in the z-integral (note that this does not conflict with
the principal value, as the singularity has been cut off, and the far field has sufficient
decay) and apply the Calderén-Zygmund estimate in x to obtain

- ()| —
¢(y3)/ IT(2)I( ﬁ(zs)) dz
ly —z|

<

~

L2 y3zesupp ¢Z

/ @I — (z3))
]R3

dz
ly —z|*

[FEAVERS

2
Ly,

/ TG, 23) (1 — 4:’(“”0123

— a2
yzesur’ptﬁ ly3 = 23l

< sup Zj‘z/ IT Gzl 2 dzs S T2
|z3—y3le(j.j+1)

~ 3—i uloL
Y3ESUpp ¢ j>1

where we used Young’s inequality in the second line (as in the lemma above).
As for f3, we integrate by parts in z and then in y to obtain

IAOIS D / $;03) p-v./RsF(z) D k@) (y —2)dz|dy.

4

31X —
/=0 B X =Y K1=20
lk—jl<10

We note that the integration by parts is justified as

f=D=N" = ) (D =a)"" (v/r(l —me) :

[j1=<10 kel

where [ := {—20,...,20} U {j — 10, ..., j + 10} is a finite index set. Thus, the
operation of integration by parts above is equivalent to moving V’ outside of the outer
brackets, which in turn holds since the sums do not depend on x” and V' commutes
with other differential symbols.

Thus, using Young’s inequality in x’

130202, € ) /R )N / F@ Y, sy —2dz| dys

152 — val2
X3 — 3
=10 |x3 — y3] R k=6
[k—jl=2 Li’

< Zj—z p.v./R%F(Z) Z ok (z3)1 (y — 2)dz

1j1>2 ) k|>20
lk—j1<10 5

S Y07 r@ Y e ST

1j]>10 k|>20
lk—jI<10 12

—uloc
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for each x3 € supp ¢, where we applied the Cauchy-Schwarz inequality (in y3) in the
second line.
As for f4 we note that

Im—xﬂEWﬂ—kﬂZU—J%%k+Dz%
2> +2)/4 =+ 1D)/4 = |y3 —x3]/4.

Thus, we can integrate by parts in z to obtain

o= [ [ P@I0 = 01 = 03 = 22)
R JRN(lys—z3l =yl /4) lx — y]3ly — z|*

Hence, applying Young’s inequality in x” and then in y” we obtain

L)1 -3 — d(ys — zs))
Hﬂ@mmmf/‘/ )~ Py

R ||/ R3N{Iy3—z3|=|x3—y31/4} ly —zl Lz,

2
dx; dxp
’ 32 dys

R (|x3 — y312 + x} 4+ x3)

(67)

=Clx3—y3|~!

<))
R JRN{|y3—z3|>|x3—y3|/4}

ITC, 2zl 2(1 = d(y3)) (1 — B(y3 — 23))

dzz dys.
Ix3 — y3lly3 — 2312
Hence
— () I1TC, z3) 2
||f4('7x3)||L25/ 3 — |3/2 Z Wd@ dys
=1 Mlys—zle,j+ny 173 =23

— ()
”L3 u]oc/ |x3 |3/2d 3~ ”F”L% uloc

As for f5 we have

since
lx3 =yl < Iyl +Ix3] < j+2<2j—8 <4k —8 < 4(|z3] — |x3]) < 4|x3 — z3]
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and
lx3 —z3] < lz3l + w3l =k +2 <27 +2 <4 —2) <4(y3] — [x3]) < 4|x3 — y3].
In particular, the triangle inequality gives that
ly3 —z3] < Slx3 — z3|.
Thus we can integrate by parts twice (in z and then in y, so that the derivative falls

on I/ (x — y)), and then use Young’s inequality twice (as in (67) above) and Tonelli’s
Theorem to obtain

”N%MUS//
R J{|x3—y3|/4=<|x3—23]|<4|x3—y3}

|Wummua—&n—a»u—$m»d
2 23
|x3 — y3|*lys — z3l

dys

r, 1-— ? 1 —d(ya —
< ITC, z3) 1l 2 ( 2¢>(z3)) Mdn 0z
R |x3 — 23] lys—zsl<sla—xl  1y3 —zl
r 4 1 — > Z
< T, z3) 2 ( . ¢ (z3)) log(513 — z3)dza
R |x3 — z3]
TG, z3) 2
S ——=log(5|x3 — z3])dz3
Z/IZ3—X3\€(j,j+1) Ix3 — 2312

j=1
S 10gGHITN: ST

3—uloc
izl

Finally, for fs we observe that

1 X3 —
_<|3 23|

47 |y3—z3|l

’

since

k—8 2k+2> sl +lz3] _ |x3 — 23

— 3| > — >k—j—2
lys — z3l = |z3] — |y3] = J > i 2 ) > )

and

A

lvs —z3l < |ly3l+lz3l < j+k+2
3k+4
<4k —2) < 4(lz3] = |x3]) < 4|x3 — z3].

=
In particular, the triangle inequality gives that
|x3 — y3| < 5lx3 — z3].
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Thus, similarly to the case of f5 (although without integrating by parts in y), we apply
Young’s inequality twice, and Tonelli’s Theorem to obtain

IW(&MUU—¢MDO—MQD
I folrx3)l 2 5/ 23 dys
= kR 3 = y3llys — 2l
ITC, z3) 21 — ¢(23))
~Jr Ix3 — 2312
s
j/ ¢(y3)dy3dz3
{4lz3—x3|<ly—z3l<dlz3—xsly [X3 = ¥3l
re,z 1—¢ 2:
< ITC, z3)ll2( 2¢( 3)) dys dzs
R |x3 — z3] (1<|x3—y3]<5|x3—z31} 1%3 — ¥3l
T(,z3)l2(1— ¢(z3)
<[] 20— D@D 10511, — z3)pdz
R |x3 — z3]
_ / ITC, 23)l2 Tog(Slxs — z3)
- =17 l3—xlel,j+1) lx3 — z3|2

<D log5Nj 2Nz STl

3—uloc
izl

for x3 € supp ¢. Integration of the squares of the above estimates for f3, fa, f5, f6
gives the claim. O

6 Energy Estimates for @/r

In this section, we assume the weak L3 bound (6) on the time interval [0, 1] and prove
an energy bound for ®> + I'? at time 1, that is we prove the following.

Proposition 6.1 (An L3 uloc €Nergy estimate for ® and I') Let u be a classical solution
of (1) satisfying the weak L3 bound (6) on [0, 1]. Then

IOz @+ ITMDIz @) < expexp AP (68)

Recall (23) that || - ”L” = sup,er | - lLpR2x[z—1,7417)- We note that we will
only use (in (73) below) the bound onT.

Proof We fix a cutoff function ¢ € CZ°((—1,1);[0,1]) such that ¢ = 1 in
[—1/2, 1/2], and we define the translate

¢:(y) ==y —2).

@ Springer
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Clearly, we have the pointwise inequality
2
¢LPL S D botie
i=—2

We will consider the energies
1
E(t) ;== sup E.(1), E.(t) := —/ (®(t, x)> + T (t, x)») . (x3)dx,
zeR 2 Jr3

t
F(t) :=sup F.(1), F.(t) ::/ / (VO (s, x)> + VI (s, X)), (x3)dx ds
zeR to JR3

for t € [ty, 1], where 7y € [0, 1] will be chosen in Step 3 below. Given z € R, we

multiply the equations (10) by ¢,I" and ¢, ®, respectively, and integrate to obtain, at
a given time ¢,

E! 5/ (— (IVOP + VT, + - (@2 + T2 (uz), + ¢)
R3 2

+ (w0, + w3a3)”r—’<b¢z _ 2r_1u9<1>1"q)z>dx (69)
= —FO)+L+hL+5.
The second term on the right hand side can be bounded directly,
It S (L lluzll oo w3y E (). (70)

The remaining terms /5, I3 are more challenging. In order to estimate them, as well
as choose 7y and deduce the claim (68), we follow the steps below.

Step 1. We use the Holder estimate (Proposition 5.1) to show that |®] < rv A9
whenever r < % andr € [3/4, 1], where y = exp(—AO“)).
To this end we note that, due to incompressibility, div (z + %er) = 47 (=0}, which
enables us to apply Proposition 5.1 to the equation for the swirl ® (recall (13)).
Moreover, in the notation of Proposition 5.1, for every R < %, ty € [%, 1] and
xo € (0,0) x R (i.e., on the x3-axis),

R75u+—II s SR 2 Mullpeor2 (r0—r2 3+ 1< AT,
" ULELE (0G0 .x0) R) £ Fidoc (10— R01R

by Holder’s inequality and (44) applied on the timescale R2. (In particular note that

each scale R leads to a different decomposition u = uf, + u,g , but they all obey the same

bounds up to being suitably rescaled.) Thus, for every r € (0, 1/2), B?sc )@(to) <
X0."

r? osc O forr € (0, 1/2), which implies the claim.
01/2)
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Step 2. We show that

t 1 t
/|12+I3|§§F(t)+r0_10+/ GE
o 1

0

for each 9 € [3/4, 1] and t € [tg, 1], where
ro:=e (71)
y = exp(—=A%W) is given by Step 1, and
G = 15" + llulloo + 1D%ull 54 +11Vull 2,

ateacht’ € [, t].
To this end, we proceed similarly to [8]. Using integration by parts, we compute

o0
9
L= 2n/ / (—dsupd, @ + 210 5 U s (eyr dr das
R JO r r r
Uy U ur .,
_ / g (0~ D3 Db, — 03— 0, Dp + By — Dp.)
R} r r r
=hi1+ Db+ 3.

Let us further decompose 1> ; = I2,; in + 12,i out (i = 1,2, 3) by writing

[ =1t foonr
{r<ro} {r>=ro}

We decompose

D1in = I21,in,1 + 12,1,in,2,

where

u
I 1,in,1 I=/ ug (][ 8r_r) 03D,
{r<ro} Q r

and Q := {x’: r < 1} x supp ¢,. We compute using Holder’s inequality and Sobolev
embedding

TS
Q r

< ||V_13rur||L1(Q) + ||V_2Mr||L1(Q)

S M sy VUl sy S IV ull sy + 1 Vull 2@y S G-
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Thus, integrating by parts, and applying Holder’s inequality in Lorentz spaces (27),
and Young’s inequality, we obtain

Bl <G [ (1074 ugll) dx
B(ro) xR
1
< GOoE + ol s 191 2@ 921)

S G(E+ A%D),

Asfor I 1 in2 wenotethat p = 2(1—y)/(1—-2y)issuchthat p—2 =2y /(1 -2y) >
y and so we can use the quantified Hardy inequality (Lemma 3.2) to obtain, for we
estimate for ¢t € [%, 1],

3.1
21 in2l S lre 2ugll (3-1)"
L\2 - PJ ({r<ro}Nsupp ¢;)

1
133D 12

_341 u u 1

—+ r r

e - f 0!
r Q r

LP({r=1})

1
IV®P: Iz

3—uloc

—y1 ;
<e” AUV @y + Iz @)IVES 2,

< )/70(1)}’())//3 Hvarﬁ
-

where we have also applied Poincaré’s inequality and our choice (71) of rg. Thus

t 1 t
D 1in2 < —F(t)-i-/ E.
/[0 in 20 A

An analogous argument, in which “0,” and “93” are switch, gives us the same bound
for I 7,in2. As for I 2 in,1, We integrate by parts, and apply Holder’s inequality for
Lorentz spaces (27), and Young’s inequality, to obtain

Ur
][ 33_¢z
Q r
Ur ,
1
2

11
S Y IVulli g AFL )2 rg
i==2

[122,in,1] <

/ g, |
{r<ro}Nsupp ¢,
1

luoll 3.0 IVP ||L§(supp¢z)”(;

N

2 2
1/3 z :
=2
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which, thanks to the smallness of ryp = exp(— exp(AO(l))) (recall (71)), gives that

t
1
hoinil < —F@) + (t — 19).
/t()|2’2’1“’1|_20 @)+t —to)

We similarly decompose 13 3,in = 12,3,in,1 + 12,3,in,2 to find
u
[13,in,1] = '][ 3 — /
Q T {r<ro}

where we have used Lemma 3.2 and change of variables, the pointwise estimate
lur/r| < |Vul|, and Holder’s inequality to bound

o Jur|
/ / <|8 uy| + )d dz
Z

S orur i) + Ir ' Vall i g

1 1
IS AVl 2y + IV2ull s o) AE 27

SGE+D,

—1
S i Vu”L5/4(Q)
2
S IVullpz) + 1Vl s g

where we used (34) in the third line, and the Hardy inequality (32) in the last line.
Next

i
r Q r

Xsupp ¢z)

L3(R? xsupp ¢;)
_1
”V 2 q)||L3(R2

2
< A9Wys IV®ll,2

3—uloc

2
3—uloc

where we have used the Hardy inequality (Lemma 3.2). Thus Lemma 5.3 and Young’s

inequality imply that
1
/UMmﬂ<—F®+/
o

Next let us consider the contributions to I from outside B(rp). Using Holder’s
inequality, we obtain that

u
|12,1,0ut| = '/ M98r_r83cb¢z dx
{r>ro r
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< llugll ¢

3—uloc

—1 -2
Arsrop I Orttr =12l rorop IV @)

Hence, since Proposition 5.2 shows that |u| < Ao(l)(r_1 + r_1/4) and |0,u,| <
AP (r=2 4 r1/%) we see that the first two norms on the right hand side are finite and
bounded by, say, r, 10 Thus, an application of Young’s inequality gives that

t
1 _
/ [12,1,0ut]l < —20F(l) + 1, 10 — 1).
fo

The remaining outer parts of I, i.e. 122 out and 12 3 out can be estimated in a similar
way, with the latter bounded by, say, E + r, 10
Finally let us consider /3. Taking p such that, for example, L = % — %, we have
p—2=2y/(2—1y) > y, and so our quantified Hardy’s inequality (Lemma 3.2)
shows that
3.1 3,1
(A 1 P R o 1

3—uloc

_2+§
[3inl < |r " 7ug

i

L<'7F) ({r=ro})
_ 2

Sy OO (1, 19l ) (P, + 19T, ).

which gives that ft:) |I3,in] < 2]_0F (t) + fz:) E. On the other hand, for r > ry we have
the simple bound

_ —5/4
Boul < 20wl rzrpl®lz TNz <1 E,

loc

as required.

Step 3. Given t > 0 we use the choice of time of regularity (Lemma 4.2) to find
fo € [1 — 7, 1] such that E(fg) < AWM 73,
Indeed, Lemma 4.2 lets us choose ty € [1 — 7, 1] such that

3
IV2u(t0) loo < A9D772,

It follows from the axial symmetry and (34) that |®| + |I'| < |Vw|, and so

1/2 1/2 3
19I5z 2r <1y + 1T 121y S IV@ U081y xmy < A7V 773
(72)

for every z € R. Using the decomposition v = w? + a)ﬁ on the interval [0, 1], by (44),
(40), and Holder’s inequality,

1/2 1/2
12 t0)b 1 21y + IT (00 Ml 2= 1y)
ft —1 ¢
5 ||a)1 “LZ(]R3) + Ir w; ||L2({r>1}ﬂsupp )

—1 b
S ”V“IfHLZ(]R?) + | ||L4/(B(1)tr)||a)1 ||L4(R3)
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< A0,

This and (72) proves the claim of this step.

Step 4. We prove the claim.

Integration in time of the energy inequality (69) from initial time 7y chosen in Step
3 above, taking sup, ., and applying the estimate (70) for I; and Step 2 for I, I3 we
find that

E(t)+lF(t)§ E(t9) +ry"°
2 ——

<AO()7-3

t
+/ 0> + ulloo + V20l 5 + I Vull 2 VEG)dr.
1 uloc uloc

0

for ¢t € [t9, 1]. Thus, by Gronwall’s inequality,
E(1) < (A%De73 4 171% exp (0 <r0_3(t —19) + A%V — to)%)) )

Setting 7 := r(‘)1 , we see that the last exponential function is O (1), and the prefactor
gives the required estimate (68). O

7 Proof of Theorem 1.1

In this section we prove Theorem I.1. Namely, given the L3* bound (6) on the time
interval [0, 1], we show that |V/u| < expexp A% M at time 1.

Step 1. We show that ||b||L§ (B3 < Cpexpexp A%M for each p € [3, 00),

t € [1/2, 1], where b := u,e, + uze, denotes the swirl-free part of the velocity field.
To this end we apply Proposition 6.1 to find

||F||L100L2 (1. 11xR3) < expeprO(l). (73)

3—uloc

On the other hand Proposition 5.2 shows that
||r2w||L;>°({r510}) < A%,

Interpolating between this inequality and (73) we obtain

_ 2 9 1
||a)9||L§’_uloc({r§10}) =|I'3(r wg)3 ”L”

3—uloc

({r=10p

2 1
STl lresllisg,<iop < expexp A

ulo

for all p < 3. Noting that

curl b = wyeg, divb =0
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almost everywhere, and that divb = 0 we now localize b to obtain an L? estimate
near the axis. Namely, for any unitball B C {r < 10},1let¢p € C°(B) suchthat¢ = 1
on B/2. Observe that for all p € [1, 3) we can use Holder’s inequality for Lorentz
spaces (27) to obtain

Idiv@D)lILe@sy = 16Vl p S 1Bl L3 IVl 3pc-p1 S A.

Applying the Bogovskii _operator (30) to div(¢b) on the domain B \ (B/2), we find
b € WP such that divb = 0, |b — blly1.pz) < A°D, b =bin B/2,and b = 0
outside B. Then for any p € (1, 3),

161l L30/6-8/2) < 1B3psa—p) S N1VDIp S llcurd b Lo (s
< lwsllLres) + 116 = bl

< exp exp AW,

which is our desired localized estimate. Here we have used the boundedness of the
operator V f > curl f in L? (which is a consequence of the identity curl curl f =
V(div f) — Af, which in turn implies that Vf = V(—A)~!curl(curl f) for
divergence-free f). Combining this with the pointwise estimates away from the axis
(Proposition 5.2) gives the claim of this step.

Step 2. We show that there exists Co > 1 such that

t i f 4
H M@( ) < H MQ( 0) . + 1 + expeprCo/ l/l_? (74)
% uloc l"2 L% uloc o lr2 Lg—uluc
foreach g € [1/2, 1] and t € [#p, 1].
1/2

To this end we provide a localization of the estimate of ugy /r'/< in the spirit of [8,
Lemma 3.1]. Indeed, one can calculate from the equation (48) for uy that for a smooth

cutoff ¥ = ¥ (x3),
1d [ up 3 ul 3 [ uj
et -0 . v_2 . -0
4 dt ZW+4/Rs’ 4/R3r4wZ

3 1 1 L 5 PN
= —5 uruew + \ r—zue(ZuguZ — 0 (ug)y' =11 + b + I3.
R‘

As before, we choose ¥ € C2°((—2,2)) with ¢y = 1 in [—1, 1] and define the
translates ¥, (x) := ¥ (x — z) for all z € R. We consider the energies

1 ug ué 2
E0=g [ Sy FRO=] VT‘ "

E(t) :==sup E, (1), F(t) :=sup F,(¢).
zeR zeR
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By Step 1 and Sobolev embedding,

2
1ug (2

I < lu Hr_f—
1S g, e e

o) ”9 “(% 2 >
<expexpA ( H HV— H
LZ(Q) r L2 L2(Q)

where € := R? x supp . It follows that

t 1 ‘
[ 1= L r0) +opespa®® [ Ev- .
o 20

to

Similarly,
2 2
u u
LTI b P
LARSRURIYIN C= PP s PO
2 1 2.1 2
L nug 2 uy |2 u
gexpeprO(l)E? i HV—Q : + -2 )
rliizeyll rliL2e r L2
which yields the same bound as /;. Finally,
2 2
us . u u u
|13|—/989§92H—92,
R3 r L3 uloc r IL2($2)

so we have

t 1 t
Ll < —=F +/0E.
/tolz|<20 Q) . (E)

Summing and taking the supremum over z € R gives the claim of this step.

Step 3. We deduce that
lullpoers qiip 1pmsy < expexp A%, (75)
where
to := 1 —exp(—exp AO(I)).

Indeed, Lemma 4.2 and Proposition 5.2 give a #y € [1 — exp(—exp A?), 1] such
that |r =2 ug (to) | 14@®3) < expexp A*0. Therefore, applying Gronwall’s inequality
to the claim of the previous step,

ug

< exp exp A°M),
(10, 11X R)

L®L%

3—uloc
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Combining this with Proposition 5.2 and Holder’s inequality,

lluo ”L?CLﬁ

3—uloc

([t0.1]xIR3)
! o
< lruellpeor=1plir 2ué)llL;,oﬁ (o 11xe T 1L L8 @ 11x > 1))

3—uloc

< exp exp AO(]),

which, together with Step 1, implies (75).

We note that Step 3 already provides a subcritical local regularity condition of the
type of Ladyzhenskaya-Prodi-Serrin, which guarantees local boundedness of all spatial
derivatives of u, and can be proved by employing the vorticity equation for example
(see [35, Theorem 13.7]). In the last step below we use a robust tail estimate of the
pressure function (recall Lemma 2.1) to provide a simpler justification of pointwise
bounds by expexp A%,

Step 4. We prove that, if ”””LOO(llft],ll;Wfk_,cl’G) < expexp AW for some k > 1
and 1] = exp(—exp A9M) then the same is true for k (with some other #; of the same
order).

Let I = [a,b] C [t1,1], and let x € C*°(R) be such that x(t) = 0 for t <
a+ (b —a)/8and x(t) = 1fort > (a+b)/2. Weset ¢ € C°(B(0, 2); [0, 1]) such
that ¢ = 1 on B(0, 1/2) and ZjeZ3 ¢j =1, where ¢; := ¢(- — j) foreach j € R3.

Letting v := x®V¥u we see that v(r;) = 0, and

v — Av=—x'¢VFu — 2x Ve - V(VEu) — x Ap (VFu) —xpdiv(l + T)VF(u @ u)
=i
= fi — pdiv(l + T((xV¥u @ u +u ® xVFu)g)

— x¢div(l +T) Z Cap.y (D%u ® DPuD? §)

lae|+IBI+y =k
laf, 18] <k

— xpdivTVF(u @ u(1 — ¢))
= fi+ 2+ f3+ fa.

We can now estimate ||v(z)||¢, by extracting the same norm on the right-hand side and
ensuring that the length of the interval is sufficiently small, so that the norm can be
absorbed. Namely,

t t t
/ e(r_l)Afl(l‘/)dt/-F/ e(l_t)Afz(t/)dt/—l—/ e(l_tm]%(t/)dt/

a a a

lv@lle =

t
+ / e?=A f(ydr'
a

6

t
< (I Ul o ganias) + 10V Ul v oo ) / 1w (=) lyrade’
a

t
+ 1% VEud | oo a.sy: 16y 14D | oo qary: L) / Wz — 1) | yr./5dt’
a
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t
2 Y /
+ ||”||Lm([a’l];wk71,6)/a Wt —t)lyresde

uloc
t
+ Idiv T (u @ u(l — &)l oo ([a, 17 wh5(B(0,2))) / W —")]lde
a

=< VAl aga, (0 = @' + expexp A% (b — a)!/*) + expexp 42D

for each ¢t € (a, b), where we used Young’s inequality, heat estimates (24) and the
Calderén-Zygmund inequality. By replacing ¢ (in the definition of v) by ¢, for any
z € R3, we obtain the same bound, and so

k
IxV M”LOO([a’b];LG )

uloc

< V¥ ull pooqapp s b — @)/ expexp AW + expexp 490,

uloc

Thus, for any b, a such that 7y < a < b < 1 and (b — a)'/* < expexp A% /2 we
can absorb the first term on the right-hand side by the left-hand side to obtain

k o
”V u||LOC([(a+h)/2,b]'L6 ) S eXpCXpA ( )

> “uloc

Since the upper bound is independent of the location of [a, b] C [#1, 1], we obtain the
claim.
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Appendix A: Quantitative Parabolic Theory

Here we prove Proposition 5.1. Namely, we consider parabolic cylinders
0%’ (t0, x0) := 1o — OR?, 19] x B(xo, 1R), Q%" = 0%°(0,0), Q= Qp'
and we consider Lipschitz solutions V of MV = 0 on Q)I‘Q’e, namely we suppose that

/R/(E),V¢>+VV-V¢—HJ-VV¢)=O (76)
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forall¢ € C §°(Q’I\e’9), where the (distributional) supports of divb and V are disjoint.

Moreover we assume that (54) holds, namely

NR) =2+ sup (R) bl 1909, < -
R'<2R

where o 1= 2 + % —1 € [0, 1). We also say that V is a subsolution (or supersolution)
of MV =0,ie. MV <0 (or MV > 0), if (76) holds with “=" replaced by “<” (or
“>") for all nonnegative test functions.

We will show that

r\v
osc V(0) < (—) osc V 77
B(r) R/ om®

forall r < R, where y = exp(_./\/’O(l)).
To this end we first prove the Harnack inequality for Lipschitz subsolutions of

MV =0.

Lemma A.1 (based on Lemma 3.1 in [24]) Let V be a Lipschitz solution of MY < 0
in Q%" where . € (1,2] and 6 € (0, 1]. Then

1

2
sup Vi < (N/6)€ ][ vi) .
oLor ok’
R

Proof We first note that, for any r, a satisfying

3+26 35
r o a 2721

we have the interpolation inequality
é U ! < R3 : g t U 78
” ||llrl[£(QA’9) ~A,0 roa ” ”];(Q’\-g)v ( )

by [19, (3.4) in Chapter II], where V is the energy space L?OL)ZC N L,ZHX1
Since V is a subsolution, we have, for a non-negative test function 7,

/H(atVn+ VV.Vn+b-VVp) <0.
%
We let n := ¢’ (V)& where & is a cutoff function vanishing on a neighborhood of the

boundary of Q’]\e’e, and ¢ is a convex function vanishing on R_. Taking U := ¢(V)
we obtain

VA V
/ Ut +vU -vE + 2L )2|VU|2§+b-VU£;‘ <0.
0%°n{v>0} @' (V)
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We now take

p(m):=1y (p>1 and &= x,7US%

where ¢ is a smooth cutoff function in Q;’g and 7 € (—OR?,0),

@U(Ddx + / . @=p HIVUPZ+UVU -V

Bir %<ty

+%b VWU - 3 HU <0, (79)

Using integration by parts and recalling the assumption divb > 0, we can apply
Holder’s inequality to obtain

/H bV > —/w b-vEHU?
Q% N{r<t} 0% N—{r<t}

1 1 1
= =161l a0, UL 657 VE N s o) IEIUD TSI g et L1
Ly Ly (Q%") L7 (Q) Lf] == L(l ) ©

= 1l IUE'IVEP I, U

205" L“Lf<Q;9>

where s > 2 and r and a are defined by

1+1+1<2 1)_1 l_'_l_'_l<2 1)_1
2s s/ 7 25 £ a s/

Applying Young’s inequality to separate the last term, and utilizing the interpolation
inequality (78) (which is valid since

3 2 3 3 2\\'
TS =41 -2(1+2/(=+= € (3/2,11/0),
r a 2 q 14

as needed) we obtain, after plugging into the local energy inequality (79),

sup CU)%dx + / _@=p OIVUPS +UVU - V(@) = 8 HU?
te[—OR2,0] Y Bir O Nr<i}
2 1—s
-0 (R 1617 1o iy IUE T IVE 2 (e, ) - —||§U||V(QA9 <o.

Absorbing VU from the term on the third term on the left-hand side by the second
term we obtain

2 2-2s 2s 2
||cU||V(QAg)N/Q <|vc| 2| RN, g o 87 VE] )U
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We now set
1
Ami=14+2""Q—=1) and 6, := 50(1 +47M),

and we substitute ¢ with ¢, such that

4"C |Vl - 2mC

=%k T TR
Sm °

. A .0 . s
;m = 1 in QRm+1 m+1’ ;—m = OOutSlde Q;\em 91117 |8t€m

’

where C may depend on A. Then the energy estimate and (78), taken with r = [ =
10/3, yield

I
”é‘mU”Lt"U/-?(Q?I;@) < 16mUlly gy = CR te=2 42m +N‘Y)2’"‘V||U||L%’X(Q%e

X

)

Recalling the definition of U and replacing p with p,, := (5/3)", Holder’s inequality
implies

1 1

2]7 2P+ 10/3 rPm
m+1
é;‘{m#—l v0m+1 u+ S C \7[Q)1}m‘9m (;-m U)
1

2pm
S <C9;1N254m(s+1) fQ}Vnﬂm uipm) i
R

Iterating, we have

1 1
pm m—1 c ﬁ 2
(7[x ) uipm) < 1—[ <§4k(s+1)Ns) K ][“, “%r 7
QRm, m k=0 QR’

and we conclude by taking m — oo. O

In the next three lemmas we focus on nonnegative solutions to MV < 0 and we
find lower bounds on the mass distribution of such solutions. We first show that if
V > k in Qg, except for a small (quantified) “portion of Q”, then in fact V > k/2
everywhere in a smaller cylinder.

Lemma A.2 (based on part 2 of Corollary 3.1 in [24]) If V is a non-negative solution
of MV >0in Q),}’g and

HV < k}n Q%% < W/ 7€ 1057,
then

k
V=3 in 0",
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Proof We apply Lemma A.1 to k — V to find

1
2
sup (k — V)1 < (W/6)¢ <][Q (k — V)i) <Nk,
R

,0/2
o

which implies the result. O

We now show that, if the cylinder Q}e’e is flat enough, then a lower bound on the
bottom lid of Q}e’e (i.e. at t = —O R?) implies a similar lower bound at every ¢.

Lemma A.3 (based on Lemma 3.2 in [24]) Suppose V is non-negative with MYV > 0
in a neighbuorhood of Q}Q"% and

[{V(=60R?) = k} N Bg| > 80| Bg|
for some 8y > 0 and 6y < C~'8SN~L. Then
_ 1 1
HV(@) > §30k} N Br| > §5O|BR|

forall T € [—6pR?, 0].

Proof By the calculations in [24], with ¢ a smooth cutoff function supported in Bg,

/B V(@) - k2 + /Q v Xu<n VOV =22 < [ (V(=6R?) - K)2¢?
' (80)

+ /QH,O Xu<nn(V =02 (0(VE¢D) +b- V(£ + (divb)g?). (81)

We choose ¢ such that ¢ = 1 in B(j_s)g and |V¢| < ﬁ where 0 < 1 is to be

specified. Note that, due to (53),
/ o X< (V — k)2 (divb)e* <k / Lo Xu<py(divb)¢?
0g" 0g"
2 2
= —k /Q}e_go X<y - V().
Then the right-hand side of (80) is bounded by

4
2 -2
& (1= 80)1BrI + 000 1B + — 16111900, 11 14/ 1))
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From here one can proceed with the argument exactly as in [24] to arrive at

1 1\ 2 )
HV(’) < 550]‘} N Bg| = <1 - 55()) (1 -804+ O(c +0726 —I—cflé?g/(Z N)).

Setting 0 = C~1/° 83 and 6 as above proves the claimed bound. O

We now show that for any given “portion of Q}Q’e” (in the sense of a set with the

measure arbitrarily close to |Q1?]) V is greater or equal a constant multiple of some
lower bound, if, for each 7, the lower bound occurs at least on some “portion of Bg”.
Although this enables us to obtain a lower bound on almost the entire cylinder, we
lose an exponential in the process.

Lemma A.4 (based on Lemma 3.3 in [24]) Let V > 0 be a solution of MV > 0 in
Q)I}’e satisfying

(V1) = ko) N Br| = 81|Bg| forall t € [-6R?, 0]
for some ko > 0, 81 > 0. Then forany u > 0 and s > C(N + 071 /(81 1)%,
IV <27} N Q5’1 < wlQF’I-
Proof With k,,, = 27k, we define
En(t) i={x € Br: kmi1 < V(x, 1) <kn); Eni={(t,x) € Q51 x € En(0)).
Integrating the inequality MY > 0 against the test function = (V — k) _&(x)?

where & is a smooth cutoff vanishing in a neighborhood of d By g and satisfying & = 1
in Bg,

[ wvigs [ v -kt s [ V = k282
O% NV <km} o% ByrN{V <k } t=—6R?

0
+/ / (V = k)2 \VEP? +2(V — k)2 b - VE
—0R? J By gV <k}
SKLR"(1+6N), (82)

by Holder’s inequality and the trivial bound 0 < (V — k;,) - < k;,,. From De Giorgi’s
inequality [19, (5.6) in Chapter II],

R
(km — km+DI{V (@) < kmt1} N Brl S g/g

m (

IVV (@)l
1)

for all t € [—OR?, 0]. Integrating in time, squaring, and applying Cauchy-Schwarz
gives

2 R2
<—/ IVV |?dxdt|Eyp.
Em

1,60
G [V <kne} 0 0] S 5
1
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Combined with (82), this gives

2
[V <k} 0 0F7| S OT2R" 20+ M)l
We conclude
2 2
=2 v <kwsin i’

m=0

5 ’{v < k)N QL

s—1
SETPRTEA+ON) Y €l

m=0

SO + MR o

We can now combine Lemmas A.2—A.4 to obtain a pointwise lower bound for V
in the interior of a cylinder, with an exponential dependence on .
Lemma A.5 (based on part 1 of Corollary 3.2 in [24]) If V is a non-negative solution
of MV > 0in Qi’l and

{V(—=OR?) = k} N Bg| = 8| Bgl
for some k > 0 and ® < C~'8ON !, then
V > exp(—8 2(N/©)* )k in °.

Proof This is a straightforward application of Lemmas A.3, A.4, and A.2 in sequence,
with the latter two applied with R — %R to compensate for the shrinking domain in
Lemma A.2. O

By considering V —inf V and sup V — V the above lemma now allows us to estimate
oscillations of solutions to MV = 0 with no sign restrictions.

Lemma A6 (based on Lemma 3.5 of [24]) If V solves MV =0 in Q%" then

osc V < (1 —exp(—N>€)) osc V
oM 0

where QU = 03°%, 0@ = Q%' and © = C2N L.

Proof Consider the positive supersolutions V| = V —inf ) V and V, = sup o V-

V. Withk = 0%0) V, clearly we must have {Vi(—OR?) > k} N Bag| > |Bagl/2 for
0
either i = 1 or i = 2. Fix this i, so V; obeys the hypotheses of Lemma A.5. Let us

assume for concreteness that i = 1; the other case is analogous. Then by the lemma,

inf V 4 exp(—N"")oscV <V <supV
) 00 00
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for all (r, x) € QW, which immediately implies the result. m]

Finally, iterating Lemma A.6 we obtain the required Holder continuity (77), i.e. we

can prove Proposition 5.1.

Proof of Proposition5.1 Tterating Lemma A.6, we have

08¢ V < (1 — exp(=N0C))k os¢ V.

2,
Q(G)/Z)k/ZR/Z Q%
: R 2\—1
We conclude upon taking k = |log ~(log &)™ . O
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