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Abstract

A new mathematical model incorporating epidemiological features of the co-dynamics of tuberculosis (TB) and SARS-
CoV-2 is analyzed. Local asymptotic stability of the disease-free and endemic equilibria are shown for the sub-models
when the respective reproduction numbers are below unity. Bifurcation analysis is carried out for the TB only sub-model,
where it was shown that the sub-model undergoes forward bifurcation. The model is fitted to the cumulative confirmed
daily SARS-CoV-2 cases for Indonesia from February 11, 2021 to August 26, 2021. The fitting was carried out using the
fmincon optimization toolbox in MATLAB. Relevant parameters in the model are estimated from the fitting. The necessary
conditions for the existence of optimal control and the optimality system for the co-infection model is established through
the application of Pontryagin’s Principle. Different control strategies: face-mask usage and SARS-CoV-2 vaccination, TB
prevention as well as treatment controls for both diseases are considered. Simulations results show that: (1) the strategy
against incident SARS-CoV-2 infection averts about 27,878,840 new TB cases; (2) also, TB prevention and treatment
controls could avert 5,397,795 new SARS-CoV-2 cases. (3) In addition, either SARS-CoV-2 or TB only control strategy
greatly mitigates a significant number of new co-infection cases.

Keywords SARS-CoV-2 - Tuberculosis - Co-infection - Basic reproduction number - Optimal control - Pontryagin’s
principle
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Infectious diseases have been part of humanity history
since ancient times, and historically, one can remember the
great plague, also known as Black Death, which in the 14th
century killed millions in Europe (Benedictow 2005;
Prentice and Rahalison 2007). Six centuries has passed
until the Great influenza pandemic, or the Spanish Flu
emerged. Several influenza epidemic waves between 1918
and 1920 left behind millions of fatal victims which precise
number is not known (Nickol and Kindrachuk 2019)
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Mycobacterium tuberculosis is the infectious agent of
Tuberculosis (TB). It is a highly infectious disease of
global public health concern, being among the top ten
leading causes of death from a single disease according to
the World Health Organization, (WHO 2001). However, of
all people infected with TB, approximately only 10% will
progress to the disease active state. Out of these 10%, only
5% will be sick in a period of two years, what is called fast
progression. The remaining individuals, for some reason,

@ Springer


http://orcid.org/0000-0002-1252-1650
http://crossmark.crossref.org/dialog/?doi=10.1007/s40808-022-01430-6&amp;domain=pdf
https://doi.org/10.1007/s40808-022-01430-6

5494

Modeling Earth Systems and Environment (2022) 8:5493-5520

will have the pathogens activated at some point of their
lives, i.e., slow progression (CDC 2000; Blower et al.
1995). Then, though the number of TB human hosts is
large, most of them will remain latent for all their lifetime.

Severe acute respiratory syndrome that first emerged in
December 2019 in Wuhan, China, became the newest
pandemic. Its causative agent is the coronavirus SARS-
CoV-2 (Zu et al. 2020; Andersen et al. 2020; Wu et al.
2020). From this date on, SARS-CoV-2 viruses have
spread in more than 190 countries, and approximately 230
million cases have been recorded as reported by WHO
(COVID-19 2021). Prior to the availability of pharmaceu-
tical measures (treatment and vaccination), for some time,
the world has relied on non therapeutic interventions such
as quarantine, face masks wearing, self isolation,
social/physical distancing, and lock down. Since the end of
2020, several vaccines have been approved to start a
worldwide immunization campaign, and countries with
increasing immunization rates already have the number of
SARS-CoV-2 deaths drastically reduced (Swan et al.
2021), despite the multiple strains that have emerged so far.

Infectious diseases threats are constantly evolving with
continuous changes in disease landscape (Crisan-Dabija
et al. 2020; Ewald 2004; Schrag and Wiener 1995). The
emergence of SARS-CoV-2 pandemic and its geographical
overlap with TB, a long-standing diseases is of great public
health concerns (Crisan-Dabija et al. 2020). On the other
hand, SARS-CoV-2 displays clinical and radiological
similarities with pulmonary tuberculosis (Vanzetti et al.
2020). Both diseases can have a deadly outcome if not
diagnosed and treated timely (Tadolini et al. 2020). SARS-
CoV-2 has been the main concern at the heart of ravaging
pandemic, and overlapping respiratory diseases also termed
the great imitators such as tuberculosis within differential
diagnoses should not be forgotten Petrone et al. (2021).
While tuberculosis is a potential risk factor for SARS-CoV-
2 patients through severity, morbidity and mortality
(Tamuzi et al. 2020), it could also impact the ability to
mount a strong response in co-infected subjects due to their
symptoms similarities (Petrone et al. 2021). Thus, due their
similar clinical manifestations, TB testing should be per-
formed for SARS-CoV-2 patients especially in TB-burden
countries such as Indonesia (Tolossa et al. 2021). In fact,
the it has been noted that SARS-CoV-2 and TB are a
cursed duo that needs immediate attention (TB/COVID-19
Global Group 2022).

The first study describing the co-infection of tubercu-
losis and SARS-CoV-2 was published by Khurana and
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Aggarwal (2020). This co-infection has also been reported
in Motta et al. (2020), Stochino et al. (2020), Martinez
Orozco et al. (2020), Yao et al. (2020) and Mishra et al.
(2021). Co-existence of TB and SARS-CoV-2 is almost
evident due to the their worldwide geographic overlap
(Khurana and Aggarwal 2020). This co-infection poses a
great challenge due to their differential diagnosis (Tadolini
et al. 2020). Also, active TB patients are quite vulnerable
to potential infection with SARS-CoV-2 due to the chronic
nature of TB, and their synergistic impact on socio-eco-
nomic life worldwide (Khurana and Aggarwal 2020), with
health systems in poor and overcrowded areas most vul-
nerable (Wingfield et al. 2018). In fact, mortality due to
both diseases is about 12.3% in patients with dual infec-
tions, which is higher than isolated SARS-CoV-2 deaths
(Guan et al. 2020). Morbidity and mortality are a concern
in patients with other co-morbidities such as HIV, dengue,
diabetes, etc., among others (Wingfield et al. 2018; Sar-
inoglu et al. 2020; Tamuzi et al. 2020). Thus, lethal syn-
ergism of SARS-CoV-2 and TB could contribute to severe
cases (Crisan-Dabija et al. 2020; Visca et al. 2021).

TB high burden countries worldwide (including
Indonesia) account for about 80% of the world’s tubercu-
losis infections (WHO 2021). Indonesia has been hit with
more than 4 million reported SARS-CoV-2 infections and
144 thousand deaths (WHO 2021). Consequently, due to
the large geographic overlap of the two diseases (TB and
SARS-CoV-2), synergistic epidemics (or syndemics) can-
not be ruled out. For this reason, we selected Indonesia as
our case study country.

Theoretical studies on SARS-CoV-2 dynamics abound
in the literature (Bandekar and Ghosh 2021; Asamoah et al.
2020; Nkwayep et al. 2020; Wang et al. 2020; Asamoah
et al. 2022; Kucharski et al. 2020; Ferguson et al. 2020;
Maier and Brockmann 2020). However, we are interested
in its co-dynamics with tuberculosis which is also a disease
of global public health concern. Recently, some co-infec-
tion models for SARS-CoV-2 and TB have been studied
(Goudiaby et al. 2022; Mekonen et al. 2022; Bandekar and
Ghosh 2022). For instance, Goudiaby et al. (2022) inves-
tigated in general settings the impact of implementing
optimal control measures in a co-infection of SARS-CoV-2
and tuberculosis model. They considered 5 controls which
do not include vaccination, but instead they included
control against co-infection with a second disease. On the
other hand, Bandekar and Ghosh (2021) dwelled more into
the sensitivity analyses of a tuberculosis and SARS-CoV-2
co-infection model, but they only considered two control
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measures, early SARS-CoV-2 detection and TB treatment.
There are key distinct features of our proposed model with
that in Goudiaby et al. (2022). For example, their model
has ten compartment depending on individual’s disease
status compared to the nine classes in ours. However, our
proposed model is seemingly the first theoretical modeling
work to investigate the co-dynamics of tuberculosis and
SARS-CoV-2 with key control strategies to mitigate the
rapid spread of these two diseases in a specific country,
using real data. Also, our model is more complex as we
considered most of the possible transmission routes and
recovery from one or both of the diseases. It complements
previous tuberculosis and SARS-CoV-2 co-infection
models with a validation performed through a model fit to
the reported Indonesia SARS-CoV-2 cases using the
fmincon function in the MATLAB Optimization Toolbox.
Finally, we also investigated the impact of various control
strategies on the co-interaction of both diseases.

The following outlines how the rest of this paper is
organized. Details on the formulation of the proposed co-
dynamics model of SARS-CoV-2 and TB is given in Sect.
2. The invariant region where the model is biological rel-
evant is presented in Sect. 2.1. Theoretical results such as
stability and bifurcation analysis of the sub-models (TB
and SARS-CoV-2) equilibrium points are presented in
Sect. 3. To mitigate the spread of these two diseases, time
variant controls are incorporated into the full model. The
optimal control problem is then analyzed using the well-
known Pontragyn’s Maximum Principle in Sect. 4.
Numerical simulations to support the analytical results are
provided in Sect. 5, while Sect. 6 concludes the paper.

Model formulation

Consider a homogeneously mixing population, that is,
individuals have equal probability of contact with one
another. Both diseases transmission dynamics are descri-
bed via a deterministic compartmental model. Based on
individuals’ disease status, at any time ¢, the total popula-
tion N(¢) is subdivided into nine compartments: unvacci-
nated susceptibles S(r), vaccinated susceptibles, (V(7)),
SARS-CoV-2 infected individuals Z(z), recovered from
SARS-CoV-2 R(t), TB infected (in latent stage) £(¢), TB
infected (in active stage) A(f), TB treatment class 7 (z),
individuals infected with latent TB and SARS-CoV-2

Z:(t), and individuals infected with both active TB and
SARS-CoV-2 Z,(1).

The parameter W}, represents the inflow (or recruitment)
into the susceptible class S. Individuals in this group are

reduced at the rate, W when infected with SARS-

Kz(A]\;&-I,\) when

CoV-2, and are also reduced at the rate
infected with TB. The parameter # (1 >1) denotes the
potential high infectivity due to co-infection with TB. All
persons in each epidemiological states suffer natural death

at the rate w,. Individuals infected with SARS-CoV-2 can

get infected with TB at the rate %. Those already

infected with TB can get additional infection with SARS-
CoV-2 at the rate %m Infected individuals can suffer
SARS-CoV-2-induced death at the rate 6; or TB induced
death at the rate o,. Individuals co-infected with both
diseases can also suffer disease-induced death, either due to
SARS-CoV-2 or TB. Co-infected individuals can equally
recover either from SARS-CoV-2 or TB. Upon recovery
from SARS-CoV-2, an individual gains immunity against

re-infection. However, there is possibility of infection with

TB at the rate % Upon recovery from TB, an indi-

vidual can either get re-infected with TB at the rate

% (where @ is the TB re-infection rate) or get

@
infected with SARS-CoV-2 at the rate “ZHTtTel - Ay
other transitions in the model are described in Eq. (1), with

the model flow diagram shown in Fig. 1. The description of

1y

(1—=19,)6

wy + 03
A

e

Fig. 1 SARS-CoV-2 and tuberculosis model flow diagram
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Table 1 Description of the

model parameters

Fig. 2 Model fitting to the
cumulative daily Indonesia
SARS-CoV-2 infections

the model parameters, their values and the source are
provided in Table 1.

@ Springer

Parameter Interpretation Value References
Y, Recruitment rate 2771322;’;625‘ Indonesia (2021)
A Vaccination rate 0.2 Fitted
Vi Vaccine efficacy 0.95 US FDA (2020)
Ay Active TB treatment rate 2.0
Ay TB treatment rate of co-infected individuals 2.0 Assumed
(o Natural mortality rate m Indonesia (2021)
0N SARS-CoV-2 recovery rates for individuals in the Z class,
& é Recovery rates from SARS-CoV-2 in the Z; and Z, classes,
01 Death rate due to SARS-CoV-2 0.0029 Fitted
o<l) TB re-infection rate 0.3 Fitted
o Death rate due to TB % TB cases (2021)
J3 SARS-CoV-2-TB induced death rate 0.10871  Fitted
91,9, Proportion of newly infected individuals with active TB i Assumed
71 Rate of progression to active TB 0.005 Assumed
K1 SARS-CoV-2 transmission rate 0.0331 Fitted
K TB transmission rate 4 Fitted
/R Modification parameter for susceptibility of latent

TB infected persons to SARS-CoV-2 13 Fitted
Vs Modification parameter for susceptibility of active

TB infected persons to SARS-CoV-2 1.3 Fitted
n Modification parameter 1 Assumed

45X 10° T T T T T T T T
45 [==—Model
B Cumulative confirmed COVID-19 Data for Indonesia|
3.5 b

Cumulative confirmed COVID-19

cases for Indonesia
N
2 w

N

-
(5]

1 I I
02/11/21 03/03/21 03/23/21

Time (days)

I I I I I I I
04/12/21 05/02/21 05/22/21 06/11/21 07/01/21 07/21/21 08/10/21 08/30/21

From the aforementioned, we derive the following non-

linear system of ordinary differential equations



Modeling Earth Systems and Environment (2022) 8:5493-5520

5497

s o, (<[ +0(Z,+I.)] ko (A+7Z,)
Y <—N +wH+l+7N S,
av_ . KT 0T+ T K (A+T,)
dtflS ((1 X)—N +wH+7N V,
dzZ 7 T.+7Z
7:w[5+(171)v+7}+/\21/\
dr N
A+7Z,
—<¢l+w+w”+6l)l
N
dR (A+1Z,)
e 0\Z— (wH+)C2T>R7
dé A+7T, B
9 P (s ViR eT) 4 AT,
dt N
7 I.+7Z
7<l//11c1[ +n(Z,+ )}+“/1+wn>5,
N
dA A+T, .
E:ﬁlKZ( ; )(S+V+R+w’2')+yl£+gZIA
. z I,+TI:
_<A1+(DH+62+Q//2W>A7
dT
E*MA
o <K1[I+77(IA +IE)] w’<2(~’4+-’[r\)4»(0‘-‘),]—7
N N
dIE KZ(A +IA) KI[I + "](IA + IE)]
= (1 =)= 7 Kls T IEs T Le)]
ar (1 —1) N +¥ N £

- ("/’2 + Wy + fl + (51)157
dIA KZ(A+IA)

dr b2 N z
+7ZLe + ¥ WA - (Mt o+ &+ 8)T,
(1)
with the initial conditions
$0)20, 020, 7(0) 20, RO)20, £0)20,

A(0)>0, T(0)>0, Z,(0) >0, Z,(0) >0.

Invariant region

The model system (1) is biological relevant, that is
epidemiologically and mathematically well-posed, when
all model parameters and state variables are non-negative
for all time ¢>0. The SARS-CoV-2 and Tuberculosis
transmission dynamic model (1) will therefore be
analyzed in a suitable feasible region, obtained as
follows.

Lemma 2.1 The region Q = {(S,V,Z,R,E, A, T,Z;,Z,)

v
ER’ :N(r) < cu_:} is positively-invariant for the model

system (1) with non-negative initial conditions in Ri.

Proof Let, (S,V,I,R,E,A,T,I.,Z,) € Ri be any
solution of the model system (1). Then, adding all the
differential equations of the model system (1), we have

dN
E = \‘I"H — COHN — [(I +IE)6| + (52./4 + 531,\] S lPH - (,OHN.

Owing to the conditions (2) that guarantee N(0) > 0, and
since the region Q is positively-invariant and attracting,
N(¢) >0 is bounded V> 0. By applying Birkhoff and
Rota’s comparison Theorem of differential inequality
(Birkhoff and Rota 1989), we can show using the theory of
integration that

Py
N(t) < N(0)e ™" +—(1 — e~ ™).
Dy
. Wy W
In particular, N(t) < — if N(0) < —. Thus, the con-
clusion follows from Hefhtote (2000) ¥t the region Q is
positively invariant. It is then sufficient to consider the
dynamics of the flow generated by the model system (1) in
Q. In this region, solutions of the model system (1) with

initial conditions in Q will remain in Q for all time ¢ > 0.
O

Model analysis

For mathematical tractability and convenience and the fact
that the full model dynamics is driven by that of its sub-
models, we investigate the dynamics of the two sub-
models.

SARS-CoV-2 sub-model

Set E=A=T =7Z,=7Z,=0in (1), we obtain the fol-
lowing SARS-CoV-2 only sub-model.

45 _ g ("]‘V—Imﬁz)s,

dar

d A

d—]::;LS—<(1—X)K‘7+wH)V,

dZ A (3)
_Kl —_ N JE—

TN [S+ (1 =V] = (¢) + wu+61)Z,

dR

a:(ﬁl.’z—wHR,

with N(1) = S(t) + V(1) + Z(t) + R().
The sub-model CovidModel feasible region is given by

P
Q = {(S,VT,R) € RL: N(1) < =}

@ Springer
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Positivity and boundedness of solutions

Positivity Recall that the model variables represent human
population, and it can be shown as in the case of the full
model system (1) above that the solution of the sub-model
system (3) with the given positive initial conditions will
remain non-negative for all time 7 > 0.

Lemma 3.1 If (0) >0, V(0) >0, Z(0) >0 and R(0) >0,

then the solutions of the model system (3) remain non-
negative for all time t > 0.

Proof From the first two equation of (3), we have
dS

Z U, ZU,& 2

dV
E |S20‘V:O,Izo,Rzo,Szo,Azo,Tzo,Ik >07,>0 — 28 =0.

(4)

All the remaining seven equations can be written similar

to the second equation above, and since the transfer rates
are non-negative at the boundary of the positive cone R’
the direction of the vector field will point inward Guo and
Li (2021). That is, the trajectory of all solutions remains in

the positively invariant region when starting from a non-
negative point. Hence, the proof. O

Boundedness

Lemma 3.2 All solutions of the SARS-CoV-2 only model
(3) with non-negative initial conditions are bounded, with

¥
N(t) < w—Hfor all time t > 0.

Proof Adding all the equations in (3), we obtain
dN

dN
_— = —_ —_ e < — .
& Y, — oN -6 = i S Y, — wyN

Lemma (3.1) ensures that N(z) >0 for all time ¢ > 0.
Y Y
< —". Hence, 0 < N(t) < — for
Oy Oy

all time ¢ > 0. ThlS implies that S(r), V(r), Z(t), and R(¢)
are all bounded above by the lim sup and below by 0. [J

Clearly, 11m sup N(1) <

Computation of the Reproduction Numbers Ry. and R,

The threshold parameter . denotes the basic reproduc-
tion number of system (3) when no vaccination program is
implemented, while R, is the vaccination-induced repro-
duction number representing infections newly generated by
an infected in a community in which a vaccination program

@ Springer

is being implemented. The DFE of the SARS-CoV-2 only
sub-model (3) is given by

Y, Y, 0
oy + 42 oyl + 1))

EO _ (5’07 VO, IO, RO) _ (

The threshold quantity, R.. derived using the next gener-
ation matrix operator (van den Driessche and Watmough
2002), is the spectral radius of the matrix FV~! at the DFE
(EY), with F and V respectively given by

[mswxw% 0} {[wmm
F=|T N =T e

0 0 0 0
and
V:P‘er”Jrél O}
—¢, Wy

The vaccination-induced reproduction number of the
SARS-CoV-2 only sub-model (3) is given by

Kifog + (1= )4
(o5 + 2) () + @4 4 01)

Rye = p(FV_l) = (5)

The basic reproduction number when there is no vac-
cination (4 = 0) is given by

K
R G ot ©
Note that
R — falon+ (1= 2)/]
(wy + ) (Py + vy + 1)
= Roc W = Rocl,
where { = %Jr’” Since { <1, as expected Ry < Roc.

The higher the vaccine efficacy (large value of y € (0, 1)),
the smaller is the value of {. The parameter { which
depends on the rate of vaccination and vaccine efficacy
represents the effect of SARS-CoV-2 vaccine implemen-
tation in reducing the vaccine-induced reproduction
number.

Local stability of the SARS-CoV-2 only DFE

The local stability of the disease-free equilibrium (DFE) of
the SARS-CoV-2 only sub-model (3) is determined by its
vaccination-induced reproduction number (R..). The
Jacobian matrix of the SARS-CoV-2 only model (3) at the
DFE is given by
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- K1y -
—(wy + A 0 — 0
(w4 + 1) P
Jl — o, . K1 (1 - X)j‘ 0
J(ES) = wy + ,
K[y + (1 = y)4A]
0 0 — — (¢ + 0y + 1) 0
L 0 0 ¢1 — Wy
and the corresponding eigenvalues are 4 = —(wy, + 1), Y,
) b Ki[o fuf;g);] ' ( ) Q, ={(S,£,A,T) e R, : N(t) < —}.
Ay = —y, Agzﬁ—(¢l+wﬂ+()1) and A4 = Wy
—w,. The DFE is locally asymptotically stable if all s positively invariant. Thus, we consider the dynamics of

eigenvalues of the Jacobian matrix have negative real parts.
The following eigenvalues A;, 4, and A4 are negative.
Thus, the local stability of the DFE (E?) depends on the
sign of 3. That is,
B Koy + (1 = y)4]
o oy + A

/13 7(¢1+wﬂ+51)

B aloat (107
BRI [P T Py S

= (¢ + 0y + 61)[Rc — 1]

Thus, the following result have been established.

Lemma 3.3 The DFE of the SARS-CoV-2 only sub-model
(3) is locally asymptotically stable if Ry.<1, and
unstable otherwise.

Proof Since all the eigenvalues of J(E?) are negative
except A3, it follows that the DFE is locally asymptotically
stable whenever A3 <0, and unstable if A3 > 0. Because
A3 <0 if and only if R,. <1, the result follows. O

TB only sub-model

By setting V=7 =R =1, =7, =0 in (1), the follow-
ing TB only sub-model is obtained.
dsS Kz.A
S, - (4w,
ar ( N +w )S

d& KzA

5 = (1= )= (S+oT) = (1 + @),

dA K A ~ ™
e 19127(34‘@7) + 1€ = (A1 + w, + 62) A,

d7 Kz.A
E = AlA - (‘WT + (i)H)T,

with N(t) = S(t) + £(t) + A(t) + T (t). Analogously to
Lemma 2.1, it can be shown that the region

the TB only sub-model (7) in Q.

Local stability of the DFE of TB only sub-model
The DFE of the TB only sub-model (7) is given by
E)= (S &, A, T = (Z“,o, 0, o),

and the associated matrices F and V are respectively given by

o (1= 91) 15 (8" + oT") :[o (1_191),(2}
0 191%(80—#1370) 0 (AL ’
and
Vo Y1+ wy 0 }
- A tost+d

From van den Driessche and Watmough (2002), the basic
reproduction number of the TB only sub-model (7) is given by
K2 (p; + Fyoy) (8)

(yl + wH)(Al + Wy + 52) ’

Ror =

and from Theorem 2 in van den Driessche and Watmough
(2002), the following result holds.

Lemma 3.4 The DFE of the TB only sub-model (7) is
locally asymptotically stable if R, <1, and unstable if
Ror > 1.

From Lemma 3.4, TB could be eliminated when R, <1
(if the initial size of the sub-populations of the model are in
the basin of attraction of Ef). Since at Rg; = 1, the DFE E?
of the TB only sub-model (7) may undergo backward
bifurcation (Wangari and Stone 2018; Sulayman et al.
2021), we wish to investigate (1) whether the sub-model
(7) could also exhibit that phenomenon (2) the

@ Springer
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forward/transcritical or backward/subcritical direction of
the bifurcation.

Bifurcation analysis

Using the Centre manifold theory (Castillo-Chavez and
Song 2004), let x = (x1,x2,x3,x4)" = (S, &, A, T)". Next,

rewrite the TB-only sub-model (7) as 2—:: f(x), with
f(x) = (fi(x).f2(x),/3(x). fa(x)). Thus,

dx1 Ko2X3

—=filx) =¥y — | —————+ wy |1,

dr fl( ) (X1+)C2+X3+X4 ) !

dx, K2X3

T falx) = ( 1)x1 Fp——— (x1 + @x4)
- (yl +wH)x27

dJC3 K2X3

—_— = X) = 19 ——(x; +wx4) + V1 x

ar f(x) 1x1+x2+x3+x4( 1 1) +71%2
— (A1 + @y + 62)x3,

dxy K2X3 >

— =) =A - |o———— + Wy | x4.

dr fax) 13 ( X1+ X0 + X3+ x4 4

)

The Jacobian of system (9) at the DFE E(T) =
¥
(—H707070> is given by

oF

—y 0 — Ky 0
0 — (”/1 + (Un) (] — 191)1('2 0

J(E) =
0 Y1 D1k2 — (A1 + oy + 02) 0

0 0 Ay — wy

Choosing the bifurcation parameter as x;, and setting

Ror = 1, we obtain
s (71 + @n) (A1 + @y + 62)
e A ) 910
( D+ 91y + o)
('}’1 + COH)(Al + wy + 52)
71+ Y10y

(10)

By applying Theorem 4.1 in Castillo-Chavez and Song
(2004), we can show that system (9) may undergo forward
or a backward bifurcation when Ry, = 1. We consider the

Py
DFE E? = (—,0, 0, 0) and
on

o = Kt (1 + o)A+ ou+62) 2%
2o 71+ 1o, %

at Ror = 1, where o9 =y, + oy, 01 = Ay + oy + J, and
oy =7, + Yw,. By adopting the notation in Castillo-

@ Springer

Chavez and Song (2004), the right eigenvector w =

(wi,wa, w3, wy)" is defined such that J(E®).w =0 at
Ky = 5. Similarly, the left-eigenvector v = (v, v2, V3, v4)

is such that v.J(E?) = 0. These eigenvectors w and v a
respectively given by

oo (1 =9y
wyp = — w3, wp = 3
Wy [2%)

Ay

W3 = w3, W4 = —Ws,
H

where
wsz > 0
and

V1
V) = 0, %) :a—V3, V3 = V3, V4 :0,
0

where v; > 0.
The condition v.w = 1. must be satisfied. That is,

1L —9)ary
(w1, wa, w3, wa)" (vi,v2,v3,v4) = Q—lwm + w33
[0%) oo
1-9
= w3V3 (1+—( 1)0117/1) =1.
ool

To determine the direction of the bifurcation, we com-
pute and determine the sign of the bifurcation parameters a
and b defined as

4 a2ﬁ< .
C k%::lvkwiwjmw”'{z)’ (11)
and

4 Ofi o
b = ,;VijaxiaKz(E”Kz)' (12)

From the model system (9), we have

oh  —(1—-9)K; O 21—k}
Oxy0x3 xj " Oxz0x3 x; ’

62f2 (w — ])K*

—(1—9) 2=

Q304 ( ) x} ’

62 3 —1911(?;
ddxs  xp

Of 20 Oy o
D3dxs xf Owsdxy o xp

o°f, _ 1 *f o GHE _ Uy
aX3aK2 ’ aX3aK2 b aX3aK2 XT.

The other second partial derivatives in equations (11)
and (12) are zero. Hence, since 91 <1 and w < 1), after
some algebraic manipulations and rearrangements,
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a= viwiw; =—=— (E;, K3),
Kij=1 ax,@xj

i [((17191)051“2) A (=9 @ 1)

= -2 — Vawsws
X oo Aoy

= —2 2 (1 = D)+ m)en + A (1= 9))(1 — o)),
u2l{ln

At o+
())1 -‘,—191(,()[‘)‘{"”

V3W§Q<O7

where Q = [0y (1 — 1) + o)y + A1y (1 =) (1 — @)
> 0, and

7=
<

=
=
(@]
=
O
—
= o
kel
D *
O

I

9
(1 — 191)V2W3 +—:V3W3 > 0.
kj=1 J X

The above results is summarized as follows.

Theorem 3.1 Since the parameters a<0 and b > 0, the
direction of the bifurcation of the model system (7) at
Ror = 1 is forward.

Because the model system (7) undergoes a for-
ward/transcritical bifurcation at Ry, = 1, this precludes the
co-existence of a dual equilibria (that is when a stable DFE
co-exists with a stable endemic equilibrium when Ry, <1).
Consequently, the DFE equilibrium of model (7) is glob-
ally asymptotically stable. For this reason, we will forgo
the routine theoretical proof of the global stability of the
endemic equilibrium of the Tb only sub-model, see Silva
and Torres (2013) for a detail proof. While most TB
models exhibit subcritical/backward bifurcation, it has
been shown that this phenomenon arises due to imperfect
vaccine and exogenous re-infection Gumel (2012). These
processes are neither incorporated into the TB-only sub-

Fig. 3 Time series of SARS- 7
CoV-2 infections with
implementation of strategy A

i
a
\

1.5

0.5-

Infectious individuals with SARS-CoV-2

model nor in our complex SARS-CoV-2 and TB co-dy-
namic model.

As mentioned above, the dynamics of the full model is
driven by that of its sub-models, therefore, since both sub-
models exhibit a forward bifurcation, the disease-free and
endemic equilibria of the full model system (1) cannot co-
exist when the reproduction number Ry, = max(Ryc,
Ro:) < 1. Consequently, the DFE and endemic equilibrium
of (1) will exist, be unique, locally and globally asymp-
totically stable. For these reasons, we will forgo the
detailed theoretical analysis here and instead focus on
formulating and analyzing the optimal control problem.

The optimal control problem

In order to investigate the potential impact of implementing
intervention measures to mitigate the spread of both dis-
eases, we incorporate five time varying controls u (),
uy (1), us(t), uq(t), and us(z) into (1). These five controls are
defined as follows

(i)  u;: Face mask usage,
(i1)  up: time-dependent SARS-CoV-2 vaccination rate,
(iii))  u3: TB prevention,
(iv)  uq: SARS-CoV-2 treatment (palliative),
(v) us: TB treatment

Tuberculosis treatment is assumed to be based on the iso-
niazid INH in combination with three other drugs rifampin,
pyrazinamide and ethambutol regimen. We note that
although usage of mask could be an important prevention
measure for TB, herein, for the sake of simplicity and
mathematical tractability, we consider the effect of the use
of face mask via the control #; mainly as a prevention of
SARS-CoV-2. Based on how this control is accounted for

_u1¢0, u2¢0

_u1=u2=u3=u4=u5=0

100 120 140 160 180 200
Time (days)

60 80
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in the model, we recognize that this drawback (limitation)
will imply that the control u#; has no or little effect in
reducing the TB transmission rate from a TB infected
person.

The controls u;, u, and uz satisfy 0 <uy,up,u3 <0.90
while, SARS-CoV-2 and TB treatment controls u4 and us
are bounded as follows: 0<uy,us <0.80. Treatment is
assumed to be at most 80% effective. The model system
with the control measures is given by

dS_ KI[I+"](IA+Ih)]
R R
Z,

et AT
W o (1t oy ST T
i@ = MzS ((1 7)(1 ul) N

oy + (1 = ”ﬂ%)v’
dz T IA IE
E:(l—ul)wwﬂl—X)V+T]+(‘+”5)A2L

7,

B <(1+u4)¢1+(1,u3)w+wu+51>1
iR A+TZ,
52(1—191)(1_’43)’(2%(8

+V+R+aT) + (1 +ua)éi 7,

T Z,+1I.

dA A+T,

E:(l—ll})ﬁlkz( N )(S
+VAR+0T) +0E+ (1 +us) &I,
7<(1+MS)A1+WH+52+¢2(17MI)W>A7

aT Z+nZi+Ze

E:(l—kus)/\lA_((l_ul)w
+w(l — M3)W+WH>77

7. A+T,

& = (17192)(1*”3)%1—

T I,+1I.
+¢1(17u1)wg
—(pp+ou+ (1 +ua)éy + 1)Ly,

az, K (A+1Z,)

5 = (1 —w) =1

ki|Z +n(Zs+ Z:)]
N
— (1 +us)Ao + oy + (1 +us)é, + 63)Z,.

+ 92T + (1 —ur) A

(13)

The problem is to minimize the following cost functional
defined as

@ Springer

J[upug,u;,m,uﬂ

T 0 0, 0 0. 0.
= / [Z(t) + £(t) + AQ@) + Te(1) + Za(1) +7]uf +72u§ +iu% +iui + +75u§]dt,
Jo

2 2 2 2 2
(14)

where T is the final time. Because the total cost includes the
cost of TB and SARS-CoV-2 prevention and treatment, we
use a quadratic cost functional. Thus, we need to find
uy, uy,u3, uy, us, such that
5,16 63 05) = min a5, s
M;)|l/l1 y U2, U3, Ug, U5 € U}a
where U = {(u},u3,uj,u}) € L*[0,T]} is the control set,
such that uy, uy, uy are measurable with
0<u;<09,0<u;<09,0<u5<09, 0<u; <1, 0<
ut<1forte0,7].

To derive the optimality conditions, the Hamiltonian
is formulated from the cost functional (14), and is given
by

M=TI(t)+ E(t) + A(t) + Z.(t) + L. (1)
0 5 0, , 03 5, 04 0s ,

3141 +Eu2 +Eu3 +7ui +7u5

) KT+ (T, + T,
+A1<‘PH7 ((lful)erwHJruz

N
(1 =) A FT) IA))S)

+

N

+/12<qu— ((1 -0 —ul)_Kl[Z+n](VIA+ZE)}

+o, + (1 — m)@)v)

w0 - ) BB s 1y

+ (L +us)AZ, - <(1 +ua)py + (1 - ”*)W
+oy +01)7)
e <(1 +ug) I — (a)H +(1- u3)1€2("4;71“))7€>

(A+1T,)
N

+V+R+oT)+ (1 +us)é Ly

+/15<(1 —’191)(] —u3)K2 (S
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—(wlu—ul)

T+nZ,+ I
K1 n( )l " H) 5)
+ )v6 ((1 — l/t3)191K2

N

(A+1,)
N (5

+V+R+WT) +'})1(€+ (1 +M4)£QZA
- ((1 +M5)A1 + wy + 0y

oy ST

+ ((1 +us) AL A — ((1 —uy)

ta(l — us) 7'62(“4; 2y w> T)

+ s ((1 —9)(1 —u;)w

ki [Z+n(Z,+1;)]

K112 +n(Z, + )]
N

T

+ ¥y (1 —uy) 2

— (72 + @u + (1 +ug)éy + 61)Ze),

+ )vg (’192(1 - uﬂ%l
T+ (1 ) NI AT

—((1+us)Ay + oy + (1 4+ us)és + 03)Z,)

(16)

Theorem 4.1 Suppose the cost functional J is minimized
by the set {uy,uy,us,uq,us}. Then, the adjoint variables

M2,

., Ag (the expressions of %’1’ are provided in the

Appendix) satisfy the following adjoint equations

K][I+7] I +I )][S(ﬂz — A])

5503
aA, B %
o i
with
2i(tr) =0, where, i=S,V.I,R,E, AT, T, T..
(17)
Furthermore,

Proof of Theorem 4.1 Consider the associated solutions
U* = (uj,ub,u}, u},ui) and S*, V", 7%, R*, &, A", T", I},
7. Appying Pontryagin’s Maximum Principle, there exist
adjoint variables satisfying

dy oM A oM B
@ "as M=0 —gr=Zy Al =0
Ay om0
& o B =0
Cd M dls  OM
“w R M =0-Gr=g A =0 (19)
d)6 oM 16(?):07
FTREY
dg oM dis oM N
Ta Tar W= Ty T =0
dlg OM .
@ T Ao(tr) =0,
with

Jilty) = 2a(ty) = Ja(ty) = Aa(ty)
= Js(tr) = 2e(ty) = 22(ty) = Js(ty) = 0.

On the interior of the control set U where 0 <u; <1 for
all j =1,2,3,4,5), we have

u] = ming 1, max| 0,

025}

min< 1, max

(1= 0)V(J3 = A2) + T (23 — A7) + 9, E(As — As) + b Ao — is)])}
WA ’

)3 — A4 + 6T, (lg
04

AN (J6 — 1) + I, /\2()9—13))}

5

uy = ming 1, max| 0,

uy = ming 1, max|( 0

{1
{1.ms (022
i —mm{],max<07k2 (A+Z)(S+V+R+aT){(1
{rmes (012
{rmas

) + &T. (49 — iﬁ)]) }

— D)5+ D1ie} — S — 2aV — MR — dqwT +T{(1 — 0,) g + Pado — z,;}}) } (18)
03N, ’
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oM .
0= aiul = QINHMI — Kq [I

(T, + TS0 = 2a) + (1 = )V (s — 22)
+ T (Js = Jo) + Y1 ECs — is) + WAl — Jo)],
oM

0= 6u2 = 0,Ny u2 S(;\,l - )Lz),
oM .
0= a—u?) = 93NHM3 — Kz(A

IA)KS +V+R+ IHT){(] - 191))»5 + 791/16} )
— ;sz — 147?, — )7WT + I{(l — 192)),3 —|— 19219 — )»3}],

0= a—u3 = 04142 — [(f)IZ()vg, — }4)
+ &Te(4s — 4s) + &L (Ao — 46)],
oM
0= a— = 6514;k - [AA](/% - /11)
us

+ T As(do — 23)].
(20)

Therefore,

. KT (T A TS(s — ) +

Optimal control model simulations

The numerical simulations carried out on the control sys-
tem (13), adjoint equations (19) and characterizations of
the control (22) are run in MATLAB using the Runge-
Kutta forward backward sweep method. To compute the
total cost for each strategy implemented over time, we use
the quadratic cost functions § 0yuf, 1 02u3, 3 03u3, § 04uj and
%0514% are . The following weight constants are assumed in
order to investigate the cost of each implemented strategy:
0, =900, 6, = 1500, 83 = 2000, 6, = 1000 and
0s = 1200. Also, the implementation cost to preventing
SARS-CoV-2 infections (face-mask usage and vaccination)
is assumed to be less than the cost of implementing the TB
prevention control. Similarly, TB treatment cost is assumed
to be higher than the cost of SARS-CoV-2 treatment.

Initial conditions and model fitting

The population of Indonesia is estimated to be 273,523,621
(Indonesia 2021). Thus, let S(0) = 270,000,000. By
February 11, 2021, the total number fully vaccinated
individuals against SARS-CoV-2 in Indonesia was 345,605
(Indonesia 2021), hence V(0) = 345,605. The total num-
ber of recovered individuals was 627,044, Indonesia

(1 =)V = 22) +T(Js — 22) + ¥, E(4s

—45) + ¥ A(de — 46)]

01Ny ’
. Sl —A)
I/lz = 0—27
u = KQ(A +IA)[(S + 1% + R + ‘WT){(l — 191)/15 + 791/16} - 118 - /LQV - )V4R - ),7@7 +I{(1 - 192))~8 + 192;»9 - 13}}
i 03N, ’
oy [1Z(73 — Aa) + ETe(Ag — As) + E3T (Ao — g )]
4 04 ’
. AN (e — M) +TiAo(l9 — 23)
Us = .
0s
(21)
i = mm{l max<07 T + 0Ty + T0)|[S(s — 21) + (1 = )V(s 70221\/) + T (I3 — ) + ¥, EUs — Js) + b A(do — M) }
14V
uy = mln{l,max<078 h = o) >}
o (22)
= mm{l max<07 A+ ZIS+V+R+aT){(1 - Ii)is + Vi) —QIS— 22V — MR — lq@T + T{(1 — 02)2 + 20 — M])}’
4
; = mm{l,max(O AN (6 = 11) +I Aaldy — 73 ))}7

@ Springer



Modeling Earth Systems and Environment (2022) 8:5493-5520

5505

(2021), that is R(0) = 627,044. Total confirmed SARS-
CoV-2 infections was 1, 191, 990, and active cases
166, 492, thus, we set Z(0) = 166,492. The remaining
initial conditions are: £(0) = 450,000, .A(0) = 12000,
7(0) =0,Z.(0) = 50000, Z,(0) = 5000 as reported in TB
cases (2021).

For the model fitting, we used the approach in McCall
(2005), which is based on the finincon optimization toolbox
in MATLAB. The fmincon’s optimization routine syntax:
x = fmincon(@modelfun,x0,A, b, Aeq, beq, Ib, ub,nonlcon,
options),, starts at x0 (the initial guesses) and finds an
optimum x to the function described in @modelfun that fits
the model to a given data set, subject to the nonlinear
inequalities c(x) or equalities ceq(x) defined in nonlcon,

Fig. 4 Dynamics of infected x 107
with latent TB when strategy A 9r
is implemented E 8
T
2
© 7
|
£ 6H
3
N 5l
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3
=4
©
£ 3
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372
o
ks 11
£
o Il

and also subject to the linear inequalities A.x < b and linear
equalities Aeq.x = beq, defined in A, b, Aeq, beq, respec-
tively. x0 can be a scalar, vector, or matrix. /b and ub are
the bounds on the parameters to be estimated. The opti-
mization parameters and error tolerance are specified in
options.

From the Indonesia daily cumulative number SARS-
CoV-2 infections (Indonesia 2021), we estimated some of
the model parameters. The model system (1) fitted to the
cumulative confirmed daily SARS-CoV-2 cases for
Indonesia from February 11, 2021 to August 26, 2021 is
shown in Fig. 2. It is evident from Fig. 2 that our proposed
model fits the Indonesia’s data pretty well.
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Fig. 6 Dynamics of SARS-
CoV-2 and latent TB dual
infection with implementation
of strategy A

Fig. 7 Time series of SARS-
CoV-2 and active TB co-
infection with implementation
of strategy A

Fig. 8 Control profile for the
combined effect of controls u;
and u,
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Discussion

In this section, we shall investigate the impact of the
implementation of various possible control strategies on
the co-interaction of the two diseases in Indonesia.

Strategy A: Face-mask usage and SARS-CoV-2
vaccination (u; 20, u; #0)

The simulations of the optimal control system (13) when
the strategy that combines public use of face-mask usage
and SARS-CoV-2 vaccination (u; # 0,u; # 0) is imple-
mented, are respectively depicted in Figs. 3, 4, 5, 6 and 7.
With the implementation of this intervention strategy, for
K1 = 1.3337, Kk, = 7 and @ = 0.6, so that the reproduction

number, Rocr = max{Ryc, Ror} = 5.8314 > 1, as
Fig. 9 Dynamics of infected X 107
with SARS-CoV-2 when 2-

strategy B is implemented

Individuals infected with SARS-CoV-2

expected, there is a significant reduction in the number of
persons infected with SARS-CoV-2 as shown in Fig. 3.
Note that despite the introduction of face mask and vac-
cination, there are still SARS-CoV-2 cases at the onset of
their implementation, and this is not surprising because
vaccination takes some time to provide protection, while
those already infected who have not yet been detected or
showing symptoms are being identified through testing as
both intervention measures are being rolled out. This is
also an indication that it is a daunting task to have any
intervention measures attain their maximum early on when
these are being put in place. Amazingly, this strategy
against SARS-CoV-2 also avert about 27,878,840 new TB
cases (as depicted in Figs. 4 and 5, respectively). Besides,
this strategy has a positive population level impact on co-
infected individuals. From Figs. 6 and 7, 38,539,095 new
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Fig. 11 Dynamics of infected x 10
with active TB when strategy B 151

is implemented —,, # 0,u 7 0
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dual infections could potentially be averted). The control
profile for the combined effect of the face-mask usage and
SARS-CoV-2 vaccination control strategy are depicted in
Fig. 8. When face-mask wearing and SARS-CoV-2 vac-
cination are the selected strategy, one notes that wearing
face mask (control u;) should be implemented optimally
throughout the intervention period, while SARS-CoV-2
vaccination u, uptake will start decreasing after about 4
months. Several reasons could explain such a decreasing
number of reported daily infections and deaths. While this
Strategy A is too optimistic because it means that during
140 days, the health system should vaccinate about 90% of
the (remaining) susceptible population each day, which is
likely not feasible realistically or cannot be supported from
a quantitative point of view in any country’s health system.

Strategy B: SARS-CoV-2 vaccination
and treatment (u, 0, uy #0)

The simulations of the optimal control system (13) when
the strategy that combines SARS-CoV-2 vaccination and
treatment (1 # 0, uq # 0) is implemented, are presented in
Figs. 9, 10, 11, 12 and 13. With the implementation of this
intervention strategy, for x; =1.3337,xk; =7 and
@ = 0.6, SO that the reproduction number,
Roer = max{Ryc, Ror} = 5.8314 > 1, as expected, the
number of SARS-CoV-2 infections is reduced, see Fig. 3.
Interestingly, this SARS-CoV-2 only control strategy also
averts over 25 million new TB cases (Figs. 10 and 11). This
strategy B tends to overestimate the number of latent and
active TB cases in Indonesia, and this may not be sur-
prising because we do not consider any TB preventive or

therapeutic (treatment and vaccination) intervention
Fig. 14 Control profile for the 0.5~
combined effect of controls u, —_—u,
and uy u
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Fig. 16 Dynamics of infected 7
with latent TB when strategy C
is implemented
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measures in this strategy. However, despite this limitation,
this strategy has positive population level impact on the
number of co-infected individuals with SARS-CoV-2 and
TB (as shown in Figs. 12 and 13, where more than 30
million new co-infections with both diseases were averted).
The control profile for the combined effect of the face-
mask usage and SARS-CoV-2 vaccination control strategy
is presented in Fig. 14. When SARS-CoV-2 vaccination
and treatment are implemented, Fig. 14 can be interpreted
as follows: as expected, treatment of SARS-CoV-2 uy
started prior to vaccination and increased gradually as
detected cases grew, but to mitigate the rapid spread of the
pandemic, vaccination should be optimally applied at the
onset of the vaccination campaign.

@ Springer

Strategy C: TB prevention and treatment
(U3 #* 0, Us # 0)

Numerical simulations of the optimal control system (13)
when the strategy that combines TB prevention and treat-
ment (u3 # 0,us # 0) is implemented, are presented in
Figs. 15, 16, 17, 18 and 19. When this TB only intervention
strategy is implemented, for x; = 1.3337,k, =7 and
@ = 0.6, the reproduction number
Rocr = max{Ryc, Ror} =5.8314 > 1. From Fig. 15, the
number of SARS-CoV-2 infections is reduced, with
5,397,795 new infections averted. In fact, as expected
applying this strategy will avert more than 20 million new
TB cases. This is depicted by Figs. 16 and 17). Besides,
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this strategy also has a positive population level impact on
the number of individuals co-infected with SARS-CoV-2
and TB (Figs. 18 and 19, where more than 35 million new
co-infection cases were averted). The control profile for the
combined effect of TB prevention and treatment controls is
presented in Fig. 20. When only TB prevention and treat-
ment are implemented, as expected, the TB prevention
control u3 should be optimally implemented throughout,
while the TB treatment control us is optimally imple-
mented at the onset of the epidemic, but drastically
decreases and only picks up again from day 120. This may
be due to the fact that SARS-CoV-2 displays clinical and
radiological similarities with pulmonary tuberculosis, and
SARS-CoV-2 emerged with high mortality, focus may
have been on saving SARS-CoV-2 patients at the detri-
ments of TB patients.

Conclusion

We formulated a mathematical model of the co-dynamics
of COVID-19 and TB and investigated the impact of
implementing various control measures to mitigate the
spread of both diseases. Basic properties of the sub-models,
namely TB only and SARS-CoV-2 only such as the
invariant region, positivity and boundedness of solutions
are provided. Their equilibria are locally asymptotically
stable when the associated reproduction number is less than
unity. The phenomenon of backward bifurcation where
both a stable DFE co-exists with a stable endemic equi-
librium when the basic reproduction number is less than
unity is investigated for the TB sub-model, and results
show that the direction of the bifurcation is forward. This
precludes the co-existence of dual equilibria. Because the
dynamics of the full model is driven by that of its sub-
models, we did not carry out detailed analysis of the full
model system 1, based on the transcritical/forward bifur-
cation of both sub-models, the full model equilibria is
locally and globally asymptotically stable. Finally, using
the Pontryagin’s maximum Principle, conditions for the
existence of optimal control of the co-infection model are
established.

Indonesia is a country where both TB and SARS-CoV-2
are endemic. Real SARS-CoV-2 daily cumulative infec-
tions are used to fit the model system 1 from February 11,
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2021 to August 26, 2021, and estimated some of the model
parameter values. Although model fitting to cumulative
cases and then used to estimate several of the model
parameter values could lead to an over fitting problem, it is
not the case herein. However, if such a problem is identi-
fied (occur), one could use the corrective approach pro-
posed in King et al. (2015).

Five control measures are incorporated into the model
1, namely; SARS-CoV-2 vaccination, TB and SARS-CoV-
2 prevention controls as well as treatment for both diseases.
The highlights of the model simulations are as follows

(i) TB prevention could avert up to 870,000 new
SARS-CoV-2 infections (Fig. 15);

(i) Implementation of control strategy for either of the
diseases could greatly reduce co-infections (see
Figs. 6, 7 and 18, 19);

(iii) The highest number of co-infections averted is
observed when TB prevention and treatment
controls are implemented. From Figs. 18 and 19,
about 39,021,510 dual infections would have been
averted.

There are definitely some limitations to our model. Face
mask is also protective against TB, but because this has
been widely used for protection by medical personnel only
(Zhou et al. 2020; Gammaitoni and Nucci 1997), we do not
apply the control u; to TB. Due to the complexity of our
proposed model, vaccination against TB and exogenous re-
infection were not included. Future studies could investi-
gate network models such as agent-based, and the cost-
effectiveness of the various and potential strategies that
could be implemented to mitigate the spread of these dis-
eases. Since by construction, mechanistic models inherit
the loss of information, exploring time varying or time-
invariant sensitivity analysis is viable. Finally, to address
possible random fluctuations, the model could be refor-
mulated as a stochastic compartmental model that includes
white noise.

Appendix: Adjoint functions of optimality
system
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