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Abstract Carbon dioxide (CO,) is the prime greenhouse
gas responsible for the threat of global warming. Forest
biomass plays an important role in sequestration of carbon
dioxide from the atmosphere but the global forest biomass
is declining with an alarming rate due to human activities.
In this scenario, reforestation is crucial to reduce the
atmospheric burden of CO,. In this paper, we propose a
nonlinear mathematical model to study the effect of
reforestation as well as the delay involved in between the
measurement of forest data and implementation of refor-
estation efforts on the control of atmospheric concentration
of CO,. Model analysis shows that the atmospheric con-
centration of CO, decreases due to reforestation but a
longer delay in between measurement of forest biomass
and implementation of reforestation efforts has destabiliz-
ing effect on the dynamics of the system. The critical value
of this time delay is found analytically. The Hopf-bifur-
cation analysis is performed by taking time delay as
bifurcation parameter. The stability and direction of
bifurcating periodic solutions arising through Hopf-bifur-
cations are also discussed.
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Introduction

The enhanced concentration of carbon dioxide (CO,) in the
Earth’s atmosphere is significantly responsible for the
menace of global warming and the associated climate
changes (IPCC 2007a). The increment in the concentration
of atmospheric CO; is attributed to human activities such
as fossil fuel burning and land use changes (IPCC 2007b).
Deforestation accounts for nearly 90 % of CO, emissions
from land use changes (IPCC 2001). Forests are one of the
major sinks of CO; on the Earth. Trees during the photo-
synthesis process absorb CO, from the atmosphere and
stock it in the form of biomass. Every year forests absorb
gigatons of carbon in this process. Clearing of forests
causes increase in concentration of CO, in two ways;
firstly, it reduces the global uptake of CO, through pho-
tosynthesis process and secondly, the carbon stored in the
trees is released back to the atmosphere in the form of CO,
when the wood is burned or left to decompose after
deforestation. In the last few decades, global forest biomass
has declined at an alarming rate. Between 1990 and 2005,
the total forest area has declined at annual rate of 0.21 %
and the carbon stock per hectare in forest biomass has
declined at the rate 0.02 % (FAO 2010). This severe
destruction of forest has contributed significantly to the
inexorable rise of atmospheric concentration of CO;.

In this scenario, reforestation is a rational approach to
control the atmospheric concentration of CO, (Woodwell
et al. 1983; Goreau 1992). In view of this, reforestation
efforts have been made in many countries to increase the
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forest biomass. For this purpose, government estimates the
forest biomass and makes efforts for reforestation to
maintain the desired level of forest biomass. Since the
forests having same area may contain different amount of
forest biomass, the estimation of forest biomass is a diffi-
cult and time consuming process (Houghton 2005). Con-
sequently, the data of forest biomass used for policy
making is usually dated. This time lag involved between
measurement of forest biomass and implementation of
reforestation efforts may affect the impact of reforestation
programs on the control of atmospheric CO,. For designing
an effective reforestation policy, it is important to assess
the impact of this time lag. In literature, some mathemat-
ical models are available which explore the interplay
between forest biomass and atmospheric carbon dioxide
(Tennakone 1990; Caetano et al. 2011; Misra and Verma
2013; Shukla et al. 2015). In particular, Tennakone (1990)
has proposed a mathematical model by considering bio-
mass and CO; as dynamic variables, finding that excessive
deforestation may destabilize the system due to rapid
increase in atmospheric CO,. Misra and Verma (2013)
have studied the effect of human population and forest
biomass on the dynamics of atmospheric CO,, showing
that if the deforestation rate exceeds a critical limit,
atmospheric concentration of CO, will not get stabilized.
Caetano et al. (2011) have proposed a mathematical model
by considering reforestation and clean technology as con-
trol variables for the atmospheric CO, and optimized the
total investment on reforestation and clean technology to
obtain the desired level of carbon dioxide.

In the present study, we propose and analyze a mathe-
matical model to study the effect of reforestation on the
control of atmospheric carbon dioxide by taking measure
of reforestation efforts as a dynamical variable. As the
reforestation efforts are implemented on the basis of not
updated measurements of forest biomass, time delay in
implementation of reforestation efforts must be included in
the modeling process. The effect of this delay over the
dynamics of the system is studied in detail.

Mathematical model

We assume that the concentration of CO, in the atmo-
sphere increases due to natural processes as well as human
related activities. The emission rate of CO, from natural
sources (e.g., volcanic eruption, respiration process of
living organism, changes in oceanic circulation, etc.) is
assumed to be a constant. Since the anthropogenic CO,
emissions increase with the expansion in human population
(Newel and Marcus 1987; Onozaki 2009); therefore, the
anthropogenic emission rate of CO, is assumed to be
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proportional to the human population. As forest seques-
trates CO, from the atmosphere during photosynthesis
process, we assume that the concentration of CO, decrea-
ses due to increase in forest biomass. The depletion of CO,
due to natural sinks other than forests (like oceans etc.) is
assumed to be proportional to atmospheric concentration of
CO; (Nikol’skii 2010). The human population and forest
biomass is assumed to follow the logistic growth. Since the
climate changes driven by the enhanced concentration of
atmospheric CO, have lethal effects on human life (Casper
2010; McMichael et al. 2006; WHO 2009), therefore we
assume that the human population declines due to increase
in the concentration of CO,. Man clears forests for food,
fuel and other materials as well as land for agriculture and
industries, with feedback into the population growth
(Brown 1993; Shukla and Dubey 1997; Hartwick 2005;
Dubey et al. 2009); thus we assume that the forest biomass
decreases due to increase in human population whereas the
growth rate of human population is favored by an increase
in forest biomass. The reforestation programs are devel-
oped on the basis of available data on forest biomass which
usually date back in time. Thus we have assumed that the
reforestation efforts, which are applied to increase the
forest biomass, depend on the difference between the car-
rying capacity of the forest biomass and its value measured
T time earlier. Also, we have assumed that some of the
reforestation efforts diminish due to their inefficacy or
some economical barriers.

Let at any time #, N(¢) and F(¢) be the human population
and forest biomass in any region under consideration. Let
X(1) and R(¢) be the concentration of CO, and measure of
reforestation efforts, respectively at time 7. The reforesta-
tion efforts can be measured in terms of cost involved in
their implementation. In view of the above considerations,
the dynamics of the model is governed by the following
system of nonlinear delay differential equations:

dax

E:QO‘FXN_OCX_AIXF,

dN N

—=sN|1——| —0XN NF
a ( L) +moNF,

dF F
— =uF(1——) — ¢NF + (RF
L ( M) ONF + (RF.
dR
—=9(M —-F(t—1)) — 0oR
= (M — (1 — 1)) - &0R,
where X(0) = X, >0, N(0) =Ny >0, F(v) = Fy>0 for
v € [-1,0], R(0) = Ry > 0. The parameters of model sys-
tem (1) are defined in Table 1.

Here ppm means parts per millions by volume. All the
above parameters are assumed to be positive constants. The
region of attraction for model system (1) is given by the

set:
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Q={(X,N,F,R) € R} : 0<X <X,;0<N <Ny

/M
O0<F<M;0<R<L —
do
where X, = (Qo + AN,y) /%, Ny =L+ npLM/s, and it
attracts all the solutions initiating in the interior of the
positive orthant.

Equilibrium analysis

The model system (1) is highly nonlinear, so it is not
possible to find its exact solution. Instead, we examine the
qualitative behavior of the system using the stability theory
of differential equations. We find the equilibrium points of
the model and perform the stability analysis of the obtained
equilibria. An equilibrium point of a dynamical system is a
solution which does not change in time. These points are
obtained by putting the growth rate of different variables of
model system equal to zero. The model (1) has the fol-
lowing four non-negative equilibria:

1. El (Qo/2,0,0,yM/dy) which is always feasible.
Ex(s(Qo 4 AL)/(se+ 0AL), L(sx  —0Qq)/ (s + 0L),
0, yM/dy) is feasible, provided s— @ > 0. This
condition implies that in absence of forest biomass, the
human population thrives only if its intrinsic growth
rate is greater than its mortality rate due to CO,.
3. E3(Qo/(a+ 2iM),0,M,0) is always feasible.
4. E4(X*,N*,F* R*) is feasible provided the following
conditions are satisfied:

M so — 000
5 O (4 n ou) >0 @)
0Qo
oc+)L1M+n¢M>O' (3)
The term ‘u+ ({yM/dg) — GL((so — 0Q0)/ (s + OAL))’

represents the intrinsic growth rate of the forestry biomass
when forest biomass is negligibly small and so it should be
positive (otherwise the forest biomass may become
extinct). The term ‘s — (8Qo/ (o + LiM)) + npM’ repre-
sents the intrinsic growth rate of the human population
when it is negligibly small and hence it should also be
positive.

The feasibility of equilibria E;, E, and Ej3 is obvious.
The equilibrium E4(X*, N*, F*,R*) may be obtained by
solving the equilibrium equations of (1).

From the fourth equilibrium equation we have
= M (4)
oo '

Using Eq. (4) in the third equilibrium equation we have

1 oM F
N=— 1-——. 5
7 (“ "5 ) ( M) ®)
From the first equilibrium equation we find
AN
x=QtAN (6)
o+ A]F

Using Eqgs. (5) and (6) in the second equilibrium equation
we obtain the following equation in F:

=] () ()

0 A oM F
s D]

(7)

From Eq. (7), we may easily note that:

W 50 =g (5] o5 (5]

which is negative, if condition (2) holds.

000
o+ i]M,

(2) gM)=s+npM —

which is positive, if condition (3) holds.

iy 0
d)LM 50 (CX =+ )L.]F)z

{ilQoJr(;M( +570>(o<+/11M)} + ng,

which is always positive.

Thus a unique positive root F = F* of Eq. (7) exists in
the interval (0, M) provided the conditions (2) and (3) are
satisfied. Using this value of F* in Eqgs. (4), (5) and (6), we
get the positive values of R =R*, N =N* and X = X7,
respectively.

(3) gF)=

Remark 1 From the equilibrium equations, we can write

f(X,F,y)= Qo+¢(1——)+%(M F)— (a4 W F)X =0,
g(XaFH/):S—%(l—%)—[jigo(M—F)—OX-f—nd)F:O.

From the above equations, we can easily find that
ax* — 55 (M — F)(3EX" - ingp)
Gt P (g + 5+ 7)) + 0(f+ 55+ 1ax)

Thus, for small value of 7, dX*/dy <0. This implies that if
the growth rate of human population due to forest biomass
is small, an increase in the implementation rate of refor-
estation efforts leads to decrease in the atmospheric con-
centration of CO,.
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Table 1 Model parameters

Parameter Description Unit
Qo Emission rate of CO, from natural sources ppm year™!
A Emission rate coefficient of CO, from anthropogenic sources ppm (person year) ™!
o Natural depletion rate coefficient of atmospheric CO, (year)™!
M Uptake rate coefficient of CO, by forest biomass (ton year)™!
N Intrinsic growth rate coefficient of human population year™!
L Carrying capacity of human population person
u Intrinsic growth rate coefficient of forest biomass year™!
M Carrying capacity of forest biomass ton
0 Declination rate coefficient of human population due to CO, (ppm year)~!
¢ Deforestation rate coefficient (person year)™!
T A proportionality constant which represents growth of human population due to forest biomass person (ton) ™!
4 Growth rate coefficient of forest biomass due to reforestation efforts (dollar year)™!
Y Implementation rate coefficient of reforestation efforts dollar (ton year)™!
T Time lag involved in between measurement of the data of forest biomass and implementation of reforestation year
efforts
do Declination rate coefficient of reforestation efforts (year)™!

Stability analysis

In this section, we study the stability behavior of the
equilibria with and without delay. We also investigate the
possibility of Hopf-bifurcation at the interior equilibrium
by taking time delay 7 as a bifurcation parameter. An
equilibrium point is stable if either nearby solutions remain
nearby for all future time or tend to it. In order to determine
the local stability of an equilibrium point, the nature of
solutions arbitrarily close to that point is investigated.

Stability analysis without delay (i.e., 7 = 0)

The local stability of an equilibrium point can be deter-
mined by finding the sign of the eigenvalues of Jacobian
matrix evaluated at that point. The Jacobian matrix for the
model system (1) is given by

7(0{4’11}7) A 7/11X 0
2N
—ON s(l _T> —0X+npF npN 0
J=
0 —¢F u(l—%)—qﬁN-‘rlR (F
0 0 -7 —(30

@ Springer

Let J; denote the Jacobian matrix J evaluated at equilib-
rium E; (i = 1, 2, 3, 4). By investigating the signs of the
eigenvalues of the Jacobian matrices J; , Jo and J3, we
have:

1. The equilibrium E; has a locally stable manifold in
X — R plane and an unstable manifold locally in the F-
direction. Further, E; has a locally unstable manifold
in the N-direction provided s — 6Qg/o > 0. Thus, E|
has an unstable manifold locally in the N-direction
whenever E) is feasible.

2. The equilibrium E, has a stable manifold locally in the

X — N — R space. Also, it has an unstable manifold
locally in the F-direction whenever E, is feasible.

3. The equilibrium E3 has a stable manifold locally in the

X — F — R space while it has an unstable manifold
locally in the N-direction whenever E, is feasible.

To investigate the local stability behavior of equilibrium
E4, we use the Routh—Hurwitz criterion. The characteristic
equation for the matrix Jy is

A A+ A+ A =0 (8)

where,
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sN*  uF*
A= M F* d
1 o+ mEF + 2 + " + 0o,

. SN* * R
Ay = S| o0 + A F* + i + o + (o + A4 F)

o (SN uETN | SuNTET O*N*F* + JON* + y(F*
n L}
L M M Ve

- o [(SN*  uF* OoSuN*F* -
A3:bo(06+/11F)(L +M) 07+n50(l)2NF
Wi ,
+/’{05()N* + (OC—F/{]F*)(AYMN +TE¢)2N*FX>
LM

AON*F* *
LUONTET L 0GX NF" 4 yCF <oc +aF 4N )

M L

suN*F* ul0ogN*F*

+5())»19(]5XNF +?CF ((OC—FJ.]F) 2 )

Here, it can be easily noted that A;, Ay, Az and A4 are
positive. The Routh—Hurwitz criterion thus reduces to

A3(A1A; — Az) — ATA, > 0, 9)

Now, we have the following result regarding the local
stability of equilibrium Ej:

Theorem 1 If feasible, the equilibrium E4 is locally
asymptotically stable provided the condition (9) holds.

The above theorem tells that if the condition (9) holds,
then all the solution trajectories starting nearby the equi-
librium E4 approaches to Ej as t tends to infinity.

Next, we determine the global stability of the equilibrium
E4 in Q. The equilibrium point E; is globally asymptotically
stable in € if it is asymptotic stable for all initial states in Q.
We use the Lyapunov’s direct method to determine global
asymptotic stability of E4. The basic concept of this method
is that if the total energy of a system is diminishing contin-
uously, the system will eventually reach to an equilibrium
point and remain at that point. In this method a suitable scalar
valued function, called Lyapunov function, is constructed
and its first order time derivative along the solution trajectory
of the system, is evaluated. If the derivative of Lyapunov
function decreases along the solution trajectory as time
increases, then the energy of system dissipates and the sys-
tem settles down to the equilibrium point. We have obtained
the following result regarding the global stability of Ey:

Theorem 2 [f feasible, the equilibrium E4 is globally
asymptotically stable in Q provided the following
inequality is satisfied:

Amu
oM

Proof Consider the following positive definite function:

2X2 < 4o+ WF) = (10)

V—l(X—X*)Zer NN —N'InV
T2 ! N*
F—F —Fln—)+2>(R-R 11
ma( np) R R-RR ()

where m;, mp and mj are positive constants to be chosen
appropriately. Now differentiating ‘V’ with respect to ‘#’
along the solution of system (1), we get

dV " . mys N
==+ W)X X = (N2

_%(F F*)? — m3do(R — R*)> + (4 — my0)
X (X = X*)(N = N") 4+ (mnp — map)(N — N*)

X (F—F") — L X(X — X*)(F — F*)

+ (mol — m3y)(F — F*)(R — R"). (12)
Choosing m; = f), my, = wm; = 0& and m3=%m2=%, we
get
dav , ) AS ATtu
—_—=— F)(X-X")Y——(N—-N* F—F*
= (P (X=X = (NN = (P - F)?

Ad
_‘:7;0O(R—R*)z—AIX(X—X*)(F—F*). (13)

Now we note that dV/dt can be made negative definite
inside the region of attraction ‘€2’ provided condition (10)
is satisfied. O

Local stability analysis with delay (i.e., T # 0)

In the following, we analyze the stability of interior equi-
librium E4 of (1) with delay (i.e., T # 0). We also explore
the possibility of Hopf-bifurcation at interior equilibrium
E,4 as the delay parameter t varies. Hopf-bifurcation is the
phenomenon of the local birth or death of periodic orbits
(self-oscillations) from an equilibrium point, as a parameter
crosses a critical value. First, we linearize model system (1)
about E4(X*,N* F* R*) by using the following
transformations:

X=X"4+x, N=N"+n F=F*+f and R=R*+r,
where x, n, f and r are small perturbations around the
equilibrium E4. The linearized system of (1) about the
equilibrium Ej is given as follows:

d

o= Myv(t) + Mov(t — 1) (14)
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where, v(t) = [x(1),n(0), £ (1), r(2)]", M, =
—(d+/11F*) A —;u]X* 0
—ON* SN et 0
L uF* and
0 _ * _ *
OF m CF
0 0 0 — o
00 0 O
00 0 O
M>=100 0 o
00 —y 0

The characteristic equation for linearized system (14) is
obtained as:

'Ij4+pl'lys+172'P24rp3l1/4r194+(qﬂsz+ngj+q3)(fl’uf:()7
(15)
where
SN*  uF*
= M F* )
pr=o+ 4 +L+M—|—o,
, s SNT o uF” N
Pz:ﬁo(oc-i-/uF + 7 + M)—F(OL—I—AIF)

sN*  uF* suN*F* 2
N*F* 4+ AON*
X ( .t M) LY + ¢ + ;

sN*  uF* OosulN*F*
=0 I F* — )+
p3 o(ot+ 4y )<L+M)+ M
+ 1o p>N*F* + J05,N*
o [SUNTF* . s
+ (e + 4 F )( i1 + ng*N*F >
JON*F*
U T 0X N,
M
SUN*F*
pa = oot + ),1F*)< o+ n¢2N*F*)
105, F*N*
4 U L 500 0pX NFF,
q1 = VCF*a
SN*
qZZVCF*<O(+/11F*+ I )a
sN*
g3 = VCF*< 7 (o + A F*) + wzv*).

Now, in order to show the Hopf-bifurcation, we have to
show that Eq. (15) has a pair of purely imaginary roots. For
this purpose, we substitute ¥ = iow (w > 0) in Eq. (15) and
separate the real and imaginary parts. We get the following
transcendental equations:

ot —pr® +py = —gpo sin(wt) — (g3 — q,wz) cos(wr),

(16)
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P10’ — P30 = gro cos(w1) — (g3 — q1w*) sin(w1).
(17)

On squaring and adding the above equations and substi-
tuting w? = p, we get

h(p) = p* + C1p> + C2p* + C3p + C4 = 0, (18)

where Cy = —2p> +pi, C> = p5 = 2p1p3 + 2ps — 47, C3 =
—2pops +p3 429193 — ¢35 and Cy =pi —g3. If all the
coefficients Cis, (i = 1,2,3,4) in h(p) are positive by Des-
cartes’ rule of signs the Eq. (18) will not have any positive
real root and thus the characteristic equation (15) will not
have a pair of purely imaginary roots. Thus all the roots of
Eq. (15) will stay in the negative half plane for t > 0 if they
were in the negative half plane for 1 = 0. In summary:

Theorem 3 If all the coefficients in h(p) (i.e.,C's) are
positive, whenever the interior equilibrium E4 is feasible, it
is asymptotically stable for all delay T > 0, provided it is
stable in the absence of delay.

If we assume the contrary, i.e., the values of all Cs, (i =
1,2,3,4) in Eq. (18) are not all positive. Then, by Des-
cartes’ rule of signs, we have the following conditions in
which the Eq. (18) has exactly one positive root:

(A1) C;>0,C>0,C3 >0, Cs<0
(A2) C1<0,C<0,C3 <0, Cs<0
(A3) C;>0,C,>0,C3<0, C4<0
(A4) C;>0,C<0,C3<0,C4 <0

If any of the above conditions holds then Eq. (15) has only
one pair of purely imaginary roots *iwy.

Now, from the transcendental equations (16) and (17),
we have

tan(er) = G0(0* — pr® + pa) + (g3 — 10*) (P10 — p3)
(g5 — q10?)(@* — pr? + ps) — Qo (p1® — p3w)
(19)

Thus, the value of 7; corresponding to the positive value
may be obtained as follows:

km 1 1
Ty =— + —tan
Wy o
G200(0§ — p2§ + pa) + (g3 — q103) (P13 — p3c)
(g3 — 6110)(2))(603 - Pzwg + pa) — qo(prad — p3oo) |’

(20)

for k=0,1,2,3,...

By using Butler’s lemma, we can say that the stable
interior equilibrium E4 remains stable for t <1y (Freedman
and Rao 1983). We have found the critical value of time
delay 7o which corresponds to the purely imaginary root
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imo of characteristic equation (15). Now we investigate
whether or not the phenomenon of Hopf-bifurcation occurs
as 7 increases through 1. For this we need the following
lemma.

Lemma 1 The following transversality condition is
satisfied:

dvy V(P> + P +q3)e "

the system (1) undergoes a supercritical Hopf-bifurcation
at 1 = 1, yielding a family of periodic solutions bifurcat-
ing from E4 as t passes through the critical value Tt
(Gopalsamy 1992).

Remark 2 1If none of the conditions (A#)(i =1,2,3,4)
holds, then Eq. (18) may have more than one positive root.
Consequently, there may be more than one pair of purely

dt AP 13 Y4 29+ ps+ R + a)e T — (@i P+ o + g3 )e P

sgn [OI(RZSU))} . > 0.

Proof Differentiating (15) with respect to 7, we get
This gives

(21)

(Q) AP P LV i+ R P )T T
dt PV + @V +g3)e " ¥
(23)
Now,
d(Re(¥)) d(Re())] ™"
8 |: dt =T - L dt T=Tp

Y=iw,

-4(1)8 + 3C1 (Ug + ZCZw% + C3

= sgn 2.2 212
| G0+ (g5 — qrax)
K

= sgn 2 2 2|
|70 + (95 — q10%)

(24)

Here, it may be noted that i'(w3) > 0 if any one of the
conditions (Ai)(i =1,2,3,4) is satisfied. This proves the
Lemma 1.

Thus the transversality condition holds and this confirms
that Hopf-bifurcation occurs at 7 = 79. Now we have the
following result: O

Theorem 4 [f the condition (9) is satisfied and any one of
the condition (Ai)(i =1,2,3,4) holds, then the interior
equilibrium E4 of model (1) is locally asymptotically stable
for T €[0,19) and becomes unstable for t > 1. Further,

imaginary roots of Eq. (15) and the system may posses a
finite number of stability switches as the delay parameter t
increases.

Stability and direction of Hopf-bifurcation

In the previous section, we have obtained the conditions
under which the system (1) undergoes a Hopf-bifurcation
from the interior equilibrium Ej at the critical value of 7. In
this section, we investigate the properties of the bifurcating
periodic solutions arising through Hopf-bifurcation. Fol-
lowing the idea of Hassard et al., we derive explicit formulae
for determining the direction, stability and period of the
bifurcating periodic solutions by using the normal form and
center manifold theory (Hassard et al. 1981). Without loss of
generality, we denote any of the critical values of t by 74 at
which Eq. (15) has a pair of purely imaginary roots %iwy
and system (1) undergoes Hopf-bifurcation. Let
T =1+ i, 4 € R, so that ¢ = 0 is a Hopf bifurcation value
for the system. Define the space of continuous real valued
functions C = C([—1,0],R*). Using the transformation
u(t) = X(t) — X*, up(t) =N(t) — N*, uz(t) =F(t) — F*,
and us(t) = R(t) — R* and x;(¢) = u;(wt) for i =1,2,3,4;
the delay system (1) transforms into the following functional
differential equation in C

% = Lx, + (1, x1), (25)
where  x(¢) = (x1(),x2(1),x3(1), x4(1))T € R*, x,(0) =

x(t+6),0c[-1,00 and L,:C— R, f:CxR—R*
are defined respectively as

Ly = (tx + W) [M19(0) + Magp(—1)], (26)
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—7191(0)¢5(0)

o) i) —~203(0) =091 (0)2(0) + 25(0) o3 0)
HQ) =Tk T Ui u )

1773(0) = ¢92(0)03(0) +L3(0)4 (0)
0
(27)

with ¢ = (¢, ¢,, q)3,(p4)T € C, and the matrices M; and
M, are same as given in previous section.

By the Riesz representation theorem, there exists a
function n(®, u) whose components are of bounded vari-
ation for © € [—1,0] such that

0
Ly = /ldn(@,u)w(@) (28)
In view of Eq. (26) we can choose
n(0, 1) = (u + WMi6(0) — Ma6(0 + 1)], (29)
where 0(@) is the Dirac delta function. For
¢ € C'([~1,0],RY), define

do(0)

, 0 € [-1,0),

Alp)p = gl@

o dnlp, Wep) =Ly, @ =0,

(30)
_ {0, 0 € [-1,0), a1)
ne =
flo, 1), 0 =0.

Then, the system (25) is equivalent to
X = A(w)x; + R(p)xy, (32)

where  x,(0@) =x(t+©) for
Y € C([0,1], (R*)"), define

O € [-1,0]. For

_dY(p)
A*W(p) = dp ’ pEe (O’ IL (33)
[0 dn" (6,00 (~1), p=0.

and a bilinear product

W) =00100)— [ [ (= o)an@)n(c)az,
(34)

where 7(©) = 1(©,0) and 5’ denotes the transpose of 7.
For convenience, we shall write A and A* in place of A(0)
and A*(0) respectively. Then A and A* are adjoint opera-
tors. Since +imgty are the eigenvalues of A, they are also
the eigenvalues of A*. Now, we need to compute eigen-
vectors of A and A* corresponding to +iwyt; and —iwgty,
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respectively. Suppose ¢(0) = (1,01, f1,7,)" ¢%® be the
eigenvector of A corresponding to eigenvalue iwgt; then

Aq(0) = img1rq(0), (35)

for @ = 0, this gives

O(+j-]F*+l‘CUQ -2 ;L]X* 0
N*
ON* SL iy — npN* 0
F*
0 OF* ”M tiwg —CF*
0 0 pe it o + iwy
1 0
o _ 0
B 0
71 0
(36)

Solving the system of Eq. (36), we get
_ wPN* (o + L F* +iawy) + A1 0X*N*

T T RINT = X+ o)
g — X (S5 4 iwo) (o0 + A F* + iwg) + A4 0X*N*
b 2aX* (AN — 24 X* (I + i)
i Tk
and 7y, e A - b

do +iwg A
Similarly,o we calculate ¢* (p) = D(1, 05, B, y7) T e
such that

A'q"(p) = —icoteq" (p) (37)
where o = (2 + 4 *) + 100 Br = + (=47 j—zwo)ocl
ey N oF
dyr=—" P
wnin 50 — iwo

Now, we need to determine the value of D such that
(¢"(p),q(0)) = 1.
Using (34), we have

0 ]

q*(0).q(0) — / / ?T(O)e_iwurk(é_@dﬂ(@)q(O)ein"édé
=—1J&=0

D[l + oo + By By + 717} — wyBivie "]

Thus, D is chosen such that

_ 1
D= — — — —_—. (38)
L+ o) + By By +71y) — wyBryie o

Moreover, we can verify that (g*(p),¢(@)) = 0.

In the following, we proceed as Hassard et al. (1981) to
compute the coordinates describing the center manifold Cy
at u = 0. Let x, be the solution of Eq. (32) when u = 0.
Define
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(1) = (q" %), —2Re{z(t)q(O@)}.  (39)

On the center manifold Cy, we have

W(t, 0) =x,(0)

W(ta @) = W(Zv zZ, @)7 (40)
where

7 z
W(z,z,0) = Wzo(@)i + W (0)z+ Woz(@)j + e

(41)

z and 7 are local coordinates for the center manifold Cy in
the direction of ¢* and g*, respectively. Note that W is real
if x; is real. We will consider real solutions only. From
(39), we have

(g W)=
For a real solution x; € Cy of equation (32), we have

2= imynuz +q(0).f(0, W(z,7,0) + 2Re{zq(0)})
= iwotkz + ¢°(0) fo(z,2).

(q",x —2q —7q) = 0.

This equation can be rewritten as
= inTkZ + g(z,f), (43)

where
2

7(0)£o(2,2) = g2 —

g(z,2) = 7

+gnz

-2 2—

z 7z

bl R 44
+8022+821 2+ (44)
It follows from (39) and (41) that
x(0) = W(z,Z,0) + 2Re{zq(O)} (45)

2 z
E + Wi (@)ZZ + W()z(@) E

+ Z(lv o, ﬁl ) Vl)Teiwork@
+z(1,a, By, ) e O 4 (46)

so that

= W (O)

S

2
Z 1 _ 1
5+ wi @)z +wl (o)

+ Ze[wofk@ _|_ Ze*l'wo‘[k@ + -

x1:(©) = Wi (0)

SR

x(0) = WZ%)(@) +w(@)z+wl (o)

2
+ alelwo‘fk@Z + a]e lwo‘fk@— +

x(0) = Wy (0)

SR

2
Z 3 _ 3
2 + Wl<l>(@)ZZ + W(<)2>(@)

+ ﬂ]eiwork@Z“F ﬂ e l!UUTk9—+

b =2
Z 4 ~ 4 2
>+ Wi (0)z + W () 7
+ yleiwofk@z + We*iwofk@z + .

1 (0) = Wi (0)

Thus, we have

2 =2
x1(0) = 24+ Wy (0) 5+ W (0)Z + Wiy (005 + -

2 =2
x2(0) = o4z + Tz + Wi (0) % + w2 0)z + w2 (0) % L

_ 2 =2
x/(0) = iz + Bz + Wi (005 + Wi (0)Z + Wi (0) 5+
2 2
x(0) = 11z + Tz + Wi (0) 5+ W 0z + WG (0) 5+ -
(47)
From the definition of f(u, ), we have
g(Z> Z) = ?(O)f(oaxt) - Tkﬁ(l,OTTv ﬂ_Tv ﬁ)T
—/llx]l(O)x3,(0)
s
- Zx§t(0> — 0x1:(0)x2:(0) + mpx2:(0)x3,(0)
u
*A_/Ixaz( ) — x2,(0)x3,(0) + Lx3,(0)x4,(0)
0
(48)

Using the expressions for x,(0), x(0), x3,(0) and x4:(0)
from (47) in (48) and comparing the coefficients of 22, zZ,
7? and 727 of the resulting expression with those in (44), we
get

220 =2uD[- 11 f; ——
= BB — b1 i BT+ BB

g1 =2uD|~hRe{fy} — 7 | o ! % -
+ rpRe{on By Yo — | By By
+(Re{ 71} B]]

g2 =2uD[— 11 B, — %Oﬂ_lzaif — Oayor + g Brocf
BB — BB+ BT

g21 = uD[~ 21 (2W} (0) + W5 (0) + B, Wiy (0)
+ 26,11 (0) — 201 (22 WD (0) + 7 Wyg (0)

prd P %
ooy — Ouyorf + oy fr o]

ORe{o } o,

— pRe{on B} B}

— 05 (2W,7 (0) + wé? (0) +F Wy (0)

+20, W} (0)) + (ndpa; — G} ><2alwn (0)
+EWL (0) + B WA (0) +28, Wi (0))

252 (BiWa) (0) + 28, W17 (0)) + L 2, Wi (0)
+ B W (0) + 27, WY (0) + 7y WSy (0))]

In order to compute g,;, we still need to compute Wyy(O)
and W;1(®). From Egs. (39) and (42), we have
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W:x}—iq—fﬁ

:{Aw—mawwﬁﬁmh 0 c[-1,0),
(49)
=AW +H(z,7,0) (50)

where

2 2
H(z,z,0) = Hzo(@)%—I—Hu(@)ZZ—i— Hoz(@)%—l- e

(51)
Also, on the center manifold Cy near the origin,
W = W+ Wz (52)

Using Egs. (41), (43), (50) and (51) in (52) and comparing
the coefficients of z2 and zZ on both sides, we obtain

(A — ZiWOTk)WQ() = —Hzo,

53
Further, for © € [—1,0), we have
H(z,7,0) = —¢*(0)./09(0) — ¢"(0) fg(O)
= —g(z,2)9(0) — 2(z,2)9(O)
- 2 (54)
= —(8209(0) + 824(O)) 5 (g119(0)
+819(0)Z+ -,
which on comparing the coefficients with (51) gives
Hy(O) = —£204q(0) — 20,q(0) (55)
and
Hy1(0) = —£19(0) — 8,,4(0). (56)

From (53), (55) and the definition of A, we have
Wi (0) = 2img1tWao(0) + £204(0) +30,9(0).  (57)

Note that g(@) = g(0)e’™®, hence

i820 802 _ 2icy

Wy (O) = O)+—=—""G(O)+F 0Tk 58

0(0) = 22 4(6) + 32 q(6) + Fre (58)
Similarly from (53), (56) and the definition of A, we have
Wi, (0) = g119(0) +3,19(0), (59)
which gives

ig11 81 _

wWn(e) =-— O0)+—=—"—¢(O)+F,.

1(6) = 5 q(0) + H1ig(0) + F (60)

Fy = (FY FP FP FY) and Fy =

(Fél),Ff),Fg),Ff)) € R* are constant vectors, to be
determined. It follows from the definition of A and (53) that

where

@ Springer

0
[1 dﬂ(@)Wzo(@) = Ziwo‘kam(O) — Hz()(O), (61)

[%mwmmmz—mm» (62)

From Egs. (49) and (51), we get

—MBy
—ioc% — Oy + oy B
Hy(0) = —204(0) — 8029 (0) + 27 ,f’
_Mﬁ% — o By + LBy
0
(63)
and
Hy1(0) = —g119(0) — g1,4(0)
—A1Re{f}
—% | oy P —ORe{oy} + npRe{on B}
+ 27 u o
Y | By |* —pRe{on B} + (Re{Bi77}
0
(64)

Using (58) and (63) in (61) and noting that ¢(@) is
eigenvector of A, we have

0
<2iwork1—/ ezmofk@dn(@))Fl
-1

—1pB
s
—Zocf — 0oy + ooy f;
= 2’L'k u , (65)
_Mﬁl — g1 By + (B
0
ie.
2i600+0(+j.1F* —)v l]X* 0
N*
ON* 2iw0+sL — N 0
. uF™ y
0 PF* 2img + i —(F
0 0 ’Veiziwnfl‘ 2iwg + g
—24p
FY S 5
1 —2—oy — 200y + 2oy 5,
F§2) L
_ u
g |7 2gfi e s | 60

F§4) 0

Similarly using Egs. (60) and (64) in (62), we get
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o+ F* -4 AX" 0 £
ove N N o o
L 13
F* 3)
0 oF _ep || P
M F
0 0 y o 2
—221Re{B,}

_2% | oy P —20Re{m} + 2n¢pRe{o B;}

~2 | i P —2¢Re{o i} + 2Re{y77}
0

(67)

We solve the systems (66) and (67) for F; and Fj,
respectively and using these values, we determine W5, and
Wi1 and hence g;. Now to determine the direction, sta-
bility and period of bifurcating periodic solutions of system
(1) at the critical value T = 1, we compute the following
quantities:

i 5 |2 o
(68)
_ Re{ci(0)}
b= T R ¥ ()} (69)
B2 = 2Re{c1(0)}, (70)
T, — _Im{c1(0)} + poIm{¥' (14)} . 1)
W Tk

Now using the results of Hassard et al. (1981), we have the
following theorem:

Theorem 5 If y1, > 0 (u, <0), then the Hopf-bifurcation
is supercritical (subcritical) and the bifurcating periodic
solutions exist for T > 1, (1 <7ty). The bifurcating periodic
solution is stable (unstable) if ,<0 (f, > 0) and the
period increases (decreases) if T, > 0 (T, <0).

Numerical simulations
Parameter estimation

The model parameters are estimated by using the time
series data of atmospheric concentration of CO,, human
population and forest biomass. The annual time series data
for average atmospheric concentration of CO, for the
period 1961-2011 is taken from NOAA-ESRL data set
(NOAA 2014). The data for world population for the per-
iod 1961-2011 is obtained from the United Nations

Population Division (UNPD 2012). The global forest bio-
mass data for the years 1990, 2000, 2005 and 2010 is taken
from FAO (2010). The average per capita CO, emission for
the period 1990-2011 is 4.5 metric tons per year (EDGAR
2014), which is equivalent to 0.576 x 10~ ppm per per-
son per year. Thus, the value of 4 is taken to be 0.576 X
10~3 ppm per million persons per year. Since the overall
atmospheric life-time of CO, is from 30 to 95 years (Ja-
cobson 2005), o = 1/62.5 = 0.016 per year. Since in the
period 1961-2011, reforestation efforts were not made at a
significant level, while fitting the data, it is assumed that
there is no reforestation effort in this period, i.e., { =0,
7 =0, dp = 0. In absence of appropriate data regarding
other parameters, the model system (1) is calibrated for
different values of parameters Qy, 41, s, L, u, M, 0, , ¢ and
find the best fit for Qp =5, 1, =4.8 x 1072, s =0.032,
L = 10,000, u = 0.013, M = 750,000, 6 = 0.000001, 7= =
0.00004 and ¢ = 0.71 x 107°.

Thus, we have the following set of estimated parameter
values,

Qo =5,2=0576 x 107%,0 = 0.016, 1, = 4.8 x 10°,
s = 0.032,L = 10,000, u = 0.013, M = 750,000,
0 = 0.000001, 7 = 0.00004, ¢ = 0.71 x 107°, (72)

Since in 1961 the average atmospheric concentration of
CO, was 317.64 ppm (NOAA 2014) and world population
was 3082.83 million (UNPD 2012), we take X(0) = 317.64
ppm and N(0) = 3082.83 million. In absence of data of
forest biomass for the year 1961, it is taken that F(0) =
640,000 million metric tons.

The value of R-squared for the actual and fitted data of
atmospheric CO,, human population and forest biomass is
calculated to be 0.9992, 0.9996 and 0.9962, respectively.
This shows the strong correlation between the actual data
and the model projections. The actual data and the model
projections of the variables X, N and F are plotted in Fig. 1.
It is evident from this figure that the concentration of CO,,
human population and forest biomass as projected by our
model are very near to the actual value. This ensures the
validity of our model.

Sensitivity analysis

To assess the impact of changes in the parameters ¢, { and
7 on the behavior of (1), the basic sensitivity analysis of the
model (1) for these parameters is performed following
Bortz and Nelson (2004) and Misra and Verma (2014,
2015). The sensitivity systems with respect to parameters
¢, { and y are given by
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X(b(tv (rb) = ;“N(lﬁ([a d)) - anb(ta d)) - ;LIX(#(I’ QS)F(I’ ¢)
*/ALIX(tvd))Fd)(ta (;b)a

o0, ) = (1= 0PN 0,9) - 01, NG )

- OX(tv ¢)N¢(I7 d)) + H¢N¢(l‘, d))F(t? ¢)
+ RPN (1, §)Fy(t, ) + N (1, §)F (1, ¢),
F¢(t7¢> = u<1 _W)F(i)(t,(ﬁ) _N(tvd))F(tvd))
- ¢N¢(t7 ¢)F(t7¢) - ¢N(t7 ¢)F¢(ta ¢)
+ (Fy(t, 9)R(t, §) + LF (1, §)Ry (1, ¢),
R¢(t7¢) = _VF¢(I - T ¢) - 50R¢(t7¢)7

XC(tv C) = ;“NC(I7 é/) - O(Xg(l, C) - )VIXZ(t7 C)F(t7 é/)
- ;LIX(t? C)F((ta C)a
Ne(t,0) = s(l - M)th, 0) — 0X(t, ON(t,0)
- QX(I7 C)NCO? C) + n¢NC(t7 C>F(t’ é)
+ an)N(I, C)F;(l‘, C)7
£, =u(1 =200 ) R D) - MO (0
— ON(t,OF(t,0) + CFe(t, OR(1,0)
+ (F (1, OR(1,0) + F(1, OR(1, ),
R(t,0) = —pFe(t — 7,0) — SoRc (1, ),
and
X”r’(tv '))) = ;“N‘/(t, 7) - O(Xy(t,))) - )“1X’(ta V)F(t, 7)
- ;LIX(ta V)F"/(t? ’y)a
s(1- 22 o 1.9) - 0,19 )
- QX(I7V)N‘/(I> V) + ﬁq{)N,(l‘, V)F(ta V)
+ 7T¢N(t, ’)))Fv(ta V)7

0. = (1 =250 ) E ) = o8, )P )

- d)N(tv V)F}'(ta V) + CF‘/(ta V)R(tv 'V)
+CF(ta V)R“,’(t7 ’)})7
R"V(tv ’y) = 7VF‘/(t - T)V) + (M - F(t - T,')))) - 5()R~/(t,’))),

respectively. Here, Xy4(t, ¢) denotes the sensitivity function
of X with respect to parameter ¢, i.e., X4(t, $) = %X(z, ¢).

To show the impact of doubling of parameters ¢, { and y
on the state variables, semi-relative sensitivity solutions
have been calculated for the best fitted data (72) along with
{ =0.0000026, y = 0.0008, 0o = 0.0002 and
T =15 (<10). The semi-relative sensitivity solutions are
depicted in Fig. 2. From this figure, it is clear that doubling
of the parameter ¢ causes an increase of 7.5 ppm in the
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Fig. 1 Comparison between model fit and actual data of atmospheric
concentration of carbon dioxide, human population and forest
biomass

concentration of atmospheric CO, over a period of 80
years. Doubling of parameters { and y cause drop of 15 and
14.4 ppm, respectively in the concentration of atmospheric
CO; over the period of 80 years. From the second and third
plot of the Fig. 2, it can be noted that doubling of param-
eters { and y leads to increase in the human population and
forest biomass. Doubling of parameter ¢ leads to increase
in the human population and decrease in forest biomass.
From this sensitivity analysis, it is clear that the parameters
¢, { and y have significant impact over the dynamics of the
system.

Validation of analytical results

The numerical simulation performed by using MATLAB
7.5.0 for the fitted data (72) along with { = 0.0000026,
7 = 0.0008, d9 = 0.0002 reveals that the conditions for
feasibility of the coexistence equilibrium Ey [i.e., (2) and
(3)] are satisfied. The components of the interior equilib-
rium E; are obtained as: X' = 5442660 ppm, N* =
9836.5671 million, F* = 7.493296 x 10° million metric
tons, R* = 2681.6700 million dollars. In the absence of
delay (i.e., T = 0), the eigenvalues of the variational matrix
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Fig. 2 Semi-relative sensitivity 10 6
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corresponding to equilibrium E; for the system (1) are
—0.0201, —0.0310, —0.0066 + 0.0390i and
—0.0066 — 0.0390i, all negative or with negative real part.
Thus in the absence of delay the interior equilibrium Ej is
locally asymptotically stable. For the above set of param-
eter values, the condition (A4) for existence of a pair of
purely imaginary roots of characteristic equation (15) is
also satisfied. The numerical value of t( using Eq. (20) is
found to be 8.6178 years. The values of ,, 5, and T, are
calculated as u, = 0.000631, f, = —8.82299 x 10~7 and
T, = 0.8505 x 10~*. Since U, >0, f,<0 and T, > 0, it
follows from Theorem 5 that the Hopf-bifurcation is
supercritical, the bifurcating periodic solutions are stable
and their period increases. The variation in variables X, N,
F and R for 7 = 4 years (1<71¢) and 7 = 11 years (t > 1¢)
have been drawn in Fig. 3. From this figure, it can be noted
that for T = 4 years, all the variables approach their equi-
librium values, but for 1 = 11 years, all the variables show
oscillatory behavior. This shows that interior equilibrium
E4 is stable for 1 <1, but when the time delay exceeds the
critical value 7y, the stable solution becomes periodic.

The bifurcation diagrams of atmospheric concentration
of CO, and forest biomass with respect to t are shown in
Fig. 4. This figure shows the change in dynamics of
atmospheric concentration of CO, and forest biomass as
the parameter t varies. From this figure, we can see that for
small values of time delay t, atmospheric concentration of
CO; and forest biomass stabilize to their equilibrium val-
ues, but as the value of time delay t crosses the critical
value 1¢ (=8.6 years), the system loses its stability and
undergoes Hopf-bifurcation. This implies that if the
reforestation efforts are applied on the basis of the mea-
surements of forest biomass which are taken more than 7,
years ago, then levels of atmospheric CO, and forest bio-
mass do not settle down to the equilibrium values.

Discussion and recommendations
Deforestation is one of the root cause behind the enhanced

concentration of atmospheric carbon dioxide and the
associated climate changes. Reforestation is an avenue to
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reduce the atmospheric concentration of carbon dioxide.
But the reforestation programs are usually developed on
the basis of the measurements of forest biomass that have
been taken some time earlier. In this paper, a nonlinear
mathematical model is proposed and analyzed to study the
effects of reforestation and the delay involved in between
the measurement of forest data and implementation of
reforestation efforts on the control of atmospheric level of
CO,. We have assumed that the reforestation efforts are
implemented with a rate proportional to the difference of
carrying capacity of forest biomass and its value measured
T times earlier. The model analysis shows that the con-
centration of atmospheric CO, decreases as reforestation
efforts increase. The conditions for local as well as global
stability of interior equilibrium E; have been obtained in
absence of time delay. To investigate the impact of
increase in time delay over the stability of equilibrium Ey,
the local stability of interior equilibrium E, is analyzed in
presence of delay. It is found that the stability of the
equilibrium Ej is preserved for all time delay provided the
conditions stated in Theorem 3 are satisfied. Moreover, if
these conditions are not satisfied, then model analysis
provides the conditions under which the equilibrium E4
loses its stability as time delay t crosses some critical value
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Time (t) in years

7o and a family of periodic solutions arises through Hopf-
bifurcation. This critical value has been obtained analyti-
cally and is given by Eq. (20). The direction of Hopf-
bifurcation and stability of bifurcating periodic solutions
are also investigated by using the center manifold theorem
and normal form theory.

Sensitivity analysis shows that deforestation rate coef-
ficient ¢, implementation rate coefficient of reforestation
efforts y and efficiency of reforestation efforts to increase
forest biomass { have significant impact on the dynamics of
the system. Through increasing y and (, the atmospheric
level of CO;, can be significantly reduced. Thus, refor-
estation efforts have the potential to control the atmo-
spheric concentration of CO, but longer delays between the
measurement of forest data and implementation of refor-
estation efforts may have destabilizing effect over the
dynamics of the system. The numerical simulations clearly
show the effect of increase in time delay over the dynamics
of the system. It is shown that when time delay exceeds a
critical value, the interior equilibrium loses its stability and
periodic solution arises via Hopf-bifurcation. The analyti-
cal expression for this critical value of time delay is
derived and is given by Eq. (20). The critical value of time
delay is crucial to be determined for development of
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Fig. 4 Bifurcation diagrams of
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Fig. 5 Future variations in atmospheric concentration of CO, and forest biomass in presence and absence of reforestation efforts

potential reforestation policies. For if the available data of
forest biomass is older than this critical limit, the levels of
atmospheric CO, and forest biomass will fluctuate largely.
Consequently, reduction and stabilization of atmospheric
concentration of CO, via reforestation efforts will become
a difficult task. Sensitivity analysis shows that increase in
deforestation rate significantly increase the atmospheric
concentration of CO,. Also, from the condition of global
stability of the equilibrium E4 [i.e., condition (10)], it can

be seen that the deforestation rate coefficient ‘¢’ has
destabilizing effect over the dynamics of the system. Thus,
apart from reforestation, policies should also focus to
control the accelerating deforestation rates in various parts
of the world. However, due to rapid growth in population
and industrialization, use of forest biomass can be reduced
only upto a certain level. In this scenario, reforestation is
the key to control the CO, emissions due to deforestation.
But a potential reforestation policy can be developed only
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if it is based on the recent data of forest biomass. Thus
government should also focus on more frequent and
accurate estimation of forest biomass, so that better refor-
estation programmes can be developed.

To depict the effect of implementation of reforestation
efforts and the delay involved in their implementation over
the future levels of atmospheric CO, and forest biomass,
the variations in these two variables with respect to time in
presence and absence of reforestation efforts are shown in
Fig. 5. The initial time is taken as the year 2010 and the
initial conditions are X(0) =389.84 ppm, N(0)=
6834.722 million, F(0) = 600,066 million metric tons and
R(0) =200 million dollars [since in 2010, the average
atmospheric concentration of CO, was 389.84 ppm
(NOAA 2014), the world population was 6916.183 million
(UNPD 2012) and the forest biomass was 600066 million
metric tons (FAO 2010)]. From this figure, it may be noted
that when reforestation efforts are not applied (i.e., { = 0,
7 =0, dg = 0), the forest biomass decreases with time and
the atmospheric concentration of CO, settles down to a
level of 600 ppm. But, when reforestation efforts (with
{ =0.0000026, y = 0.0008, 5o = 0.0002 and T = 2 years)
are applied, forest biomass increases and atmospheric
concentration of CO, settles down to a comparatively low
level (544.5 ppm). This shows that the reforestation efforts
may be used to control the atmospheric concentration of
CO,. But, if reforestation efforts are applied with longer
time delay (tr = 12 years), then levels of atmospheric car-
bon dioxide and forest biomass fluctuate largely and do not
get stabilized. Thus, as already stated, for the development
of potential reforestation polices, the data of the forest
biomass used should not be too much old.
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