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Abstract
Peer Instruction, first introduced by Eric Mazur in the late ’90 s, is a method aiming 
at active student participation in lectures. It includes conceptual questions (so-called 
ConcepTests) presented to the students, who vote on answer alternatives presented 
to them and then discuss their answers in small groups. As professors have been 
reported to implement several variants of this method, it is highly desirable to under-
stand the specific effects of the individual elements of the method (tasks, voting, 
and discussions in small groups). In the present study, we focus on the role of the  
discussion phase (peer discussion). Our study implemented two conditions: Peer 
Instruction in classical fashion, and a variant, in which peer discussion was replaced 
with instructional explanation by a tutor. Students in a course on Real Analysis were  
randomly assigned to the two conditions for two semesters. As far as learning out-
comes are concerned, we do not measure these in terms of voting results within 
Peer Instruction cycles but we are focusing on transfer in terms of results in the 
final exams of the two semesters. Interestingly, we found no significant difference 
between the two conditions. Additionally, we had positive evaluations of the use of 
Peer Instruction in both variants, with no significant differences between the groups 
either. Regarding affective variables and learning strategies, no difference in the 
development could be detected. As an important practical implication, these results 
show that both implemented variants of the Peer Instruction method are justifiable 
as far as learning outcomes, measured by exam results, or students’ assessment of 
the method are concerned. Our results put the widespread belief that it is mainly 
the peer discussion that accounts for the success of the use of ConcepTests into 
question.
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Peer Instruction as an Instructional Strategy

Peer Instruction (PI) was introduced as an instructional strategy by Mazur (1996, 
1997) in his introductory physics classes at Harvard university to foster active 
student participation and conceptual understanding. A cycle of PI consists of 
several elements: it starts with a conceptual question (a so-called ConcepTest), 
which concerns a relevant concept of the course. The question is presented to 
the students together with several answer alternatives. Students are requested to  
think about the question individually and commit to an answer in a first voting. 
Subsequently, the instructor asks the students “to try to convince their neighbors 
of their answer” (1997, p. 983) in peer discussions in small groups. After the 
phase of discussions (we refer to them as peer discussions henceforth), a second 
voting on the same question takes place, where students can make a new decision 
on one of the answer alternatives, based on the considerations during the peer 
discussion. Mazur reports that he consistently observes an increase in the propor-
tion of correct answers in the second voting. Mazur’s tasks are based on a con-
ception of what constitutes conceptual understanding in physics, where overcom-
ing mis- or preconceptions is a crucial element of learning. Thus, the idea of the 
peer discussion is not so much to create activity per se, but to foster conceptual 
understanding by targeting misconceptions (cf. Crouch & Mazur, 2001). Further-
more, the student activity and interactivity (in the sense of Chi, 2009) specifically 
emphasizes peer learning (Wentzel & Watkins, 2011). PI, and peer learning in 
general, has been shown to be an effective method of instruction, and one that 
students value (Balta et al., 2017). Since Mazur’s first publications on PI (1996, 
1997), the method has received much attention: Fagen et al. (2002) report about 
the widespread use of PI in physics, and also more generally in STEM education, 
such as in chemistry, life sciences, and engineering. In mathematics, PI has been 
deployed mainly in the entry phase of the university (e.g. Lucas, 2009; Pilzer, 
2001). Terrell (2003) and Miller et al. (2006) show examples of using the method 
in a calculus class. Bauer (2019a) addresses the problem as to how PI questions 
can be constructed for a course on Real Analysis. The tasks he has developed for 
PI (Bauer, 2019b) are based on a theoretical model for task design based upon an 
extension of Tall and Vinner’s (1981) construct of concept definition and concept 
image.

When it comes to concrete implementations, Turpen and Finkelstein (2009) 
report that physics instructors deploy various variants of PI when they implement 
the method in their courses. Therefore, both from a theoretical and a practical  
point of view, it is essential to understand the specific role that the various ele-
ments of PI (task design, voting, peer discussion) play, and to examine their spe-
cific effect on the reported positive outcomes. Our aim with the present study is 
to examine the role of peer discussion. Even though it is generally considered a 
central element of PI (e.g., Crouch et al., 2007), its precise role concerning learn-
ing gains is unclear. Our study compares PI (including a peer discussion phase) 
with a variant that replaces the peer discussion with instructional explanation by 
the tutor. The study was carried out in tutorial sessions during a course on Real  
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Analysis over two semesters. The students were randomly assigned to the two 
conditions (peer discussion vs. instructional explanation). Our goal in this study 
is to understand whether there is a difference between the two conditions con-
cerning learning outcomes and students’ perception of the use of the conceptual 
questions.

Prior studies into Peer Instruction

Effects of Peer Instruction on Learning Outcomes

(a)	 Why Peer Instruction May Work

We anticipate different reasons why PI would be beneficial to students’ learning:

1.	 PI is a form of cooperative learning that aims at engaging students in discussions 
on the relevant concepts of the course. As such, it promises benefits for learners 
since there is a body of research that associates interaction with peers to advances 
in problem-solving skills, conceptual understanding, and metacognitive reason-
ing (see the review by Wentzel & Watkins, 2011) that takes place during the peer 
discussion phase. In addition, the fact that the discussion in a PI cycle is prompted 
through the presented answer alternatives enables focused information processing 
in the sense of Renkl and Atkinson (2007): the discussion is geared towards those 
aspects that the teacher (in their role as task designer) deemed most relevant.

2.	 PI makes use of audience response systems (ARS) – here, we use the term ARS 
in a broad sense, as the rounds of voting which are part of every PI cycle can be 
conducted by raising hands using voting cards. The initial voting in a round of PI 
thus constitutes testing, where the individual tries to retrieve and process remem-
bered knowledge. The well-known “testing effect” describes the phenomenon that 
testing constitutes a learning event in and of itself, which can be even more effec-
tive than restudying. Even though not entirely understood theoretically, the effect 
has been well established under various experimental conditions (see e.g., the 
meta-analysis by Rowland, 2014). More significant effects are generally observed 
when testing is combined with feedback (i.e., with a representation of the initially 
studied information after a testing opportunity), but even without feedback, it 
has been shown to occur reliably (loc. cit., p. 15). DeLozier and Rhodes (2017), 
in their review on different approaches to the flipped classroom, point out that 
“the benefits of testing are robust and likely to enhance performance regardless 
of how it is carried out.” In the same vein, Simelane and Skhosana (2012) report 
on the impact of the voting process itself. Indeed, they intentionally focus on the 
assessment and evaluation aspect rather than conceptual learning, using clicker 
questions as a means for evaluation and feedback every week. The element of 
testing itself seemed already to lead to increased involvement and participation 
of the students. As the voting element is not the focus of the present study per  
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se, we do not elaborate on this aspect. Instead, we refer the reader to Kay and 
LeSage (2009), who provide an overview of the possible benefits of using audi-
ence response systems.

3.	 In Mazur’s implementation, PI is a constituent in a flipped-classroom instructional 
design, where the students are assigned pre-class readings. Thus, a substantial part 
of class time can be devoted to PI (Mazur, 1997, p. 983). When PI is part of such 
a substantial change in a learning organization, then beneficial effects may result 
from various elements in the setting – for instance, when pre-class reading leads 
to a deeper engagement of the students with the material. We refer the reader to 
DeLozier and Rhodes (2017) for a comprehensive literature review on flipped 
classrooms.

(b)	 Learning Outcomes and Learning Gains in Peer Instruction

PI has been compared with traditionally taught courses both qualitatively and 
quantitatively. The studies differ regarding the type of PI implemented, regarding 
how learning gain was measured and how the comparative study was designed. If 
courses differ concerning PI and in other respects, it is not easy to attribute learn-
ing gain to the specific type of PI. Crouch and Mazur (2001), as well as Crouch 
et al. (2007) report increased mastery after introducing PI in physics courses con-
cerning two measures: First, they find a substantial average normalized gain in the 
force concept inventory (FCI) from 1990 to 1991 (after introducing PI in 1991), and 
a slight improvement in a mechanics baseline test (MBT), which assesses quanti-
tative problem-solving. In addition to the limitation that PI had been implemented 
together with the substantial change of implementing a flipped-classroom design, it 
is another limitation of these studies that the improvement is observed in courses in 
different years. It is conceivable, but not known from the literature, that the course 
itself might have changed over the years regarding content as well as regarding 
instruction principles to be more in line with the FCI.

In mathematics, PI has been studied mainly in Linear Algebra and Calculus. 
Pilzer (2001) reports on use of PI in a Calculus class. He observed a “significant 
improvement in reasoning skills” (Pilzer, 2001, p. 190), which was a relatively infor-
mal observation for the semester not backed up by data, and “impressive class reten-
tion” (p. 190) when ConcepTests were presented again at the end of the semester. 
For each ConcepTest, more than ninety percent of the students answered correctly. 
Additionally, a comparison of small cohorts (13 vs. 17 students) having been taught 
traditionally or with PI at the beginning of the next semester showed that average 
results of students taught via PI were higher both in conceptual and in standard 
problems in a short test covering material of the previous semester. In their Good 
Questions Project, Miller et al. (2006) show use of PI in a calculus course with 17 
sections, where instructors were free in their choice of teaching method – including 
the decision whether or not to use PI. The instructors were surveyed on their use of 
PI, and in the final exam, students in groups whose instructors used PI scored signif-
icantly higher. Finally, Lucas (2009) collected data from his use of PI in a calculus 
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course and found a positive correlation between students’ average “I-clicker score” 
(accounting for participation and correct answers in the two rounds of voting) and 
their final course grade. He interprets these findings as PI enhancing students’ com-
prehension. More recently, Cronhjort et al. (2018) compared lecture-based courses 
with courses using a flipped-classroom approach in eight study programs, four of 
which (assigned not by random but by instructors’ preferences) used flipped class-
room teaching. The students in the flipped classroom groups had higher learning 
gains. However, the authors do point out the limitation that different programs are 
compared in this study.

So, the beneficial effects of PI are widely reported. However, in many studies, PI 
is part of a flipped-classroom design. Therefore, what the specific contribution of 
PI is, as opposed to other constituents of the instructional design (such as pre-class 
reading assignments or a generally increased focus on conceptual understanding on 
the part of the teacher) is not clear. Researchers have also tried to gain insight into 
the learning gains that can be specifically attributed to the method of PI itself. For 
example, Rao and DiCarlo (2000) report an increase of correct answers between the 
two rounds of voting using PI within a medical physiology class. They interpret this 
increase as an indication of enhanced conceptual understanding (see also Cortright 
et al., 2005).

The Role of Peer Discussion in Peer Instruction

When positive effects of PI are reported, e.g., in terms of voting results, it is unclear 
to which elements of this approach these effects can be ascribed. A first attempt to 
investigate the specific effects of the peer discussion was made in the study by Nicol 
and Boyle (2003), who compared two different discussion sequences: PI on the one 
hand and “class-wide discussion” on the other hand. Using semi-structured inter-
views and surveys, the study found that students perceived PI as more beneficial. 
However, a limitation of that study is that, although the two conditions were used 
in the same class, they were used on different topics and at different stages in the 
course. A comparison of perceived benefits is therefore tricky.

Smith et al. (2009) investigated the notion of measuring the effect of PI by the 
increase in correct answers between the two votes. They ask whether this increase 
could partly be due to peer influence during the discussion phase, i.e., stemming 
partly from the fact that knowledgeable students influence other students. Students 
influenced in this way may not necessarily gain conceptual understanding in the pro-
cess. Their study, situated in an undergraduate introductory genetics course for biol-
ogy majors, investigates whether the increased number of correct answers is retained 
in a subsequent vote on an “isomorphic” (loc. cit., p. 123) question. Concretely, they 
designed a modified PI sequence of the form.

where Q1 is the initial question posed in the PI cycle, which is posed again as Q1ad 
after the discussion. The new element is a question Q2, posed after Q1ad, which is 
“isomorphic” to Q1 in the sense that only the “cover story” (loc.cit.) is changed, 

Q1 → peer discussion → Q1ad → Q2
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whereas it requires “application of the same principles or concepts for solution” 
(loc.cit.). Due to the increase in correct answers from Q1 to Q1ad and Q2, the 
authors conclude that most students learned from the discussion of Q1. However, 
it could be objected that a superficial transfer from Q1 to the isomorphic question 
could have occurred without a deep understanding of the correct answer to Q1 and 
its reasons. Porter et  al. (2011) replicate this study design in upper-division com-
puting courses (Computer Architecture, Theory of Computation). They found that 
results in subsequent isomorphic questions were not as high as in the study by Smith 
et al. The authors suggest that there might be differences between disciplines. In par-
ticular, the question as to when instructors identify questions as “isomorphic” might 
be answered quite differently between disciplines.

Students’ Views on Peer Instruction

In addition to measured learning gains, how students perceive the use of ConcepTest 
is also of interest. Do they like using them? Do they feel they help understand the 
concepts, and do they find that the additional feedback increases their awareness of 
their knowledge level? How actively do they engage with fellow students and the 
tutor regarding the ConcepTests, and how helpful do the students rate this engage-
ment for their understanding?

In their literature review on PI, Vickrey et  al. (2015) state that “students have 
neutral to positive views on PI and seem to recognize its value over traditional teach-
ing” (p. 4). Students often recommend using PI in future courses. Vickrey et  al. 
(2015) conclude that students value different aspects of PI, especially the immediate 
feedback it provides, and, most importantly, they report that PI helps them learn the 
course material.

Effects of Peer Instruction on Affective Variables and Learning Strategies

Some studies have investigated the effect of PI on students’ self-efficacy. For exam-
ple, Zingaro (2014) found that computer science students taught using PI showed 
higher self-efficacy at the end of the semester than students taught traditionally in 
the same course by a different instructor. He attributes this to the “numerous oppor-
tunities for quick, accurate feedback in the PI class, where students could experience 
small successes” (Zingaro, 2014, p. 376). In addition, Gok (2012) compared stu-
dents in algebra-based physics courses with or without PI and found that students’ 
self-efficacy in the treatment group increased significantly more than in the control 
group.

Gok (2012) also investigated other components of motivation. Regarding the 
value component, which includes students’ interest, and the affective component, 
which includes anxiety, no differences between students taught with and without PI 
were found.

Gok and Gok (2016) looked into the effects of PI on chemistry students’ learning 
strategies and resource management strategies. They found significant differences 
in the self-reported usage of these strategies at the end of the semester (but none at 
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the beginning) between the group taught with PI and the traditionally taught control 
group: students taught with PI reported using the strategies of rehearsing, organiza-
tion, elaboration, critical thinking, help-seeking, peer learning, metacognitive self-
regulation, effort regulation and management of time and study environment to a 
much greater extent, with the most significant differences regarding peer learning 
and elaboration.

In summary, there is (a limited amount of) evidence for increased self-efficacy 
and increased use of learning strategies when students are taught with PI (compared 
with students taught without PI). Regarding other affective variables such as interest 
and anxiety, effect of PI is yet to be found. However, studies in this area are rela-
tively scarce. There are especially no studies regarding the impact of the peer dis-
cussion phase on affective variables or learning strategies and no studies on math-
ematics students.

Aim of this Study and Research Questions

Instructors using PI often report that it leads to increased involvement and partici-
pation of their students (e.g., Lucas, 2009). Also, some studies have reported that 
students perceive PI as fostering their understanding (see Vickrey et al.’s review on 
this matter). However, such self-reported benefits do not automatically allow con-
clusions about how much learning gain was achieved, as “students’ perceptions 
of learning are not tantamount to objective measures of learning performance” 
(DeLozier & Rhodes, 2017, p.142). When it comes to objective learning outcomes, 
the results available in the literature so far are not clear. Several studies confirmed 
that generally more correct answers appear in the second voting on a PI question, 
and they consider this effect as an indication of increased understanding. This inter-
pretation leads to the question: To what degree does this increase stem from peer 
influence (through knowledgeable students), and to what degree does it stem from 
actual peer learning? The study by Smith et al. (2009), carried out in a biology class, 
demonstrates positive effects on isomorphic questions posed immediately after a PI 
cycle. These effects are often taken as evidence that the effect of PI does go beyond 
peer influence. On the other hand, Porter et al. (2011) show that such results do not 
necessarily extend to other disciplines, where the concept of “isomorphic” questions 
might be viewed differently. Moreover, the question to what extent PI leads to trans-
fer as measured by final exams is also open.

Studies such as Cronhjort et al. (2018) compare PI with traditional kinds of teach-
ing in which ConcepTests are not used at all. When in such studies benefits are 
found within the intervention group (using PI), then these studies cannot distinguish 
between the effects stemming from the use of ConcepTests and the effects stemming 
from the specific way in which the ConcepTests are being used (peer discussion), 
since the two variables are confounded.

We aim at addressing the research gap described above in the following ways:

•	 Our study investigates PI not as part of a flipped-classroom design, but it 
focuses on the method of PI itself, which we understand as the combination 
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of voting on a multiple-choice question, subsequent peer discussion, and a 
second voting. In this sense, we view PI as a method that can be used as an 
intervention in selected parts of a course, independently of an overall design 
decision concerning a flipped-classroom setting.

•	 The study focuses on peer discussion, i.e., the phase during a PI cycle, where 
students discuss the solutions on offer to a multiple-choice question to con-
vince the other group members. As peer discussion is considered an essen-
tial part of PI (Mazur, 1997; Pilzer, 2001), we aim at investigating its specific 
effect by comparing it to tutorial explanation leaving all other elements of PI 
the same.

We focus on learning outcomes as measured by end of semester exam results 
that are aligned with conceptual understanding as required in the ConcepTests, 
rather than assessing understanding directly after the interventions.

In order to achieve these aims, our study compares two groups of students who 
attended the same course (for two semesters), which consists of weekly 4 h lec-
tures by the first author and 2  h exercise sessions run by experienced graduate 
tutors. The students were assigned randomly to two groups:

•	 In group A, PI was used in the exercise sessions every week. In this group, 
ConcepTests were used as suggested by Mazur, including a phase of peer dis-
cussion with each ConcepTest and second voting after the peer discussion.

•	 In group B the same ConcepTests were used. After being presented with a 
ConcepTest, students had time to consider the question individually, and they 
were then asked to vote for an answer. Only this single voting took place, and 
the tutor subsequently explained the solution (with limited contributions from 
individual students).

The precise instructions for the tutors’ behavior in each group are described 
below.

To address the research gap identified above, our setting has two characteristics:

•	 We investigate the benefit of peer discussion vs. individual thinking combined 
with instructional explanations when the same tasks are being used. The dif-
ference thus does not lie in the mathematical content (and in the task design)  
but solely in the instructional procedure.

•	 We use exam results as a measure of learning outcome to detect possible 
effects that go beyond immediate effects on isomorphic questions.

•	 We ask students of both groups how they perceive the use of ConcepTests 
and how they perceive their activity in the exercise sessions to check for other 
effects besides learning gains.

We investigate the following research questions:

(RQ1) Is there a difference between the two groups in terms of learning out-
come, as measured by the results in their final exams?
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(RQ2) How do the students perceive the use of ConcepTests in tutorial settings 
concerning engagement? Is there a difference between the two groups in how 
students perceive the use of ConcepTests in their exercise sessions?
(RQ3) How do the students evaluate the implementation of the ConcepTests, 
and what changes do they suggest?
(RQ4) Is there a difference between the two groups concerning the develop-
ment of affective variables and learning strategies?

Concerning RQ1, we had no clear hypothesis. Successful learning could occur 
in discussions with peers and through active listening to high-quality explanations 
from a tutor.

In RQ2, we were interested in finding out whether our different designs lead to 
different evaluations by the students regarding the benefits of ConcepTests. We try 
to determine whether the positive evaluations described above can be attributed to 
the peer discussion part or the general use of ConcepTests with voting.

We expected students from group A to engage more actively with fellow students 
than students from group B. Regarding the other question within RQ2, both direc-
tions were likely: that students from group A would perceive the ConcepTests as 
helpful for their understanding because of their active engagement and find that it 
gives them better feedback since they discuss with their peers and voice their expla-
nations; and, that thinking about and voting on the ConcepTests in combination with 
the detailed explanations of the tutor improve students’ understanding even more. 
Furthermore, the feedback the students receive by voting and hearing detailed expla-
nations why their answer was right or wrong from an expert instead of their peers 
might also be even more helpful. It can also be assumed that students in group A 
enjoy using the ConcepTests more than students from group B because they interact 
with their peers, adding a social component to the activity.

Since, in our study, ConcepTests were not used in the lecture but in tutorial group 
meetings, “breaking up the lecture” or “opportunity to participate in the lecture” 
does not apply to our design. Therefore, whether the ConcepTests would be per-
ceived in a similar way as described in the literature for their use in the context of 
lectures remains an open question.

Regarding RQ3, assessing students’ perception of ConcepTests includes how sat-
isfied students were with the concrete implementation and whether they had sugges-
tions for future improvements. For instance, we wondered whether students from 
group A would wish for more detailed explanations from the tutor or group B stu-
dents would wish for time to discuss the questions with peers. Questions concerning 
future improvements include whether more or fewer ConcepTests were desired and 
about the potential benefit of anonymous voting.

Regarding RQ4, we had no clear hypothesis. Improvement of students’ self- 
efficacy or self-concept after using PI has been pointed out in a few studies, but the 
studies in question were not carried out in mathematics courses, and they did not 
contrast the use of ConcepTests with and without peer discussion.

On the one hand, there might not be any differences between the two groups 
because the effect of PI on affective variables and learning strategies might not stem 
from the peer discussion phase, and both groups received similar feedback by testing 
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themselves in all rounds of voting. On the other hand, the assumption that math-
ematical self-efficacy and mathematical self-concept would change more in group 
A because their strengths and weaknesses might show more distinctly in discussion 
with their peers could prove plausible. Another assumption could be that in group A, 
students’ enjoyment of math-related activities might increase substantially because 
of having fun in the peer discussions, which could seem more enjoyable than lis-
tening to the tutor’s explanation. To successfully work with ConcepTests, specific 
learning strategies are helpful, e.g. linking and using examples. Gok and Gok (2016) 
showed the effects of PI on students’ learning strategies in Chemistry. Therefore, one 
could think that students’ usage of these would increase more in group A because, in 
this group, students needed to communicate their arguments and strategies actively 
to each other.

Methods: Instruments, Design of the Study, Sample

General Setting

Our study took place in the Analysis I course at the university of Marburg in the 
summer term of 2018 and the consecutive Analysis II course in the following winter 
term, both taught by the first author. These Analysis courses in Germany are more 
similar to a Real Analysis class rather than a Calculus class. Students enrolled on the 
Mathematics, Business Mathematics and Physics courses, as well as the pre-service 
mathematics teachers attend the Analysis I course, usually in their second semester. 
They can also take the course in a later semester, for example if they have to repeat 
classes they did not pass on the first try. At the university of Marburg, students can 
also start their studies in the summer term. If they do so, they are also allowed to 
take Analysis I in their first semester. We note that, in many universities in Germany, 
students are typically expected to take Analysis I in their first semester.

The Analysis courses we focus on in this paper comprised two 90 min lec-
tures per week and one 90 min tutorial group meeting. Student tutors led eight 
different tutorial groups. Usually, in these group meetings, tutors present and 
discuss solutions to the weekly exercises and sometimes work on new tasks 
together. In these particular Analysis courses, the first thirty minutes of each 
tutorial group meeting were used for working with the designed ConcepTests 
(Bauer, 2019b) regarding the current lecture topics. We call these first thirty 
minutes “ConcepTests phase”. In four groups, the ConcepTests were used in 
the specific way that Mazur proposed for PI, with a significant emphasis on 
discussions in small groups. We mentally pool these four groups and call them 
“Group A”. More precisely, the procedure was as follows: First, the ConcepTest  
was shown to the students. They had 1–2  min for individual considerations 
without talking to each other and then voted by showing hand cards. The tutor 
then grouped the students into groups of two or three students who did not all 
vote for the same answer and asked them to convince each other of their choice. 
For this peer discussion, the students were given five minutes. Afterwards, sec-
ond voting with hand cards took place. Then, the tutor announced the correct 
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answer and explained briefly why this answer was correct. They did not com-
ment on the wrong answers. Questions from the students were permitted and 
were answered by the tutor.

The other four groups (pooled as “Group B”) used the same voting questions 
but worked with them differently: the students voted once on the ConcepTests 
after individual consideration (1–2 min). Then, one student who answered cor-
rectly could volunteer to explain their reasoning. Afterward, the tutor gave an in-
depth explanation of the correct solution. In this explanation, the tutor explained 
why the correct answer was correct and why the others were wrong and which 
common misconceptions these answers were based on. Therefore, the focus 
in group B lay on instructional explanation, as opposed to the peer discussion 
phase in group A. Questions from students were permitted and answered by the 
tutor, but there was no peer discussion.

In both groups, the same total amount of time was allotted for the tasks: the 
tutors were asked to spend ten minutes on each ConcepTest (including show-
ing the question and explanations) and thus 30 min in total for the ConcepTests 
phase. In addition, before the beginning of the semester, the tutors were trained 
to perform their respective variants and were given examples illustrating the 
desired depth of the explanations.

The random assignments of students were carried out very carefully as fol-
lows. There were four time slots for group meetings during the week, and in each 
slot, two groups met simultaneously (in different rooms). At the beginning of the 
semester, students chose a time slot for their tutor group meeting, but the par-
ticular group was assigned randomly. Each tutor group was assigned to be part 
of either group A or group B. At all times, one of the parallel groups was from 
group A and one from group B. Therefore, the students were assigned to group A 
or B randomly. Using the answers from the survey at the beginning of the semes-
ter, we additionally used the non-parametric Mann–Whitney-U-test to find out 
whether there were differences between the two groups regarding age, semester, 
study program, results in the earlier exams in their studies, affective constructs, 
or used learning strategies at the beginning of the semester. This was not the 
case. We, therefore, conclude that the two groups are comparable. Students were 
assigned randomly to group A and B in Analysis II again, so that there is no cor-
relation between their group in Analysis I and Analysis II.

We conducted surveys via pen-and-paper at the beginning of the semester 
(n = 125) and the end of the semester once in the lecture (n = 79) and once in 
the tutorial group meetings (n = 60), each marked with a personal code for each 
student so that we were able to match the results from the different surveys with 
each other.

To address the first research question, we collected the students’ results in the 
end-of-term exam with their personal code, so that connecting the results with 
the earlier surveys was possible (n = 89). Moreover, we obtained their score for 
every single exam task. Additionally, we let them check a box on their exam 
which tutor group they attended during the semester.
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Design of the ConcepTests

The ConcepTests used in the tutorial sessions were designed according to the 
principles laid out in Bauer (2019a). In the first step of the design process, the 
central concepts of the material that was addressed in the current week’s lecture 
were identified. Next, potential misconceptions about the concepts or theorems 
were identified. In this step, we use Tall and Vinner’s (1981) concept image / con-
cept definition to classify misconceptions. These misconceptions might be related 
to the concept definition (e.g., to using a precise definition in order to distinguish 
a notion from a related one) or to the concept image (being able to make sense 
of the concept, also in its relationships with other concepts, and being able to  
use the concept within the mathematical framework as well as in practical situa-
tions). Following the recommendation of Crouch et al. (2007), each ConcepTest 
thus focuses on an individual concept. For example, Fig. 1 shows a sample Con-
cepTest addressing the concept of gradient (see Bauer et al., 2022, in press, for a 
discussion of further examples). It requires an understanding of the relationship 
of the gradient with tangent planes and extreme values of functions of two vari-
ables to see that answer (1) is correct: only condition (A) can be deduced from 
the fact that the gradient is (0,0), even though, in the concrete example, also (B) 
and (C) are satisfied.

Fig. 1   A ConcepTest used in the section on differentiable functions of several variables. Translated from 
German
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Measuring Students’ Learning Outcomes in the Final Exam

In the final course exams, a strong emphasis was put on conceptual questions: 
The exams in Analysis I and II consisted of eight tasks, only two (resp. three) 
of which had procedural components (Table 1 provides an overview of the exam 
tasks, and Fig. 2 shows a subtask related to the content of the ConcepTest from 
Fig. 1).

Task 1 of the exam was explicitly aligned with the ConcepTests used dur-
ing the semester, both in format and in content: It consisted of 11 single-choice 
items, each of which was related to a ConcepTest that had been used in a tuto-
rial session. Figure 2 shows an example of a subtask (related to the ConcepTest 
in Fig.  1). As we intended to avoid results stemming simply from remembered 
answers, the exam question is not identical to the ConcepTest, but instead relies 
on connections between the relevant concept images.

Items and Scales Related to Students’ Perception of ConcepTests (RQ2)

To answer our second research question, we developed items and scales concern-
ing students’ assessment of the ConcepTests and their use in the tutorial group 
meetings. An overview of these scales can be found in Table 2. Some of our items 
were based on stand-alone items used in questionnaires by Duncan (2005), Wolf 

Table 1   Overview of tasks in the final course exams. Only the tasks set in italics contained procedural 
components; all other tasks were based on conceptual knowledge

Final Course Exam “Analysis I” Final Course Exam “Analysis II”

1 [11 subtasks related to ConcepTests] 1 [11 subtasks related to ConcepTests]
2 Supremum 2 Metric spaces
3 Convergence of sequences 3 Differentiability
4 Convergence of series 4 Extreme values
5 Limits of functions 5 Implicit function theorem
6 Continuity 6 Integration
7 Differentiability 7 Jordan-measurable sets
8 Sequences of functions 8 Differential equations

Fig. 2   A sub-task of task 1 in the exam “Analysis I”, whose content is related to the ConcepTest shown 
in Fig. 1. Translated from German
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et al. (2014), or Butchart et al. (2009). We grouped them into scales using factor 
analysis together with content-based considerations.

Levels of reliability of all these scales are good or very good, except for the scale 
“Intensity of active engagement with the tutor in the ConcepTests phase” with Cron-
bach’s alpha of 0.639. We decided to use this scale nevertheless rather than ana-
lyzing the two items separately. In addition, the scale “Perceived benefit of active 
engagement with the tutor for understanding” building on this scale shows better 
reliability.

Items for the Evaluation of the Concrete Implementation (RQ3)

In addition to the scales shown in Table 2 that ask for the students’ general assess-
ment of using ConcepTests and their engagement in the ConcepTest-phase, we 
formulated stand-alone items for the evaluation of the specific implementation to 
answer RQ3. We asked the students to rate the average level of difficulty of the Con-
cepTests, the time for asking questions to the tutor, tutor explanations, time for dis-
cussion with fellow students, number of ConcepTests per meeting, and time for indi-
vidual thinking before voting on a five-level Likert-scale (too little, rather too little, 
appropriate, rather too much, too much). Additionally, they were asked for requests 
for changes regarding anonymous voting, more discussion with fellow students, or 
more explanations from the tutor on six-level Likert scales. Details concerning the 
items will be reported in the results section.

Items and Scales for Affective Variables and Learning Strategies (RQ4)

For the fourth research question, we used established scales regarding the affective 
variables mathematical self-efficacy (Ramm et al., 2006, adapted to the university 
context in the WiGeMath project (Hochmuth et al., 2018, Kuklinski et al., 2018)), 
mathematical self-concept (Liebendörfer et al., 2020, 2022, modified from Schöne 
et al., 2002), mathematics-related anxiety (Biehler et al., 2018, modified from Götz, 
2004), enjoyment of mathematics-related activities (Ramm et al., 2006, adapted to 
the university context in the WiGeMath project (Hochmuth et al., 2018)) and inter-
est in mathematics (Liebendörfer et  al., 2020,  2022, inspired by Schiefele et  al., 
1993). An overview of these scales can be found in Table 3. The students addition-
ally reported their use of learning strategies (Liebendörfer et  al., 2020,  2022, see 
Table 4). All of these scales showed sufficient reliability (see Tables 3 and 4), except 
for the scale “Self-report: Use of the learning strategy ‘Time investment’” with 
Cronbach’s Alpha of 0.587 in the first survey. We decided to use the scale neverthe-
less because of the better values in the second survey. Removing single items did not 
improve the scale.

We analyzed the development of affective variables and the use of learning strat-
egies only in the Analysis I course. We used an ANOVA (Analysis of Variance) 
with repeated measurements and the group affiliation as a between-subjects fac-
tor to determine whether the affective variables and learning strategies developed 
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differently in the two groups. In this analysis, we only included students for whom 
data from the beginning and the end of the semester were available, leaving n = 64 
students. We also excluded students in their first semester (n = 10) in this analysis 
because it is known that affective variables like mathematical self-concept change 
noticeably in the first semester, e.g. due to the big-fish-little-pond effect (Marsh, 
1987; Rach, 2014) or the first-time phenomenon (Di Martino & Gregorio, 2018), 
which could have confounded our data. Therefore, this analysis includes only n = 54 
students.

Results

RQ 1: Is there a Difference Between the Two Groups in Terms of Learning 
Outcome, As Measured by the Results in Their Final Exams?

In the “Analysis I” end-of-term exam, 48 students of group A and 39 students of 
group B took part. The scores in the different tasks in both groups (mean and stand-
ard deviation) can be found in Table 5. In addition to this table, we have displayed 
the ratio of the mean score to the maximal score to adjust for the different maximum 
scores of task 1 in Fig. 3.

Our central result of the Analysis I exam is that there are no significant mean 
differences between groups A and B neither in the total test nor in any of the tasks, 
not even on the 10-percent level. The direction of the differences points to group B 
(without discussion), with only one exception (task 2).

Table 5   Scores in the Analysis-I exam, group A (n = 48) vs. group B (n = 39)

Task Topic of task Max. possible  
points

MA (SDA) MB (SDB) p d

1 Single-choice items aligned 
with ConcepTests

11 3.90
(3.03)

4.05
(2.87)

0.773 0.05

2 Supremum 8 2.02
(2.40)

1.94
(2.02)

0.768 ‑0.04

3 Convergence of sequences 8 1.50
(2.06)

1.89
(2.07)

0.354 0.19

4 Convergence of series 8 3.39
(3.35)

3.85
(3.33)

0.606 0.14

5 Limits of functions 8 3.01
(2.31)

3.78
(2.65)

0.189 0.31

6 Continuity 8 2.07
(2.43)

2.18
(2.58)

0.880 0.04

7 Differentiability 8 1.63
(1.97)

2.15
(2.37)

0.238 0.25

8 Sequences of functions 8 2.83
(3.60)

3.67
(3.62)

0.190 0.23

total 67 20.34
(14.08)

23.50
(14.09)

0.209 0.22
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In the Analysis II end-of-term exam, 32 students of group A and 24 students of 
group B took part. The results are displayed in Table 6 and Fig. 4.

Our central result of the Analysis II exam is that, again, there are no significant  
mean differences between groups A and B, neither in the total test nor any of  
the tasks, not even on the 10-percent level. However, the direction of the differ-
ences points to group A (with discussion), with only two exceptions (task 5 and  
7) – this is a difference from the Analysis I results.

In the exam on Analysis I, a score of 27 (out of 67) was sufficient to pass; in 
Analysis II, a score of 32 (out of 66) was sufficient. The students were given a 
second examination opportunity within the same module. The overall pass rate in 
the module is in line with the long-term variability of such exams. Figure 4, com-
pared to Fig. 3, shows much better results of the exam in this group of students, 
which may be a positive selection from the Analysis I students (attrition effect). 
We will not go into details as this is not relevant to our research question.

RQ 2: How Do the Students Perceive the Use of ConcepTests in Tutorial Settings? 
Is There a Difference Between the Two Groups in How Students Perceive the Use 
of ConcepTests in Their Exercise Sessions?

Table 7 shows the results of the evaluation in Analysis I for all participants and each 
group. As the results in Analysis II were similar, we do not show them in detail here.

The results can be interpreted in two ways: The feedback concerning the use of 
ConcepTests as such and concerning differences between group A and group B.

Group Differences  On a level of significance of 5%, the groups differ only in the 
intensity of active engagement with fellow students (p = 0,029, d = 0,67) and the per-
ceived benefit thereof (p = 0,045, d = 0,55). Both of these means are higher in group 
A. The means of the other scales are also greater in group A, but these differences 
are not significant, not even on a level of significance of 10%. In other words, we do 
not find any difference beyond the most obvious and expected, namely the intensity 
of active engagement with students. This aspect was the design feature of group A. 

0,00

0,10

0,20

0,30

0,40

0,50

0,60

Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 Task 7 Task 8 total

Group A Group B

Fig. 3   Normalized mean scores (mean scores divided by maximal possible scores) in the Analysis-I 
exam, group A (n = 48) vs. group B (n = 39)
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The perceived benefit is consistent with other findings in the literature we quoted 
above.

Whole Group  We find a very positive evaluation of the use of the ConcepTests as a 
whole: all the mean values are far beyond the theoretical mean of 3.5. For a detailed 
interpretation, we focus on the first three scales related to evaluating the method of 
ConcepTests. The students especially state having understood the Analysis concepts 
better by using ConcepTests (88% (rather) agree) and having gained awareness for 
their level of knowledge (95% (rather) agree). The whole distribution of answers can 
be found in the boxplots of Fig. 5. The first quartiles are each above the theoretical 

Table 6   Scores in the Analysis II exam, group A (n = 32) vs. group B (n = 24)

Task Topic of task Max. possible 
points

MA
(SDA)

MB
(SDB)

p d

1 Single-choice items aligned 
with ConcepTests

11 8.03
(1.82)

7.79
(1.98)

0.822 0.13

2 Metric spaces 8 5.31
(1.60)

4.83
(2.41)

0.79 0.24

3 Differentiability 8 4.52
(2.61)

4.31
(2.71)

0.233 0.08

4 Extrema 8 5.39
(1.61)

4.96
(1.59)

0.284 0.27

5 Implicit functions 7 2.36
(2.36)

2.94
(2.25)

0.746 ‑0.25

6 Integration 6 3.03
(2.10)

2.88
(1.95)

0.402 0.08

7 Jordan-measure 10 4.75
(2.96)

5.31
(2.52)

0.406 -0.20

8 Differential equations 8 3.80
(2.30)

3.33
(2.68)

0.947 0.19

total 66 37.19
(9.91)

36.35
(12.46)

0.797 0.08

0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8

Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 Task 7 Task 8 total

Group A Group B

Fig. 4   Normalized mean scores (mean scores divided by maximal possible scores) in the Analysis II 
exam, group A (n = 32) vs. group B (n = 24)
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midpoint of the scales (3.5), meaning that 75% or more (rather) agreed. A more 
detailed summary of the approval ratings is shown in Table 8.

RQ3: How Do the Students Evaluate the Concrete Implementation 
of the ConcepTests, and What Changes Do They Suggest?

We show again only results from Analysis I because the Analysis II results do not 
differ substantially.

In each group, a majority did not wish for more discussion or more explanations 
from the tutor. This result shows that each group was satisfied with their version 
without having experienced the other. Using a Mann–Whitney-U-Test, we found no  
significant differences between the groups, not even on a level of significance of 10%.

Fig. 5   Distribution of answers to scales regarding students’ view of ConcepTests in Analysis I, group A 
(n = 27) vs. group B (n = 25)

Table 8   Percentage of students in each group agreeing to the scales regarding students’ view of Con-
cepTests in Analysis I

Percentage of 
agreement in  
group A
(N = 27)

Percentage of 
agreement in 
group B
(N = 25)

Self-report: Support of understanding of content by using 
ConcepTests

89% 88%

Self-report: Increasing awareness for own level of knowl-
edge by using ConcepTests

96% 92%

Personal attitude and emotions concerning ConcepTests 92% 88%
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Figures  6 and 7 show the results of the evaluations and requests for changes. 
About 25% in group A and 32% in group B would have preferred anonymous vot-
ing. Given that in group A, the voting behavior was decisive for the division into 
groups for discussion, it is not surprising that the proportion in group B was higher 
than in A. However, in both groups, only one person each expressed a strong wish 
for anonymous voting. Thus, the majority of the students were satisfied with the 
non-anonymous voting. The groups did not differ concerning any of the questions 

Fig. 6   Evaluation and requests for changes, group A, Analysis I (n = 27)

Fig. 7   Evaluation and requests for changes, group B, Analysis I (n = 25)
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(Mann–Whitney-U-test, level of significance 10%). Percentages of an agreement to 
the items about the ConcepTest phase can be found in Table 9.

Only for about 25%, the time was rather not sufficient to clarify understanding. 
Most of the students were satisfied with their version, wishing neither more time 
for discussion with fellow students nor more for explanations from the tutor or more 
time for asking questions. Remarkably, the percentage of students wishing for more 
discussion is not higher (and even lower, though the difference is not significant) in 
group B, even though they did not have a peer discussion phase at all. Additionally, 
the request for more tutor explanations is not higher in group A, which may be con-
sidered surprising as A’s design contained only a short tutor explanation.

In addition to these requests for changes, the students rated the appropriateness 
of the average level of difficulty of the ConcepTests, time for asking questions to the 
tutor, discussion with students and individual thinking as well as the tutor’s expla-
nations and the number of ConcepTests per meeting (Figs. 8 and 9). The majority 
of students found all of this appropriate. Using a Mann–Whitney-U-Test, there was 
a significant difference in only one item: concerning the time for discussion with 
fellow students (p = 0.015). In group B, 40% of students rated it (rather) too little, 
while 70% of group A found it appropriate. Interestingly, as Figs. 4 and 5 show, this 
does not mean they would have preferred more time for discussion. From the design 
of group B, it is expected that this percentage is higher than in group A. Regarding 
time for tutor explanation, more students in group A rated it (rather) too little than in 
group B (not significant at the 10% level in a Mann–Whitney-U-Test). We expected 
a more considerable difference since the explanations in group B were much more 
detailed.

RQ4: Development of Affective Variables and Self‑reported Use of Learning 
Strategies

With a mixed ANOVA, we found no difference in the development of affective vari-
ables (mathematical self-efficacy, mathematical self-concept, math-related anxiety, 
enjoyment of math-related activities, and interest in mathematics) or learning strate-
gies between the two groups from the beginning to the end of the semester, not even 
on a level of significance of 10%. We additionally tested for group differences at 
each point in time with a Mann–Whitney-U-test and found no differences on a level 

Table 9   Percentage of students 
in each group agreeing to the 
items regarding requests for 
changes in the ConcepTest 
phase

Item Percentage of 
agreement in 
group A
(N = 27)

Percentage of 
agreement in 
group B
(N = 25)

more time for questions 15% 16%
more fellow discussion 22% 16%
more tutor explanations 15% 16%
time not sufficient 26% 24%
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of significance of 5%. For this reason and better readability, we show the results for 
the group as a whole together with F and p values from the ANOVA in Table 10.

Most of the variables we were interested in did not change significantly over the 
semester. However, we found that the students’ mathematical self-efficacy declined 
(d = -0.33, p = 0.007) in the group as a whole. We also found that students reported 
using the learning strategy “linking” less (d = -0.29, p = 0.027) and the strategy 
“simplifying” more (d = 0.31, p = 0.011) at the end of the semester, compared to the 
beginning of the semester, while staying on a relatively high level.

Fig. 8   Students’ evaluation of implementation, group A, Analysis I (n = 27)

Fig. 9   Students’ evaluation of implementation, group B, Analysis I (n = 25)



451

1 3

Int. J. Res. Undergrad. Math. Ed. (2023) 9:426–460	

Ta
bl

e 
10

  
C

om
pa

ris
on

 o
f a

ffe
ct

iv
e 

va
ria

bl
es

 a
nd

 u
se

 o
f l

ea
rn

in
g 

str
at

eg
ie

s. 
[*

p <
 0.

05
, *

*p
 <

 0.
01

 (W
ilc

ox
on

)]

Sc
al

e
(f

ro
m

 …
 to

 …
)

M
ea

n 
(S

D
) t

1
M

ea
n 

(S
D

) t
2

C
oh

en
’s

 d
Re

su
lts

 o
f m

ix
ed

 A
N

O
VA

: 
In

te
ra

ct
io

n 
C

on
str

uc
t*

gr
ou

p 
(t 1

 to
 

t 2,
 A

 v
s. 

B
)

(w
ho

le
 g

ro
up

, w
ith

ou
t s

tu
de

nt
s i

n 
th

ei
r fi

rs
t s

em
es

te
r)

F
p

M
at

he
m

at
ic

al
 se

lf-
effi

ca
cy

(1
 –

 4
)

2.
91

(0
.5

7)
2.

74
(0

.4
7)

-0
.3

3*
*

F(
1,

54
) =

 0.
00

1
0.

97
0

M
at

he
m

at
ic

al
 se

lf-
co

nc
ep

t
(1

 –
 4

)
2.

97
(0

.4
9)

2.
94

(0
.4

7)
-0

.0
6

F(
1,

52
) =

 0.
44

1
0.

51
0

M
at

he
m

at
ic

s-
re

la
te

d 
an

xi
et

y
(1

 –
 6

)
3.

41
(1

.3
2)

3.
57

(1
.2

8)
0.

13
F(

1,
53

) =
 0.

03
2

0.
85

8

En
jo

ym
en

t o
f M

at
h-

re
la

te
d 

ac
tiv

iti
es

(1
 –

 6
)

3.
59

(0
.8

6)
3.

52
(0

.9
0)

-0
.0

8
F(

1,
52

) =
 1.

66
7

0.
20

2

In
te

re
st 

in
 M

at
he

m
at

ic
s

(1
 –

 6
)

3.
63

(0
.3

7)
3.

60
(0

.3
7)

-0
.0

9
F(

1,
52

) =
 0.

82
3

0.
36

9

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
Li

nk
in

g”
(1

 –
 6

)
4.

86
(0

.6
8)

4.
64

(0
.8

3)
-0

.2
9*

F(
1,

53
) =

 0.
42

1
0.

51
9

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
Si

m
pl

ify
in

g”
(1

 –
 6

)
4.

60
(0

.7
5)

4.
83

(0
.7

4)
0.

31
*

F(
1,

53
) =

 0.
60

6
0.

44
0

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
U

si
ng

 e
xa

m
pl

es
”

(1
 –

 6
)

4.
89

(0
.7

9)
4.

75
(0

.9
1)

-0
.1

6
F(

1,
53

) =
 0.

85
5

0.
35

9

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
Fi

nd
in

g 
pr

ac
tic

al
 re

le
va

nc
e”

(1
 –

 6
)

3.
23

(1
.3

3)
3.

23
(1

.3
2)

0.
00

F(
1,

53
) =

 0.
09

1
0.

76
4

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
St

ru
ct

ur
in

g 
co

nt
en

t”
(1

 –
 6

)
3.

80
(1

.2
5)

3.
90

(1
.2

0)
0.

08
F(

1,
53

) =
 0.

12
4

0.
72

6

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
Ti

m
e 

in
ve

stm
en

t”
(1

 –
 6

)
4.

60
(0

.9
0)

4.
60

(1
.0

7)
0.

00
F(

1,
53

) =
 0.

39
5

0.
57

7

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
To

le
ra

tin
g 

fr
us

tra
tio

n”
(1

 –
 6

)
4.

33
(1

.1
1)

4.
45

(0
.9

8)
0.

12
F(

1,
53

) =
 0.

48
3

0.
88

0



452	 Int. J. Res. Undergrad. Math. Ed. (2023) 9:426–460

1 3

Ta
bl

e 
10

  (
co

nt
in

ue
d)

Sc
al

e
(f

ro
m

 …
 to

 …
)

M
ea

n 
(S

D
) t

1
M

ea
n 

(S
D

) t
2

C
oh

en
’s

 d
Re

su
lts

 o
f m

ix
ed

 A
N

O
VA

: 
In

te
ra

ct
io

n 
C

on
str

uc
t*

gr
ou

p 
(t 1

 to
 

t 2,
 A

 v
s. 

B
)

(w
ho

le
 g

ro
up

, w
ith

ou
t s

tu
de

nt
s i

n 
th

ei
r fi

rs
t s

em
es

te
r)

F
p

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
D

ril
lin

g”
(1

 –
 6

)
4.

22
(1

.0
1)

4.
25

(1
.0

0)
0.

03
F(

1,
53

) =
 1.

32
1

0.
25

6

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
M

em
or

is
in

g”
(1

 –
 6

)
4.

45
(0

.9
5)

4.
55

(0
.9

4)
0.

11
F(

1,
53

) =
 1.

31
2

0.
25

7

Se
lf-

re
po

rt:
 U

se
 o

f t
he

 le
ar

ni
ng

 st
ra

te
gy

 “
Le

ar
ni

ng
 w

ith
 fe

llo
w

 st
ud

en
ts

”
(1

 –
 6

)
4.

84
(1

.2
1)

4.
73

(1
.3

0)
-0

.0
9

F(
1,

52
) =

 0.
83

8
0.

36
4



453

1 3

Int. J. Res. Undergrad. Math. Ed. (2023) 9:426–460	

Discussion of Findings, Limitations and Conclusion

We studied the specific role of peer discussion as part of a PI cycle during a two-
semester course on Real Analysis (“Analysis I” and “Analysis II”). Group A in our 
study design used ConcepTests as suggested by Mazur, including a phase of peer 
discussion and second voting. Group B worked in a more teacher-centered setting, 
with time to individually consider the question and a subsequent explanation by the 
teacher. We aimed to compare the learning outcome, the students’ perception of the 
use of ConcepTests, and the self-reported level of activity in the group meetings, 
development of affective variables, and learning strategies.

Learning Outcomes  Our study measured the learning outcome through the grades 
in the final exams on Analysis I and Analysis II. Our findings show that none of the 
differences between groups A and B are significant at a significance level even of 
10%. Interestingly, this applies to the total exam score and the results of any single 
exam task.

So, the different instructional use of ConcepTests (with peer discussion vs. instruc-
tional explanations) did not make a measurable difference in students’ exam results 
between the two groups. We offer the following possible explanations. First, it is rea-
sonable to assume that working with well-designed ConcepTests in and of itself can be 
of great benefit for conceptual understanding. In our study and previous studies, stu-
dents reported that ConcepTests helped uncover misunderstandings and enriched their 
understanding of the concepts. The design of the ConcepTests may be more relevant 
than the specific way in which they are used. Note that in both instructional versions 
used in our study, the students engage in focused processing (in the sense of Renkl & 
Atkinson, 2007) when they consider the ConcepTest and commit to an answer. We 
certainly do not expect that in a design where ConcepTests would only be passively 
consumed, students could benefit in the same way. Instead, both study groups have ben-
efited from the self-explanation effect (Fonseca & Chi, 2011). The ConcepTests here 
fulfill an activating role, much as DeLozier and Rhodes (2017) point out in their review 
on different approaches to the flipped classroom, where they even suggest that “the 
benefits of testing are robust and likely to enhance performance regardless of how it 
is carried out.” Second, it is also well conceivable that the groups benefited from the 
respective instructional designs in different ways: While in group A the students had the 
opportunity to benefit from the advantages of peer learning (e.g., in discussing differing 
subjective conceptions, verifying or refuting arguments), the students in group B had 
the opportunity to benefit from instructional explanations by an expert, who might have 
been more able to provide relevant arguments and prototypical counter-examples than 
novices. The net effect could be similar to what Catambrone (1996) suggested (on a dif-
ferent research topic): It might be that “one advantage is matched by the other”. Moreo-
ver, effects may be different for different student groups. One subset may exist where 
peer discussions are more effective and another subset where instructional explanations 
work better. If this were true, then one conceivable approach might be to always attach 
a phase of elaborated instructional explanation after the second vote. It is, however, an 
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open question whether this could be detrimental to the PI scenario as a whole, as it 
might prove tedious for a considerable proportion of students. This is one of the reasons 
why further studies are needed to explore the effects on different subgroups of students.

Students ‘ Perception of the Use of ConcepTests  Groups A and B largely agree in their 
positive perception of the use of ConcepTests as far as their understanding of relevant 
concepts from the course is concerned as well as concerning increased awareness of their 
level of knowledge. The only significant difference is found in the intensity of commu-
nication with fellow students and its perceived benefit. The latter finding is as expected 
since communication in peer discussion is part of the study design in group A, whereas 
in group B the focus lies on explanation by the tutor. Interestingly, however, despite this 
difference in design, the students from neither group asked for more group discussion or 
more explanation from the tutor, being satisfied with their own version.

This result shows that both versions of using ConcepTests are evaluated positively 
by the students when they experience only one version. It is, however, conceivable 
that students who experienced both versions would prefer one over the other. How-
ever, we cannot conclude whether peer discussion or the tutor’s detailed explanation 
would be more popular in direct comparison from our data. Also, it seems reason-
able to expect that the preferences also depend on students’ characteristics.

Affective Variables and Use of Learning Strategies  Concerning affective variables, we 
found no different development in the two groups. Our hypothesis that mathematical 
self-efficacy and mathematical self-concept might change more in group A because their 
strengths and weaknesses might show more distinctly in discussion with their peers could 
not be confirmed. This observation could be explained since both groups voted on the 
same questions and received feedback about the correctness of their choice. Furthermore, 
the assumption that, in group A, students’ enjoyment of math-related activities might 
increase more substantially because of enjoying the peer discussions could not be con-
firmed either. On the contrary, while not significantly different, the trend seemed to be 
that enjoyment decreased slightly in group A while staying on the same level in group B. 
This trend is only an indication and should not be overinterpreted.

We found a slight decrease in mathematical self-efficacy in the group as a 
whole. This result might seem surprising given that Gok (2012) found that stu-
dents’ self-efficacy taught with PI increased significantly more than in the control 
group. It is unfortunately common that students’ self-efficacy decreases during an 
Analysis I course (e.g. Hochmuth et al., 2018). It is possible that students’ self-
efficacy decreased less in this course than in a regular Analysis I course taught 
without usage of ConcepTests, similar to the experiences regarding innovative 
lectures compared to regular lectures (Hochmuth et al., 2018). Due to the lack of 
a suitable control group, we cannot prove this hypothesis.

We did not find that the two groups used different learning strategies either. 
Therefore, the hypothesis that students’ usage in group A might increase more 
because they had to communicate their arguments and strategies to each other did 
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not show up in our data. This result indicates a similar use of learning strategies 
regardless of the occurrence of peer discussion.

Gok and Gok (2016) made a comparative study showing that students taught 
with PI made higher use of learning strategies and resource management strate-
gies than the students in the control group. We did not compare to students with 
no ConcepTest phases but had the hypothesis that using learning strategies will 
increase after the intervention using ConcepTests and that the increase may be 
higher in the group with Peer Discussion.

However, we cannot confirm these hypotheses. The study by Gok and Gok (2016) was 
conducted with chemistry students, so one has to consider that there might exist disci-
plinary differences. Furthermore, students in our study reported using most of the learn-
ing strategies to a great extent already at the beginning of the semester, leaving not that 
much room for any increase. Our study found the following pre-post differences: students 
reported using the learning strategy “linking” less at the end of the semester than initially 
but using the strategy “simplifying” more frequently. However, we do not see how this is 
related to the ConcepTests; we would instead hypothesize that this might be due to the 
more advanced content at the end of the semester. Geisler (2020) also found a decrease 
in the use of the learning strategy “linking” among students in Analysis I (without using 
PI) during the semester, supporting our hypothesis that this is probably not linked to the 
ConcepTests.

The fact that we did not find differences in the development of affective vari-
ables or the use of learning strategies is an indication that students in both groups 
engaged similarly with the ConcepTests with and without peer discussion.

Limitations of our Study   Firstly, the learning opportunities offered to the two groups dif-
fered only in the specific intervention for 30 min per week. On the one hand, this is a 
strength of our design, as it isolates the variable in question (i.e., the specific method of 
using ConcepTests). On the other hand, it is also a limitation, since one can argue that the 
difference between the two groups, who were in very similar learning environments over 
a long period of time, is too small to be observed at all. In view of our results, it would be 
very interesting (while probably ethically challenging) to design a study that, in addition 
to our groups A and B, includes a third group C, in which ConcepTests are not used at 
all. This could provide an opportunity to test the hypothesis indicated above that it is the 
use of ConcepTests per se that makes a difference (between A/B versus C) rather than the 
specific way in which they are used (A versus B). It would also be interesting to develop 
study designs that can serve to further explore the question as to what degree the learning 
effect comes from the students being required to think about the questions individually.

A second limitation concerns our use of the final course exam as a measure-
ment instrument. We decided to rely on exam performance because we wished to go 
beyond short-term effects that would be evident immediately in class after working 
with a ConcepTest (or a small set of such). To this end, the exam, beyond its func-
tion as an indicator of academic success, was specifically designed to require sub-
stantial conceptual knowledge. Evaluating learning through exams may, however, be 
seen as fundamentally problematic, even when the exam content is aligned with the 
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intended conceptual learning outcome: The traditional assessment setup of a final 
exam involves a number of factors, such as time pressure and possible exam anxi-
ety, that may influence how students can evidence their learning. These factors are 
not (or much less) present in the active-learning environment in which ConcepTests 
were used. Hence, general reservations about final exams as measures of learning 
can certainly be applied to our study as well, and it would therefore be desirable to 
have alternative measurement methods available that mitigate these issues.

Conclusion

Our study investigated two different uses of ConcepTests in tutorial group meetings 
in a course on Real Analysis: The groups worked with the same ConcepTests, with 
peer discussion being a central element in one group and a more teacher-centered 
approach in the other group. So the difference between the two groups does not 
lie in the tasks (and thus, not in the task design), but entirely in the instructional 
implementation of the ConcepTests. As discussed, our findings show that no signifi-
cant difference in learning outcome – as measured by the results in two final exams 
– resulted from the difference between the two groups. Also, both groups equally 
appreciated the learning opportunities provided for them. Thus, as a central finding 
of this study, we conclude that, contrary to common belief, it should not be taken for 
granted that peer discussion is the decisive factor for the positive effects of PI.

The fact that no difference in learning outcome was detected does, of course, not 
imply that no difference whatsoever exists between the two scenarios. First, it is well 
conceivable that specific subgroups of students might benefit more from one variant 
than from the other or that they might appreciate one over the other. It is an intrigu-
ing challenge for further research to identify potential characteristics of students that 
might be relevant in this respect. Secondly, one might hypothesize that the fact that 
group A practiced peer discussion may result in a difference in certain aspects of 
argumentation and communication competencies. Such differences would have to be 
different from those that students were able to evidence in the proof problems that 
had been posed in the exam. It would be exciting to gain more in-depth understand-
ing of what, if any, differences in the outcomes between the two groups exist in this 
respect.
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