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Abstract

This article presents the circular Pythagorean fuzzy set (C-PFS) model, a generalization of the circular intuitionistic fuzzy
set model that improves its performance thanks to the acclaimed extension of intuitionistic fuzzy sets to Pythagorean fuzzy
sets. Then, we generalize C-PFSs to produce the novel disc Pythagorean fuzzy sets (D-PFSs). The constituent elements of
both C-PFSs and D-PFSs are circular Pythagorean fuzzy values, either with a common or a distinctive radius. We lay out
some fundamental algebraic and arithmetic operations on D-PFSs (hence on C-PFSs), namely union, intersection, addition,
multiplication, and scalar multiplication, and we explore the main features of these operations. We propose and investigate
the properties of the novel circular Pythagorean fuzzy weighted average/geometric aggregation operators. The “COmbinative
Distance based ASsesment" approach, which is based on the Hamming and Euclidean distances, is expanded to the D-PFS
framework. To justify its implementability, we apply the new methodology to a case study (selection of the best supermarkets
to buy fresh fruit for a hotel) and then we compare it to related solutions.

Keywords Circular Pythagorean fuzzy set - Aggregation operators - CODAS method - Multi-criteria decision making

Introduction

Muhammad Jabir Khan, Jose Carlos R. Alcantud, Wiyada Kumam,
Poom Kumam and Nasser Aedh Alreshidi contributed equally to this
work.

The notion of fuzzy sets was developed as a way to mathemat-
ically represent the ambiguity we often observe in relation
with concepts or events that do not have clearly defined
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boundaries. The items that can be the subject of scientific
research are many more when we employ the idea of par-
tial degrees of membership. This position creates both a
mathematical description of fuzzy sets [1] and a semantic
interpretation for them. However, there is no denying that
actions in many real-life scenarios produce both positive and
negative independent effects. Undesirability of an action can-
not always be retrieved from its desirability. For instance,
the use of antibiotics is beneficial in the treatment of various
diseases; however, it has some adverse side effects on the
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body, and they happen independently of its positive results.
In formal terms, positive and harmful aspects can be cap-
tured by membership (MD) and non-membership (NMD)
degrees, respectively. Each such pair of evaluations is nowa-
days known as an orthopair [2]. Atanassov pioneered the
idea of incorporating both figures into a model, and thus
conceived the notion of intuitionistic fuzzy set (IFS) [3].
Although NMDs are not derived from the corresponding MD
anymore, both evaluations are still linked by the idea that they
apportion a sort of “total membership” between desirable and
undesirable belongingness, possibly with some slackness.
This prompted Atanassov to declare that the total of MDs
and NMDs should be universally bound by 1. At any rate,
IFSs have been employed to solve several daily-life issues
which includes decision making [4], concept selection [5],
figure skating [6], and image fusion [7]. Their theoretical
basis has been expanded considerably too [8].

Yager [9] launched Pythagorean fuzzy sets (PFSs) to alle-
viate the constraint on the total of MDs and NMDs in IFSs
(see [10] for its early development). Zhang and Xu [12]
defined the term Pythagorean fuzzy value (PFV). Superior-
ity and inferiority ranking approach for PFSs was explored in
[13]. Complex PFSs and their applications to pattern recog-
nition were discussed by Ullah et al. [14]. PF graphs, PF
indiscernibility relation, and their applications to protein—
protein interaction networks were discussed by Nawaz et
al. [15]. Naeem et al. [16] designed aggregation operators
based on TOPSIS and VIKOR methods for PFS. Garg [17],
Ashraf et al. [18] and Khan et al. [19], respectively, proposed
Einstein operations-based, sine trigonometric, and Dombi
aggregation operators for PFSs. The MABAC method for
PFS based on Choquet integral was given in [20]. Akram et
al. [21] extended the ELECTRE-II approach for PFS. Khan
et al. [22] provided a refined VIKOR method with the help
of dissimilarity measures.

Other important research directions to handle the uncer-
tainty in different forms include soft sets by Molodtsov [23],
bipolar-valued fuzzy sets by Zhang [24], bipolar-valued soft
sets by Mahmood [25], complex fuzzy sets [26], and bipolar
complex fuzzy sets [27]. The list is not exhaustive.

Independently of the discussion above, in many genuine
decision-making situations, it may be challenging for experts
to precisely calibrate their judgments by a number (e.g., due
to measurement errors, or variety of sources). They can, how-
ever, declare that the evaluations lie in an interval (in our
setting, the unit interval). The integration of this feature into
the IFS approach produced the model called interval-valued
IFS (IV-IFS) by Atanassov [28]. The interval-valued PFS
(IV-PES) model given by Peng and Yang [29] expands PFSs
with interval evaluations. These authors discussed basic oper-
ations and aggregation operators for IV-PFS, and extended
the ELECTRE method to this framework. Figure 1 repre-
sents an IV-PFS. We can observe that its constituent elements
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Fig. 1 A geometrical presentation of the basic ingredient (the evalua-
tion of an alternative) of an IV-PFS

are represented by suitably placed rectangles (instead of the
isolated pairs of numbers that characterize the evaluations
pertaining to PFSs).

A similar motivation produced another extension of IFSs,
whereby a circular region (rather than a rectangle) with a
given radius is allocated estimate the value of every option.
This modification produces a representation that is less
challenging than the space of orthopairs allowed in the afore-
mentioned IV-IFS. The spirit, however, is similar: whereas
IV-IFS allow for separate looseness in the production of MDs
and NMDs, the new model permits a certain slackness around
the orthopair formed by the MDs and NMDs. Slackness is
given by the radius associated with the model, whose name is
Circular IFS (C-IFS) after Atanassov [30]. Recently, Khan et
al. [31] have discussed the divergence measures for C-IFSs
and their applications to decision making, pattern recogni-
tion, and multi-period medical diagnosis. Even though, this
extension of [FSs suffers from the setback that it cannot oper-
ate in cases where the total of MD and NMD exceeds one
for the reasons presented above. A more important criticism
is that situations exist for which some alternatives can be
evaluated with almost certain values (i.e., near to zero slack-
ness) but other alternatives are hard to evaluate unless a large
looseness is allowed.

To overcome both the difficulty of the representation in I'V-
PFSs and the restrictive domain of C-IFSs, in this paper, we
propose the ideas of Circular PFSs (C-PFSs) and Disc PFSs
(D-PFSs). These are legitimate extensions of all IFSs, C-
IFSs, and PFSs, whose geometrical visualizations are given
in Figs.2 and 3, respectively. The new frameworks enlarge
the domain of qualified MDs and NMDs of the aforesaid
models. Observe that in Fig. 2, circle 1 is allowed by the C-
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Fig.2 A geometrical comparison: the basic ingredients (the evaluation
of each alternative) of C-IFSs versus C-PFSs
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Fig.3 A geometrical presentation of the basic ingredients (the evalua-
tion of each alternative) of a D-PFS

IFS modelization, but circle 2 is not. Nevertheless it belongs
to the novel C-PFS model. Figure 3 illustrates the difference
with the D-PFS model, where the evaluations are allowed to
have their own distinctive girths.

Therefore, the aim of this study is to formalize the idea
of C-PFS and D-PFS and establish algebraic (union, inter-
section) and arithmetic (addition, multiplication, and scalar
multiplication) operations for D-PFSs, the largest of these
two models. Their semantic interpretations will be pre-
sented too. We shall also be concerned with aggregation
operators. The circular Pythagorean fuzzy weighted average
(CPFWA) and circular Pythagorean fuzzy weighted geomet-

ric (CPFWG) aggregation operators will be defined, and their
properties will be investigated. With these tools, the Ham-
ming and Euclidean distances based CODAS method will be
extended to the new model. It will be used to address practical
decision-making problems.

The rest of the manuscript is structured as follows. Funda-
mentals concerning C-IFSs are covered in “Preliminaries”.
“Circular versus disc Pythagorean fuzzy sets” introduces the
concepts of C-PFS and D-PFS and their essential princi-
ples. “Operating with D-PFSs: aggregation and distances”
is devoted to the study of technical tools that are neces-
sary for subsequent applications. Specifically, the analysis of
aggregation operators for D-PFSs and their main character-
istics are included in “D-PF aggregation operators”, and then
“Distance measures for D-PFSs” puts forward and examines
the Hamming and Euclidean distances between D-PFSs. The
CODAS approach is covered in “Disc Pythagorean fuzzy
CODAS method”. “Illustrative example: selection of super-
market for fresh fruits” is concerned with how D-PFSs can be
applied to CODAS-based decision making. The comparison
and concluding notes of the article are presented in “Com-
parative analysis” and “Conclusion”, respectively.

Preliminaries

Throughout the entire article, L is a finite and non-empty
set, and we refer to L as the universal set (of alternatives).
Besides, the unit interval [0, 1] is represented by I.

We proceed to recall the fundamental definitions of fuzzy
set, IFS, IV-IFS, PFS, and C-IFS over L. In this section, we
also mention some basic facts about C-IFSs that have been
established in existing literature.

Definition 1 [1] A fuzzy set A over a universal set L is
defined as
A=A{(h, pa(h)) | hell}

where wy : L — Iis the MD.
Definition 2 [3] An IFS A over a universal set L is defined

as

A ={(n, pa(h),va(n)) | h €L}

where uq : L — Tand vy : L — 1, with the constraint
ua(h) +va(h) < 1, are the MD and NMDs, respectively.
The expression wa(h) = 1 — (ua(h) 4+ va(h)) gives the
hesitancy degree of an element 72 € L.

Definition 3 [28] An IV-IFS A over a universal set L is
defined as

A={(, 1, (0), L,(Hh) | hel}

@ Springer
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where I, , (i) and 1, , (%), with the constraint Sup{/,, , (%)} +
Sup{l,, (h)} < 1, are the MD and NMD intervals, respec-
tively.

Although IFSs are very effective (and expand fuzzy sets
in a sensible manner), a difficulty evolved when practical
explorations produced separate MDs and NMDs whose sum
exceeded one. This issue should in fact come as no surprise,
in view of the independent occurrence of positive and nega-
tive effects that justifies the semantic interpretation of IFSs.
Yager [9] launched a strategy to escape this problem (see [10]
for its early development), which first produced Pythagorean
fuzzy sets (PFSs) and ultimately led to g-rung orthopair fuzzy
sets [11]. These generalizations allowed ampler autonomy
for orthopair selection. In a g-rung orthopair fuzzy set, the
MDs and NMDs of each orthopair are only required to sat-
isfy that the sum of their ¢ powers is less than or equal to
one. The case ¢ = 2 reduces to PFSs, whose success was
immediate.

Definition 4 [9, 10] A PFS A over a universal set L is defined
as

A ={(l, pa(h),va(n)) | h €L},

where w4 : L — T and vq : L — 1, with the constraint
Mi (h) + vi () < 1, are the MDs and NMDs, respectively.

The expression (%) = \/1 — (u% (h) + vf‘ (h)) gives the
hesitancy degree of an element 72 € L.

Definition 5 [30] A C-IFS A over a universal set L is defined
as

A={(h, pa(h),va(h);r) | helL},

where g : L — I and v4 : L — 1, with the con-
straint w4 (h) + va(h) < 1, are the MDs and NMDs,
respectively. Here, r is the radius of the circle having cen-
ter (ua (), va(h)). The expression wa (h) = 1 — (ua(h) +
v4(h)) gives the hesitancy degree of an element /i € L.

C-IFSs offer a nested family of models, which means that
if r < r’ are non-negative radii, then a C-IFS of radius r can
be regarded as a C-IFS of radius r’.

Circular versus disc Pythagorean fuzzy sets

In this section, we extend the idea of C-IFSs to C-PFSs.
The extension provides more space to choose orthopairs with
similar characteristics (they are allowed as long as they are
not “too far away” from a given orthopair, as prescribed by
a fixed radius). Importantly, to provide yet more flexibility,
C-PFSs will then be extended to D-PFSs or disc PFSs by

@ Springer

allowing the radius to vary with the characteristics of each
alternative. We shall explain the semantic interpretation of
the new model and then we shall design suitable set-theoretic
and arithmetic operations in this framework. Although this
part is essentially technical, it is necessary for a founding
work on the topic.

Definition 6 A C-PFS A of radius r over a universal set L is
defined as

A ={(n, pa(h),va(h);r) | helL}

where w4 : L — T and vq : L — I, with the constraint
,u%(h) + vi(h) < 1, are the MDs and NMDs associ-
ated with 7, respectively, and r is the radius of a circle
having center (w4 (%), va(h)). The expression mwa(h) =

\/ 1— (ui (h) + vf‘ (1)) gives the hesitancy degree of an ele-
ment7 € L.

The evaluation for 71, a = (h, uq(h), v, (h); r), symbol-
izes a circle with radius r at center (u, (%), v,(h)) called
circular Pythagorean fuzzy value (C-PFV). In an abstract
setting, a C-PFV is written as (uq, v,; r) rather than the
(i, g (R), vy (R); r) expression associated with an alterna-
tive 7.

As in the case of C-IFSs, C-PFSs offer a nested family of
models, in the following sense: when r < r’ are non-negative
radii, a C-PFS of radius r is also a C-PFS of radius r’.

LetT = {(s,t) | s,t €& s%+1t* < 1}. In order to
fully grasp the idea of C-IFSs, a C-PFS A will be spelled as

A ={Cr(ua(),va(n)) | h €L},

where

Cr(pa(h), va(h)) = i(s, nlstel

& v/ (pa(h) = 5)* + (va(h) —1)? < r} nr

= {(s,t) | st €L, V(pah) —s)2 4 wath) =02 <r
&sz—l-lzfl}. (D

Definition 7 A D-PFS (for disc PFS) A over a universal set
L is defined as

A ={(h, pa(h),va(h);r(h) | helL}

where wg : L — Tand vq : L — 1 satisfy the constraint
p% () +vi(h) < 1forall i € L. They are the MDs and
NMDs associated with 7, respectively, whereas r (%) is the
radius of a circle having center (w4 (%), v (%)). The expres-
sion w4 (h) = \/1 — (ui(h) + vf‘(h)) gives the hesitancy
degree of /i € L.
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C-PFSs are D-PFSs with r (%) = r (k') forall i, i’ € L.In = ' ' ' ' 7
a D-PFS, the evaluation for i isa = (i, gy (), va (R); r(R)). 09 F i
Now it is a circle with a distinctive radius r(h), which
may be different for each alternative, and whose center is 08r ]
(aq(R), va(R)). So this evaluation is a circular Pythagorean A |
fuzzy value too. We insist that in contrast with C-PFSs, these
C-PFVs have possibly different radii when the alternative 06 1
varies. At any rate, operations that depend upon C-PFVs will
be valid to operate with both C-PFSs and D-PFSs. We shall 057 |
use this feature in subsequent sections, where we only need 04 F R .
to take care of the D-PFS case.

Proposition 1 below will prove another relationship 03r |
between C-PFSs and D-PFSs. 0.2k A

0.1 F
0 \ s ‘Q‘ s
0 0.2 0.4 0.6 0.8 1

Semantic interpretation

It is well known that at each alternative, an IV-IFS allows for
some looseness both in the definition of MDs and NMDs.
Instead of an orthopair, a pair of intervals characterizes the
alternative. These intervals may have very different dimen-
sions. And their lengths may vary with the alternatives in
order to account for measurement errors, indeterminacy, et
cetera.

In a C-PFS, for the description of i € L, there
is a fixed slackness r around the orthopair formed by
(q(R), va(R)). All permitted orthopairs whose separation
from (uq(R), v,(R)) is lower than this radius are admissi-
ble evaluations of 7. But in a D-PFS, for the description of
h € L there is a distinctive slackness r (%), so that permitted
orthopairs whose separation from (u, (%), v, (%)) is under
r(h) are admissible evaluations of 7. Both in C-PFSs and D-
PFSs, it is apparent that the radii represent a margin of error
in terms of the description of the orthopairs. This margin of
error is common to all the alternatives in a C-PFS. Wher-
ever we feel that some alternatives must be associated with
smaller margins of error (e.g., because they have been evalu-
ated with more precise instruments, or better statistical tools,
or more reliable samples), we should resort to a D-PFS.

Notation. We shall abuse notation to avoid cumbersome
expressions. Wherever the notation implicitly gives the
element /i, we shall avoid explicitly mentioning it. For exam-
ple, we henceforth replace (%1, wa (%), va (i) ; r(f)) with the
shorter (4 (f), va(h) ; r(h)). Consequently, a D-PFV asso-
ciated with 7 will be simply written as (u, (%), v, (h); r(h)),
which is indicative of the alternative it refers to.

Theoretically, Eq. (1) generates five different types of cir-
cles, which can be seen in Fig.4. In addition, Eq. (1) and
Fig.4 assist us in defining the domain of radius r, which can
be any real value between 0 and /2. The C-PFES functions
become a standard PFS when r is equal to zero.

Fig. 4 Geometrical visualization of the types of evaluations allowed
by a C-PFS (for each 71 € L). The case of a D-PFS is similar, but with
variable radii for the circles

Set-theoretic and arithmetic operations on D-PFSs

The following definitions pertain to the analog of set-
theoretic complement, union, and intersection. Their spirit is
inspired by similar definitions in the fundamental IFS frame-
work.

Definition 8 Let three D-PFSs A, A;, and A, be defined
as follows: A = {(ua(h),va(h);r(h)) | h € L},
Ar = {(a, (), va, (R i) | ho€ L} and Ay =
{(ma, (M), va,(R); r2(n)) | R € L}. Then, the following
operations are defined:

e The complement operation is defined as: A =

{(va(®), pa(m); r(n)) | h e L}
e The set containment is defined as: A C Ay, <—

ri(h) < ra(h), pa; (M) < pay () & va, () = va, (h).
e The union operations are defined as

Ay Umax Ay = {(max{ﬂA| (h)’ MA, (h)}v min{vA] (h)a
vAz(h)};maX{r1(h),r2(Fl)}) | he L}
Ay Unin A2 = {(maX{MAI (1), a, (R}, min{vy, (7),

VAz(h)};min{rl(ﬁ),rz(h)}) | he L}-

@ Springer
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e The intersection operations are defined as the proofs given in [9, 10, 13] which also inspired the tech-
nical definitions and at the same time, validate them.
Al N Ag = {(miH{MAl (), pa, (1)}, max{va, (A), The dlfference between C-PFESs and D-PFSs dilutes in a
finite environment:

Proposition 1 Any D-PFS A over a finite universal set L is
contained in a C-PFS over L.

va, (M}; max{ri (h), rz(fl)}) (RS L}

A1 Npin A2 = {(min{MA. (), wa,(n)}, max{vy,
Proof We just need to use the radius r = max{r(f) | i € L}
(h), va, (M)}; min{ry (%), rp (h)}) |helL } to justify this relationship between the two models. O

We can easily prove the following properties related to the

With respect to arithmetics, addition, multiplication and . . )
operations mentioned above:

power operations for D-PFS can be defined as follows:

Theorem 1 Let B = (w, v;7), B1 = (1, v1;71), and Br =

Definition 9 In the situation of Definition 8, the following (12, va: r2) be three D-PFVs, and 1, .1, vy > 0. Then

operations are defined:

. B1 ®max B2 = B2 ®Pmax B1;

. B1 ®min B2 = B2 Bmin B1;

- B1 ®max B2 = B2 Omax B1;

- B1 Qmin B2 = B2 Omin B1;

AMB1 ®max B2) = AB1 Pmax AB2;
AMB1 ®min B2) = AB1 Bmin AB2;
AP ®max A2p = (A1 + A2) p;
AP ®min 22p = (A1 +A2)p;

e The addition operations are defined as

Al Omax A2 = {(\/uil () + pf, () — i, ()%, ()

va, (h).va, (h); max{r(h), rz(ﬁ)}> RS L},

© NG R W~

Al ®nin A2 = {(\/Mil (h) + 12, () — i, ()i, ()

9. (/31 Qmax ,32))L = ﬁf\ Qmax ﬁ%!
va, (1).va, (R); min{ri (A), rz(h)}> |he L}. 10. (B1 @min B2)" = B} Omin B3
1. BY @max f72 = 172,
2 . pha _ phiths.
e The multiplication operations are defined as 12. " ®min p*2 = A2,
Theorem2 Let B = (wu,v;r), B1 = (1, vy;r1), and By =
Al Qmax A2 = {(MA1 (1).peay () (p2, v2; r2) be three D-PFVs, and A, A1, Lo > 0. Then,
SR @+ = R B (g = s
2. A(BY) = (BN
max{rl(h)’ r2(h)}> | ke L} 3. :81 Unmax ,32 = ,82 Unmax ,31;
4. B1 Umin B2 = B2 Umin B1;
Al ®min A2 = {(Mm (h).jea, (R) , 5. B1 Nmax B2 = B2 Nmax Bi;
6. B1 Nmin B2 = B2 Nmin B1;
VR ) 03, () =3 ()3 (s T A(B1 Umax B2) = A1 Unax 22;
8. A(B1 Umin B2) = AB1 Umin AB2;
min{ry (%), 72(h)}> | 7€ L}- 9. (B Umax B2)* = B} Umax B
10. (B1 Umin f2)* = B Umin B3

e The scalar multiplication operations are defined as: for
x>0 Proof Here, we will demonstrate parts 1, 3, and 7. The

remaining components can be demonstrated similarly.
A = {(,/1 — (1= @3 (m)*, vih) ;r(h)) | he L}
Lo = ot = (V= (=)

A A _ 42 Ao c
A {(MA(E), V1= =vim) ,r(h)) | FleL}. (kﬂ)“=(m,vk;r)

The sets resulting from the complement, union, inter- = V1I= (=) ;) = ()
section, addition, multiplication, and scalar multiplication
operations of D-PFSs are D-PFSs. The proofs are similar to 3. B1 Umax B2 = (max{uy, o}, min{vy, va}; max{ry, r2})

@ Springer
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= (max{u2, i1}, min{vy, v1}; max{ra, r})
= .32 Umax ,31

7. A(B1 Umax B2)

= A (max{u1, p2}, min{vy, va}; max{ry, r2})

= (\/1 — (1 — max{u?, p3P*, min{vy, v3};  maxir, r2}>

)‘/Sl Umax )\/32
= (,/1 — (1= pu*, v r1> Umax (\/1 — (1= 3, v rz)
— (max {\/1 —(1— ,u%)’“, \/1 — (- u%)k} ,min{vf\, v%} ;

max{ry, ro }>

- (\/1 — (1 — max{2, J2))*, min{v}, V%};max{rl,rz}>

= )\(,Bl Umax ,32)
]

Theorem 3 Let 1 = (1, vi; r1), and Bo = (2, va; 12) be
two D-PFVs. Then,

BT Umax B3 = (B1 Nmax B2);
BT YUmin B3 = (B1 Nmin B2);

BT Nmax B = (B1 Umax B2)°;
BT Nmin B3 = (B1 Umin f2);

Bi ®max B3 = (B1 Omax B2);
B1 ®min B5 = (B1 Omin B2) ;
Bi ®max B3 = (B1 Bmax f2)°;
BT Bmin B3 = (B1 Omin B2) .

® N kB =

Proof The first and fifth portions will be proved and the
remaining components can be demonstrated similarly.

1. B{ Umax B5 = (v1, p1; 1) Umax (V2, (2; 12)
= (max{vy, v2}, min{p1, uo}; max{ry, ra})
(B1 Nmax P2)° = (min{py, p2}, max{vy, va}; max{ry, r2})°
= (max{vy, v2}, min{u1, uo}; max{ry, ra})
= .Bf Umax ﬁé
5. B{ ®max B5 = (v1, 115 1) Umax (v2, p2: 12)

= (\/vlz +v3 —vP3, i max{rl,r2}>
C

(B1 ®max B2)° = (sz, Vi +vs = vivy s maxir, r2}>
= (\/v,2 +v3 — v, wipo;  max{r, rz})

= 5{ Dmax 135
O

Theorem 4 Let By = (11, vi; ry), and By = (12, v2; r2) be
two D-PFVs. Then,

7043
1. (B1 Umax B2) ®max (B1 Nmax B2) = B1 Bmax B2s
2. (B1 Ymin B2) @min (B1 Nmin B2) = B1 Omin B2
3. (B1 Umax B2) @min (B1 Nmax B2) = B1 Pmax B2,
4. (B1 Umin B2) @max (B1 Nmin B2) = B1 ®min B2/
5. (B1 YUmax B2) @min (B1 Nmin B2) = B1 @min B2,
6. (B1 Umin B2) ®max (B1 Nmax B2) = B1 Omax B2,
7. (B1 Umax B2) Omax (B1 Nmax B2) = B1 Omax B2s
8. (B1 Umin B2) ®min (B1 Nmin B2) = B1 Omin B2,
9. (B1 Umax B2) ®min (B1 Nmax B2) = B1 @max B2,
10. (B1 Umin B2) ®max (B1 Nmin B2) = B1 Omin B2,
11. (B1 Umax B2) ®min (B1 Nmin B2) = B1 Omin B2/
12. (,31 Umin ,32) Qmax (ﬂl Mmax /32) = ,31 Qmax /32-

Proof In the following, we shall prove parts first, fifth, and
seventh. The remaining statements can be proven in a similar
manner.

L. (,8] Umax /32) Dmax (,31 Mmax ,32)
= (max{ui, ua}, min{vy, va}; max{ry, r2})Gmax

(minf{uy, o}, max{vy, v2}; max{ry, r2})

= («u% + w3 — uiud, viva;

max{ry, r2})
= B1 Pmax P2-
5. (B1 Umax B2) ®min (B1 Nmin B2)
= (max{ui, u2}, min{vy, va}; max{ry, r2})@min

(min{u1, n2}, max{vy, vz} ; min{ry, r2})

= ( i+ u3 — pips, vive s min{ry, r2}>

= :31 ®min /32-
7. (ﬂ] Unmax ,32) Qmax (,31 Mmax ﬂZ)
= (max{ui, ua}, min{vy, va}; max{ry, r2}) ®max

(min{uy, pa}, max{vy, va}; max{ry, r2})
= (,uluz, v12 + v% — vlzv% ; max{rl,rg})
= :31 Qmax ,32-

]

Theorem5 Let B = (i1, v1; 11), and Br = (142, v2; 12) be
two D-PFVs. Then,

. (B1 Umax B2) Niin B2 = B2,
- (B1 YUmin B2) Nmax B2 = B,
. (B1 Nmax B2) Umin B2 = B2,
. (,31 MNmin ,32) Unmax ﬂZ = ,32-

R R S R
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Proof 1t suffices to prove the first part, the others being sim-
ilar.

L. (B1 Umax B2) Nmin B2
= (max{pi, uo}, min{vy, vo}; max{ry, r2})
Nmin (42, v2; 12)
= (min{max{u1, u2}, n2}, max{min{vy, vo}, v2} ;
min{max{r, 2}, r})
= (42, v2:12) = Ba.
o

Theorem 6 Let 81 = (w1, viiri), Bo = (ua, va; 1) and
B3 = (u3, v3; r3) be three D-PFVs. Then,

(,31 Unmax ,82) MNmin .33 = (,31 MNmin .33) Unmax (,32 MNmin ﬂ?:);
(B1 YUmin B2) Nmax B3 = (B1 Nmax B3) Umin (B2 Nmax B3);
(B1 Nmax B2) Umin B3 = (B1 Umin B3) Nmax (B2 Umin B3);
(ﬁl MNmin ,32) Umax ,33 = (ﬂl Umax ,33) MNmin (ﬁ2 Umax ,63);

(B1Umax B2) @max B3 = (B1 Pmax B3) Umax (B2 Omax B3);
(/31 Umin .32) Dmax ,33 = (.31 Dmax ﬂ?a) Umin (,32 Dmax ﬂ?a);
(,31 Unmax ,32) @B min ﬂ3 = (,31 ®min ﬂ3) Unmax (ﬂZ ®min ﬂ?y);
(B1 YUmin B2) ®min B3 = (B1 @min B3) Umin (B2 Omin B3);

P NI AW

9. (B1Nmax B2) @max B3 = (B1 Pmax B3) Nmax (B2 Pmax B3);
10. (,31 Mmin ,32) Dmax ,33 = (,31 D max /33) MNmin (/32 D max /33);
IT. (B1 Nmax B2) @min B3 = (B1 Bmin B3) Nmax (B2 Pmin B3);
12. (,81 MNmin ,32) ®min ,33 = (.31 Dmin ﬂ?a) MNmin (,32 ®Dmin ﬂ?a);

13. (,31 Unax /32) Omax ,33 = (ﬁl O max ﬂ3) Upmax (,32 O max /33);
14. (,31 Unin ,32) O max ,33 = (,31 O max /33) Umin (,32 ®max /33);
15. (B1 Umax B2) Omin B3 = (B1 Omin B3) Umax (B2 Omin B3);
16. (B1 Umin B2) ®min B3 = (B1 Qmin B3) Umin (B2 Qmin B3);

17. (B1Nmax B2) ®max B3 = (B1 Omax B3) Nmax (B2 Bmax B3);
18. (,31 MNmin ﬁ2) Omax ,33 = (ﬁl O max ﬂ3) MNmin (,32 O max ﬂ3);
19. (B1 Nmax B2) ®min B3 = (B1 ®min B3) Nmax (B2 Omin B3);
20. (,Bl Mmin 52) Qmin ,33 = (,31 Qmin /33) Mmin (,32 Qmin /33);

Proof 1In the following, we shall prove the 1st, 6th, 10th, and
14th parts:

1. (Igl Unmax 52) MNmin ﬁ3

= (max{u1, po}, min{vy, v2}; max{ri, r2})
Mmin (43, V33 73)

= (min{max{p1, po}, u3}, max{min{vy, vp}, v3};
min{max{ry, 2}, r3})

= (max{min{p1, 3}, min{po, w3}}, min{max{vy, vs},
max{vy, v3}}; max{min{ry, r3}, min{ry, r3}})

= (min{p1, u3}, max{vy, va}; min{ri, r3})Umax

(min{uz, w3}, max{vy, v3}; min{rz, r3})

@ Springer

= (,81 MNmin ,33) Umax (ﬂZ MNmin ﬂ3)
6. (,31 Umin ISZ) Dmax ,33
= (max{u1, wo}, min{vy, v2}; minf{ry, r2})

Omax (U3, V35 73)

= (\/max {u%, M%} + (13 — max {M%, u%}uﬁ,

min{vy, v2}v3;

max{min{ry, r}, r3}>

= (\/(1 — #%) max {u% ,u%} + ,u%, min{vivs, vrv3};

min{max{ry, rp}, max{ri, 73}}>

(ﬂl Dmax ,33> Umin (,32 @max ,33>
= (\/ u3 + pd — 33, vivs; max{ry, r3}> Unnin
(\/ U3 + pu3 — u3p3, vavs; max{ry, r3}>

= (maX{\/uﬁJrM% —u?p«%,\/M%+M§ —M%u%},

min{vv3, v2v3};

min{max{ry, r3}, max{ry, ”3}}>

= (max L/(l - u%)u? + 13, /(1 - u%)u% +u§},

min{vivs, vv3};

min{max{ry, r3}, max{ry, r3}})

= (\/(1 - p,%) max {u%, ,u%} + ,u%, min{viv3, v213};
min { max{ry, 2}, max {1’] ) 7’3”)

= (,31 Umin ,32) @Dmax ,33
10. (,31 MNmax 52) ®min ﬁS

= (min {u«l, p2}, max{vy, v2} ; max{ry, r2})

Omin (U3, V3;73)

= (\/min {u?, u«%} + u3 — min {u«%, M%}u%,

max{vy, v2}v3; min{max{ry, r2}, 73})

(=) ] st

max{min{ry, r,}, min{ry, r3}}>
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(B1 ©min B3) Nmax (B2 Bmin B3)
= <\/Mf U3~ M, V1V
min{ry, 73}) MNmax
(\/ 13 + u3 — u3u3, vavs s min{ry, r3}>

= (min{\/M%JrM% —M?p%,\/u%+u_% —M%u%},

max{vivs, v2v3}

; max{min{rq, r3}, min{ry, r3}})

= (min I\/(l —u%)u%+u§,/<l —u§>u§+u§},

max{viv3, vav3};

max{min{ry, r3}, min{rs, 73}}>

() i ] st

max{min{ry, r,}, min{ry, r3}}>

= (,31 MNmax ﬂ2) ©Dmin ,33
14. (,31 Umin ,32) max 53
= (max{pu1, pa}, min{vy, va}; min{ry, r2})

®max (U3, V35 73)

= (max{m,uz}m,

: 2 .2 2 : 2 21,2
\/mm{vl,vz}+v3—mm=v1,v2}v3,

max{min{r, 2}, r3 })

= (max{mm, Hapsl, \/<1 - V§> min {vlz vg} +v3;

min{max{ry, 7,}, max{ry, r3}}>

(,3] Qmax ,83) Unmin (ﬁZ ®max ﬁ?)

= (MIML ,/vlz + v% - vlzv_% ; max{rq, r3})Umin
(M2M3s ,/v% + v32 - v%v% ; max{ra, r3}>

= <maX{M1M37 M2z}, min
{\/vlz—f— v32 — UIZV%,\/U%+V§ - U%V§}§

min{max{ry, 3}, max{r;, r3}})

- (et i (1= 2+,

Ja - ug)v§+v§};

min{max{ry, r3}, max{ry, }’3}})

= (max{mm, M3}, \/<1 - vg) min {vf vg} +v3;

min{max{ry, 2},

max{rp, r3}})

= (,31 Umin ,32) Qmax 53

Operating with D-PFSs: aggregation and
distances

An operational theory of D-PFSs requires some numerical
tools that supplement the basic set-theoretic approach to the
topic. This section is devoted to supply two such fundamental
tools. First, we shall be concerned with aggregations opera-
tors. Then, we shall focus on measuring how far apart two
D-PFESs are with the help of distance measures.

D-PF aggregation operators

The mappings that are used to combine data are called
aggregation operators. They are used in a wide range of sci-
entific and engineering fields. We proceed to define C-PFVs
aggregating operations in this section, which will be called
CPFWA nax, CPFWA 1in, CPFWGp,x, and CPFWGpiy. All
of them aggregate C-PFVs with varying radii. Hence with
their assistance we will be able to define D-PF aggregation
operators trivially.

Under the inspiration of weighted arithmetic and geo-
metric averages, the next two Definitions produce natural
extensions of the versions that have been adapted to IFSs [28]:

Definition 10 Fix w = (w1, wy, ..., w,), a vector of weights
(.e., Z?:l w;j = 1 with w; > 0 for all i). Then, the
CPFWAmax and CPFWA,;, operators are the mappings
CPFWAnux : 8" — B and CPFWA, : B — B, such that
when 8; = (w;, vi; ri) is a C-PFVS, foreachi =1, ..., n:

CPFWAmax (B1, B2, - - -, Bn)

= 0181 Pmax 0282 Pmax * - - Pmax ©n B (2)
CPFWAmin (B1, B2, - - -, Bn)
= @181 ®min @282 @min - - Gmin ©nPBn- 3

Definition 11 In the conditions of Definition 10, we define
the mappings CPFWGp,.x : 8" — B and CPFWGy;, :
B" — B, such that when B; = (u;, v;; ri) is a C-PFVS,

@ Springer
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foreachi =1, ..., n:
CPFWGmax(,BIa /32, ceey ,Bn)

= 0181 Omax ©282 Omax - - Omax ©nBn “4)
CPFWGmm(,Blv /327 R} ﬂﬂ)

= @181 ®min @282 Omin * * - Omin ©nPn. (5

We can take advantage of the expressions of the arith-
metic operations on C-PFVs in order to produce operational
formulas for the aggregation operators defined above. We
prove these facts in Theorems 7 and 8 below:

Theorem 7 Inthe conditions of Definition 10, the CPFWA pax

and CPFWA in operators can also be written as

CPFWAmax (,Bl s ey :371)

n wj n
= 1—1—[<1—ui2) ,Hv;')i;max{rl,...,rn}

i i

CPFWAmin (ﬂlv ey :Bn)

n n

i
R

i i

(N

Proof This result can be demonstrated using mathematical
induction. For n = 2, we have

CPFWAmax (B1, B2) = @181 @max w282
= <\/1 — (= ppery ;r1> Ormax <\/1 = (= 32,05 rz)

= <\/1—<1—u%>wl+1—<1—u§)w2—<1—<1—u%>w1)(1—<1—u§)w2>,

] w2,
v vy ? s max{ry, r2}

2 2

Suppose (6) is true for n = k, that is,

CPFWAmax(B1, - -+, Br)

k w; k
=(J1—H(I—Mf) Hm{})

1

We need to prove true forn = k + 1,

k w; k
(Jl—n(l—u?) 71_[V§”i;max{r1,---,rk})

i
Wk+1 o
©Dmax 11— (1 - U«%+]> s Vki'l—l s Tk+1

@ Springer

k+1 w k¥l
= 1—1_[<1—Mi2) v smaxtri,r, e
i

This implies (6) is true. Similarly, we can prove (7). O

Theorem 8 Inthe conditions of Definition 11, the CPFWGyax
and CPFW Gy, operators can also be written as

CPFWGmax(,Bla cees ﬁn)
n n [0]]
=[x 1—H<1—Vi2) smax{ry, ..., rn}
i i
(3)
CPFWGmin (,81 P .Bn)
n n wj
_ HM?)i’ 1_1_[(1_1;1.2) smin{ri, ..., ry}
i i
©

Proof The demonstration resembles the demonstration of
Theorem 7. O

The next three Theorems are devoted to prove three
standard requirements of aggregation operators in this con-
text, namely, monotonicity, boundedness, and idempotency.
Hence these technical results guarantee an adequate perfor-
mance of the new operators. In fact, both monotonicity and
idempotency are straightforward properties whose proofs are
therefore omitted.

Theorem 9 (MOHOtOHiCity) Let {,31 = (/Li, Vi ri)}i:Lm,n
and {q; = (g, Vg Tq;)Yi=1,...n be two lists of n C-PFVSs.
If ug; < tg; vg = Vg, and rg, < rg;, then

1. CPFWAmax(B1, - .., Bn) = CPFWAmax (g1, - .., gn)
2. CPFWAmin(B1, - .-, Bn) = CPFWAmin(q1, - - ., qn)

3. CPFWGmax(B1, - - -, Bn) < CPFWGmax(q1, - - -, qn)
4. CPFWGnin(B1, ..., Bn) < CPFWGnin(q1, - .., gn)-

Theorem 10 (Boundedness) Let {8 = (i, vi; ri)}i=1...n
be a list of n C-PFVSs. If p and p are two C-PFVs such
that p = (. v;r) = (min(y;), max(v;) min(r;)) and p =
(ft, v, 7) = (max(u;), min(v;) max(r;)), then

L (u,vir) < CPEWARax(B1, ..., Bn) = (1L, v, 7);
2. (p,v5r) < CPFWARin(B1, - .-, Bn) = (i1, v, 7);
3. (u,vi1r) < CPEWGmax(B1, - - -5 Bn) = (1L, v, 7);
4. (n,v;r) < CPEWGnin(B1, ..., Bn) < (11, v, 7).

Proof We prove the first part of the theorem. The remain-
ing parts can be proven similarly. To complete the first part,
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A

we need to show that u < \/1 A —pudhe < f,

v>[IP v =v,andr <max{ry,...,r} <7.
Since p? < M,z < 1%, we have

(1(2)" = 1) = flo-s

i i

27 i n W PR
()1 00

1

n w;
= 1—]‘[(1—#) <.

i

=
)
=
o
<
IA

Similarly, we can prove v > ]_[i
max{ry,...,ry} <r. O

v =y

Theorem 11 (Idempotency) Let {fi = (Wi, vi; ri)}i=1,..n
be a list of n C-PFVSs such that B; = B = (u,v;r). If
o = (01, w2, ..., wy) is aweight vector with ) ;| w; = 1,

then

1. CPFWARax(B1,---» Bn) = B
2. CPFWAmin(Bi, ..., Bn) = B;
3. CPFWGmaX(ﬂls e B =B
4. CPFWGnin(B1, ..., Bn) = B.

Theorem 12 Let {B; = (i, vi; ¥i)}i=1....n be a list of n C-
PFVSsand B = (i, v; r)beany C-PFV.Ifw = (w1, ..., wp)
is a weight vector with y__, w; = 1, then

1. CPFWA M (B1 ©M B, - - -, Bn ©m B)

> CPEWAy (B1 ®@m B -+, Bn Oum B);
2. CPFWAN(B1 ®N B, -... Bn ®N B)

> CPFWAN(B1 QN B, ..., Bn ®N B);
3. CPFWAN (B1 @M B, - ... Bn ®m B)

> CPFWAN (B1 ®m B, - - - Bn Om B);
4. CPFWAN(B1 N B, ..., Bu ®N B)

> CPFWAN (B1 ®N B, ..., Bn ®N B);
5. CPFWGy (B1 @M B, -+, Bn @M B)

> CPFWG (B1 Qm B, ---, B Qum B);
6. CPFWGyN(B1 ©N B, ... B ©N B)

> CPFWGnN (B1 ®n B, - .., Bn QN B);
7. CPFWGN (B1 @M B, - ... B ®u B)

> CPFWGN (B1 ®um B, - - -, Bn ®m B);
8. CPFWGyN (B1 ®N B, ..., By ©N B)

> CPFWGN (B1 ®N B - - -, Bn ®N B),

where the subscripts M and N have been substituted for max
and min, respectively.

Proof For any f; = (ug,;,vg;rg) and p = (u, v;r), we
have B; ®v p = Bi ®u p and i &N p = Bi ®n p. The
proofs of all parts can be easily derived from the monotonicity
of CPFWA nax, CPFWA in, CPFWGax, and CPFWGyyip. O

Theorem 13 Let {8 = (ui,vi;ri)}li=1...n be a list of
n C-PFVSs and B = (u,v;r) be any C-PFV. If v =

(w1, w2, ..., w,) is a weight vector with Z?:l w; = 1, then

1. CPFWAmax(,Bl Dmax ,3, cee ,Bn @Dmax ,B)
> CPFWA ax (B1, - - -5 Bu) @max B3
2. CPFWAmin(ﬂl ©®min ,Bs cees ﬂn ®min ﬂ)

> CPFWAin(B1, - - -, Bn) @min B:
3. CPFWAmax (B1, - - -, Bn) Omax B

> CPFWARax (B1, - - -+ Bn) ®max B:
4. CPFWAin(B1, - - -, Bn) Omin B

> CPFWAmin(B1, - - - » Bn) @min B:

5. CPFWGmaX(ﬂl @max ﬁs ceey ﬂn ®max /3)
> CPFWGnax (B, - - -5 Bn) ®max B;
6. CPFWGin (81 @min B, - - - » B Bmin B)

> CPFWGnin(B1, - - -, Bn) @min B;
7. CPFWGnax (B1s - - -5 Bn) ®Pmax B

> CPFWGmax (B1, - - - » Bn) @max B;
8. CPFWGnin(B1, - - -, Br) ®min B

> CPFWGnin(B1; - - - » Bn) Omin B-

Proof In this theorem, we prove only the first part. The
remaining parts can be prove analogously.

Let Bi ®max B = (T;, Si, Ri) = (,/,ul-2 + u? — ptu?,

v;iv ; max{r;, r}). Then,

CPFWAmax(lgl ©Dmax ,3, cees lgn D max ,3)

n n
=1 |1 —H(l — TiZ)wf,HS;”f :max{Ry, ..., Ry}
1

1
For the left hand side, we have

CPFWAmax (1311 527 cees ﬁn) ®max .3

=(1—Haﬂ@w

1

n

[Tvs maxir, ... rn}) ®rmax (1, V3 )

i

=Ol—ﬂwqu
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n 2 n 2
(Hui‘”’) +v2— (nﬁ‘“) v2; max{Ri, ..., Ry}

i i

We need to show that

n n
I-Tla-12e = 1 -T]a-udo &
i i

n 2 n 2 n
\ (nu;w) +2 — <l_[vf°i> 2= s
i i i

We need to verify the above expressions.

n w;
1 )

i

which is true in general. If [/ v” = § and []} 5" =
n wj
[T} v;" v, then

n 2 n 2 n
<l_[v;‘)i> +v2 — <l_[vlw’) VZZHSI.CU"
1 1 1
n n
= H(vl-v)“"’ = l_[ VvV 82 4+ 12 — 8202 > Sv.
1 1

which is true and thus proves the first part. O

Theorem 14 Let {B; = (i, vi; ¥i)}Yi=1...n be a list of n C-
PFVSs. If o = (w1, w2, ..., wy) be the weight vector of Bi
with )} w; = 1 and » > 0, then

1. CPEWAmax (A1, - - ABy) = CPEWAmax (B, ..., B2
2. CPFWAmin(AB1. - ... ABy) = CPFWAmin (81, ..., B1):
3. A CPEWAmax (Bl - - -, Bu) = (CPFWAmax (B1, - . ., B)’:
4. A CPFWAmin (B1. - .., Bn) = (CPEWAmin(B1. - . .. Bu)™:
5. CPFWGmax (AB1. - . .. ABn) = CPFWGnmax (BF . ... B1);
6. CPFWGmin(AB1. - ... ABy) = CPFWGpmin(BF. . ... B1);
7. A CPFWGmax (B1. - . Bu) = (CPFWGmax (B1. - . .. B’
8. . CPEWGmin(B1. .- .. Bn) = (CPEWGpmin(B1. .. .. Bu)™.

@ Springer

Proof The proof of this theorem is straightforward from the
fact AB; > B} o

Theorem 15 Let {B; = (i, vi;ri)li=1,..., and {q; =
(Kg;»> Vgis T ) Yi=1,...n be two lists of n C-PFVSs. If o =
(w1, ..., wy) is a weight vector with Z?:l w; = 1, then

1. CPFWA max (81 ®max q1 - - - » Bn Dmax qn)
> CPFWAmax (B1 ®max q1s - - - » B Omax 1);
2. CPFWA 1ax (81 @min 41 - - - » Bu Bmin qn)
> CPFWAmax (B1 ®min G1, - - - » Bn ®min q1);
3. CPFWAyin (B1 ®max 41 - - - » B Pmax n)
> CPFWApin (B1 ®max 41, - - - » Bn Omax q1);
4. CPFWApin (B1 ®min 41, - - - » By Omin qn)
> CPFWApin (B1 ®min g1 - - - » Bn ®min q1);
5. CPFWAnax(B1s - - - Bn) ®max CPFWARax (15 - - -+ qn)
> CPFWAmax (B1s - -+ » Bn) ®@max CPFWA (g1, ...
(6) CPEWAin(B1, - - - » Bn) @Omax CPEWAin(q1, - - -, qn)
> CPFWApin (B1, - - - Bn) ®max CPFWARin (g1, - - -
7. CPEWGmax (81 ©max 1 - - - » Bn Omax qn)
> CPFWGmax (B1 ®max g1, - - - » Bn @max q1);
8. CPFWGax (B1 ®min 15 - - - » Bu Smin ¢n)
> CPFWGmax (B1 ®min q15 - - - » Bn Omin q1);
9. CPEWGnin (B1 ©max q15 - - - » Bn Omax Gn)
> CPFWGnin (81 ®max q15 - - - » Bn Omax q1);
10. CPFWGin (81 @min 415 - - - » Bn @min qn)
> CPFWGnin (B1 ®@min G15 - - - » Bn Smin q1);
11. CPFWGnax (B1, - - - » Bu) @max CPFWGmax (g1, - . ., qn)
> CPFWGax (B1s - - - » Br) Omax CPFWGax (g1, - - -
12. CPFWGpin (B1, - - - » Bn) Bmax CPFWGnin (g1, - - -, gn)
> CPFWGnin (B15 - - -+ Bn) @max CPFWGnin(q1, - - .

. qn);

qn);

s qn);

2 qn);

Proof The proof of this theorem is straightforward from the
facts that for any C-PFVSs ; and g;, we have 8; ®max gi >
Bi ®max gi> Bi Pmin ¢i = Bi Omin ¢, and monotonicity of
CPFWA nax, CPFWA pin, CPFWGpax, and CPFWGpi,. O

Theorem 16 Let {B; = (i, vi; ¥i)}i=1....n be alist of n C-
PFVSs. If o = (w1, w2, ...,wy,) is a weight vector with
Yol wi =1, then

1. CPFWAmax(ﬂlcs ceey ﬂycl) = (CPFWGmaX(Igls ceey ﬂn))c 5
2. CPFWAmin(ﬁfv s ﬁ;) = (CPFWGnin(B1, - - -, ,Bn))L 5
3. CPFWGmax(By, - - .. B;) = (CPFWAmax (B1, ..., Bu));
4. CPFWGmin(ﬁf, cee ,3;1) = (CPFWALin(B1, .-, Bn))¢ .
Proof Straightforward. O
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Distance measures for D-PFSs

The distance metrics are used to determine how far apart two
fuzzy sets are from each other. One of the main topics in
fuzzy set theory that originated in metric theory is this one.
We expand the well-known distance measurements for C-
PFSs in this section. The CODAS approach will be expanded
for D-PFS in the very next section, where these metrics will
be applicable.

Definition 12 Let A and A, be two D-PFSs over L. Then,
the Hamming distance between them is

| ra, () = ray (B) |
/2

Ei(A1, Ay) = (NLLZ
helL
+ LZ[(;H ) = 12,m) "+ (3, 3 (h))2]>
2NL =~ Aq Ay Aq Ay ’

12)

SR

where N is the cardinality of L.
If we consider the hesitancy index of D-PFVs while cal-
culating the distance between D-PFSs, then

> N [(ui(m

— 2, (h))2 + (u},] (h) — v%z(h))z T (Trf\] ) — ngz(h))z]) ,

Ni hel \/z helL
(13)
Applications of D-PFSs in MCDM Problems
Hi(Al, Ay) = b X Z [—l ra®) —ra, () |
2NL hel V2 This section extends the CODAS method for Disc Pythagorean
2 2 2 2 fuzzy sets. The Euclidean and Hamming distance metrics are
(h) — puy, () | + | vy, (B) — vy (h)
+ | #, Ha, )| > et A2 |i|> , (10)  employed to build this technique. It can take inputs in the

where N is the cardinality of L.
If we consider the hesitancy index of D-PFVs while cal-
culating the distance between D-PFSs, then

| 15, () —

Hy (A1, Ay) = | —ray ) |

forms of linguistic variables, D-PFSs, C-PFSs, and PFS.

Disc Pythagorean fuzzy CODAS method

1, () |+ [ vy, () — vy, () |
+ | 7y () — 7% () |

1
2Ny, Z

hel

V2

5 Y

Definition 13 Let A and A, be two D-PFSs over L. Then,
the Euclidean distance between them is

Cl C2 Cn
k k k

hy “]1(1 ap Ain hy

h a a e a h
k k 2 21 22 2 2
M" = [aij]an = "=

k k k

Ty [ Ao e An T

ko ko.ok
(M}(lvv}{[?r}(l)
(31 vy 5 731)

k k .ok
(u’ml’vml ’rml)

Step 1: LetL = {fy, ha, ..., Iy} bethe setof m alternatives
and C = {Cy, Cy, ..., C,} the set of n attributes.
Let E = {Ei, Ea, ..., E;} represents the set of
experts. Each alternative 7; is assessed against each
attribute c; by every expert E; and there evaluations
are saved as D-PFVs al'."j. These judgments consti-
tutes the m X n decision matrix, that is,

Ci C;
kok .ok
(M}cp Viz ; r}cz)
(U3 V353 72)

Cn

k k .k
(M}(m Vllcn 5 r}{n)
(H’Zn’ Von 5 r2n)

k k .k k k. ok
(l’Lm2’ Vm2 > rm2) (/J“mn* Yinn > rmn)

(14)
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Step 2: We have obtained £ D-PF decision matrices in the
laststeps. Let o = {1, @2, ..., @, } be the weight
vector of experts. The aggregation of these matrices
can be performed cell-by-cell using any aggregation
operators from CPFWA pax, CPEFWA 1in, CPEFWGpax,
and CPFWGi,. We represent the aggregated D-PF
decision matrix by M and its generic element by
ajj = (/-‘Lijv Vijs r,-j), where i € {1, 2, ey m} and
jef{l,2,...,n}

Step 3: Normalize the decision matrix M with respect to the
benefit and cost criteria as follows:

(Mij: Vij; I",'j), for benefit criteria,

15)

ajj = . .
(vij, mij; rij), for cost criteria.

Step 4: In real-life MCDM problems, the attributes are not
the same. For this reason the weight vector v =
{wy, wa, ..., w,}is affirmed to the set of attributes,
where 0 < w; < 1 and Z?:l wj=1.

Step 5: Formulate the weighted normalized D-PF matrix by
scalar multiplication of D-PFVs:

wjaij = (Xij» Yijs rij) = (,/1 — (L= e, v;‘;j ; rij) .

(16)

Step 6: For each attribute, find the negative ideal (NI) D-
PFVs as follows:

NI:{(;zj,xﬁj;fj) | j:l,...,n}
= {(miil?(ﬂij),m?lf((vij)i Uﬁ?(”ij)) lj=1 n}
7)

Step 7: Compute the Euclidean and Hamming distances of
each alternative /; from N 1. We can use either H;
and E| or H> and E». That is,

- - 1 &/ rij—Fi |
H; = H{(NI. h) = %Z<#

j=1
1 ) .
+5(|x{‘}—xf|+|w5‘}—wf|))

_ 11 rij— 7
Ei=E\(NILh)=-(=-> ——=,
i 1( l) (n \/5

G 1~ (rij =7 |
Hi=Hz(N1,hi>=%Z;(7
i

@ Springer

I , . 3
+5<|x,-2,-—xf|+|wfj—w§\+|n5—nf\))

_ 1 |
E":EZ(N”hf):zX<n;ﬁ

1 - 2 52 ’ 2 72 : 2 ~2 g
Sl o))

where 7;; and 7; are the hesitancy indexes of
(Xij» Wij; rij) and ()E] Vi fj), respectively.

Step 8: Compose the relative assessment matrix (RAM)
based on H; and E; calculated in previous step as

follows:
R = [Rik]mxm»
Rik = (E;i — Ex) + (Mik(E; — Ex) x (H; — Hy)) .

(18)

wheres X;; stands for a threshold function that
can be used to determine whether two alternatives’
Euclidean distances are identical. Its definition is as
follows:

S (19)
0 if |(Ei—Ep|>rt

B {1 if 1(Ei—Epl<t
Aik =

where 7 is threshold criterion and ranges from 0.01
to 0.05 [32]. The reason to choose the threshold
parameter is to use the Hamming distance between
two alternatives when the Euclidean distance is very
small between them.

Step 9: Formulate the evaluation score value of each choice
using RAM, shown as follows:

n
R =) Ri.
k=1

Step 10: In order of decreasing evaluation score values, rank

the choices.

lllustrative example: selection of supermarket for
fresh fruits

A very well-known hotel in Bangkok has been steadily
expanding its branches and receiving praise for its entire
menu. However, the hotel has been in a deficit for fresh fruit
and vegetables. One of the main causes is the poor quality of
its fruits and vegetables, such as no uniform shape, unclean
surface, and insect damage. In order to resolve the manage-
ment problem with fruits and vegetables, the hotel has made a
commitment to improving supplier management. In order to
supply fresh, high-quality fruits and vegetables that are green,
it aims to make use of standardized, clean, and orderly fresh
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produce. The hotel has been collaborating with a number of
local fruit and vegetable wholesalers to address issues with
insufficient supply, significant breakage, and lack of recy-
cling. The hotel now makes the decision to embrace green
supply chain management and form a long-term collabora-
tion with major supermarkets. It works to ensure fruits and
vegetable quality in order to capture the voice of customers
and lower expenses. The hotel has identified four feasible
supermarkets as iy, fip, iz, and 7i4. All four supermarkets
acknowledge giving the data needed for the hotel selection
process. Five evaluation criteria are chosen while taking the
standards for green supermarkets and it includes Quality Cq,
Diversity C», Price C3, Deliverability C4, and Recycling abil-
ity Cs.

This case is an MADM problem and aims to choose the
best supermarket from a group of four contenders based on
how well they perform across five different attributes. In addi-
tion, the majority of the traits that were chosen are qualitative
in nature. As a result, the suggested approach is appropriate
for solving this issue. The hotel gathers relevant information
about four contenders.

Three experts, including a manager E1, a purchasing man-
ager E;, and a food and beverage director E3 were invited to
give evaluations based on the selected information and their
experience and knowledge. The weights of the three special-
ists have been divided according to their various tasks and
levels of experience. Let the weight vector for the experts is
W = {0.35, 0.40, 0.25}. Expert evaluates all supermarkets
concerning specified criteria and their assessments are saved
in the form of D-PFVs. In this regard, three D-PF decision
matrices are obtained, say M 1 M2, and M3 , and displayed
in Table 1.

To solve this problem, we use the D-PF CODAS method
discussed in Sect.5.1. The D-PF decision matrices have
already given by the experts in Table 1. Now, we use
CPFWA iy to aggregate three D-PF decision matrices and

NI = {(0.350,0.766; 0.04), (0.316, 0.733; 0.01),
(0.039, 0.953; 0.05),
(0.262, 0.823; 0.05), (0.318, 0.804; 0.04)}

Now, we compute the Hamming and Euclidean distances
of each alternative /; from NI. We use H, and E; for dis-
tances and the results are

H>(fi1) = 0.0294, Hy(hy) = 0.0326,
H>(h3) = 0.0390, H> (h4) = 0.0349
E»(h1) = 0.0286, E»(hy) = 0.0313,
E>(13) = 0.0364, E>(fi4) = 0.0331.

The RAM is calculated using (18). If we take the value of
threshold criterion t equal to 0.04, then the value of A; in
(18) remains 1. The RAM is displayed in (20):

0. —0.0027 —0.0077 —0.0045
0.0028 0. —0.0050 —0.0018 20)
0.0079  0.0051 0. 0.0033
0.0045 0.0018 —0.0033 0.

The evaluation score value of each option is formulated using
RAM by adding the rows of Matrix (20), that is, Ry =
—0.0150, Ry = —0.0040, R3 = 0.0163, and R4 = 0.0030.
The final ranking of alternatives is

h3>h4>h2>h1.

Remark 1 Using the aggregation operator CPFWA i, we
have been able to address the aforementioned issue. Since we
suggested many aggregation operators, including CPFWA 4« ,
CPFWGnin, and CPFWGx . As aresult, we use these aggre-
gation operations to find the optimal solution, and the results
are shown as follows:

CPFWAnax —0.0150 —0.0040 0.0163  0.0030 #3 > fig > hp > Ay
CPFWGnax —0.0103 0.0236 —0.0083 —0.0046 Ay > fig > hz > ki
CPFWGpi, —0.0103 0.0236 —0.0083 —0.0046 iz > hyg > h3 > Iy

the resultant matrix is presented in Table 2. This complete
the second step. Since the attribute c3 is of cost type, there-
fore, the matrix M is normalized using (15). The normalized
decision matrix M’ is displayed in Table 3.

Let the weight vector of attributes is w = {0.30, 0.20,
0.15, 0.15, 0.20}, then the weighted normalized decision
matrix is obtained by (16). It is displayed in Table 4. In the
next step, the NI D-PFVs are calculated using (17):

Comparative analysis

Being a pioneer work, we cannot yet compare our results with
alternative solutions under the pure D-PES or even C-PFS
structure. Henceforth this section compares the suggested
methodologies to existing MCDM approaches, focusing on

@ Springer
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Table 1 D-PFSs in “Illustrative

example: selection of M! - - G Ca Cs

supermarket for fresh fruits” h (75, 35; .04) (70, .19; .01) (75, 45 .05) (.60, .23; .05) (75, .13; .05)
i (.45, .40; .07) (.80, .17; .06) (.63, .55; .05) (.70, .28; .06) (.66, .22; .04)
73 (.60, .60; .09) (.60, .20; .04) (.67, .10; .06) (.80, .17; .09) (.76, 32; .05)
I (.50, .56; .05) (.70, .15; .02) (.55,.12;.07) (.73, .25; .07) (.80, .40; .06)
M? Cy Cy C3 Cy Cs
iy (.55, .65;.04) (.60, .25; .01) (.55, .35; .05) (.70, .23; .05) (.55, .13; .05)
T (.65, .40; .07) (.80, .15; .06) (.63, .45; .05) (.40, .28; .06) (.65, .22; .04)
73 (.70, .20; .09) (.70, .20; .04) (.67, .10; .06) (.80, .17; .09) (.85, .32; .05)
I (.65, .56; .05) (.70, .15; .02) (.65, .12;.07) (.75, .25; .07) (.80, .40; .06)
M3 Ci C, Cs Cy Cs
7y (.65, .25; .04) (.60, .19; .01) (.85, .15; .05) (.80, .20; .05) (.65, .15; .05)
T (.65, .30; .07) (.80, .15; .06) (.65, .25; .05) (.70, .25; .06) (.60, .20; .04)
73 (.50, .40; .09) (.70, .10; .04) (.60, .10; .06) (.80, .15; .09) (.55, .30; .05)
I (.80, .15; .05) (.70, .15; .02) (.50, .15; .07) (.75, .20; .07) (.80, .20; .06)

-(I;:Eilseign rl?litg}rii%fil?luil;ative M - - G Ca Cs

example: selection of 1 (659, .412; .04)  (.639, .212;.01)  (.727,.309;.05)  (.703,.222;.05)  (.659,.135;.05)

supermarket for fresh fruits”
hia  (595,.372;.07)  (.800,.157;.06)  (.635,.417;.05)  (.614,.272;.06) (642, 215;.04)
his  (626,.349;.00)  (.669,.168;.04)  (.654,.100;.06)  (.800,.165;.09)  (.772,.315;.05)
hs  (662,.403;.05)  (.700,.150;.02)  (.584,.127;.07)  (.743,.236;.07)  (.800,.336;.06)

s Nomaelsgeme iy G, c c c c

“Iustrative example: selection By (659, 412;.04) (639, 212;.01)  (.309,.727;.05)  (.703,.222;.05)  (.659,.135;.05)

of supermarket for fresh fruits”
ha  (595,.372;.07)  (.800,.157;.06)  (417,.635;.05)  (.614,.272;.06)  (.642,.215;.04)
hs  (626,.349;.09)  (.669,.168;.04)  (.100,.654;.06)  (.800,.165;.09)  (.772,.315;.05)
By (662, .403;.05)  (.700,.150;.02)  (.127,.584;.07)  (.743,.236;.07)  (.800, .336;.06)

emreshic Dbk decteon o € = - Cs s

in “Tllustrative example: hi o (397,767;.04)  (316,.733;.01)  (122,.953;.05)  (312,.798;.05) (328, .670;.05)

selection of supermarket for

fresh fruits” hn  (350,.743;.07)  (430,.690;.06)  (.168,.934;.05)  (.262,.823;.06)  (.318,.735;.04)
B3 (372,.729;.09)  (335,.700;.04)  (.039,.938;.06)  (.377,.763;.09)  (.407,.794;.05)
By (398,.761;.05)  (355,.684;.02)  (.049,.923;.07)  (.337,.805;.07)  (.430,.804;.06)

the PF environment. Since both D-PFSs and C-PFSs gener-
alize ordinary PFSs, we can derive a PFS from any D-PFS
by inserting r (#) = 0 throughout.

When we do this with the data from our case study, we
obtain results that are summarized by Table 5. One observes
that the ranking of the alternatives changes, and that it is also
affected by MCDM method. But our methodologies have the
advantage that they make full utilization of the information
provided by the experts, because they operate with the more
general environment of D-PFSs. In fact, the D-PF CODAS

@ Springer

method is extended with the help of empirically successful
Hamming and Euclidean distance measures.

Conclusion

The concept of C-PFS, which is an extension of C-IFS, has
been defined and studied in this paper. This idea offers a more
straightforward mathematical way to express uncertain data
than I'V-IFS, while keeping the advantages of PFSs in terms
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Table 5 Comparison of

rankings with existing methods Authors Method Rankings

from the PFS literature Zhang and Xu [12] TOPSIS method o > fia > B3 > Ty
Garg [17] PyFEWA operator n3 > ha > hy > ho
Ashraf et al. [18] ST-PFWA operator hg > h3 > hy > Ay
Khan et al. [19] PFDWA operator hg > h3 > hy > Iy
Peng and Yang [20] MABAC method h3 > hyg > hy > Iy
Akram et al. [21] ELECTRE-II method fip = hg > h3 > Iy
Khan et al. [22] VIKOR method fip = hg > h3 > Iy
Proposed CODAS and CPFWA 1in hi3 = hg > hy > Iy
Proposed CODAS and CPFWA j;1.x fiz > hg > ho > hy
Proposed CODAS and CPFWA ,1ax fip > hy > h3 > hy
Proposed CODAS and CPFWA ,uin fip > hg > h3 > hy

of flexibility. Instead of a precise value (an orthopair within
the corresponding area of the unit square), a C-PFS describes
each element by a circle of fixed radius. When the radius is
zero, the model returns the successful PFS structure. When
all orthopairs have the property that the total of their MD
and NMD is at most 1, the model returns the recent C-IFS
structure. The coincidence of both restrictions produces IFSs.

Then, we further extended this model and defined D-PFSs,
which describe each element by a circle of variable radius. Of
course, when all radii coincide, the model returns a C-PFS.
We have expanded the basic operations of union, intersection,
addition, multiplication, and scalar multiplication to D-PFSs.
Various qualities of these operations have been looked into.
These achievements establish their basic set-theoretic alge-
bra and arithmetics of D-PFSs.

The arithmetic and geometric aggregation operators for D-
PFES have been defined. We refer to CPFWA 1ax, CPFWA 1in,
CPFWGax, and CPFWG,in, whose underlying character-
istics have been investigated. As a way to compare D-PFS,
the Euclidean and Hamming distance metrics have been pre-
sented. With these tools we have been able to produce a
Hamming and Euclidean distances based CODAS technique
that has been illustrated with an application to the selection
of the best supermarkets to buy fresh fruit for a hotel.

In the future, we will define additional aggregation opera-
tors, and we will initiate the study of similarity, dissimilarity,
distance, divergence, entropy, and knowledge measures for
D-PFSs. All these notions will be applied to better deal with
uncertainty in daily life scenarios.

Also, other lines of research will explore combinations of
C-IFSs with soft sets [23], N-soft sets [33], bipolar-valued
fuzzy sets [24], complex fuzzy sets [26], q-rung orthopair
fuzzy sets [11], Fermatean fuzzy sets [34], spherical fuzzy
sets [35], T-spherical fuzzy sets [36], linear Diophantine
fuzzy sets [37], and temporal IFSs [38].
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