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Abstract
In this paper, the complex dynamical networks (CDNs) with dynamic connections are regarded as an interconnected systems
composed of intercoupling links’ subsystem (LS) and nodes’ subsystem (NS). Different from the previous researches on
structural balance control of CDNs, the directed CDNs’ structural balance problem is solved. Considering the state of links
cannot be measured accurately in practice, we can control the nodes’ state and enforce the weights of links to satisfy the
conditions of structural balance via effective coupling. To achieve this aim, a coupling strategy between a predetermined
matrix of the structural balance and a reference tracking target of NS is established by the correlative control method. Here,
the controller in NS is used to track the reference tracking target, and indirectly let LS track the predetermined matrix and
reach a structural balance by the effective coupling for directed and undirected networks. Finally, numerical simulations are
presented to verify the theoretical results.

Keywords Complex dynamical networks · Structural balance · Links · Effective coupling · Correlative control

Introduction

In the last 2 decades, CDNs have received considerable atten-
tion and been widely applied in many fields [1–5], such as
social sciences [1], image processing [2] and so on. Accord-
ing to the graph theory, a complete CDN is represented by a
set of nodeswhich are dynamically interacting and have links
between them. In other words, NS and LS are the two subsys-
tems of CDN, which are employed for better understanding
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and scrutinizing the dynamical process of a network as a
whole. That is why some dynamic behaviors are expressed
by nodes such as consensus [6,7], synchronization [8,9] and
stabilization [10], while other dynamic processes are deter-
mined by links (weights of connections between nodes) such
as structural balance [11–13].

The structural balance proposed by F. Heider [14] is a sig-
nificant concept in social networks, which has been used to
analyze connections (links) between individuals (nodes) and
is determined by the triad’s edges. Moreover, Cartwright and
Harary not only extended this definition, but also proved that
the network is a structural balance, if and only if its nodes
can be divided into two factions, there are only positive links
within factions, and only negative links between factions
[15]. According to the existing research results of structural
balance theory, the linked model is mainly divided into three
cases: (i) as the signed networks, theweights of links are only
depended on integers 0 and 1 [16]; (ii) some time-varying
models can be effectively characterized bymatrix differential
equation [11,12,17–19] or matrix difference equation [20],
but they have ignored the influence of the node’s internal
state movement on the evolution of the link; (iii) the Riccati
dynamical equation with the coupling matrix regarding the
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internal state of nodes is employed as the model [13,21–23],
which means that the dynamic changes of nodes and links
affect each other through effective coupling. The results of
these models show that the time evolution behaviors of links
converge to the structural balance.

However, the structural balance control of networks is rel-
atively unexplored. Reference [12] shows that if we change
the value of the links between the nodes and a reference agent
(node), the structural balance can be reached. References
[21–23] provide a CDN model composed of intercoupling
LS and NS. We can realize the structural balance of LS by
controlling the states of nodes, because the nodes’ states with
effective coupling can enforce the LS to reach structural bal-
ance. Unfortunately, the method in Refs. [12,21–23] only
works for undirected networks, but is not valid for directed
networks.

Following the above analysis, this paper focuses mainly
on structural balance control problems of directed networks,
which also involves intercoupling LS and NS. Considering
the weights of links cannot be measured accurately and the
two subsystems are coupled, we can control the NS so that
the effective coupling is conducive to LS tracking a struc-
tural balance matrix, which will cause the network to achieve
structural balance. For such a control objective, the struc-
tural balance control can be regarded as the tracking control
problem of an under-actuated system. We noticed that the
dimension of control input is less than the freedom of state
in under-actuated systems, which means that the state of an
under-actuated system can be divided into a directly con-
trollable state (state of NS) and an indirectly controllable
state (state of LS). The control objective of the indirectly
controllable state can be achieved via a certain coupling rela-
tionship between the two states, where the dynamic changes
of directly controllable state are determined by the controller
[24–26]. This means that an under-actuated system also con-
sists of two subsystems, which are similar to the NS and the
LS.

In fact, the coupling relationship between the tracking
objectives of the NS and LS exists widely in practical sys-
tems, such as in the rotational speed control problem of
PMSM based on vector control theory [27]. In detail, if the
direct axis current is not zero, then PMSM can be regarded
as an under-actuated system consisting of a current loop
(directly controllable subsystem) and speed loop (indirectly
controllable subsystem), and there is a coupling relation-
ship between the reference numerical values of rotational
speed and current. Thus, we can directly control the current
loop to adjust the speed of PMSM. Generally, the coupling
relationships between the two reference targets can simplify
the rotational speed control design of PMSM. Therefore,
this method can be extended to realize control capability
for structural balance in CDNs. Specially, for a structural
balance matrix (the tracking target of LS), we can get the

reference tracking target of NS by using the coupling rela-
tionship. Thus, we can directly design a controller for the
NS, which can make the state of NS track the correspond-
ing reference target. Then, the effective coupling allows the
LS to track the structural balance matrix indirectly, and the
structural balance is achieved.

The main contributions of this work are listed as follows:
(i) a novel model of directed CDNs composed of intercou-
pling NS and LS is proposed, which is rarely seen inmajority
literatures. (ii) The coupling mechanism of dynamic nodes
that promotes the emergence of the structural balance of links
is discussed rather than ignoring the influence of nodes’ state
on the links’. (iii) A coupling relationship between the track-
ing objectives of the NS and LS is given, and once the target
matrix (structural balance matrix) of LS is given, the track-
ing target of NS is determined. Thus, a decentralized control
strategy for the NS is used to force the NS to track its tar-
get, which implies that each node has a controller, and in
which only the state information of the local node can be
used. In this way, the interference of transmission can be
effectively avoided, and the reliability of the CDNs can be
greatly improved.

The rest of this paper is organized as follows. In the sec-
ond section, we propose amathematical model of CDNs, and
give some useful definitions and theories. The third section
designs the decentralized controller to ensure the structural
balance of the network. The fourth section gives the simu-
lation and experimental results. Finally, the conclusions are
discussed in last section.

Notations: AT represents the transpose of the matrix A.
‖·‖ represents the Euclid norm of the vector or the matrix.
Rn stands for the n-dimensional Euclidean space. In is char-
acterized as the n-dimensional identity matrix. Rn×n is the
set of n × n real matrices. diag{· · · } stands for a diagonal
matrix. Symbol⊗ stands for the Kronecker product of matri-
ces. vec(·) is an operator which maps a matrix onto a vector
composed of its rows.

Preliminaries andmodel description

In this paper, we consider a class of CDNs composed of NS
andLS. If each node in theNS is a n-dimensional continuous-
time system, then the NS can be described as [9,13]

ẋi = Ai xi + Bi fi (xi ) + ρ

N∑

j=1

pi j (t)Hj (x j ) + ui ,

i = 1, 2, . . . , N (1)

where the vector xi = [xi1, xi2, . . . , xin]T ∈ Rn indicates
the i-th node’s state; Ai ∈ Rn×n and Bi ∈ Rn×m are
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constant matrices; the continuous vector function fi (xi ) =
[ fi1(xi ), fi2(xi ), . . . , fim(xi )]T ∈ Rm ; the common weight
strength of links ρ > 0, which is a given constant; the time-
varying variable pi j (t) ∈ R represents the weight of link
from the node j to the node i . Especially, pi j (t) = p ji (t) is
for undirected networks, and pi j (t) �= p ji (t) is for directed
networks in general. In addition, if i = j , pi j (t) indicates the
strength of self-connection about the node i ; the vector func-
tion Hj (x j ) = [Hj1(x j ), Hj2(x j ), . . . , Hjn(x j )]T is used
to adjust internal coupling relationships between nodes; and
the control input of the i-th node ui ∈ Rn .

Remark 1 (i) The mathematical model (1) is a typical CDN
model about the nodes, from the existing results, and the
connection relationships pi j (t) can be divided into the fol-
lowing three cases: pi j (t) are known constants [8,28,29], or
are time-varying and continuous deterministic [7,30,31], or
are unknown constants [32]. (ii) From (1), it is easy to see that
the node dimensionn is arbitrary.However,Ref. [21] requires
that the dimension of nodes is two-dimensional. Therefore,
the model of NS proposed in this paper is more general
compared with Ref. [21]. (iii) Clearly, the matrix P(t) =
[pi j (t)]N×N can be used to express the weighted values of
links between nodes. In this paper, P(t) = [pi j (t)]N×N is
time-varying and described by a matrix differential equation
Ṗ(t). Especially, If Ṗ = 0 is true, which means the con-
nection relationships pi j (t) are constants, then the static and
weighted network is denoted by G = (V , L, P), consisting
of the node set V = {v1, v2, . . . , vN }, link set L ⊆ V × V
and the links’ weights pi j �= 0 if (v j , vi ) ∈ L and otherwise
pi j = 0, where (v j , vi ) denotes a directed link from node v j

to node vi inG. Moreover, if Ṗ = 0 and pii = ∑N
j=1, j �=i pi j

are true, the system (2) is called as time-invariant dissipative
coupled CDN in Refs. [28,29].

Let the state vector x = [xT1 , xT2 , . . . , xTN ]T ∈ RnN , the
vector functions F(x) = [ f T1 (x1), f T2 (x2), . . . , f TN (xN )]T ,
H(x) = [HT

1 (x1), HT
2 (x2), . . . , HT

N (xN )]T , and the control
input vector u = [uT1 , uT2 , . . . , uTN ]T , thus, the NS (1) can be
rewritten as

ẋ = Ax + BF(x) + ρ(P(t) ⊗ In)H(x) + u (2)

where the matrices A = diag{A1, A2, . . . , AN } and B =
diag{B1, B2, . . . , BN }.

Let X = [x1, x2, . . . , xN ] ∈ Rn×N . Considering the cou-
pling betweennodes and links, theLS is described by amatrix
differential equation as follows [9]:

Ṗ = �1P + P�2 + �(X) (3)

where �1,�2 ∈ RN×N are constant matrices, the coupling
matrix satisfies�(X) = α

∑s
j=1 � j X� j +�0, in which the

constant α is a known coupling coefficient and the constant
matrices � j ∈ RN×n , � j ,�0 ∈ RN×N , j = 1, 2, . . . , s.

Remark 2 (i) In Refs. [9,13,21,22], some matrix differential
equations are used to describe the state changes of links in
networks, however, the network composed of LS and NS in
Refs. [13,21,22] is undirected (P(t) = PT (t)), thus, only the
structural balance of undirected networks is discussed, while
the case of directed networks is ignored. It is worth noting
that the LS (3) is similar to the links’ model in Ref. [9], and
both of them can be used to describe the case of directed
networks. Unfortunately, Ref. [9] only focuses on the syn-
chronization of nodes, but does not consider the structural
balance of the networks, which is determined by the states of
links. In order to further enrich the research results, this paper
mainly studies the structural balance of LS in directed net-
works. (ii) Generally, it is difficult to measure and obtain the
weights of links accurately, fortunately, we find that the states
of the nodes and links are coupled with each other from (1)
and (3), which implies we can control the states of the nodes
and indirectly force LS to achieve structural balance through
the effective coupling �(X). (iii) If LS (3) is rewritten as
Ṗ = (�1 + �T

2 )P + P(�T
1 + �2) + �(X) + �T (X), then

we can obtain that P(t) = PT (t) with initial value P(0) =
PT (0), which implies that the network becomes an undi-
rected network. On the contrary, as long as the connection
relationships pi j (t) between nodes contain pi j (t) �= p ji (t),
the network becomes a directed network. It is not difficult
to find that undirected network can be regarded as a special
form of directed network.

Definition 1 [33]. A static and weighted network G =
(V , L, P) is structural balance if and only if its nodes can be
divided into two factionsV1 andV2 via links,whereV1∩V2 =
∅, V1 ∪ V2 = V , and pi j ≥ 0 for vi , v j ∈ Vz(z = 1, 2),
pi j ≤ 0 for vi ∈ Vz and v j ∈ Vw, z �= w(z, w ∈ {1, 2}).
Otherwise, the network is structural unbalance.

Lemma 1 [33]. For a static and weighted network G =
(V , L, P), if one of the following conditions holds, then the
network G = (V , L, P) is structural balance.

(1) The feature of G = (V , L, P) conforms to Definition 3;
(2) ∃ϒ ∈ 	 such that each element of ϒPϒ is nonnega-

tive; where 	 = {diag(σ )|σ = [σ1, σ2, . . . , σN ]}, σi ∈
{1,−1}, i = 1, 2, . . . , N, is a set of diagonal matrices.

Remark 3 Clearly, the structural balance of the networkG =
(V , L, P) is determined by thematrix P , andLemma1 is true
for pii = 0 (that is, the self-loops of nodes are not consid-
ered). However, some papers have considered the self-loops
of each node in G, for example, in Refs. [11,13,21,22], the
diagonal elements of the weightedmatrix P are positive (that
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is pii > 0), which indicates the strength of individual self-
confidence or the self-identity under the sociological sense. It
is worth noting that Lemma 1 is also true for pii > 0. There-
fore, whether pii = 0 or pii > 0, if the weighted matrix P
can make the network achieve structural balance, then it is
called as a structural balance matrix.

In order to complete the control design, some appropriate
assumptions need to be given as follows.

Assumption 1 [13,22] The vector function H(x) in (2) is
bounded, i.e., the inequality ‖H(x)‖ ≤ h holds, where h is
a known positive constant.

Remark 4 (i) The constant h is used in the controller of
NS (1), therefore, we need find a way to get its value.
(ii) If the vector functions Hj (x j ) = [Hj1(x j ), Hj2(x j ),
. . . , Hjn(x j )]T , j = 1, 2, . . . , N are known, then we can
get the upper bound h jk of each function Hjk(x j ), k =
1, 2, . . . , n using its monotonicity. Then, the constant h can

be obtained by calculating
√∑N

j=1
∑n

k=1 h jk . (iii) If the vec-

tor functions Hj (x j ) = [Hj1(x j ), Hj2(x j ), . . . , Hjn(x j )]T ,

j = 1, 2, . . . , N are unknown and satisfies Lipschitz condi-
tion [28,32]. That is, the inequality ‖Hj (x j ) − Hj (0)‖ ≤
δ‖x j‖ holds, where Hi (0) is bounded and can be obtained

by solving (1) with xi (0) = 0, pi j =
{
1, i = j
0, i �= j

(only

isolated nodes are considered). Thus, we can get h =
δ
√
Nmax(‖xi‖2, i = 1, 2, . . . , N ) +

√∑N
i=1 ‖Hi (0)‖2,

where δ can be determined by observation in the process
of simulation.

Assumption 2 [21,22] The matrix pair (Ai , Bi ) in

(1) is completely controllable.

If Assumption 2 is true, there must exist a matrixWi ∈ Rm×n

such that the following Lyapunov equation has only one solu-
tion Ki > 0 for any given matrix Qi > 0:

(Ai + BiWi )
T Ki + Ki (Ai + BiWi ) = −Qi (4)

Remark 5 Let W = diag{W1,W2, . . . ,WN }, K = diag{K1,

K2, . . . , KN } and Q = diag{Q1, Q2, . . . , QN }, thus the
equation (A+BW )T K+K (A+BW ) = −Q canbeobtained
from (2) and (4).

Assumption 3 [21,22] The matrices �1 and �2 in (3) are
Hurwitz stable.

If Assumption 3 is true, then we can get the matrix IN ⊗
�1 + �T

2 ⊗ IN is also Hurwitz stable. Hence, for any given
matrix Q̂ > 0, there must exist a matrix U > 0 satisfying
the following Lyapunov equation:

ÂTU +U Â = −Q̂ (5)

where Â = IN ⊗ �1 + �T
2 ⊗ IN .

Remark 6 If the network is undirected, and the LS is shown
in (iii) Remark 2, then the Eq. (5) still holds, where Â =
IN ⊗ (�1 + �T

2 ) + (�T
1 + �2) ⊗ IN .

Main result

Through vec(·) operator and Kronecker product, some basic
properties can be obtained as follows [34]:

(1) vec(CZD) = (DT ⊗ C)vec(Z);
(2) vec(CZ + ZD) = (Ig ⊗C +DT ⊗ Il)vec(Z); where the

matrix Z ∈ Rl×g , C and D are appropriate dimensional
matrices.

Control objectives For a structural balance matrix P∗ =
[p∗

i j ]N×N , which can be obtained via Lemma1, the controller
ui in (1) is designed to make the state of each node track a
suitable target x∗

i ∈ Rn, i = 1, 2, . . . , N , then, the LS (3) can
asymptotically track P∗ under the influence of the coupling
matrix �(X), finally, the structural balance of the network
is realized. That is, the purposes of correlative control are

xi (t) − x∗
i
t→+∞→ 0 and P(t) − P∗ t→+∞→ 0.

Let x∗ = [(x∗
1 )

T , . . . , (x∗
N )T ]T ∈ RnN and X∗ =

[x∗
1 , . . . , x

∗
N ] ∈ Rn×N , then we can get x∗ = vec(X∗).

For simplicity, both x̄ = x − x∗ and X̄ = X − X∗ are
used to denote the tracking error of the state in LS (3), and

xi (t) − x∗
i
t→+∞→ 0 means x̄(t)

t→+∞→ 0 or X̄(t)
t→+∞→ 0.

Assumption 4 For subsystem (3) and a structural balance
matrix P∗, the tracking target matrix X∗ of the subsystem
(2) satisfies the following equation:

α

s∑

j=1

� j X
∗� j + �0 + �1P

∗ + P∗�2 = 0. (6)

Remark 7 (i) If a static and weighted network
G = (V , L, P∗) is known to be structural balance, where
P∗ ∈ RN×N can be obtained by lemma 1, then, in order
to achieve the structural balance of the connection rela-
tionships, we only need to make the state P(t) of LS (3)
track the structural balance matrix P∗. However, as the
states of links are difficult to measure accurately, we can-
not directly design a controller for LS (3). Fortunately, we
noticed that (1) and (3) are coupled to each other, which
implies that the dynamical behaviors of LS (3) are related
to the dynamical changes of NS (1) via the coupling matrix
�(X). Since the matrix P∗ (tracking target of the subsys-
tem (3)) is known, the tracking target X∗ of the subsystem
(2) can be obtained by solving the Eq. (6). This means
that the tracking targets of the two subsystems are coupled
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with each other, and this coupling relationship conforms to
the practical requirements of some networks. For example,
in a web winding system [35,36], the tensions of the web
(links) need to be given first, only then can we determine
the proper rotational speed of the motors (nodes). (ii) Using
the properties of Kronecker product and vec(·) operator, the
matrix X∗ in (6) can be obtained by solving the equation

α
[∑s

j=1

(
�T

j ⊗ � j

)]
vec (X∗) = vec (−�0 − �1P∗ − P∗

�2). Let � = α
[∑s

j=1

(
�T

j ⊗ � j

)]
∈ RN2×Nn , G=vec

(−�0 − �1P∗ − P∗�2) ∈ RN2
, then, the necessary and

sufficient condition for the existence of solutions of the
nonhomogeneous linear equation �x∗ = G is rank(�) =
rank([�,G]). There are two kinds of solutions: one is that the
solution x∗ is unique, and the other is that there are infinite
solutions. For the case of infinite solutions, the solution with
the smallest norm can be chosen, because of the “minimum
energy consumption”. For example, in the winding system,
selecting the solution with the smallest norm means that the
rotating roller (motor) tracks the minimum speed, thus the
energy consumption of the motor is reduced.

Remark 8 For LS in undirected networks, which is shown in
(iii) Remark 2, the control objectives can be achieved only if
Assumption 4 is still true.

If Assumption 4 holds, then we can obtain the following
error dynamical equations via (2) and (3):

vec( ˙̄P) = vec(�1 P̄ + P̄�2) + vec(�1P
∗ + P∗�2)

+vec(α
s∑

j=1

� j (X̄ + X∗)� j + �0)

= Âvec(P̄) + α

s∑

j=1

(�T
j ⊗ � j )vec(X̄)

= Âvec(P̄) + α

s∑

j=1

(�T
j ⊗ � j )x̄ (7)

where P̄ = P(t) − P∗.

˙̄x = Ax̄ + Ax∗ + BF(x) + ρ(P(t) ⊗ In)H(x) + u (8)

In order to achieve the above control objectives, the dis-
tributed control scheme for NS (1) is proposed as follows:

ui = −Ai x
∗
i + BiWi x̄i − Bi fi (x) − ũi (9)

where ũi = ρK−1
i sgn(x̄i ) ‖P∗ ⊗ In‖ ‖K‖ h and sgn(x̄i ) ={

x̄i‖x̄i‖ , x̄i �= 0
0, x̄i = 0

.

Remark 9 Let ŝgn(x̄) = [(sgn(x̄1))T , (sgn(x̄2))T , . . . ,

(sgn(x̄N ))T ]T , then we can get u = −Ax∗ + BW x̄ −
BF(x) − ũ in Eq. (8), where ũ = ρK−1ŝgn(x̄) ‖P∗ ⊗ In‖
‖K‖ h.
Theorem 1 Consider the directed CDN composed of the
NS (2) and LS (3), for a static and weighted network
G = (V , L, P∗) and each element of ϒP∗ϒ is nonneg-
ative, if Assumptions 1, 2, 3 and 4 hold and the matrix[

λmin(Q̂) M
M λmin(Q)

]
> 0 , where M = −|α|

∥∥∥U
∑s

j=1

(�T
j ⊗ � j )

∥∥∥−ρh
√
n ‖K‖, then the above control objectives

can be
achieved via the distributed controller (9), i.e., x̄

t→+∞→ 0 and

P̄
t→+∞→ 0.

Proof Consider the following Lyapunov’s function:

V = (
vec(P̄)

)T
Uvec(P̄) + x̄ T K x̄ (10)

Calculating the orbit derivative of V along (7) and (8)
gives that

V̇ =
(
vec( ˙̄P)

)T
Uvec(P̄)

+ (vec(P̄)
)T

Uvec( ˙̄P) + ˙̄xT K x̄ + x̄ T K ˙̄x

=
⎧
⎨

⎩ Âvec(P̄) + α

s∑

j=1

(
�T

j ⊗ � j

)
x̄

⎫
⎬

⎭

T

Uvec(P̄)

+ (vec(P̄)
)T

U

⎧
⎨

⎩ Âvec(P̄) + α

s∑

j=1

(
�T

j ⊗ � j

)
x̄

⎫
⎬

⎭

+ {Ax̄ + Ax∗+ BF(x)+ ρ(P(t) ⊗ In)H(x) + u
}T

K x̄

+x̄ T K
{
Ax̄ + Ax∗ + BF(x) + ρ(P(t) ⊗ In)H(x)+ u

}

= (
vec(P̄)

)T
ÂTUvec(P̄) + (

vec(P̄)
)T

U Âvec(P̄)

+2
(
vec(P̄)

)T
U

⎧
⎨

⎩α

s∑

j=1

(
�T

j ⊗ � j

)
x̄

⎫
⎬

⎭

+x̄ T (A + BW )T K x + {ρ(P(t) ⊗ In)H(x) + ũ}T K x̄

+x̄ T K (A + BW ) x̄ + x̄ T K {ρ(P(t) ⊗ In)H(x) + ũ}
= (

vec(P̄)
)T (

ÂTU +U Â
)
vec(P̄)

+2α
(
vec(P̄)

)T
U

s∑

j=1

(
�T

j ⊗ � j

)
x̄

+x̄ T
[
(A + BW )T K + K (A + BW )

]
x̄

+2x̄ T K {ρ(P(t) ⊗ In)H(x) + ũ}
≤ − (vec(P̄)

)T
Q̂vec(P̄) − x̄ T Qx̄
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+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

+2x̄ T K
{
ρ(P(t) ⊗ In)H(x)

−ρK−1ŝgn(x̄)
∥∥P∗ ⊗ In

∥∥ ‖K‖ h
}

≤ −λmin
(
Q̂
) ∥∥vec(P̄)

∥∥2 − λmin (Q) ‖x̄‖2

+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

+2ρ ‖x̄‖ ‖K‖ ‖P(t) ⊗ In‖ h

−2ρ
N∑

i=1

‖x̄i‖
∥∥P∗ ⊗ In

∥∥ ‖K‖ h

≤ −λmin
(
Q̂
) ∥∥vec(P̄)

∥∥2 − λmin (Q) ‖x̄‖2

+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

+2ρ ‖x̄‖ ‖K‖ ‖P(t) ⊗ In‖ h− 2ρ ‖x̄‖ ∥∥P∗ ⊗ In
∥∥‖K‖ h

≤ −λmin
(
Q̂
) ∥∥vec(P̄)

∥∥2 − λmin (Q) ‖x̄‖2

+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

+2ρ ‖x̄‖ ‖K‖ ∥∥P(t) ⊗ In − P∗ ⊗ In
∥∥ h

= −λmin
(
Q̂
) ∥∥vec(P̄)

∥∥2

−λmin (Q) ‖x̄‖2 + 2ρ ‖x̄‖ ‖K‖ ∥∥P̄ ⊗ In
∥∥ h

+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

= −λmin
(
Q̂
) ∥∥vec(P̄)

∥∥2

−λmin (Q) ‖x̄‖2 + 2ρh
√
n ‖K‖ ∥∥P̄∥∥ ‖x̄‖

+2 |α|
∥∥∥∥∥∥
U

s∑

j=1

(
�T

j ⊗ � j

)
∥∥∥∥∥∥

‖x̄‖ ∥∥vec(P̄)
∥∥

= −
[∥∥vec(P̄)

∥∥
‖x̄‖

]T [
λmin

(
Q̂
)

M
M λmin (Q)

] [∥∥vec(P̄)
∥∥

‖x̄‖
]

(11)

From (11), if the constant matrix

[
λmin(Q̂) M

M λmin(Q)

]
> 0,

then V̇ < 0 can be obtained. Therefore, we can get that x̄ and

P̄ are bounded, and x̄
t→+∞→ 0, P̄

t→+∞→ 0. This means that
the directed CDN composed of (2) and (3) is asymptotical
structural balance. This completes the proof of Theorem 1.

��

Theorem 2 Consider the undirected CDN composed of the
NS (2) and LS shown in (iii) Remark 2, for a static and
weighted network G = (V , L, P∗), where P∗ = (P∗)T and
each element ofϒP∗ϒ is nonnegative, if Assumptions 1, 2, 3

and 4 hold and the matrix

[
λmin(Q̂) M

M λmin(Q)

]
> 0 , where

M = −2|α|
∥∥∥U

∑s
j=1(�

T
j ⊗ � j )

∥∥∥ − ρh
√
n ‖K‖, then the

above control goal can be achieved via the distributed con-

troller (9), i.e., x̄
t→+∞→ 0 and P̄

t→+∞→ 0.

Remark 10 From the model of LS in (iii) Remark 2, we can
obtain Ṗ = �P + P�T + �̃(X), where � = �1 + �T

2
and �̃(X) = �(X) + �T (X), thus, we get P(t) = PT (t)
with P(0) = PT (0), whichmeans the network is undirected.
It is worth noting that if the assumptions for directed net-
works are true, it is also true for undirected networks, such
as Assumptions 3 and 4. Therefore, under the same assump-
tions, we can prove the structural balance of both directed
networks and undirected networks, and the proof process is
similar. Rather than repeating the process and wasting space,
the specific proof process will be omitted.

Simulation example

We consider a CDN consisting of 10 nodes (N = 10), in
which each isolated node is Lü’s chaotic attractor [37]. Thus,
the i-th isolated node system can be described as

ẋi = Ai xi + Bi fi (xi ), i = 1, 2, . . . , 10 (12)

where xi = [xi1, xi2, xi3]T indicates the state vector, Ai =⎡

⎣
−36 36 0
0 20 0
0 0 −3

⎤

⎦ and Bi =
⎡

⎣
0 0
1 0
0 1

⎤

⎦ are real matrices; and

fi (xi ) =
[−xi1xi3

xi1xi2

]
is continuous vector function.

If we choose Hj (x j ) = [
2τ sin(x j1), τ sin(x j3)

cos(x j1x j2), τ x j2x j3)
]T , where τ = randn(1), then the

dynamic equations of the NS and LS are expressed via (2)
and (3), respectively. Through simulation observation, we
can choose h = 10.3.

In addition, the other simulation parameters can be chosen
as follows: the links’ common weight strength ρ = 0.001,
the coupling coefficient α = 0.03 and s = 3. The matrices
� j ∈ R10×3, �1,�2, P∗,� j ,�0 ∈ R10×10, X∗ ∈ R3×10,
W ∈ R20×30, K ,U ∈ R30×30 and the initial values of states
x(0) and P(0) can be generated by the following rules in
Matlab:

(i) Each entry of the initialmatrices�∗
1 and�∗

2 is a random
number in the range of [−2, 2].
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Fig. 1 The response curves of nodes’ state x

(ii) If the initial matrices �∗
1 and �∗

2 are Hurwitz stable, go
to the next step, or repeat Step (i).

(iii) Let �1 = ξ · �∗
1,�2 = ξ · �∗

2, where ξ is a positive
constant and used to adjust the tracking speed. In this
paper, we choose ξ = 5.

(iv) The structural balance matrix P∗ ∈ R10×10 can be
obtained by P∗ = ϒ−1P+ϒ−1, where ϒ ∈ 	 and
each entry in P+ ∈ R10×10 is an integer and randomly
generated in range [0, 5].

(v) The matrices � j = rand(10, 3) − 0.5 and � j =
rand(10, 3) − 0.5, where j = 1, 2, 3 . Select matrix
�0 to make the equation rank(�) = rank([�,G]) sat-
isfied. Then, we can obtain the matrix X∗ by solving
the matrix Eq. (6).

(vi) By solving the Lyapunov equation (4), we can get
matrices W and K . If we choose Q̂ = 100I100,
then the matrix U can be obtained by solving the
Lyapunov equation (5). Hence, put the corresponding
matrices and parameters obtained above into the matrix[

λmin
(
Q̂
)

M
M λmin (Q)

]
, and check whether it is a posi-

tive definite matrix. If not, repeat Step (i).
(vii) The initial values of states x(0) and P(0) are ran-

dom numbers in the range of (−3, 3). By the effect of
the controller (9) in NS (1), the simulation results are
obtained and shown in Figs. 1, 2, 3 and 4 as following.

FromFigs. 1, 2, 3 and 4, some conclusions can be obtained
as follows:

(i) Figures 2 and 4 show that the states of NS (2) and LS (3)
can asymptotically track the tracking target x∗ and P∗,
respectively. This means the phenomena of structural
balance emerges in the network.

0 1 2 3 4 5 6
−80

−60

−40

−20

0

20

40

60

t/s

x(
t)
−
x*

Fig. 2 The response curves of nodes’ state tracking error x̄
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Fig. 3 The response curves of links’ state matrix P
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P
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Fig. 4 The response curves of links’ state tracking error matrix P̄

(ii) The structural balance matrix P∗ and the tracking tar-
get x∗ of the NS are coupled to each other. It implies
that the tracking target x∗ can be obtained, when the
structural balance matrix P∗ is given. From Figs. 1, 2, 3
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and 4, we can see the state of LS (3) can asymptotically
track the structural balance matrix P∗ via the coupling
matrix �(X), while the state of NS (2) has tracked the
target x∗ using the distributed controller (9). That is, the
correlative control of the two subsystems is achieved in
this paper.

(iii) Compared to some existing results [12,13,21,22], our
advantage is that the result about structural balance
control is applicable to both directed and undirected
networks. Meanwhile, it is worth noting that the con-
cept of structural balance in this paper can also apply to
non-fully connected networks. This is why there exist
zero weights of links in Fig. 3.

(iv) Figure 2 shows that links are obviously split into two
parts (positive and negative). This means that all nodes
are asymptotically divided into two factions using links,
so that the links between nodes in the same faction are
positive and in different factors are negative. The simi-
lar results have been obtained in [11–13,17–19,21,22].
However, because some models contain the clogged
states, which lead to trap a social network before the
result of a configuration of two factions is reached in
the social network [38], they do not produce similar
results.

(v) FromFigs. 1, 2, 3 and 4,we know that the states of nodes
and links are all stable, which means that the stability of
nodes contributes to the stability of connection relation-
ships between them, and vice versa. If this phenomenon
is extended to sociology, it can be further used to explain
that the stable individual behavior is beneficial to social
stability (structural balance).

Conclusion

This paper proposes a CDN model composed of NS and LS,
and the two subsystems are coupled with each other. Differ-
ent from most previous studies, we focus on the structural
balance of both directed and undirected networks instead of
merely focusing on that of undirected networks. We noticed
that the structural balance is determined by the state of LS,
and there usually exists a coupling relationship between the
tracking targets of the two subsystems. That is to say, if the
tracking target (a structural balance matrix) of LS is given,
we can get the tracking target of NS. Meanwhile, since the
states of LS are difficult to measure and distributed control
is prevalent, we have designed a distributed controller for
each node that tracks its own target. Through the effective
coupling, the LS state asymptotically tracks the structural
balance matrix, and finally realizes the structural balance.
Moreover, this result can be also used as an explanation of
“the stable individual behavior is beneficial to social sta-
bility” in the social sense. Therefore, the structural balance

control method applied to the complex network in this paper
can extend the study of the CDNs and enrich the structural
balance theory in social networks.
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