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Abstract
Whale Optimization Algorithm (WOA), as a newly proposed swarm-based algorithm, has gradually become a popular
approach for optimization problems in various engineering fields. However,WOA suffers from the poor balance of exploration
and exploitation, and premature convergence. In this paper, a new enhanced WOA (EWOA), which adopts an improved
dynamic opposite learning (IDOL) and an adaptive encircling prey stage, is proposed to overcome the problems. IDOL plays
an important role in the initialization part and the algorithm iterative process of EWOA. By evaluating the optimal solution
in the current population, IDOL can adaptively switch exploitation/exploration modes constructed by the DOL strategy and
a modified search strategy, respectively. On the other hand, for the encircling prey stage of EWOA in the latter part of the
iteration, an adaptive inertia weight strategy is introduced into this stage to adaptively adjust the prey’s position to avoid
falling into local optima. Numerical experiments, with unimodal, multimodal, hybrid and composition benchmarks, and
three typical engineering problems are utilized to evaluate the performance of EWOA. The proposed EWOA also evaluates
against canonical WOA, three sub-variants of EWOA, three other common algorithms, three advanced algorithms and four
advanced variants ofWOA. Results indicate that according toWilcoxon rank sum test and Friedman test, EWOA has balanced
exploration and exploitation ability in coping with global optimization, and it has obvious advantages when compared with
other state-of-the-art algorithms.

Keywords Whale optimization · Inertia weight · Dynamic opposite learning · Global optimization

Introduction

As engineering optimization problems have become more
complex, previous deterministic methods are less effec-
tive to deal with complex practical problems. The meta-
heuristic algorithms (MAs) inspired by natural phenomena
are stochastic optimization strategies that do not require prior
knowledge of the problem, which can be seen as a supple-
ment to deterministic optimization techniques [1]. Different
from deterministic methods iterating in one direction to the
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solution, MAs executes randomly and can find the approx-
imate optimal solution of the problem through the parallel
iterative optimization method of multiple search populations
[2,3], and it has been applied in practical engineering inmany
different fields [4].

Early researches on MAs with neighborhood searches
such as hill-climbing [5] and simulated annealing (SA) [6]
were proposed. As optimization problems become more
complex, research on MAs is also advancing with the times.
Under such circumstances, evolution-basd MAs and swarm-
based MAs have also been developed [7]. There are some
classic MAs in the early days: genetic algorithms (GA)
[8], particle swarm optimization (PSO) [9] ant colony algo-
rithm (ACO) [10], etc. Then new advanced MAs have been
proposed in recent years: brain storm optimization (BSO)
[11], bat algorithm (BA) [12], ant-lion optimization (ALO)
[13], artificial bee colony (ABC) [14], biogeography-based
optimization (BBO) [15], teaching-learning-based optimiza-
tion (TLBO) [16], gray wolf optimization (GWO) [17], sine
cosine algorithm (SCA) [18] moth-ame optimization (MFO)
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[19] and social group optimization (SGO) [20], etc. They
have been widely used in many engineering applications,
e.g., pattern recognition [21,22], production scheduling [23,
24], control tuning [25,26], time series forecasting [27,28].
Among these recently proposed swarm-based MAs, WOA is
a competitive algorithm inspired by humpback whales’ hunt-
ing behavior developed by Mirjalili and Lewis in [29]. The
validation of the reference function experiments shows that
WOA has better performance and fewer parameter settings
against common algorithms [29], and it has been successfully
used in flexible job shop scheduling [30], natural language
processing [31] and optimal control [32], etc.

Although WOA can achieve better solutions than other
algorithms in some problems, WOA still suffers from some
shortcomings. Similar to most common MAs, it’s a chal-
lenge forWOA to balance exploration and exploitation stages
better [33]. WOA can split the exploration and exploita-
tion stages which contributes to escape from local optima
[29]. The balance mechanism completely relies on the inter-
nal parameter a which is only determined by the number
of iterations without considering the current convergence
situation [34]. It leads to a poor trade-off between explo-
ration and exploitation. Besides, due to the encircling prey
mechanism used in the exploitation stage, WOA can easily
converge to a local optima [35] and not update the search
agents in an effective way [36]. Once the current prey is
a local optimal solution, WOA is easy to fall into prema-
ture convergence. In view of this, more attempts have been
made to enhance WOA, and it is very popular to combine
it with a variety of learning strategies such as Lévy flight,
inertia weight and opposition-based learning [37]. Among
these strategies, Lévy flight was widely applied in various
fields for optimization [38]. Ling et al. [39] proposed Lévy
flight trajectory-based WOA (LWOA) to avoid falling into
the local optimal by adding stochastic process at the end
of the classical WOA. Sun et al. [40] introduced a modi-
fied WOA (MWOA) utilizing Lévy flight’s occasional long
step-change feature to enhance the exploration ability when
encircling preys. Yu et al. [41] exchanged the internal param-
eters of WOA with Lévy flight to tune the automatic carrier
landing system controller. On the other hand, inertia weight
is another learning strategy which can be flexibly embedded
in each stage ofWOA to improve the optimization effect and
speed. Hu et al. [42] proposed an improved WOA based on
inertiaweight (IWOA),which introduced linearly decreasing
inertia weight into the encircling prey stage to make IWOA
convergence faster and more accurately. Chen et al. [43]
proposed a random spare strategy and a double weighting
strategy for the improvement ofWOA (RDWOA),where two
adaptive weights were used. Besides, the opposition-based
learning (OBL) strategy is a competitive method for improv-
ing MAs which has been widely used for WOA. Since OBL

was proposed by Tizhoosh [44], improvements to OBL have
attracted more attentions. There are many existing variants
of OBL, including quasi-opposition-based learning (QOBL)
strategy [45], generalized opposition-based learning (GOBL)
strategy [46], quasi-reflective based learning (QRBL) strat-
egy [47] and elite opposition-based learning (EOBL)strategy
[48], etc. All these are closer to the global optimum than
OBL, and the improvement of WOA based on these variants
is also worthy of research. HS Alamri et al. [49] proposed an
opposition-based WOA (OWOA) to expand the initial popu-
lation’s search space better. Based onOBLandGOBL,Luo et
al. [50] proposed an EOBL-based WOA to enhance the con-
vergence rate of WOA. In terms of application, an improved
WOAwith EOBL (EOWOA)was established in [51] to solve
the problem of complexity and poor accuracy for parameter
estimation of Muskingum model. Chen et al. [52] presented
a WOA with a chaos mechanism based on quasi-opposition
(OBC-WOA), which can improve convergence speed and
enhance the global search ability. Kumar and Chaparala
[53] presented a QOBL-based chaotic WOA to cluster the
nodes in the wireless sensor network. Although OBL can be
used to raise exploitation of WOA, the disadvantage that the
OBL search space is symmetric leads to its weak exploration
capability.

For this issue, the DOL strategy is presented in [54],
which has been successfully used for improving MAs [55–
57]. The search space of DOL is asymmetric and can be
adjusted dynamically, which indicates that DOL has enough
diversity to enhance the exploration capability of WOA.
Although DOL has been applied to improve some common
meta-heuristic algorithms, it still suffers from the problem of
poor modes balance which relies on fixed, pre-tuned inter-
nal weights. Hence, this paper proposes an enhanced WOA
(EWOA) to improve the search ability of WOA by intro-
ducing an improved DOL (IDOL) and a modified encircling
prey stage with adaptive inertia weight (AIW). Among them,
IDOL is a newly proposed enhanced learning strategy based
on DOL, which plays an important role in the initialization
part and the algorithm iterative process of EWOA. IDOL
has two modes: in mode-one, the DOL-based stage is used
to enhance the exploitation ability; in mode-two, an Lévy
flight trajectory-based searching for prey stage is adopted to
enhance the exploration ability. In particular, for the trade-
off between exploration and exploitation, the two modes
of IDOL are switched by an adaption switching rule by
evaluating the optimal solution in the current population.
On the other hand, AIW adjusted by current agents’ fitness
is introduced into encircling pray stage to adaptive reform
current prey position, which further enhances the search
ability of EWOA’s exploitation phase and avoids premature
convergence.
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The main contributions of this paper are as follows:

– An improved DOL (IDOL) strategy is proposed and
embedded inEWOA to achieve a better trade-off between
exploration and exploitation. IDOL has two modes and
can be adaptively switched with concerning the current
convergence situation, and it has been introduced into
WOA for performance improvement.

– The adaptive inertia weight (AIW), which is adaptively
adjusted according to the current agent fitness situation,
has been introduced into the encircling prey stage to
avoiding local optima when this stage is executed.

– 30 benchmark problems selected from standard 16 func-
tions and CEC 2014 as well as three well-known engi-
neering problems are utilized to evaluate the improve-
ments for EWOA. Some WOA variants and other
advanced MAs are also used for comparison to confirm
the advantages of the proposed EWOA.

The remainder of this paper is arranged as bellows. “Pre-
liminaries ofWOA andDOL” Section describes the concepts
of WOA and DOL strategy. The proposed enhanced WOA
algorithm was introduced in “The presented EWOA” section
in detail. In “Experiment results and discussion” section,
EWOA and compared MAs are evaluated by benchmark
functions, and then the analysis of experiment results are
presented. Besides, in this section the actual engineering
problems are also used for test. The main conclusion of this
study is presented in “Conclusion” section.

Preliminaries of WOA and DOL

The structure of a canonicalWOA

The WOA simulates the hunting behavior of whale bub-
bleswhich including three stages: encircling prey, bubble-net
attacking and search for prey. Firstly, the whale gradually
acquires relevant information about the prey by searching
for the prey. Then, the whale keeps approaching the prey by
surrounding the prey and spiraling close to the prey, and the
final prey found is the optimal solution of the algorithm.

Encircling prey

In this stage, whales identify the position of their prey and
surround them. Since the optimal position in the search space
is not known in advance, the WOA algorithm assumes that
the current optimal individual position is the target prey,
and other individuals continue to update their positions by
approaching the prey. So that the whales constantly close to
the prey by Eqs. (1) and (2).

D = ∣
∣C · X∗ (t) − X (t)

∣
∣ (1)

X(t + 1) = X∗(t) − A · D (2)

A = 2a · r − a (3)

C = 2 · r (4)

where X∗ is the position vector of the optimum solution
acquired so far, X is the position vector, t denotes the cur-
rent iteration, A and C are coefficient vectors calculated as
Eqs. (3) and (4), respectively, the components of a is linearly
decreased from 2 to 0, and r is a random number in (0,1).

Bubble-net attacking method

In the bubble-net attacking phase, the algorithm simulates
that when a whale finds its prey, it continuously spirals close
to the prey with the prey as the center. In this way, the prey is
approached slowly and unconsciously to achieve the purpose
of catching prey. As the whale spirals around, it firstly calcu-
lates the distancebetween it and theprey, and then approaches
the prey in a spiral way. The mathematical model is as
follows.

X(t + 1) = D
′ · ebl · cos(2πl) + X∗(t) (5)

where D
′= |CX∗ (t) − X (t)| denotes the distance of the i th

whale to the optimum solution acquired so far, b represents
a constant defining the spiral shape, l is a random number
in [−1, 1]. It is noting that when the whale moves around
the prey in the outer circle, it will also reduce the enclosure
radius.

Search for prey

The whales use the value A to control whether they are in
the hunting stage or the encircling stage. When |A| > 1 at
this time, the whale cannot obtain the prey’s effective infor-
mation, and it needs to make continuous attempts to find a
trace of the prey’s clues through randomways. Its mathemat-
ical model of modified hunting strategy is shown as Eqs. (6)
and (7), where Xrand is a randomly selected whale position
vector.

D =
∣
∣
∣C · Xrand (t) − X (t)

∣
∣
∣ (6)

X(t + 1) = Xrand(t) − A · D (7)

Themechanism of DOL

The idea of OBL is that the search space can be dynamically
expanded from a candidate to its opposite candidate, which
makes it easier to approach the optimal value. However, due
to the fixed location definition, it will inevitably converge
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Fig. 1 The search range of
XDO under all possible relative
positions of X RO and the
boundary [a, b] [54]

to a local optimum. Given this deficiency, a DOL strategy
is proposed [54]. The dynamic form of DOL strategy in
one-dimensional space can be expressed as formulas (8) and
Fig. 1.

XO = a + b − X

X RO = r1XO

XDO = X + r2
(

X RO − X
)

(8)

where XO , X RO and XDO define the opposite number, ran-
dom opposite number and the dynamic opposite number,
respectively. r1 and r2 represent random values among (0,1).
a denotes the low boundary and b denotes the high boundary
while c is the center of [a,b]. The positions of all possible
solutions of X RO and XDO relative to interval of [a,b] are
illustrated in Fig. 1. If the calculation of XDO by Eq. (8)
exceeds the boundary, a new XDO is reassigned a random
number in [a, b]. By changing XO to X RO , the search space
becomes asymmetric and is conducive to improving explo-
ration capabilities.

The presented EWOA

This section mainly focuses on the improvement of WOA.
Firstly, a novel improved dynamic learning strategy basing

DOL (IDOL) is proposed. Its exploration-exploitationmodes
consist of modified search strategy and DOL strategy, while
adaptive mode switching rules are adopted to balance two
modes. IDOL is executed in two stages of EWOA, includ-
ing population initialization at the beginning of evolution
and generation jumping. The AIW is then introduced to the
encircling prey stage of EWOA, which enhances the explo-
ration ability to avoid falling into a local optimum in the
second half of the iteration. Two independent improvements
for canonical WOA are named IDOLWOA and AIWWOA,
respectively.

IDOL strategy

It can be seen from themechanism ofDOL that as the popula-
tion converges iteratively, the search space gradually shrinks.
To solve this problem, DOL introduces a preset fixed weight
wd shown in Eq. (9), so that it can not only maintain the
original convergence of OBL, but also improve the explo-
ration ability. When wd is set larger, the difference between
XDO and X also becomes larger and the diversity of popu-
lations increases accordingly. Nevertheless, the increase of
wd will lead to low convergence speed and weak exploitation
capability.

XDO = X + r2wd

(

X RO − X
)

(9)
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Different fromDOL, IDOLcan adaptively switch between
the twomodes to solve the above problems, instead of adopt-
ing a singlemode based on a fixed pre-set weightwd in DOL.
Mode-one is utilized to improve the exploitation and mode-
two is used to raise exploration of IDOL, respectively. The
exploration-exploitation trade-off of IDOL is achieved by
adopting an adaptive switching rule, which can be adjusted
according to the current fitness situation.

Mode-one:DOL

IDOL improved the exploitation capability of WOA based
on DOL by expanding the search space of group, where the
weight of DOL is set to be 1. Hence, X I DOL is defined as
Eq. (10).

X I DOL = X + r3
(

r4XO − X
)

(10)

where XO is obtained by Eq. (8) and r3, r4 are random
numers among (0,1).

Mode-two:modified search strategy

This mode is inspired by the WOA searching for prey stage,
which uses the information interaction between random indi-
viduals to expand the search range. To further enhance the
mutation capability of this mode, the Lévy flight operator
has also been introduced into this mode. Lévy distribution
random number is widely used to improve MAs due to its
occasional long-step mutation [58] . The simple power-law
vision of Lévy flight is shown in (11).

L(s) ∼ |s|−1−β, 0 < β ≤ 2 (11)

where β = 1.5 and s is a random step size, which can be
obtained approximately using Mantegna’s method [59] to
generate random numbers with a step length similar to the
Lévy distribution by Eq. (12). Both μ = N

(

0, σ 2
μ

)

and ν =
N

(

0, σ 2
ν

)

obey normal stochastic distributions, where the
value of σu and σv can be calculated as Eq. (13).

s = μ

|ν|1/β (12)

σμ =
[

Γ (1 + β) × sin(π × β/2)

Γ (1 + β/2) × β × 2(β−1)/2

]1/β

σν = 1 (13)

Based on Eq. (7), the original operator A is replaced by the
Lévy flight operator s with higher mutation performance to
form equation (14).

X I DOL = Xr − r5s
(

Xrand − X
)

(14)

where r5 is a random number among (0,1).

Adaptive IDOLmode switching rules

Since the algorithm will stagnate with iterations, it is nec-
essary to switch modes to improve the search ability when
stagnation. The IDOL mode switching rule plays an impor-
tant role, which is formed by the iterative convergence
parameter J and the mode switching threshold T . J and
T are initialized to 0 at the beginning of operation, and
then with iteration, whenever a better solution cannot be
obtained after a round of iteration, J is accumulated fol-
lowing J = J + 1; when obtain better fitness, the iteration
convergence parameter J is reset to 0; and when J exceeds
T , themodewill be switchedwith J being reset to 0. Further-
more, the convergence speed of the algorithm will gradually
decrease with the number of iterations increasing. Therefore,
the threshold for switching modes should be increased to
provide more iteration times for the current mode to prevent
frequent switching when the iteration enters the later stage.
In view of this, whenever switching modes, T = T + ΔT .
Combining prior knowledge and experiment, ΔT is set to 5.
Under this parameter setting, IDOL-based WOA can obtain
better performance.

AIW-based adaptive encircling prey stage

In canonical WOA’s encircling the prey stage, all agents
approach the optimal agent at a random distance based on
the A obtained by Eq. (3), and this value decreases linearly
with iteration. However, due to the gradual decrease of the
step size, the agent’s exploration performance will deterio-
rate at this stage. For increasing the diversity of the group and
avoiding falling into local optima, this paper introduces the
AIW into encircling stage. Multiply the AIW with the target
prey of the current agent to form a new target, and adjust the
AIW according to the fitness of the agents. The improved
encircling prey stage is described as Eq. (15):

Xi (t + 1) = wi (t) · X∗ (t) − A · ∣
∣C · X∗(t) − Xi (t)

∣
∣ (15)

Among them, the adjustment of convergence is deter-
mined by the AIW operator wi (t), wi (t) ∈ [0, 1] which can
be adjusted adaptively according to the current agent posi-
tion. When the agent position in the solution space is more
suitable, the AIW is maintained or increased. Specifically,
when the agent’s fitness is better than the mean value of the
whole population, the weight operator wi (t) of this agent is
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adjusted to the maximum value, so that they can converge to
the current prey as soon as possible. On the other hand,wi (t)
of the current agent will be assigned smaller value when its
fitness is worse than average. The worse the performance
is, the smaller the weight value is, which will weaken the
prey’s impact on this group’ position update. Once the cur-
rent prey is a local optima, then the search agent far away
from the prey has a greater chance of escape from that to
find global optima. Based on that, AIW strategy helps the
group to have greater search ability and overcome premature
convergence. At this point, the specific solution of AIW is
determined following amapping function basing the position
proportion of the current agent’s fitness. There is a modified
Versoria function [60] that can be used as a mapping func-
tion between fitness and AIW. Its curve is nonlinear while
its computational complexity is lower than similarly shaped
sigmoid functions and other nonlinear mapping functions.
It has been successfully applied to adaptive inertial weight
particle swarm optimization (AWPSO) [61,62]. Based on the
modified Versoria mapping function,w(t) can be formulated
as Eq. (16).

wi (t) =
⎧

⎨

⎩

1 − 1
(

ϕ·(ai (t)−1/2)2+2
) if ai (t) ≤ 0.5

1
(

ϕ·(ai (t)−1/2)2+2
) otherwise

(16)

where ai (t), ai (t) ∈ [0, 1] represents the current agent’s
ranking in all agents between the minimum fitness and the
average fitness, which is described as Eq. (17), and ϕ is a reg-
ularization coefficient set to 300 in subsequent experiments.

fave (t) =
Np
∑

i=1

fi (t)/Np

fmin (t) = min
{

f1 (t) , f2 (t) , ..., fNp (t)
}

ai (t) = ( fi (t) − fmin(t)) / ( fave (t) − fmin(t)) (17)

where fi (t) means the fitness of the i agent at the t iteration;
fave (t) and fmin(t) denote the average value and minimum
value of all Np size populations’ fitness.

The formation of EWOA

By embedding the IDOL strategy into AIWWOA, EWOA is
formulated. In EWOA, the IDOL is embedded into the both
population initialization and generation jumping processes.
By comparing the fitness of the group generated by IDOLand
the original group, the best group can be selected through the
greedy rule.

IDOL initialization

In the initial generation, the population is generated ran-
domly. To obtain a better initial population to speed up the
convergence rate, the IDOL mode-one, which is inspired by
the DOL’s dynamic asymmetric reconstruction space, is uti-
lized after the random initialization of Xi, j described as Eq.
(18).

X I DOL
i, j = Xi, j + r3i

(

r4i X
O
i, j − Xi, j

)

(18)

where i = 1, 2, . . . , Np is the population size, j =
1, 2, . . . , D is the dimension of agents, r1 and r2 are ran-
dom numbers in (0,1), and XO

i, j is the opposite position of
Xi, j inside the search space. After the IDOL initialization
process, the updated agent may exceed the boundary, so it is
necessary to randomly generate a position for these individ-
uals within the interval.

X I DOL
i, j = rand

(

a j , b j
)

, if X I DOL
i, j < a j‖X I DOL

i, j > b j

(19)

wherea j and b j are boundaries of search space.After the ran-
dom initialization and IDOL initialization, Np fittest agents
are selected from X

⋃
X I DOL .

Improvement by AIW

The WOA is improved by the AIW, which utilizes Eq. (15)
to update the positions of agents in the encircling stage. This
equation includes the key factor: wi (t), introduced in Eq.
(16).

IDOL generation jumping

By applying the adaptive learning strategy to theWOA algo-
rithm generation, the appropriate IDOL mode is switched
according to the current optimal solution’s update situation.
This additional generation operation may lead to more accu-
rate convergence or selection mutation to further increase
population diversity, which enable the algorithm to find a
better solution.

In each iteration, the population can be updated through
IDOL. The convergence state parameter (J ) is used to deter-
mine which mode IDOL executes. The IDOL is used to
generate the jumping process while optimizing the position
of the population, which is described as Eq. (20).
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X I DOL
i, j =

⎧

⎨

⎩

Xi, j + r3i
(

r4i
(

a j + b j − Xi, j
) − Xi, j

)

if mode > 0

Xrand
i, j − r5i si

(

Xrand
i, j − Xi, j

)

otherwise

(20)

where Xrand
i, j is a randomly selected individual at the current

generation (i = 1, 2, . . . , Np, j = 1, 2, . . . , D), [a j , b j ] is
the search space of jth dimension, r3i , r

4
i , r

5
i denote random

numbers among (0,1), and si is a random step length vec-
tor generated by Eq. (12). Randomly select a mode at the
beginning Eq. (21) firstly, switch mode by mode = −mode
if J > T when convergence suffers from stagnation and
reaches the threshold.

mode = sign(rand(0, 1) − 0.5) (21)

After the IDOL process, for improving the performance
of IDOL, search space’s boundaries are updated as Eq. (22):

a j = min
{

X1, j , X2, j , ..., XNp, j
}

b j = max
{

X1, j , X2, j , ..., XNp, j
}

(22)

Finally, Np better individuals will be selected from
X

⋃
X I DOL . The IDOL genration jumping process is

described in Algorithm 2.

Algorithm procedure

The pseudo-code of EWOA is shown as Algorithm 1, which
is detailed described as follows:

(1) Initialization basing IDOL: In this step, EWOAgenerates
a dynamic opposition group of the original group accord-
ing to the formula of DOL as Eq. 18, and all agents are
evaluated together to obtain the optimal Np ones.

(2) Update position with AIW-based WOA: In this step,
EWOA updates the positions of each agent using either
Eqs. 5, 6, or 15. If p > 0.5, agents updating position as
Eq. 5, otherwise one of the searching for prey stage and
encircling the prey stage will be implemented accord-
ing to |A|. Specifically, If |A| < 1, the encircling prey
period adopts the adaptive inertia weight strategy as Eq.
15. Otherwise, Eq. 6 will be used to update its position;

(3) Apply the IDOL generation jumping stage as Algorithm
2: In this step, two modes of IDOL are introduced to
enhance the WOA, it contains exploration and exploita-
tion modes with an adaptive switching rule. Details of
Algorithm 2 are shown as follows.

(4) EWOA execution termination: The proposed EWOA
algorithm repeats steps 2 and 3 maximal evolutionary
iteration times or can be ended when obtaining the theo-
retically best solution.

IDOL generation jumping is a key stage of Algorithm 1,
and it is shown in Algorithm 2. The details are as follows:

(1) Update position following current IDOL mode: In this
step, two IDOL modes are supplied to update posi-
tions as Eq.(20). They can both enhance exploration and
exploitation ability of EWOA.When convergence suffers
stagnation, propermodewill be conducted by judging the
parameters of switching rule.

(2) Fitness assessment: Best Np number search agents can
be selected after checking boundaries and evaluating the
2Np size group consists of IDOL generation and original
group.

(3) Update IDOL parameters and modes: Modes can be
switched adaptively referring the convergence situation
by updating and judging the parameters of IDOL after
each iteration. Parameter J records the times of stag-
nation during operating current mode, as it sums one if
current mode cannot obtain better solution. T denotes
the threshold of modes switching rule. Modes will not be
switched until J > T . Ones mode switched, T is added
ΔT and J is reset to 0.

The workflow of the proposed EWOA can be summarized
as follows and depicted in Fig. 2.

(1) Initial the population using DOL and set parameters of
IDOL generation jumping preparing to start iterating.

(2) In each iteration, parameters a, A,C, l, p and w update
for each search agent. And all the agents’ position are
changed through one of the stages including Bubble-
net attacking stage Search for prey stage and AIW-based
adaptive encircling prey stage basing these parameters.
Calculate fitness and update optimal agent X∗.

(3) The IDOL generation jump stage adopts two modes and
switching rules to be carried out after second step. Np
number of optimal individuals are obtained through this
stage and best agent X∗ is updated. The modes and
parameters J and T will be updated according to the
switching rules.

(4) Repeat second and third steps until the theoretical optimal
value is found or the maximum number of iterations is
reached.

Experiment results and discussion

In this section, the performance of EWOA are verified by
experiments on 30 benchmark functions and three engineer-
ing problems. The effective variants of WOA and many
current advanced MAs are added to the comparison, and
the accuracy and convergence of the results are analyzed
afterward.
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Fig. 2 EWOA flowchart
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Algorithm 1 The EWOA Algorithm
1: Randomly generate an initial population Xi (i = 1, 2, ..., Np)
2: for i = 1; i ≤ Np; i + + do
3: r3i = rand(0, 1), r4i = rand(0, 1)
4: for j = 1; i ≤ D; j + + do
5: X I DOL

i, j = Xi, j + r3i · (r4i · (a j + b j − Xi, j ) − Xi, j )

6: Check the boundaries
7: end for
8: end for
9: Select Np number of the fittest individuals from

{

X
⋃

X I DOL
}

10: Set IDOL parameters J , T = 0
11: Initialize mode of IDOL using Eq. (21)
12: Set the generation t = 0
13: while t < Maximal evolutionary iteration do
14: for i = 1; i ≤ Np; i + + do
15: Update a,A,C ,l,P ,w
16: for j = 1; i ≤ D; j + + do
17: if P ≤ 0.5 then
18: if |A| ≤ 1 then
19: Implement the encircling prey using Eq. (15)
20: else
21: Implement the search for prey using Eq. (6);
22: end if
23: else
24: Implement the bubble-net attacking using Eq. (5);
25: end if
26: end for
27: Check the boundaries
28: t + +
29: end for
30: Implement the IDOL generation jumping algorithm as Algo-

rithm 2
31: t + +
32: end while

Algorithm 2 The IDOL Generation Jumping Algorithm
1: for i = 1; i ≤ Np; i + + do
2: r3i = rand(0, 1), r4i = rand(0, 1),r5i = rand(0, 1)
3: for j = 1; i ≤ D; j + + do
4: Update IDOL generation jumping stage using Eq. (20)
5: Check the boundaries
6: end for
7: end for
8: Select Np number of the fittest individuals from

{

X
⋃

X I DOL
}

9: Update X∗ if there is a better solution
10: if X∗(t) < X∗(t − 1) then
11: J = 0
12: else
13: J = J + 1
14: end if
15: if J > T then
16: T = T + ΔT
17: J = 0
18: mode=-mode
19: end if

Test functions

The functions F1–F16 andF17–F30 used as benchmark func-
tions in the optimization literature [63–66] and CEC 2014
[67] are divided into five categories: unimodal functions (F1–
F6),multimodal functions (F7–F11), fixed-dimensionalmul-

timodal functions (F12–F16), hybrid functions (F17–F22)
and composition functions (F23–F30). Unimodal functions
are commonly used to evaluate the exploitation capabilities
of optimization algorithms while the exploration capabil-
ities of algorithms can be evaluated through multimodal
and fixed-dimensional multimodal functions. Both hybrid
functions and composition functions belong to multimodal
functions, which have higher complexity after conversion
and hybridization with other meta-functions. When solving
complex problems, they can test the comprehensive capabil-
ities of the algorithm for exploration, exploitation and the
trade-off between them. The specific description of 30 func-
tions is shown in Appendix 6 in the Table 12, where “HF”
and “CF” represent hybrid functions and composition func-
tions from CEC 2014, respectively, and “N” represents the
number of basic functions that make up HF or CF. Besides,
three engineering problems are used for evaluating EWOA’s
ability to solve practical problems.

Parameter settings

To evaluate the performance of EWOA, numerical experi-
ments on functions shown in Table 12 are performed. The
three sub-variants of the proposed EWOA introduced in the
Table 1, namely AIWWOA, DOLWOA and IDOLWOA,
are added to the test. Then three classic MAs including
TLBO, MFO and GWO, and three advanced MAs includ-
ing the opposite learning artificial bee colony (OABC) [68],
weighted PSO (wPSO) [69] and elite TLBO (ETLBO) [70],
are comparedwith EWOA.Besides, there are four variants of
WOA, including OWOA, IWOA, LWOA and RDWOA are
also involved in comparison. These compared advancedMAs
include the two improvement strategies that are also involved
in EWOA, the opposition operator or inertia weight, to fur-
ther prove that we can introduce these strategies into EWOA
with the best effect.

The parameters of these compared MAs and numerical
tests’ settings are as follows. For IDOLWOA and EWOA,
the threshold increment step size ΔT is set to 5; for DOL-
WOA, the DOL weight wdol has been pre-tuned and set to
the optimal value 12 ; for IWOA, varying step is 0.1 from 0
to 1; for RDWOA weight adjustment factor s is set to 0; for
ETLBO, the number of elites is set to 5; for wPSO, cognitive
constant C1 = 2, social constant C2 = 24, inertia constant
w decrease from 0.9 to 0.4; for OABC jump rate Jr are set
to 0.5; The rest algorithms’ parameter settings are subject to
the original reference.

A large number of experiments canmore accurately quan-
tify the algorithm’s optimization ability in different types of
problems and evaluate the comprehensive performance of
the algorithms. In detail, for F1–F16 tests, set the population
size and number of iterations to 30 and 2000, respectively;
for F17–F30 (CEC 2014) tests and CEC 2019 tests, set the
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Table 1 Comparison of core operations in WOA, sub-variants of EWOA and EWOA

WOA DOLWOA AIWWOA IDOLWOA EWOA

Population initialization Random number DOL Random number DOL DOL

Basic exploitation search Encircling prey Encircling prey AIW-encircling prey Encircling prey AIW-encircling prey

Additional operations None DOL None IDOL IDOL

Table 2 Wilcoxon rank-sum
tests between EWOA and other
WOA variants

EWOA AIWWOA IDOLWOA DOLWOA WOA

F1 0.00E+00 0.00E+00 0.00E+00 3.26E–260 9.75E–307

F2 0.00E+00 0.00E+00 2.82E–225 1.12E–143 3.04E–210

F3 0.00E+00 0.00E+00 3.09E–248 9.64E–68 2.06E+03

F4 0.00E+00 0.00E+00 7.33E–183 9.85E–98 4.85E–07

F5 2.47E+01 2.64E+01 2.44E+01 2.55E+01 2.64E+01

F6 5.38E–05 2.60E–05 5.83E–05 8.15E–04 3.18E–05

F7 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

F8 8.88E–16 8.88E–16 8.88E–16 8.88E–16 8.88E–16

F9 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

F10 5.98E–05 6.02E–04 1.30E–03 8.52E–04 1.20E–03

F11 2.85E–02 1.82E–02 8.72E–02 8.40E–02 1.77E–02

F12 3.08E–04 4.25E–04 3.16E–04 3.08E–04 6.02E–04

F13 −3.86E+00 −3.86E+00 −3.86E+00 −3.86E+00 −3.86E+00

F14 −3.30E+00 −3.25E+00 −3.29E+00 −3.29E+00 −3.26E+00

F15 −1.02E+01 −8.29E+00 −8.62E+00 −9.81E+00 −8.78E+00

F16 −1.05E+01 −7.93E+00 −9.82E+00 −1.05E+01 −8.54E+00

F17 2.54E+06 3.51E+06 2.23E+06 2.34E+06 4.75E+06

F18 2.41E+03 1.70E+04 3.42E+03 4.73E+03 1.19E+04

F19 7.99E+01 8.62E+01 5.66E+01 5.94E+01 8.20E+01

F20 5.85E+03 2.06E+04 7.74E+03 4.93E+03 1.89E+04

F21 4.06E+05 1.23E+06 4.42E+05 5.93E+05 2.14E+06

F22 6.03E+02 7.30E+02 6.85E+02 6.42E+02 6.87E+02

F23 2.00E+02 2.00E+02 2.00E+02 2.00E+02 3.58E+02

F24 2.00E+02 2.00E+02 2.00E+02 2.00E+02 2.05E+02

F25 2.00E+02 2.00E+02 2.00E+02 2.00E+02 2.23E+02

F26 1.77E+02 1.34E+02 1.77E+02 1.24E+02 1.04E+02

F27 2.00E+02 2.00E+02 2.00E+02 2.00E+02 6.54E+02

F28 2.00E+02 2.00E+02 2.00E+02 2.00E+02 3.84E+03

F29 2.00E+02 2.00E+02 2.00E+02 4.11E+04 1.97E+07

F30 2.00E+02 2.00E+02 7.51E+04 1.66E+05 2.55E+05

+/−/= N/A 12/1/17 9/3/18 16/2/12 22/1/7

ARV 1.50 2.60 2.27 2.63 3.83

The best one of the mean results of all algorithms run on the benchmark function (in bold)

population size and number of iterations to 100 and 3000,
respectively. And we performed 30 individual demonstra-
tions of all experiments to establish a statistical sample of
the algorithm. Besides, in the subsequent data display, the
result of the CEC 2014 test is the final value of the evolution
minus the theoretically optimal solution.

Accuracy analysis

In this section, the performance of EWOA is verified by
comparing with WOA variants and other algorithms over
all the benchmark functions. Table 2 lists the effect compar-
ison between the improved optimized variants proposed in
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this paper, and Tables S1, S2 and S3 provided in the sup-
plementary file depict the optimization effects of unimodal
and multimodal functions with variety of different dimen-
sions. Tables 13, 14, 15, 16 and 17 in Appendix 7 represent
the statistic results of 11 compared algorithms with EWOA
on all 30 functions. In the presented data, “Mean” and “Std”
represent the mean and standard deviation of the results of 30
independent runs, and “Ranking” is the average ranking of
“Mean”. Non-parametric tests for the performance of multi-
ple algorithms, including the two-tailed Wilcoxon rank-sum
tests [71] with a significance level of 0.05 and the Friedman
test [72] with the Holm procedure, are shown in Tables 3, 4,
5 and 6.

To demonstrate the effect of independent improvement on
WOA, i.e., IDOL and AIW, and the effect of improvement
from DOL to IDOL, the performance comparison results of
all the variants proposed in this paper, i.e., WOA, DOL-
WOA, AIWWOA, IDOLWOA and EWOA, are presented in
Table 2. It lists the mean best fitness and the corresponding
ARV (average ranking value) over all 30 functions (F1–F30)
obtained by EWOA and other algorithms. The three columns
below the algorithm names in Table 2 are the average optimal
fitness of the algorithm, the statistical results of theWilcoxon
detection between EWOA and 4 algorithms, and the rank-
ing based on the statistical results, respectively. The symbols
“+” and “−” respectively indicate that EWOA is signifi-
cantly better and worse than other algorithms through the
Wilcoxon rank-sum tests; “=” indicates that there is no sig-
nificant difference between them. Among them, EWOA is
the optimal algorithm, IDOLWOA is better than DOLWOA,
and all the improved algorithms are better than the canoni-
cal WOA. In detail, it can be observed AIWWOA perform
better than WOA in solving complex problems from the
test results of composition functions benefit from its more
exploratory mechanism to encircle prey. Compared with
DOLWOA, IDOLWOA can maintain outstanding exploita-
tion ability in handling unimodal function, while avoiding
local optima when calculating complex functions. The com-
bination of IDOL and AIW in EWOA have all the above
advantages.

In order to study the optimization performance of EWOA
in various dimensional problems, a multi-dimensional test
was performed. The test included 6 unimodal functions and
5multimodal functions, and compareswith the other 11 func-
tions in the mean and standard value of optimization results.
In the subsequent tests in this paper, the default 30 dimen-
sions are used. In this part of the different dimensional tests,
the dimensions are set to 10, 50 and 100, and they are exe-
cuted independently 30 times. From Tables S1, S2 and S3 in
the supplementary material, it can be observed that EWOA
can have strong competitiveness in both low-dimension and
high-dimension tests, and rank first in the number of best

solutions. It not only rank high among WOA variants, but
also performs better than other optimization algorithms.

The results of experiments on unimodal, multimodal and
fixed dimension functions are depicted in Tables 13, 14 and
15 given in Appendix 7. EWOA behaves best on unimodal
functions F1–F4, multimodal functions F7–F9, second or
third on F5, F6, F10, F11, and ranked first in the test of two
functions, F15 and F16, while F13 and F14 ranked second
and third. The hybrid and composition functions F17–F30 of
CEC 2014 are more complex than unimodal and multimodal
functions and are closer to optimization problems in the real
world. For solving these problems, algorithms should appro-
priately balance exploration and exploitation. According to
the results in Tables 16 and 17 given in Appendix 7, EWOA
ranks first in terms of F18, F23–F25 and F27-30. Obviously,
it performs best in the optimization problem of composition
functions.

The overall significance analysis results on functions F1–
F30 are also presented in this section. The optimization
results of all algorithms on the test function are divided into
two groups for comparison, the comparison with the WOA
variant and the comparison with other advanced algorithms.
To detect the significance of differences between algorithms,
Wilcoxon rank-sum tests at the 5% level were conducted.
Detailed data of the Wilcoxon rank-sum test results are
shown in the Tables 3 and 4. where the values of p and
h represent the difference significance indicators of EWOA
compared with other algorithms. Specifically, if p is less
than 5%, h will set to 1, which represents significance of
the difference; otherwise h is set to 0, which means there is
no significant difference between them. Statistical results of
Wilcoxon rank-sum tests are shown in Table 5 When the dif-
ference in comparison is significant, the signs “Better” and
“Worse” represent the times that EWOA performs better or
worse on all functions, respectively.The sign “Same” means
there is no significant difference between EWOA and com-
pared algorithms. Besides, “Difference” denotes the value
of “Better” minus “Worse”. Learn from the Wilcoxon test
results, the value of “Better” is larger than 15 when com-
pared to all compared algorithms except ETLBO, and it can
be observed that the “Dierence” value is not less than 10when
compared with others. Moreover, the average excellent rate

of EWOA can reach 66.7%
(
∑11

i=1 Betteri/(30 × 11)
)

. In

order to facilitate the visual comparison of the ranking of the
algorithms, the two groups of ranking comparison are graphi-
cally depicted inFig. 3.According to theFriedman test results
in the fourth column of Table 6, EWOA has average rankings
of 3.4062, 4.3214 and 3.85 on Simple (F1–F16) problems,
complex (F17–F30) problems and overall 30 problems. The
rankings of EWOA is smaller than all compared algorithms,
andmost of the null hypotheses are rejected based on Holm’s
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Table 3 The results of
Wilcoxon rank-sum tests for
EWOA with WOA variants

Function EWOA versus

WOA OWOA IWOA LWOA RDWOA

F1 p 1.21E+112 1.21E+112 NaN NaN 1.21E+112

h 1 1 0 0 1

F2 p 1.21E+112 1.21E+112 1.13E+112 NaN 1.21E+112

h 1 1 1 0 1

F3 p 1.21E+112 1.21E+112 NaN NaN 1.21E+112

h 1 1 0 0 1

F4 p 1.21E+112 1.21E+112 1.18E+112 NaN 1.21E+112

h 1 1 1 0 1

F5 p 3.20E+109 5.60E+107 3.02E+111 9.92E+111 1.20E+108

h 1 1 1 1 1

F6 p 8.50E–02 6.07E+111 1.70E–02 7.29E–03 2.25E–04

h 0 1 1 1 1

F7 p NaN NaN NaN NaN NaN

h 0 0 0 0 0

F8 p NaN NaN NaN NaN NaN

h 0 0 0 0 0

F9 p NaN NaN NaN NaN NaN

h 0 0 0 0 0

F10 p 3.82E+110 3.50E+109 3.69E+111 3.69E+111 2.38E+107

h 1 1 1 1 1

F11 p 1.91E–01 7.70E–04 7.39E+111 1.70E+108 8.20E+107

h 0 1 1 1 1

F12 p 1.46E+110 3.33E–01 3.02E+111 3.02E+111 3.26E–01

h 1 0 1 1 0

F13 p 3.34E+111 5.46E+109 3.02E+111 3.02E+111 7.38E–02

h 1 1 1 1 0

F14 p 3.08E+108 1.25E+107 1.33E+110 2.02E+108 5.32E–03

h 1 1 1 1 1

F15 p 3.02E+111 6.52E+109 3.02E+111 3.02E+111 1.42E+106

h 1 1 1 1 1

F16 p 3.02E+111 1.60E+107 3.02E+111 3.02E+111 9.31E+106

h 1 1 1 1 1

F17 p 1.86E–03 9.07E–03 1.44E–03 2.44E+109 5.75E–02

h 1 1 1 1 0

F18 p 2.96E–05 1.03E+106 4.50E+111 3.02E+111 1.86E+109

h 1 1 1 1 1

F19 p 9.71E–01 3.95E–01 9.23E–01 5.87E–04 5.46E+106

h 0 0 0 1 1

F20 p 1.43E+108 1.19E+106 3.69E+111 5.49E+111 1.12E–01

h 1 1 1 1 0

F21 p 1.58E–04 4.21E–02 1.87E–05 1.21E+110 6.97E–03

h 1 1 1 1 1

F22 p 1.96E–01 3.18E–01 9.51E+106 1.00E–03 8.07E–01

h 0 0 1 1 0

F23 p 1.21E+112 1.21E+112 NaN NaN NaN

h 1 1 0 0 0
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Table 3 continued Function EWOA versus

WOA OWOA IWOA LWOA RDWOA

F24 p 1.21E+112 1.21E+112 NaN NaN 1.93E+110

h 1 1 0 0 1

F25 p 1.93E+110 5.85E+109 NaN NaN NaN

h 1 1 0 0 0

F26 p 1.76E+109 1.28E+110 8.82E–03 2.06E–03 3.87E+107

h 1 1 1 1 1

F27 p 1.21E+112 1.21E+112 NaN NaN 1.10E–02

h 1 1 0 0 1

F28 p 1.21E+112 1.21E+112 NaN NaN 4.19E–02

h 1 1 0 0 1

F29 p 1.21E+112 1.21E+112 NaN 8.75E+107 1.70E+108

h 1 1 0 1 1

F30 p 1.21E+112 1.21E+112 NaN 3.45E+107 1.21E+112

h 1 1 0 1 1

Table 4 The results of
Wilcoxon rank sum tests for
EWOA with other advanced
algorithms

Function EWOA versus

TLBO GWO MFO ETLBO wPSO OABC

F1 p 1.21E+112 1.21E+112 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F2 p 1.21E+112 1.21E+112 1.21E+112 1.21E+112 1.21E+112 1.21E+112

h 1 1 1 1 1 1

F3 p 1.21E+112 1.21E+112 1.21E+112 8.15E–02 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F4 p 1.21E+112 1.21E+112 1.21E+112 1.21E+112 1.21E+112 1.21E+112

h 1 1 1 1 1 1

F5 p 3.02E+111 1.41E+109 3.15E–02 3.02E+111 3.02E+111 4.80E+107

h 1 1 1 1 1 1

F6 p 3.02E+111 3.82E+110 3.02E+111 4.57E+109 3.02E+111 3.02E+111

h 1 1 1 1 1 1

F7 p 1.21E+112 3.34E–01 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 0 1 0 1 1

F8 p 1.21E+112 8.70E+114 1.21E+112 9.65E+106 1.21E+112 1.21E+112

h 1 1 1 1 1 1

F9 p 1.21E+112 4.19E–02 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F10 p 3.02E+111 3.02E+111 6.63E–01 3.02E+111 3.02E+111 2.71E–02

h 1 1 0 1 1 1

F11 p 3.02E+111 6.12E+110 7.96E–03 3.02E+111 3.02E+111 2.71E–02

h 1 1 1 1 1 1

F12 p 8.89E+110 8.68E–03 3.02E+111 1.73E+107 5.23E+110 3.02E+111

h 1 1 1 1 1 1

F13 p 5.04E+111 2.15E+110 1.21E+112 1.58E+111 3.02E+111 1.72E+112

h 1 1 1 1 1 1

F14 p 8.89E+110 6.05E+107 1.60E–04 8.48E+109 4.98E+111 2.68E+111

h 1 1 1 1 1 1
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Table 4 continued Function EWOA versus

TLBO GWO MFO ETLBO wPSO OABC

F15 p 3.02E+111 5.49E+111 1.00E+00 3.82E+110 3.02E+111 1.82E–03

h 1 1 0 1 1 1

F16 p 3.02E+111 3.34E+111 3.29E–04 5.97E+109 3.02E+111 2.48E+108

h 1 1 1 1 1 1

F17 p 7.22E+106 7.29E–03 3.52E+107 2.52E–01 7.20E–05 1.54E–01

h 1 1 1 0 1 0

F18 p 3.02E+111 1.70E–02 5.32E–03 1.17E+109 1.86E–01 1.61E–06

h 1 1 1 1 0 1

F19 p 1.55E+109 2.13E–04 6.72E+110 7.84E–01 3.35E+108 3.02E+111

h 1 1 1 0 1 1

F20 p 2.92E+109 4.42E–06 8.48E+109 3.40E–01 4.50E+111 4.92E–01

h 1 1 1 0 1 0

F21 p 2.64E–01 1.09E–01 1.03E+106 7.77E+109 2.61E+110 1.99E–02

h 0 0 1 1 1 1

F22 p 5.59E–01 1.43E–05 1.44E–02 7.98E–02 1.86E–03 8.15E+111

h 0 1 1 0 1 1

F23 p 1.21E+112 1.21E+112 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F24 p 1.21E+112 1.21E+112 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F25 p 1.21E+112 8.24E+113 1.21E+112 3.34E–01 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F26 p 2.15E–01 9.21E–01 1.76E+109 5.80E–02 7.72E+111 7.88E+112

h 0 0 1 0 1 1

F27 p 1.21E+112 1.21E+112 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F28 p 1.21E+112 1.21E+112 1.21E+112 NaN 1.21E+112 1.21E+112

h 1 1 1 0 1 1

F29 p 1.21E+112 1.21E+112 1.21E+112 3.13E–04 1.21E+112 1.21E+112

h 1 1 1 1 1 1

F30 p 1.21E+112 1.21E+112 1.21E+112 3.34E–01 1.21E+112 1.21E+112

h 1 1 1 0 1 1

Table 5 Statistical results of Wilcoxon rank-sum tests

WOA OWOA IWOA LWOA RDWOA TLBO GWO MFO ETLBO wPSO OABC

Better 22 23 15 16 15 26 24 21 13 23 22

Worse 1 1 2 2 5 1 3 7 2 6 6

Same 7 6 13 12 10 3 3 2 15 1 2

Difference 21 22 13 14 10 25 21 14 11 17 16
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Table 6 Friedman tests on unimodal/multimodal functions /fix-dimension functions F1–F16, hybrid functions /composition functions F17–F30
and all functions F1–F30

i Algorithms Average ranking z = (R0 − Ri ) /SE Unadjusted p pHolm

Simple
(Unimodal/multimodal)
F1–F16

12 TLBO 10.8125 5.809941 0 0

11 wPSO 9.9375 5.123534 0 0.000003

10 OABC 9.0625 4.437128 0.000009 0.000082

9 MFO 8.2188 3.775236 0.00016 0.001279

8 ETLBO 6.5625 2.475966 0.013288 0.093013

7 IWOA 6.5625 2.475966 0.013288 0.093013

6 GWO 5.4688 1.617958 0.105672 0.528358

5 WOA 5.4375 1.593444 0.111061 0.528358

4 LWOA 4.625 0.956066 0.339039 1.017116

3 OWOA 4.0938 0.539319 0.589667 1.179333

2 RDWOA 3.8125 0.318689 0.749963 1.179333

1 EWOA 3.4062

Complex (Hybrid
/composition) F17-30

12 TLBO 10.3214 4.402796 0.000011 0.000118

11 WOA 9.3571 3.695204 0.00022 0.002197

10 OWOA 8.6429 3.171062 0.001519 0.013669

9 LWOA 7.75 2.515884 0.011873 0.094988

8 GWO 6.6071 1.677256 0.093492 0.654447

7 IWOA 6.5 1.598634 0.109902 0.659411

6 MFO 5.1786 0.628971 0.529368 2.646841

5 wPSO 5.1786 0.628971 0.529368 2.646841

4 RDWOA 5.1429 0.602764 0.546666 2.646841

3 ETLBO 4.6071 0.209657 0.833935 2.646841

2 OABC 4.3929 0.052414 0.958199 2.646841

1 EWOA 4.3214

All F1–F30 12 TLBO 10.5833 7.23276 0 0

11 wPSO 7.7167 4.153466 0.000033 0.000327

10 WOA 7.2833 3.687992 0.000226 0.002034

9 OABC 6.8833 3.258323 0.001121 0.008966

8 MFO 6.6667 3.025585 0.002482 0.017371

7 IWOA 6.55 2.900265 0.003728 0.022371

6 OWOA 6.2333 2.560111 0.010464 0.052319

5 LWOA 6.1 2.416888 0.015654 0.062615

4 GWO 6.0167 2.327373 0.019945 0.062615

3 ETLBO 5.6667 1.951413 0.051008 0.102016

2 RDWOA 4.45 0.644503 0.519249 0.519249

1 EWOA 3.85

adjusted p-value. Through the overall data evaluation, i.e. the
Wilcoxon rank-sum tests and the Friedman tests, EWOA is
the top average ranking among all 12 comparison algorithms.
In addition to the above 30 test problems, tests based on CEC
2019 benchmark functions are also performed. Detailed test
functions information, accuracy analysis and convergence
behavior are included in the supplementary file. The same

Wilcoxon rank-sum and Friedman tests were used to evaluate
the optimization ability of EWOA. Among them, the metrics
that passed the Friedman test are summarized in Table 7.
The “Average ranking” of EWOA is 1.4 which is superior
than others. It indicates that the EWOA algorithm outper-
forms compared WOA variants, which further verifies the
improvements of EWOA.
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Fig. 3 Rank of mean best fitness of EWOA and other compared algorithms

Table 7 Friedman tests on CEC
2019

i Algorithms Average ranking z = (R0 − Ri ) /SE Unadjusted p pHolm

6 IWOA 5.3 4.661392 0.000003 0.000016

5 LWOA 4.2 3.34664 0.000818 0.003272

4 RDWOA 3.8 2.868549 0.004124 0.012371

3 OWOA 3.2 2.151411 0.031444 0.062887

2 WOA 3.1 2.031889 0.042165 0.062887

1 EWOA 1.4

Actually, the above evaluation results can be predicted
from the improved mechanism of EWOA. The comparison
results withWOA show that EWOAmaintains and improves
the exploitation ability ofWOAwell in the unimodal function
test, which benefits from the dynamic shrinking search space
and opposite search properties of the IDOL strategy. In the
test of complex functions, especially the hybrid and compo-
sition functions based on benchmark functions, EWOA can
obtain more competitive results. The reason is that once a
better solution cannot be found in the prey search stage, in
the later stage of the iteration, the exploitation-based WOA
will shrink the population to the vicinity of the optimal solu-
tion obtained in the previous stage. It is easy to get stuck in a
local optimum. Differently, EWOA introduces AIW strategy
to improve this phenomenon in the stage of encircling the
prey. Groups that are far away from the current prey corre-
spond to a smaller weight value, that is, they are less affected
by the current prey to improve the diversity of the group,
while groups that are close to the current prey correspond
to a larger weight value and continue to maintain inertial
encirclement. In addition, during the proposed IDOL gener-
ation jump stage, the appropriatemode is adaptively switched
according to the current number of convergence stagnation to

better balance exploration and exploitation. According to the
overall data, EWOA adopts AIW and IDOL strategies to sig-
nificantly improve the ability of exploration and exploitation,
and has stronger global search ability, especially on the test
of the most complex composition functions. EWOA can also
significantly outperform WOA variants and other classical
heuristics as well as some of their advanced variants.

Convergence analysis

Table 8 shows the comparison result (SP) of the algorithm
convergence speed measured by the successful performance.
The index is taken from [73] and is defined as the averageFES
and success rate (SR) of successful operations. SR is the ratio
of successful runs when algorithms reache the value-to-reach
(VTR) to the total number of runs. The SP value of the two
algorithms and the algorithm’s convergence speed determine
relative SP (RSP). Among all the expriments on F1–F16, the
dimension is set to 30, and the VTR is set to 10−8.

Table 8 indicates that EWOA has the most vital ability
to reach the theoretically optimal solution. The 10/16 test
function can reach 100% to obtain the optimal solution, and
the average success rate of all test functions is also the high-
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Table 8 Comparison of the convergence speed of algorithms

Functions WOA OWOA IWOA LWOA RDWOA TLBO

SR RSP SR RSP SR RSP SR RSP SR RSP SR RSP

F1 1 10.63 1 4.87 1 1 1 0.77 1 8.18 0 ×
F2 1 8.51 1 4.39 1 1 1 0.9 1 8.12 0 ×
F3 0 × 1 12.42 1 1 1 0.75 1 8.73 0 ×
F4 0.93 25.04 1 6.04 1 1 1 1.07 1 8.25 0 ×
F5 0 × 0 × 0 × 0 × 0 × 0 ×
F6 0 × 0 × 0 × 0 × 0 × 0 ×
F7 1 11.69 1 5.65 1 1 1 0.96 1 10.93 0 ×
F8 1 8.82 1 4.61 1 1 1 0.92 1 7.76 0 ×
F9 1 11.27 1 5.55 1 1 1 1.04 1 9.68 0 ×
F10 0 × 0 × 0 × 0 × 0.83 0 0 ×
F11 0 × 0 × 0 × 0 × 1 0 0 ×
F12 0.03 1378.01 1 1.23 0 1 0 × 0.93 1.41 0.07 331.55

F13 1 1 1 1 0.2 1 0.67 2.25 0.93 1.15 1 1

F14 0.5 2.78 0.53 2.44 0 1 0.07 156.25 0.43 3.7 0 ×
F15 0 × 0.97 1.07 0 1 0 × 0.9 1.23 0 ×
F16 0 × 0 × 0 1 0 × 0.83 0 0 ×
Functions GWO MFO ETLBO wPSO OABC EWOA

SR RSP SR RSP SR RSP SR RSP SR RSP SR

F1 1 3.88 1 50.32 1 2.18 0 × 0.97 46.18 1

F2 1 3.35 1 37.35 1 2.12 0 × 0.03 39074.89 1

F3 1 8.23 0 × 1 1.51 0 × 0 × 1

F4 1 5.75 0 × 1 1.99 0 × 0 × 1

F5 0 × 0 × 0 × 0 × 0 × 0

F6 0 × 0 × 0 × 0 × 0 × 0

F7 0.97 9.2 0 × 1 2.45 0 × 0.33 608.14 1

F8 1 3.62 17 1556.34 1 2.04 0 × 0 × 1

F9 0.87 18.06 0.3 718.03 1 2.29 0 × 1 6894.2 1

F10 0 × 0.53 0 0 × 0 × 0.67 0 0

F11 0 × 0.5 0 0 × 0 × 0.33 0 0

F12 0.93 1.61 0 × 13 77.57 0.97 0.6 0 × 0.97

F13 1 1 1 1 1 1 17 36 1 1 1

F14 0.7 1.42 0.73 1.29 1 69.44 0 × 0.97 0.74 0.83

F15 0.87 1.33 0.5 4 0.03 900 0 × 0.73 1.86 1

F16 0 × 0.77 0 0.03 3.89 0 × 0.9 0 0.07

est. At the same time, by comparing the iteration numbers
needed for achieving the average optimal solution, it can be
found that in the tests of functions other than F11, the number
of iterations required by the comparison algorithm is mostly
greater than that of EWOA, which shows that EWOA has
faster convergence rate.

Figures 4 and 5 illustrate the convergence trend of all
compared algorithms and EWOAon the benchmark function
tests. Two characteristic behaviors of EWOAcan be observed
in most convergence graphs. The fitness value decreases

rapidly at the initial stage of the iteration, and a competi-
tive value can be obtained at the end of the convergence. By
observing the convergence of all tested functions, EWOA
can converge to a small fitness faster than other algorithms
at the beginning of optimization in almost most cases, which
benefits from the exploration ability of IDOL through the
initialization and jumping generation stages. For a special
curve like F30, when EWOA encounters a convergence stag-
nation and mainly performs exploitation in the second half
of the iteration, EWOA can still break the convergence stag-
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Fig. 4 Convergence trends of
EWOA and advanced
algorithms for some selected
unimodal/multimodal/fixed
dimension functions

0  1.5 3  4.5 6  

                                               FES                                       X104

-350

-300

-250

-200

-150

-100

-50

0

50

lo
g1

0(
M

ea
n 

F
itn

es
s)

F1

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(a)

0  1.5 3  4.5 6  

                                               FES                                       X104

-350

-300

-250

-200

-150

-100

-50

0

50

lo
g1

0(
M

ea
n 

F
itn

es
s)

F2

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(b)

0  1.5 3  4.5 6  

                                               FES                                       X104

-350

-300

-250

-200

-150

-100

-50

0

50

lo
g1

0(
M

ea
n 

F
itn

es
s)

F3

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(c)

0  1.5 3  4.5 6  

                                               FES                                       X104

-350

-300

-250

-200

-150

-100

-50

0

50

lo
g1

0(
M

ea
n 

F
itn

es
s)

F4

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(d)

0  1.5 3  4.5 6  

                                               FES                                       X104

-16

-14

-12

-10

-8

-6

-4

-2

0

2

4

lo
g1

0(
M

ea
n 

F
itn

es
s)

F7

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(e)

0  1.5 3  4.5 6  

                                               FES                                       X104

-16

-14

-12

-10

-8

-6

-4

-2

0

2

lo
g1

0(
M

ea
n 

F
itn

es
s)

F8

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(f)

0  1.5 3  4.5 6  

                                               FES                                       X104

-20

-15

-10

-5

0

5

lo
g1

0(
M

ea
n 

F
itn

es
s)

F9

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(g)

0  1.5 3  4.5 6  

                                               FES                                       X104

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5
lo

g1
0(

M
ea

n 
F

itn
es

s)
F12

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(h)

0  1.5 3  4.5 6  

                                               FES                                       X104

-3.9

-3.8

-3.7

-3.6

-3.5

-3.4

-3.3

-3.2

M
ea

n 
F

itn
es

s

F13

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(i)

0  1.5 3  4.5 6  

                                               FES                                       X104

-3.4

-3.2

-3

-2.8

-2.6

-2.4

-2.2

-2

-1.8

-1.6

M
ea

n 
F

itn
es

s

F14

WOA
OWOA
IWOA
LWOA
RDWOA
TLBO
GWO
MFO
ETLBO
wPSO
OABC
EWOA

(j)

123



Complex & Intelligent Systems (2023) 9:767–795 785

Fig. 5 Convergence trends of
EWOA and advanced
algorithms for some selected
hybrid and composition
functions
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nation and continue to reduce the fitness. This is because the
adaptive inertia weight in AIW-based encircling prey play
an important role in enabling the population to ensure diver-

sity to escape the trap of local optima. On the other hand,
from the final convergence results, EWOA gets the optimal
fitness value at the end of the iteration on F1–F4, F7–F9, F15

123



786 Complex & Intelligent Systems (2023) 9:767–795

Table 9 Results of the CD
problem

Algorithm Optimum variables Optimum cost

x1 x2 x3 x4 x5

WOA 5.6698 5.3581 4.7643 3.2432 2.8364 13.3833

OWOA 5.6697 5.4496 4.5692 3.1789 3.71 13.4157

IWOA 6.283 5.6289 3.9962 3.5053 2.2624 13.491

LWOA 5.903 5.1835 4.4491 3.6491 2.3424 13.3985

RDWOA 6.1424 5.464 4.4371 3.1984 2.3352 13.4296

SA 12.8653 40.9188 37.761 41.1744 33.0597 14.9933

SCA 9.1362 6.8693 6.118 6.074 1.9859 13.9316

cfPSO 6.6945 4.1532 5.3589 6.4033 3.2079 17.0873

SaDE 6.077 5.3005 4.4597 3.5703 2.092 13.3812

EWOA 6.2079 4.8906 4.4663 3.7409 2.4098 13.367

and F16 and ranks among the top three on F5–F6, F10–12
and F14. For the tests on hybrid and the composite func-
tions F18, F23–F25 and F27–F30, EWOA has the best final
convergence results. The significant advantage of the final
converged results reflects the EWOA algorithm’s ability to
balance exploration and exploitation well. It benefits from
IDOL’s enhancements in exploration and exploitation modes
and corresponding adaptive switching rules.

Engineering problems experiments

To verify the effectiveness of EWOAwhen solving engineer-
ing constraint optimization problems, the EWOA and nine
other algorithms including WOA, OWOA, IWOA, LWOA,
RDWOA, SA, SCA, cfPSO [74] and SaDE [75] are applied
to three well known standard engineering problems which
are optimization design problems of tension/compression
spring, cantilever beam and infinite impulse response (IIR)
filter. Among them, the IIR filter design is a continuous
optimization problem while the rest are constrained prob-
lems. A general death penalty function is used to deal with
these constraints so that the algorithm automatically dis-
cards infeasible solutions during the optimization process.
When solving these engineering optimization problems, each
algorithm runs independently 30 times to select the best opti-
mization design result.

Cantilever design problem

The structural cantilever design problem (CD) [76] is to min-
imize the weight of cantilever beams. A cantilever beam is
composed of five hollow blocks, a variable represents each
hollow block and the thickness is constant. Therefore, the
problem has 5 design variables and 1 vertical displacement
constraint.

Consider x = [x1 x2 x3 x4 x5] ,

Minimize f (x) = 0.6224 (x1 + x2 + x3 + x4 + x5) ,

Subject g1 (x) = 61/x31 + 37/x32 + 19/x33
+7/x34 + 1/x35 ≤ 1.

Variable ranges 0.01 ≤ x1, x2, x3, x4, x5 ≤ 100.

(23)

The results of the CD problem are depicted in Table 9,
EWOA obtains the optimal when the five parameters are set
to 6.2079, 4.8906, 4.4663, 3.7409, 2.4098 and outperforms
other algorithms.

Tension/compression spring design problem

The purpose of the Tension/Compression Spring Design
(TCSD) problem is to design a springwith the lightest weight
[77]. This design includes three design variables: the wire
diameter (d), the mean coil diameter (D) and the length (or
number of coils) (N ), and needs to meet the four constraints
of deflection, shear stress, variable frequency and refractive
index. Themathematical model of this problem is as follows:

Consider x = [x1 x2 x3] = [d D N ] ,

Minimize f (x) = (x3 + 2) x2x
2
1 ,

Subject g1 (x) = 1 − x32 x3
71785x41

≤ 0,

g2 (x) = 4x22 − x1x2
12566

(

x2x31 − x41
)

+ 1

5108x21
− 1 ≤ 0,

g3 (x) = 1 − 140.45x1
x22 x3

≤ 0,

g4 (x) = x1 + x2
1.5

− 1 ≤ 0

123



Complex & Intelligent Systems (2023) 9:767–795 787

Table 10 Results of the TCSD problem

Algorithm Optimum variables Optimum cost

d D N

WOA 0.0526 0.3794 10.0891 0.012698479

OWOA 0.0542 0.4196 8.3883 0.012774336

IWOA 0.0514 0.3507 11.6652 0.012680419

LWOA 0.05 0.3172 14.0608 0.012736428

RDWOA 0.0524 0.3744 10.3251 0.012674646

SA 0.0625 0.584 8.2141 0.012923956

SCA 0.0945 1.0364 8.431 0.013027366

cfPSO 0.0544 0.4147 8.8689 0.013342345

SaDE 0.0507 0.3317 12.994 0.012771669

EWOA 0.0522 0.3678 10.6985 0.012670417

Variable ranges 0.05 ≤ x1 ≤ 2.00,

0.25 ≤ x2 ≤ 1.30,

2.00 ≤ x3 ≤ 15.0. (24)

The results of EWOA are compared with other solutions
and reported in Table 10. EWOA can generate the optimum
cost of 0.012670417 when d, D and N are set to 0.0522,
0.3678 and 10.6985,which is superior to all other algorithms.

Infinite impulse response filter design problem

IIR filters have been widely used in system identification.
When the process model is unknown or more complex, the
simple finite impulse response (FIR) adaptive filter may not
be able to fit the real model accurately. In these cases, it is
natural to use IIR adaptive filters to model unknown systems
[78]. In terms of system identification, when the filter order
is determined, the key task is to configure appropriate filter
parameters to minimize the difference between the filter and

the real system output value. In this section, a fourth-order
IIR is used to model a superior-order plant. The unknown
plant and the IIR model hold the following transfer functions
[79]:

Hp

(

z−1
)

= 1 − 0.4z−2 − 0.65z−4 + 0.26z−6

1 − 0.77z−2 − 0.8498z−4 + 0.6486z−6

HM

(

z−1
)

= b0 + b1z−1 + b2z−2 + b3z−3 + b4z−4

1 + a1z−1 + a2z−2 + a3z−3 + a4z−4 (25)

These nine design variables are the simplest form of the
transfer function of the fourth-order IIR model, which are
represented by a1, a2, a3, a4, b0, b1, b2, b3, b4. The white
noise sequence is taken as the input of the system u(t) and
set 100 sample cases. d(t) and y(t) represent the output of
the actual system and IIR model respectively.

Consider x = [a1 a2 a3 a4 b0 b1 b2 b3 b4] ,

Minimize f (x) = 1

100

100
∑

t=1

(d(t) − y(t))2,

Variable ranges − 1 ≤ a1, a2, a3, a4, b0, b1, b2, b3, b4 ≤ 1,

Where u(t) ∼ N (0, 1),

d(t) = 0.77d(t − 2) + 0.8498d(t − 4)

+0.6486d(t − 6) + u(t) − 0.4u(t − 2)

−0.65u(t − 4) + 0.26u(t − 6),

y(t) =
4

∑

i=1

ai · y(t − i) +
4

∑

j=0

b j · u(t − j).

(26)

Statistics of the best solution data obtained by 10 algo-
rithms in solving the IIR design problem is depicted in Table
11. It can be observed that EWOA can obtain the opti-
mal fitting residual of 0.00105, which is lower than other
algorithms.

Table 11 Results of the IIR problem

Algorithm Optimum variables Optimal result

a1 a2 a3 a4 b0 b1 b2 b3 b4

WOA 0.9668 −0.0003 0.4065 0.004 −0.2353 −0.0043 −0.0001 −0.0105 −0.8079 0.00685

OWOA 0.9717 −0.0574 0.1114 −0.0272 −0.204 −0.0227 −0.2492 0.0163 −0.6204 0.00837

IWOA 0.6788 0 0.1533 0.0012 0.1731 0 0.0031 0.0315 0 0.10746

LWOA 0.9629 −0.0065 −0.5549 −0.0129 0.1415 −0.0297 −0.9266 0.0142 0.0037 0.02592

RDWOA 0.9955 0.1317 −0.0997 −0.1441 −0.0918 0.139 −0.4124 −0.1422 −0.4705 0.01364

SA 0.7264 0.4308 −0.6538 −0.2054 −0.078 0.5316 −0.0629 0.4164 0.5558 0.15976

SCA 0.7109 0.1616 0.1171 0.2524 0.0881 0.1309 −0.3104 0.0599 −0.3625 0.03398

cfPSO 0.9928 0.0124 0.078 0.0004 −0.2324 0.0095 −0.2457 −0.0069 −0.6322 0.01804

SaDE 0.8765 −0.1241 −0.0343 0.0331 −0.1883 −0.1939 −0.3235 0.1608 −0.5581 0.04836

EWOA 0.9844 0.0003 0.3733 0.0071 −0.3368 0.005 0.0024 0.0037 −0.826 0.00105
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According to the above engineering problems’ optimiza-
tion results, EWOAcan get the best optimal results in theCD,
TCSD and IIR problems. It means that the optimal value
of EWOA is better than WOA and its variants under the
same iterative conditions. In optimizing specific engineering
problems, EWOA is also competitive with other classic and
advanced optimization algorithms.

Conclusion

This paper proposes an enhanced WOA (EWOA), which
uses new IDOL and AIW strategies to overcome the prob-
lems encountered by canonical WOA, including the balance
between exploitation and exploration, and easy to fall into
local optima. Both IDOL and AIW strategies’ mechanisms
to improve EWOA are presented in detail. In the proposed
EWOA, IDOL plays an important role in population initial-
ization and generation stages. This strategy is inspired by
DOL, which not only has the characteristics of asymmetric
and dynamically adjusting, but also works better in balanc-
ing exploration and exploitation. Inside IDOL, two modes
are instructed to enhance the performance of exploration and
exploitation, and the adaptive switching rules can choose
the appropriate mode according to convergence situation. In
another improvement method AIW, the inertia weight can
be adaptively adjust referring to the current agents’ fittness,
which increases the diversity of population in exploitation
stage of EWOA.

The experiments consist of benchmark functions and engi-
neering problems are used to evaluate the performance of
EWOA. In combination with DOL, IDOL, AIW strategies,
respectively, the inter-variants of EOWA, i.e. DOLWOA,
IDOLWOA and AIWWOA’s are constructed and compared.
The test results indicate that EWOA which combined with
IDOL and AIW can achieve the best performance. Besides,
all the combinations perform better than canonicalWOA and
the improvement from DOL to IDOL is significant. Canoni-
calWOA, 3 sub-variants of EWOAand 10 advancedMAs are
also for comparison, 30 functions including unimodal, multi-
modal, hybrid and composition are used for numerical testing
to valid the exploitation, exploration and comprehensive
capabilities of the EWOA. The results indicate that EWOA
has consistently high performance in solving complex prob-
lems of different dimensions. Non-parametric tests’ results,

i.e. Wilcoxon rank-sum tests and Friedman tests indicate that
whether solving simple (F1–F16) or complex test functions
(F17–F30) the comprehensive performance of EWOA is bet-
ter than other algorithms. In addition to the default dimension
30, the variable dimension tests are also conducted. The test
results of unimodal/multimodal functions in dimensions 10,
50, 100 indicate that EWOA outperforms other compared
MAs when solving different dimensional problems. Conver-
gence analysis depicts that the proportion of the theoretical
optimal solution obtained by the EWOA is the highest and
the number of iterations required for the average conver-
gence except for individual test functions is the smallest.
Besides, the engineering optimization results present that
EWOA is very competitive in solving three practical engi-
neering design problems.

Finally, there is still some potential research work to be
done for IDOL and EWOA in the future. Given IDOL is
first proposed and conducive to balance the exploration and
exploitation, it has the potential to be extended to other MAs
which suffering problem of trade-off. For the improvement
of EWOA, the application of EWOA inmulti-objective prob-
lems is also worth exploring.
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Table 12 The test functions

ID Function Dim Range fmin

Unimodal functions

F1 f1(x) = ∑n
i=1 x

2
i 30 [–100,100] 0

F2 f2(x) = ∑n
i=1 |xi | + ∏n

i=1 |xi | 30 [–10, 10] 0

F3 f3(x) = ∑n
i=1

(
∑i

j−1 x j
)2

30 [–100, 100] 0

F4 f4(x) = maxi {|xi | , 1 ≤ i ≤ n} 30 [–100, 100] 0

F5 f5(x) = ∑n−1
i=1

[

100
(

xi+1 − x2i
)2 + (xi − 1)2

]

30 [–30, 30] 0

F6 f6(x) = ∑n
i=1 i x

4
i +random [0,1) 30 [–1.28, 1.28] 0

Multimodal functions

F7 f7(x) = ∑n
i=1

[

x2i − 10 cos (2πxi ) + 10
]

30 [–5.12, 5.12] 0

F8 f8(x) = −20 exp

(

−0.2
√

1
n

∑n
i=1 x

2
i

)

− exp
( 1
n

∑n
i=1 cos (2πxi )

) + 20 + e 30 [–32, 32] 0

F9 f9(x) = 1
4000

∑n
i=1 x

2
i − ∏n

i=1 cos
(

xi√
i

)

+ 1 30 [–600, 600] 0

F10 f10(x) = π
n

{

10 sin (ay1) + ∑n−1
i=1 (yi − 1)2

[

1 + 10 sin2 (π yi+1)
] + (yn − 1)2 30 [–50, 50] 0

+ ∑n
i=1 μ (xi , 10, 100, 4)

}

F11 f11(x) = 0.1
{

sin2 (3πxi ) + ∑n
i=1 (xi − 1)2

[

1 + sin2 (3πxi + 1)
]

30 [–50, 50] 0

+ (xn − 1)2
[

1 + sin2 (2πxn)
] } + ∑n

i=1 μ (xi , 5, 100, 4)

Fixed dimension functions

F12 f12(x) = ∑11
i=1

[

ai − x1
(

b2i +bi
)

2

)

b2i +bi x3+x4

]2

4 [–5, 5] 0.00030

F13 f13(x) = − ∑4
i=1 ci exp

(

− ∑3
j=1 ai j

(

x j − pi j
)2

)

3 [1, 3] –3.86

F14 f14(x) = − ∑4
i=1 ci exp

(

− ∑6
j=1 ai j

(

x j − pi j
)2

)

6 [0, 1] –3.32

F15 f15(x) = − ∑5
i=1

[

(X − ai ) (X − ai )T + ci
]−1

4 [0, 10] –10.1532

F16 f16(x) = − ∑10
i=1

[

(X − ai ) (X − ai )T + ci
]−1

4 [0, 10] –10.5363

Hybrid Functions (HF)

F17 HF 1 (N = 3) 30 [–100, 100] 1700

F18 HF 2 (N = 3) 30 [–100, 100] 1800

F19 HF 3 (N = 4) 30 [–100, 100] 1900

F20 HF 4 (N = 4) 30 [–100, 100] 2000

F21 HF 5 (N = 5) 30 [–100, 100] 2100

F22 HF 6 (N = 5) 30 [–100, 100] 2200

Composition Functions (CF)

F23 CF 1 (N = 3) 30 [–100, 100] 2300

F24 CF 2 (N = 3) 30 [–100, 100] 2400

F25 CF 3 (N = 5) 30 [–100, 100] 2500

F26 CF 4 (N = 5) 30 [–100, 100] 2600

F27 CF 5 (N = 5) 30 [–100, 100] 2700

F28 CF 6 (N = 3) 30 [–100, 100] 2800

F29 CF 7 (N = 3) 30 [–100, 100] 2900

F30 CF 8 (N = 5) 30 [–100, 100] 3000
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Appendix B

See Tables 13,14,15,16 and 17.

Table 13 Results on unimodal
functions F1–F6

F1 F2 F3 F4 F5 F6

WOA Mean 9.75E–307 3.04E–210 2.06E+03 4.85E–07 2.64E+01 3.18E–05

Std 0.00E+00 0.00E+00 1.90E+03 2.58E–06 4.42E–01 3.42E–05

OWOA Mean 7.92E–270 5.85E–143 1.68E–74 5.09E–100 2.54E+01 1.02E–03

Std 0.00E+00 1.75E–142 9.02E–74 1.63E–99 4.03E–01 6.68E–04

IWOA Mean 0.00E+00 6.90E–323 0.00E+00 4.10E–310 2.80E+01 2.18E–05

Std 0.00E+00 0.00E+00 0.00E+00 0.00E+00 3.36E–01 1.78E–05

LWOA Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.71E+01 2.08E–05

Std 0.00E+00 0.00E+00 0.00E+00 0.00E+00 4.10E–01 1.75E–05

RDWOA Mean 1.76E–120 2.18E–58 9.09E–59 4.03E–42 1.76E+01 2.51E–04

Std 9.57E–120 1.19E–57 4.98E–58 2.21E–41 1.08E+01 3.05E–04

TLBO Mean 5.58E+03 3.06E+01 8.50E+03 2.44E+01 2.22E+06 3.37E–03

Std 1.41E+03 4.76E+00 3.32E+03 3.89E+00 1.34E+06 1.80E–03

GWO Mean 4.11E–122 9.03E–71 4.12E–35 6.29E–30 2.66E+01 3.62E–04

Std 7.98E–122 1.59E–70 1.29E–34 2.26E–29 6.35E–01 2.03E–04

MFO Mean 2.58E–13 4.51E–10 2.68E+01 3.90E+01 6.37E+01 8.87E–02

Std 6.18E–13 6.73E–10 2.45E+01 5.04E+00 7.64E+01 5.60E–02

ETLBO Mean 0.00E+00 2.25E–162 4.90E–324 8.55E–159 2.89E+01 2.92E–04

Std 0.00E+00 1.15E–161 0.00E+00 2.07E–158 2.84E–02 1.64E–04

wPSO Mean 6.95E+01 3.93E+00 1.59E+03 1.63E+01 2.94E+03 5.38E–01

Std 3.63E+01 1.79E+00 6.16E+02 3.04E+00 1.94E+03 3.08E–01

OABC Mean 2.58E–06 1.07E–05 4.27E+03 6.65E+01 3.07E+04 4.51E–02

Std 1.42E–05 1.77E–05 3.62E+03 1.48E+01 1.46E+05 1.42E–02

EWOA Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.47E+01 5.38E–05

Std 0.00E+00 0.00E+00 0.00E+00 0.00E+00 6.76E–01 5.72E–05

Rank 1 1 1 1 2 4

Table 14 Results on
multimodal functions F7–F11

F7 F8 F9 F10 F11

WOA Mean 0.00E+00 8.88E–16 0.00E+00 1.20E–03 1.77E–02

Std 0.00E+00 0.00E+00 0.00E+00 2.31E–03 2.52E–02

OWOA Mean 0.00E+00 8.88E–16 0.00E+00 1.66E–03 9.08E–02

Std 0.00E+00 0.00E+00 0.00E+00 3.87E–03 1.30E–01

IWOA Mean 0.00E+00 8.88E–16 0.00E+00 3.43E–02 3.67E–01

Std 0.00E+00 0.00E+00 0.00E+00 2.87E–02 2.02E–01

LWOA Mean 0.00E+00 8.88E–16 0.00E+00 8.96E–03 2.61E–01

Std 0.00E+00 0.00E+00 0.00E+00 7.63E–03 3.84E–01

RDWOA Mean 0.00E+00 8.88E–16 0.00E+00 2.59E–05 2.76E–03

Std 0.00E+00 0.00E+00 0.00E+00 9.55E–05 5.13E–03

TLBO Mean 1.77E+02 1.28E+01 5.19E+01 8.77E+04 1.60E+06

Std 2.38E+01 1.03E+00 1.22E+01 1.35E+05 1.28E+06
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Table 14 continued F7 F8 F9 F10 F11

GWO Mean 1.47E–01 8.82E–15 1.98E–03 3.71E–02 4.58E–01

Std 8.03E–01 2.22E–15 5.99E–03 2.26E–02 1.97E–01

MFO Mean 5.90E+01 1.02E+00 1.97E–02 1.49E–01 2.79E–01

Std 1.63E+01 1.21E+00 2.45E–02 2.69E–01 8.79E–01

ETLBO Mean 0.00E+00 2.66E–15 0.00E+00 7.42E–01 2.91E+00

Std 0.00E+00 1.81E–15 0.00E+00 2.02E–01 2.02E–01

wPSO Mean 5.58E+01 6.18E+00 1.71E+00 9.95E+00 4.33E+01

Std 1.14E+01 1.03E+00 3.95E–01 4.87E+00 2.41E+01

OABC Mean 4.65E–01 5.91E–05 8.03E–03 2.49E+05 3.95E+05

Std 1.19E+00 1.35E–04 1.10E–02 9.45E+05 1.78E+06

EWOA Mean 0.00E+00 8.88E–16 0.00E+00 5.98E–05 2.85E–02

Std 0.00E+00 0.00E+00 0.00E+00 2.96E–04 4.29E–02

Rank 1 1 1 2 3

Table 15 Results on fixed
dimension functions F12–F16

F12 F13 F14 F15 F16

WOA Mean 6.02E–04 −3.86E+00 −3.26E+00 −8.78E+00 −8.54E+00

Std 3.78E–04 9.88E–06 6.71E–02 2.29E+00 2.64E+00

OWOA Mean 3.08E–04 −3.86E+00 −3.27E+00 −1.02E+01 −1.05E+01

Std 2.18E–08 1.51E–06 6.11E–02 2.89E–05 2.05E–05

IWOA Mean 4.71E–04 −3.84E+00 −2.93E+00 −4.86E+00 −4.77E+00

Std 1.04E–04 3.35E–02 3.44E–01 1.41E–01 7.50E–01

LWOA Mean 3.66E–04 −3.86E+00 −3.21E+00 −1.01E+01 −1.02E+01

Std 7.63E–05 3.96E–03 9.53E–02 2.40E–03 1.75E+00

RDWOA Mean 3.13E–04 −3.86E+00 −3.23E+00 −1.02E+01 −1.00E+01

Std 3.18E–05 2.00E–03 1.63E–01 2.45E–03 1.89E+00

TLBO Mean 1.22E–03 −3.86E+00 −3.12E+00 −6.15E+00 −8.31E+00

Std 3.65E–03 1.07E–10 1.43E–01 2.19E+00 2.65E+00

GWO Mean 3.81E–04 −3.86E+00 −3.29E+00 −9.64E+00 −1.05E+01

Std 2.84E–04 5.23E–06 5.55E–02 1.55E+00 2.31E–05

MFO Mean 5.24E–04 −3.86E+00 −3.29E+00 −6.98E+00 −8.92E+00

Std 1.92E–04 2.71E–15 5.35E–02 3.34E+00 3.01E+00

ETLBO Mean 6.84E–04 −3.86E+00 −3.19E+00 −7.02E+00 −8.13E+00

Std 1.04E–03 2.55E–13 1.22E–01 2.81E+00 3.10E+00

wPSO Mean 3.38E–04 −3.86E+00 −3.06E+00 −4.02E+00 −4.35E+00

Std 1.69E–04 3.03E–03 6.47E–02 8.44E–01 9.46E–01

OABC Mean 7.76E–04 −3.86E+00 −3.32E+00 −8.72E+00 −9.83E+00

Std 3.83E–04 2.27E–15 2.17E–02 2.45E+00 2.15E+00

EWOA Mean 3.08E–04 −3.86E+00 −3.30E+00 −1.02E+01 −1.05E+01

Std 3.21E–08 2.84E–08 4.51E–02 4.23E–06 2.59E–06

Rank 1 5 2 1 1
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Table 16 Results on hybrid
functions F17–F22

F17 F18 F19 F20 F21 F22

WOA Mean 4.75E+06 1.19E+04 8.20E+01 1.89E+04 2.14E+06 6.87E+02

Std 3.96E+06 1.44E+04 4.42E+01 9.83E+03 2.71E+06 2.09E+02

OWOA Mean 4.45E+06 2.32E+04 7.27E+01 1.66E+04 8.97E+05 6.49E+02

Std 3.88E+06 4.87E+04 3.77E+01 8.83E+03 9.93E+05 1.96E+02

IWOA Mean 5.51E+06 4.23E+06 8.44E+01 4.14E+04 3.39E+06 9.01E+02

Std 5.06E+06 2.14E+07 4.58E+01 1.83E+04 4.08E+06 2.98E+02

LWOA Mean 1.46E+07 6.98E+07 1.09E+02 4.27E+04 5.20E+06 8.09E+02

Std 8.73E+06 6.68E+07 3.31E+01 2.45E+04 4.49E+06 2.30E+02

RDWOA Mean 3.01E+06 4.96E+04 2.95E+01 7.71E+03 8.16E+05 5.91E+02

Std 2.10E+06 3.08E+04 3.16E+01 4.54E+03 6.55E+05 1.86E+02

TLBO Mean 7.65E+06 9.15E+07 1.72E+02 2.40E+04 8.06E+05 5.76E+02

Std 5.50E+06 1.31E+08 4.92E+01 1.18E+04 8.77E+05 1.46E+02

GWO Mean 7.32E+05 5.59E+06 4.81E+01 1.19E+04 5.54E+05 3.66E+02

Std 6.14E+05 1.48E+07 2.86E+01 4.05E+03 1.20E+06 1.72E+02

MFO Mean 2.32E+05 1.20E+03 1.49E+01 2.65E+04 9.15E+04 4.66E+02

Std 1.42E+05 1.68E+03 2.05E+01 1.87E+04 5.70E+04 2.32E+02

ETLBO Mean 1.54E+06 5.40E+05 8.03E+01 9.09E+03 6.22E+04 5.26E+02

Std 1.84E+06 1.33E+06 3.38E+01 8.54E+03 5.40E+04 1.73E+02

wPSO Mean 4.87E+05 4.63E+03 2.48E+01 1.87E+02 3.05E+04 4.58E+02

Std 5.71E+05 1.69E+04 2.21E+01 1.03E+02 3.78E+04 1.51E+02

OABC Mean 2.30E+06 1.00E+04 6.75E+00 4.86E+03 1.99E+05 2.00E+02

Std 9.65E+05 6.53E+03 9.83E–01 2.11E+03 1.04E+05 7.77E+01

EWOA Mean 2.54E+06 2.41E+03 7.99E+01 5.85E+03 4.06E+05 6.03E+02

Std 3.03E+06 2.51E+03 3.52E+01 3.93E+03 3.75E+05 1.70E+02

Rank 6 2 7 3 5 8

Table 17 Results on composition functions F23–F30

F23 F24 F25 F26 F27 F28 F29 F30

WOA Mean 3.58E+02 2.05E+02 2.23E+02 1.04E+02 6.54E+02 3.84E+03 1.97E+07 2.55E+05

Std 1.66E+01 3.90E+00 1.18E+01 1.79E+01 2.62E+02 7.18E+02 2.24E+07 1.61E+05

OWOA Mean 3.63E+02 2.04E+02 2.20E+02 1.00E+02 6.83E+02 3.57E+03 3.26E+07 2.07E+05

Std 1.82E+01 2.31E+00 1.23E+01 1.01E–01 2.77E+02 6.19E+02 3.09E+07 1.66E+05

IWOA Mean 2.00E+02 2.00E+02 2.00E+02 1.50E+02 2.00E+02 2.00E+02 2.00E+02 2.00E+02

Std 0.00E+00 0.00E+00 0.00E+00 4.98E+01 0.00E+00 0.00E+00 0.00E+00 0.00E+00

LWOA Mean 2.00E+02 2.00E+02 2.00E+02 1.27E+02 2.00E+02 2.00E+02 4.04E+06 1.64E+05

Std 0.00E+00 0.00E+00 0.00E+00 4.38E+01 0.00E+00 0.00E+00 3.94E+06 1.48E+05

RDWOA Mean 2.00E+02 2.00E+02 2.00E+02 1.01E+02 2.75E+02 2.35E+02 2.99E+03 1.14E+04

Std 0.00E+00 3.25E–03 0.00E+00 1.51E–01 2.27E+02 1.88E+02 2.23E+03 1.02E+04

TLBO Mean 4.87E+02 2.62E+02 2.19E+02 1.50E+02 8.43E+02 2.97E+03 2.01E+07 2.04E+05

Std 5.43E+01 6.61E+00 2.54E+00 4.82E+01 2.36E+02 6.08E+02 2.32E+07 1.19E+05

GWO Mean 3.33E+02 2.00E+02 2.04E+02 1.47E+02 5.46E+02 1.38E+03 8.47E+05 6.49E+04

Std 1.09E+01 7.68E–04 5.73E+00 4.96E+01 1.02E+02 3.41E+02 1.98E+06 3.78E+04

MFO Mean 3.15E+02 2.34E+02 2.10E+02 1.01E+02 4.76E+02 1.19E+03 1.11E+03 7.50E+03

Std 1.20E–01 6.79E+00 2.76E+00 1.35E–01 1.37E+02 1.71E+02 2.53E+02 6.32E+03

ETLBO Mean 2.00E+02 2.00E+02 2.00E+02 1.38E+02 2.00E+02 2.00E+02 2.78E+04 8.11E+02

Std 0.00E+00 0.00E+00 8.30E–14 4.68E+01 0.00E+00 0.00E+00 7.81E+04 3.29E+03

123



Complex & Intelligent Systems (2023) 9:767–795 793

Table 17 continued

F23 F24 F25 F26 F27 F28 F29 F30

wPSO Mean 3.26E+02 2.34E+02 2.16E+02 1.00E+02 4.80E+02 1.71E+03 1.10E+04 2.57E+04

Std 3.39E+00 7.10E+00 2.72E+00 1.15E–01 1.18E+02 3.88E+02 2.60E+04 1.77E+04

OABC Mean 3.16E+02 2.28E+02 2.09E+02 1.00E+02 4.09E+02 8.81E+02 1.11E+03 4.57E+03

Std 5.54E–01 8.18E–01 1.42E+00 6.18E–02 4.85E+00 4.73E+01 3.17E+02 1.48E+03

EWOA Mean 2.00E+02 2.00E+02 2.00E+02 1.77E+02 2.00E+02 2.00E+02 2.00E+02 2.00E+02

Std 0.00E+00 0.00E+00 0.00E+00 4.20E+01 0.00E+00 0.00E+00 0.00E+00 0.00E+00

Rank 1 1 1 12 1 1 1 1
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